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Q-ball formation through the Affleck-Dine mechanism
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We present the full nonlinear calculation of the formation of aQ ball through the Affleck-Dine~AD!
mechanism by numerical simulations. It is shown that largeQ balls are actually produced by the fragmentation
of the condensate of a scalar field whose potential is very flat. We find that the typical size of aQ ball is
determined by the most developed mode of linearized fluctuations, and almost all the initial charges which the
AD condensate carries are absorbed into the formedQ balls, whose sizes and the charges depend only on the
initial charge densities.

PACS number~s!: 98.80.Cq, 11.27.1d, 11.30.Fs
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A Q ball is a nontopological soliton with some conserv
global charge in the scalar field theory@1#. A Q-ball solution
exists if the energy minimum develops at nonzerof with
fixed chargeQ. In terms of the effective potential of the fiel
f, V(f)/f2 takes the minimum atfÞ0 @1,2#. The Q ball
naturally appears in the spectrum of the minimal supers
metric standard model~MSSM! @3#. In particular, very large
Q balls could exist in the theory with a very flat potential@4#,
such as in the MSSM which has many flat directions, wh
consist of squarks and sleptons, carrying baryonic and/or
tonic charges@5#. It provides interesting attention to phenom
enology and astrophysics@4,6,7#.

Cosmologically, it is interesting that largeQ balls carry-
ing baryonic charge (B ball! can be promising candidates fo
the dark matter of the universe, and/or the source for
baryogenesis@8–10#. Moreover, they can explain why th
energy density of baryons is as large as that of the d
matter ~at least within a few orders of magnitude!. If the
effective potential of the fieldf carrying the baryonic charg
is very flat at largef, as in the theory that the supersymm
try ~SUSY! breaking occurs at low energy scales~gauge-
mediated SUSY breaking!, B-ball energy per unit charge de
creases as the charge increases@4#. For large enough charge
such asB*1012, theB ball cannot decay into nucleon, and
completely stable, which implies thatB balls themselves can
be the dark matter@8# with chargesB5101421026 @11#,
while baryons are created by the conventional Affleck-D
~AD! mechanism. In the case of gravity-mediated SU
breaking scenario, theB balls can decay into quarks or nucl
ons, with the decay~evaporation! rate of theQ ball propor-
tional to the surface area@12#, and if they decay after the
electroweak phase transition, there are some advantages
the conventional AD baryogenesis@9,10#. For example,B
balls can protect the baryon asymmetry from the effects
lepton violating interactions above the electroweak sc
when anomalousB1L violation is in thermal equilibrium.
Another one is thatQ balls with B2L charge survive the
sphaleron effects to create the same amounts of baryon
lepton numbers. In either case, it is necessary forQ balls to
have large charges, such asQ5102221028 @9,10#. In this
scenario, dark matter is lightest supersymmetric part
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~LSP! which arises from theQ-ball decay, and parameters o
MSSM could be constrained by investigating theQ-ball cos-
mology @13#. Note that it is also possible to have stableQ
balls in the gravity-mediated SUSY breaking theory depe
ing on the details of the features of the hidden sector@14#.

Those largeQ balls are expected to be created throu
AD mechanism@15# in the inflationary universe@8–10#. The
coherent state of the AD scalar field which consists of so
flat direction in MSSM becomes unstable and instabilit
develop. These fluctuations grow large to formQ balls.

The formation of largeQ balls has been studied analyt
cally only with linear theory@8–10# and numerical simula-
tions were done in one dimensional lattices@8#. Both of them
are based on the assumption that theQ-ball configuration is
spherical so that we cannot really tell that theQ-ball configu-
ration is actually accomplished. Recently, some aspect
the dynamics of AD scalar andQ-ball formation were stud-
ied in Ref. @16#, but the whole evolution was not invest
gated, which is important for the investigation of theQ-ball
formation. ~In the context of nonrelativistic Bose gas, th
dynamics of drops of Bose-Einstein condensate, which
nontopological soliton, are studied in Ref.@17#.! In this
Rapid Communication, we study the dynamics of a comp
scalar field with very flat potential numerically in one, tw
and three dimensional lattices, without assuming spher
Q-ball configuration. On one dimensional lattices, it
equivalent to the system independent of other two dim
sions, so that we are observing planelike objects. We
themQ walls. Likewise, stringlike objects, which we callQ
strings, appear on two dimensional lattices.

First we show where the instabilities of a scalar fie
come from. To be concrete, let us assume that the com
scalar fieldF has an effective potential of the form@8#

V~F!5m4lnS 11
uFu2

m2 D 2cH2uFu21
l2

M2
uFu6, ~1!

wherem is the mass of the field,H is the Hubble parameter
l is a dimensionless coupling constant,M.2.431018 GeV
is the ~reduced! Planck mass, andc is a constant. Hereafter
we assume the matter-dominated universe, whereH52/3t.
©2000 The American Physical Society01-1
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This form of the potential arises naturally in the gaug
mediated SUSY breaking scenario in MSSM@8#. In addition
to Eq. ~1!, the A term@e.g.,A(F41F* 4)] is necessary for
baryogenesis, since it makes the AD field rotate to cre
baryon numbers. Here we assume that theA term does not
crucially affect other terms of the potential, and takead hoc
initial conditions neglecting theA term. The AD field thus
has the initial charge density. Notice that the effective pot
tial for the flat direction has very similar form in the gravity
mediated SUSY breaking scenario@9#, and the features of the
Q-ball formation are expected to be the same.

