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Holographic bound in Brans-Dicke cosmology

Yungui Gong
Physics Department, University of Texas at Austin, Austin, Texas 78712

~Received 3 September 1999; published 25 January 2000!

We apply the holographic principle to Brans-Dicke cosmology. We analyze the holographic bound in both
the Jordan and Einstein frames. The holographic bound is satisfied for both thek50 andk521 universes, but
it is violated for thek51 matter-dominated universe.

PACS number~s!: 04.50.1h, 98.80.Hw
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I. INTRODUCTION

In black hole theory, we know that the total entropy
matter inside a black hole cannot be greater than
Bekenstein-Hawking entropy, which is 1/4 of the area of
event horizon of the black hole measured in Planck units@1#.
The extension of this statement to more general situat
leads to the holographic principle@2#. The most radical ver-
sion of the holographic principle motivated by the AdS co
formal field theory~CFT! conjecture is that all information
about a physical system in a spatial region is encoded in
boundary. The application of this idea to cosmology was fi
considered by Fischler and Susskind@3#. Because the uni-
verse does not have a boundary, how can we apply the
lographic principle to cosmology? Fischler and Susskind
swered this question by considering a space inside
particle horizon. They proposed that the matter entropy
side a spatial volume of the particle horizon would not e
ceed 1/4 of the area of the particle horizon measured
Planck units. They found that flat universes and open u
verses obeyed this version of the holographic princip
However, a closed universe violates this principle. This m
imply that our universe is flat or open. On the other ha
this may imply that we need to revise the holographic pr
ciple somehow. Easther and Lowe use the generalized
ond law of thermodynamics to replace the holographic p
ciple @4#. Bak and Rey@5# considered an apparent horizo
instead of an event horizon to solve the problem. In cosm
ogy, there is a natural choice of length scale, the Hub
distance,H21. H21 coincides with the particle horizon an
apparent horizon apart from an order 1 numerical factor
the flat universe, but it becomes much larger than the ap
ent horizon for a closed universe. So we know that
choice ofH21 as the horizon cannot solve the problem of t
violation of the holographic principle in a closed univers
The holographic principle in cosmology is also discussed
@6#. Einstein’s theory may not describe gravity at very hi
energy. The simplest generalization of Einstein’s theory
Brans-Dicke theory. The recent interest in scalar-tensor th
ries of gravity arises from inflationary cosmology, supe
gravity, and string theory. There exists at least one sc
field, the dilaton field, in the low energy effective boson
string theory. Scalar degrees of freedom arise also upon c
pactification of higher dimensions. In this paper, we ap
the Fischler-Susskind proposal to Brans-Dicke cosmolog
both the Jordan and Einstein frames.
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II. BRANS-DICKE COSMOLOGY
IN THE JORDAN FRAME

The Brans-Dicke Lagrangian in the Jordan frame is giv
by

LBD5
A2g

16p FfR̃2vgmn
]mf]nf

f G2Lm~c,gmn!. ~1!

The above Lagrangian~1! is conformal invariant under the
conformal transformations

gmn5V2gmn , V5fl S lÞ
1

2D ,

s5f122l, v̄5
v26l~l21!

~2l21!2 .

For the casel51/2, we make the following transformations

gmn5easgmn , ~2!

f5
8p

k2 eas, ~3!

wherek258pG, a5bk, andb252/(2v13). Remember
that the Jordan-Brans-Dicke Lagrangian is not invariant
der the above transformations~2! and~3!. The homogeneous
and isotropic Friedmann-Robertson-Walker~FRW! space-
time metric is

ds252dt21a2~ t !F dr2

12kr2 1r 2dVG , ~4!

and the above metric can be written as

ds252dt21a2~ t !@dx21S2~du21sin2u df2!#, ~5!

where

S5H x, k50,

sinhx, k521,

sinx, k51.

~6!

Based on the FRW metric and the perfect fluidTm
mn5(r

1p)UmUn1pgmn as the matter source, we can get the ev
lution equations of the universe from the action~1!:
©2000 The American Physical Society05-1
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H21
k

a2 1H
ḟ

f
2

v

6
S ḟ

f
D 2

5
8p

3f
r, ~7!

f̈13Hḟ54pb2~r23p!, ~8!

ṙ13H~r1p!50. ~9!

If we are given a state equation for the matterp5gr, then
the solution to Eq.~9! is

ra3(g11)5C1 . ~10!

Most of the cosmological solutions in this paper we
given in @7#. For the casek50, we can get the power-law
solutions to Eqs.~7! and ~8! with the help of Eq.~10!:

a~ t !5a0tp, f~ t !5f0tq, ~11!

where

p5
212v~12g!

413v~12g2!
, q5

2~123g!

413v~12g2!
,

21<g,12
2

31A6/b
, ~12!

a0 and f0 are integration constants, and@q(q21)
13pq#f054pb2(123g)C1a0

23(g11) . The particle hori-
zon is
04350
r H5E
0

t d t̃

a~ t̃ !
5

413v~12g2!

a0@21v~12g!~113g!#
t12p. ~13!

Therefore, the ratio between the entropy inside the part
horizon and the area of the horizon is

S

GA/4
5

4

3G
e

r H

a25
4e

3G

413v~12g2!

a0
3@21v~12g!~113g!#

t123p,

~14!

where e is the constant comoving entropy density, and
23p52@213v(12g)2#/@413v(12g2)#. The holo-
graphic bound is satisfied forg in the range given by Eq
~12! if the above ratio is not greater than 1 initially.

For the casek561, we do not have a general solution fo
all values ofg, so we consider two special cases: the matt
dominated universe withg50 and the radiation-dominate
universe withg51/3. It is convenient to use the cosmic tim
dh5dt/a(t).

For g51/3, we can solve Eq.~8! to get

a3ḟ5C2 , ~15!

whereC2Þ0 is an integration constant.
ly
~ i ! k51.The solutions are

f~h!5f0F8pC1tan~h1h0!/31A64p2C1
2/912C2

2/3b22A2C2
2/3b2

8pC1tan~h1h0!/31A64p2C1
2/912C2

2/3b21A2C2
2/3b2G A3/2b

, ~16!

a2~h!f~h!5
4pC1

3
1

1

2
A64p2C1

2

9
1

2C2
2

3b2sin@2~h1h0!#, ~17!

whereh0 is an integration constant. The entropy to area ratio is

S

GA/4
5

e~2h2sin 2h!f~h!

G sin2h$4pC1/31A64p2C1
2/912C2

2/3b2sin@2~h1h0!#%
. ~18!

Note that 0<2(h1h0)<p, so we see that the holographic bound can be satisfied if it is satisfied initially.
~ii ! k521 andC2

2,32p2b2C1
2/3. We have the solutions

a2~h!f~h!52
4pC1

3
1

1

16
e2(h1h0)1S 64p2C1

2

9
2

2C2
2

3b2De22(h1h0), ~19!

S f

f0
D A2/A3b

5
~24pC1/32b!tanh~h1h0!2c1C2 /A6b

~24pC1/32b!tanh~h1h0!2c2C2 /A6b
, ~20!

whereb51/16164p2C1
2/922C2

2/3b2 andc51/16264p2C1
2/912C2

2/3b2. The Brans-Dicke scalar field changes very slow
compared to the scale factor. Therefore the holographic bound
5-2
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S

GA/4
5

e~sinh2h22h!f

G sinh2h@24pC1/31e2(h1h0)/161~64p2C1
2/922C2

2/3b2!e22(h1h0)#
<1 ~21!
te

r
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s
e
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will be satisfied if it is satisfied initially.
~iii ! k50. The solutions are

a2~h!f~h!5
8pC1

3
~h1h0!22

C2
2

16pb2C1
, ~22!

f~h!5f0Fh1h02A6C2/16pbC1

h1h01A6C2/16pbC1
G A3/2b

. ~23!

The Brans-Dicke scalar fieldf slowly increases up tof0 as
the universe expands. The holographic bound

S

GA/4
5

4e

3G

hf~h!

8pC1~h1h0!2/32C2
2/16pb2C1

<1

~24!

can be satisfied if it is satisfied initially.
For g50, the solutions are

a~h!5a0ebh, f5f0e2bh, ~25!

whereb2522k/(21v) and 4pb2C152a0f0b2.
~a! k521 and22,v,23/2. The above solutions~25!

are exponential expansion in the cosmic timeh or linear
expansion in the coordinate timet. The entropy to area ratio
is

S

GA/4
5

e~sinh 2h22h!

Ga0
2e2bhsinh2h

. ~26!

So the holographic bound can be satisfied for22,v,
23/2 if it is satisfied initially.

~b! k51 andv,22. The solutions~25! are linear in the
coordinate timet. The entropy to area ratio is

S

GA/4
5

e~2h2sin 2h!

Ga0
2e2bhsin2h

. ~27!

It is obvious that the holographic bound can be viola
whenh5np for any integern.