If we note that the field is dominated by the logarithm
potential and the homogeneous mode has only a real
~i.e., no rotational motion!, neglecting the second and thir
term in Eq. ~1!, the instability band is approximately est
mated as@18#

k

a
&

m2

uFu
, ~2!

for large field valueuFu, which is exactly the same as th
result of Ref.@8# ~note that there are additional instabili
bands which come from the parametric resonance effects
cause of the oscillation of the homogeneous field, but t
are subdominant effects!. Therefore, the instability band
grows as time goes on, since the amplitude of the homo
neous modeuFu decreases asa23 for the logarithmic poten-
tial. These fluctuations originate from the negative curvat
of the logarithmic potential, which produces negative pr
sure@9#. It is expected thatQ balls with corresponding scale
are formed.

As we mentioned, we calculate the dynamics of the co
plex scalar field on one, two, and three dimensional lattic
We formulate the equation of motion for the real and ima
nary part of the field:F5(1/A2)(f11 if2). Rescaling vari-
ables with respect tom, we have dimensionless variables

w5
f

m
, h5

H

m
, t5mt, j5mx. ~3!

We have exhaustedly calculated the dynamics of the
lar field andQ balls for various parameters, and find thatQ
balls are actually formed through the Affleck-Dine mech
nism in three dimensional lattices. They have thick-wall p
files which are approximately spherical, and its charge
conserved as time goes on. Here we show one example.
ure 1 shows the configuration of theQ ball att5106 on 643

three dimensional lattices withDj51.0 in the matter-
dominated universe. Initial conditions arew1(0)52.5
3106, w18(0)50, w2(0)50, w28(0)54.03104, t(0)5100.
We can see more than 30Q balls in the box. The charge o
the largestQ ball is Q.1.9631016 evaluated by

Q5E d3jq5E d3j
1

2
~w1w282w2w18!. ~4!

Though the best way to investigate the nature ofQ-ball
formation is to calculate in three dimensions, we must
the large-sized box to take into account low momenta effe
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and the large number of lattices in order to have the eno
resolution. Therefore, we have calculated in one and
dimensions, and use these results complementarily with
sults in three dimensions.

Therefore, let us now compare the evolutions ofQ balls in
one, two, and three dimensions. As is mentioned, aQ ball is
a nontrivial configuration of the scalar field, which we ca
obtain by estimating the energy minimum with finite char
Q fixed. From Eq.~4! we can approximately estimate th
charge of aQ ball as

Q5a3QD;a3RDq̃;const., ~5!

whereq̃5f1ḟ22ḟ1f2 is the charge density, andQD is the
charge inD dimension. Charge conservation tells us thatQ is
constant. If we assume the form of aQ ball as

f~x,t !5f~x!exp~ ivt !, ~6!

the energy of aQ ball can be calculated as

E5E d3xF1

2
~¹f!21V~f!2

1

2
v2f2G1vQ

5E d3x@Egrad1V11V2#1vQ, ~7!

where

Egrad;
f2

a2R2
,

V1;m4logS 11
f2

2m2D ;const.,

V2;v2f2. ~8!

FIG. 1. Configuration ofQ balls on three dimensional lattice
More than 30Q balls are formed, and the largest one has the cha
with Q.1.9631016.
1-2
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When the energy takes the minimum value, the equip
tition is achieved:Egrad;V1 and Egrad;V2. From these
equations and the charge conservation, we obtain the foll
ing evolutions:

R}a24/(D11),

f}a(D23)/(D11),

v}a2(D23)/(D11), ~9!

which we observed have approximately the same feat
numerically@18#. Therefore, the physical sizeRphys5Ra of
theQ balls forD51,2 shrinks, while remaining constant fo
D53. Thus, stableQ balls ~three dimensional objects! can
be formed, butQ walls or Q strings shrink because of th
charge conservation.

Figure 2 shows the power spectra of the cases of
dimensional lattices with the box sizeL54096 and linear-
ized fluctuations att54.53105 and 53105. As expected,
both spectra are very similar att54.53105, since fluctua-
tions have not fully developed yet. After they are fully d
veloped (t553105), the spectrum becomes smooth a
broad because of rescattering@19# @panel 2~c!#. But, even at
this time, the most developed mode is the same as tha
linearized fluctuations@compare panels 2~c! and 2~d!#.
Therefore, we conclude that the size ofQ balls is determined
by the most developed mode of linearized fluctuations w
the amplitude of fluctuations becomes as large as that of
homogeneous mode,^df2&;f2. For the case of Fig. 2, the
typical size is kmax;0.04, which implies that Rphys

FIG. 2. Power spectrum of fluctuations of AD scalar field wh
the amplitude of fluctuations becomes as large as that of the ho
geneous mode:̂df2&;f2. The top panels~a! and~c! show the full
fluctuations calculated on one dimensional lattices, while the b
tom panels~b! and ~d! show the linearized fluctuations withou
mode mixing.
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;a(tf)/kmax;7.33103, wheret f553105 is the Q-ball for-
mation time. At this time, the ratio to the horizon size
;1022, which corresponds to the results of Ref.@8#, but this
value may not have important meaning, since the sizes of
horizon andQ balls have different time evolutions. This siz
is consistent with the actual sizes appearing on three dim
sional lattices, where the largestQ ball has the sizeRphys
'1.13104, and the average size of the second to fifth larg
Q balls is.5.23103.