In fact, the current experimental constraint onv is v
.500 orb2,0.002. The solutions~25! may not be physical.
However, the low energy effective theory of the string theo
can lead tov521; we may need to explore the possibili
of negativev. For positivev, we need to solve the equation
numerically. Whenv→` and at late times, the Brans-Dick
cosmological solutions become general relativistic solutio
04350
d

y

s.

III. BRANS-DICKE COSMOLOGY
IN THE EINSTEIN FRAME

The Brans-Dicke Lagrangian in the Einstein frame is o
tained by the conformal transformations~2! and ~3!:

L5A2gF 1

2k2
R2

1

2
gmn]ms]nsG2Lm~c,e2asgmn!.

~28!

The perfect fluid becomesTm
mn5e22as@(r1p)UmUn

1pgmn#. From the FRW metric in the Einstein frame, w
can get the evolution equations of the universe from the
tion ~28!:

H21
k

a2 5
k2

3 S 1

2
ṡ21e22asr D , ~29!

s̈13Hṡ5
1

2
ae22as~r23p!, ~30!

ṙ13H~r1p!5
3

2
aṡ~r1p!. ~31!

With p5gr, the solution to Eq.~31! is

ra3(g11)e23a(g11)s/25C3 , ~32!

whereC3 is a constant of integration. For the flat univer
k50, combining Eqs.~29!, ~30!, and~31!, we have

ae2a(12g)s/b2(123g)5C4 , ~33!

whereC4 is an integration constant and the above equatio
valid for 21<g,122/(31A6/b) and gÞ1/3. To obtain
the above solution, we assume thatṡa3→0 and ȧa2→0
whena→0. From Eqs.~29!, ~32!, and~33!, we get

H25
2k2~12g!2C3C4

1b2(123g)2/2(12g)

6~12g!22b2~123g!2

3a[ 26(12g2)2b2(123g)2]/2(12g). ~34!

In order to see the main result clearly, I omit constant co
ficients in the following Eqs.~35! and ~36!. The particle
horizon is

r H5E
0

a dã

ã2H
;a[2(12g)(113g)1b2(123g)2]/4(12g). ~35!

The entropy to area ratio is
5-3
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S

GA/4
;a[ 26(12g)22b2(123g)2]/4(12g). ~36!

For g51, we find that

S e22asr1
1

2
ṡ2Da65C6 ,

whereC6 is an integration constant:

a35A3k2C6t,

S

GA/4
5

2e

GA3k2C6

.

For g51/3, we have

a3ṡ5C5 , ~37!

whereC5Þ0 is an integration constant.
~1! k50. The entropy to area ratio is

S

GA/4
5

4e

A3GC3k

AC3a21C5
2/22AC5

2/2

a2 . ~38!

Therefore, from Eqs.~36! and ~38!, we see that the holo
graphic principle is satisfied for21<g,122/(31A6/b)
provided that it is satisfied initially.

~2! k521 andk2C3
2>6C5

2. We have

e2xH5
2Aa41k2C3

2a2/31k2C5
2/612a21k2C3/3

2Ak2C5
2/61k2C3/3

.

~39!

The entropy to area ratio is

S

GA/4
5

e~sinh 2xH22xH!

Ga2sinh2xH
. ~40!
.
.

04350
As a increases, 4S/GA decreases. The holographic bound
satisfied if it is satisfied initially.

~3! k51. We have

2xH5arcsin
kC3

Ak2C3
216C5

2
1arcsin

6a22k2C3

Ak4C3
216k2C5

2
.

~41!

The holographic bound

S

GA/4
5

e~2xH2sin2xH!

Ga2sin2xH
<1 ~42!

is satisfied if it is satisfied initially.
For g50 andk251, we do not have any analytical solu

tion. We need to solve the problem numerically.

IV. CONCLUSIONS

We analyze the holographic principle in Brans-Dic
theory. For a flat universe, we find that the holograp
bound can be satisfied for any matter with21<g,1
22/(31A6/b). For a universe withk251, we do not have
general analytical solutions for all values ofg. In particular,
we do not have an analytical solution for the matte
dominatedk251 universe. We know that in standard Frie
mann cosmology the holographic principle is violated for
closed matter-dominated universe near the maximal exp
sion. To check the holographic bound for thek51 matter-
dominated Brans-Dicke cosmological model, we need to
a numerical calculation. However, the numerical results
@8# tell us that the expansion rate in Brans-Dicke models
slower than that in Friedmann models. At large times,
difference becomes negligible. Therefore we expect that
holographic bound is also violated for thek51 matter-
dominated universe in Brans-Dicke cosmology.
:
.
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