We also observed that almost all the initial charges c
ried by the condensate of AD field are absorbed intoQ balls
formed from the fragmentations of the condensate, and
amplitude of the homogeneous mode is highly damp
which means that they carry only a small fraction of the to
initial charges. In the case of Fig. 1, more than 95% of
charges are stored in theQ balls.

Actually, the charges and sizes ofQ balls depend on the
initial value of the charge carried by the AD condensa
Since the initial charge density of AD scalar is written
q(0)5w1(0)w28(0), thelarger the initial amplitude or angu
lar velocity of the AD condensate, the larger the char
stored inQ balls. The dependences of the charge and
~comoving! size of the~largest! Q ball on the initial charge
density are shown in Fig. 3. Here we take one dimensio
lattices, so actually we observeQ walls. We thus estimate
their conserved charges asQmax5a3*dxq(x) according to
Eq. ~5!. We find that one largeQ ball and a few smallQ balls
are formed in most of the cases, while oneQ ball is formed
in some cases such that the initial charge densityq(0) is
relatively small. Open circles denote the dependence
w28(0) for fixed w1(0), while solid triangles denote the de
pendence onw1(0) for fixedw28(0) with L5256. Since both

o-

t-

FIG. 3. Dependence of charges and sizes on the initial cha
q(0)5w1(0)w28(0) carried by the AD condensate on one dime
sional lattices. Open circles and solid triangles denote the de
dence onw28(0) andw1(0), respectively. Crosses are obtained
larger box size.R is evaluated att553107. Note that the relevant
variable is onlyq(0), since both dependences lie on the same lin
1-3
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results show the same dependence, the only relevant var
which determines the charge and the size is the initial cha
density q(0). The dashed line represents the fitted lin
Qmax594.3„q(0)…1.03. Crosses are obtained onL5512 lat-
tices. They seem to be a little larger, and the box size ef
might be remained. Notice that thoseQ balls with negative
charge can be produced when the initial angular velocity
the AD condensate@or, in our simulations,w28(0)] is small
enough@18#.

Since the~comoving! size of theQ balls changes as tim
goes on, as we mentioned above, the actual values of the
at t553107 in one dimension is not so important. What
important is how the size depends onq(0). Thedotted line
shows the fitted line written asR59.4631027

„q(0)…0.464,
though we expect the relationR}„q(0)…1/3, which means
that the charge is proportional to the volume as in Eq.~5!. It
may be one of the reasons for the discrepancy that the va
of R for small chargeQ balls may have considerable err
because of poor resolution in spatial lattices.

In conclusion, we consider the full nonlinear equations
motion of the Affleck-Dine scalar field in order to see t
formation of theQ ball through the Affleck-Dine mechanism
by numerical simulations. It is shown that largeQ balls are
actually produced by the fragmentation of the condensat
a scalar field whose potential is very flat, as in the supers
metric standard theory.

We find that the typical size ofQ balls is determined by
that of the most developed mode of linearized fluctuatio
when the amplitude of fluctuations grows as large as tha
the homogeneous mode:^df2&;f2. Almost all the initial
charges carried by the AD condensate are absorbed into
Q balls formed, leaving only a small fraction in the form
B

.I.

a-
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the remaining coherently oscillating AD condensate. W
thus can constrain parameters of MSSM through the frac
of the baryon inQ balls (f B) in the context of theQ-ball
decay producing LSP dark matter@13#.

Moreover, the actual sizes and the charges stored wi
Q balls depend on the initial charge density of the AD co
densate, which is in good agreement with the condition
the existence of theQ ball; that is, it exists if the scalar field
can take nontrivial energy minimum configuration with
fixed charge. Therefore,Q balls with huge charges necessa
for Q balls to be dark matter could be produced if the init
charge density that the AD condensate carries is la
enough.

We also find that the evolution ofQ balls crucially de-
pends on the form of their dimensions, and the stableQ balls
can only exist in the form of three dimensional objec
Smaller dimensional objects such asQ walls andQ strings
shrink as the universe expands.

Finally, we will mention theQ axiton ~the higher energy
stateQ ball!, which was studied in Ref.@16#. In our simula-
tions, Q balls are actually formed. The field orbits in th
complex plane insideQ balls are almost complete circles
Moreover, even if the initial AD field orbit is extremely ob
lique such that the initial angular velocity is very small so
to create the negatively chargedQ balls, circular orbits can
be seen inside both positive and negativeQ balls@18#. It thus
seems that Q axitons may appear, if ever, at the very be
ning of theQ-ball formation.
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