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Scaling violations: Connections between elastic and inelastic hadron scattering
in a geometrical approach
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Starting from a short range expansion of the inelastic overlap function, capable of describing quite well the

elasticpp andp̄p scattering data, we obtain extensions to the inelastic channel through unitarity and an impact
parameter approach. Based on geometrical arguments we infer some characteristics of the elementary hadronic

process and this allows an excellent description of the inclusive multiplicity distributions inpp and p̄p
collisions. With this approach we quantitatively correlate the violations of both geometrical and KNO scaling
in an analytical way. The physical picture from both channels is that the geometrical evolution of the hadronic
constituents is principally reponsible for the energy dependence of the physical quantities rather than the
dynamical~elementary! interaction itself.

PACS number~s!: 13.85.Hd, 11.80.Fv, 13.85.Dz, 13.85.Ni
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I. INTRODUCTION

Hadron scattering is presently one of the most intrigu
processes in high energy particle physics. Unlike the un
cation scheme which characterizes the electroweak sect
the standard model, some topical aspects of quantum c
modynamics~QCD! remain yet unknown and this has been
great challenge for decades. One point concerns some su
ties emerging from its running coupling constant, which e
tails that high energy hadronic phenomena have been cl
fied into two wide and nearly incongruous areas, nam
largepT or hard processes and lowpT or soft hadronic phys-
ics. From a purely theoretical point of view~QCD!, these
phenomena are treated through perturbative and nonpe
bative approaches respectively, and this renders difficu
unified formalism able to describe the totality of experime
tal data available on high energy hadronic interactions. T
reason is that, despite the successes of perturbative QC
the description of hard~inelastic! hadronic scattering and
also the successes of non-perturbative QCD in treating s
properties of the hadronic systems, thescattering states in
the soft (long range) regionyet remain without apure QCD
explanation: Perturbative approaches do not apply andpure
nonperturbative formalisms are not yet able to predict
bulk of the scattering states.

This soft hadronic physics is associated with elastic a
diffractive scattering, characterized, experimentally, by s
eral physical quantities in both the elastic and inelastic ch
nels, such as the elastic differential cross section, total c
section, charged multiplicity distributions, average mu
plicities, and others@1#. In spite of the long effort to describ
these data through a pure microscopic theory~QCD!, our
knowledge is still largely phenomenological and also ba
on a wide class of models and some distinct theoretical c
cepts, such as the Pomeron, odderon, impact parameter
ture, parton and dual models, Monte Carlo approaches,
so on.
0556-2821/2000/61~3!/034015~14!/$15.00 61 0340
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However, presently, this phenomenological treatment
soft hadronic physics plays an important role as a sourc
new theoretical insights and as a strategy in the search
adequate calculational schemes in QCD. The multiple fac
associated with this phenomenological scenario have b
extensively discussed in the literature and Ref.@2# presents a
detailed outlook of the progress and present status of
area.

In addition to the intrinsic importance of high energy d
fractive physics associated with our limited theoretical u
derstanding, a renewed interest in the subject may be see
the last years. This, in part, is due to the DESY HERA a
Fermilab Tevatron programs, but also to the advent of
next accelerator generation, the BNL Relativistic Heavy I
Collider ~RHIC! and the CERN Large Hadron Collide
~LHC!. In fact, with these new machines it will be possib
to investigatepp collisions at center-of-mass energies nev
reached before in accelerators, allowing comparative stu
betweenpp andp̄p scattering at the highest energies, inclu
ing both hard and soft processes.

Presently, at this ‘‘pre-new-era’’ stage and due to thelack
of a widely accepted unified theoretical treatment of bo
elastic and inelastic channels; it may be important to re-
investigateways of connectingthese channels, looking fo
new information. Even if the treatment is essentially ph
nomenological, as explained before, the predictions shal
checked and may contribute with future theoretical~QCD!
developments.

To this end, in this work we shall investigate some a
pects of both elastic and inelasticpp andp̄p scattering in the
context of a particular phenomenological approach. Our g
is to obtain simultaneous descriptions of some experime
data from both channels; that is, our primary interest c
cernsconnections between elastic and inelastic hadron sc
tering. Accordingly we shall base our study on one of t
most important principles of quantum field theory: unitarit

For reasons that will be explained in detail in what fo
©2000 The American Physical Society15-1
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lows, our framework is the impact parameter formalis
~geometrical approach!. At first, under geometrical conside
ations, we shall not refer to quarks or gluons or partons,
treat hadron-hadron interactions as collisions between c
posite objects made up by elementary parts, which we s
generically refer to as ‘‘constituents.’’ At the end we discu
some possible connections between our results and
framework of QCD. Also, as shall be explained, our start
point is the description of physical quantities that charac
ize the elastic channel inpp and p̄p scattering. We then
proceed to consider the inelastic channel through unita
arguments and in a geometrical approach.

Following other authors@3,4#, we shall express the ‘‘com
plex’’ ~overall! hadron-p multiplicity distributions~inelastic
channel! in terms of an ‘‘elementary’’ distribution~associ-
ated with an elementary process taking place at given im
parameter! and the inelastic overlap function, which is co
structed from descriptions of the elastic channel data.
novel aspects concern~a! a quantitative correlation betwee
theviolationsof the Koba-Nielsen-Olesen~KNO! scaling@5#
~inelastic channel! and geometrical scaling@6# ~elastic chan-
nel! and ~b! the introduction of novel parametrizations fo
the elementary quantities based on geometrical argum
and taking suitable account of the most recent data oncon-
tact interactions. With this general formalism, in addition t
the description of the elastic data~even at large momentum
transfers!, the hadronic multiplicity distributions may b
evaluated and an excellent reproduction of the experime
data onpp and p̄p inelastic multiplicities is achieved@7#.
We also present predictions at LHC energies.

The paper is organized as follows. In Sec. II we disc
the underlying phenomenological ideas, the data to be in
tigated, and the strategy assumed. In Sec. III we presen
theoretical framework connecting elastic and inelastic ch
nels, the inputs from elastic scattering data, the novel par
etrizations for the elementary processes, the predictions
the hadronic multiplicities distributions, and comparis
with the experimental data. In Sec. IV we discuss in so
detail all the results obtained and the physical and geom
cal interpretations. The conclusions and some final rema
are the content of Sec. V.

In what follows we shall represent the main physic
quantities associated with hadron-hadron scatte
~complex-overall system! by uppercase letters and those a
sociated with constituent-constituent interactions~elemen-
tary process! by lowercase letters.

II. EXPERIMENTAL DATA AND PHENOMENOLOGICAL
CONTEXT

The broad classification in hard, soft~and also semihard!
processes is based on the momentum transferred in the
lision. On the other hand, depending on the physical proc
involved, high energy hadron scattering may also be cla
fied into elastic and inelastic processes and the latter
diffractive ~single and double dissociation! and nondiffrac-
tive. Concerningboth elastic and inelastic channels, one of
the striking features that emerged from early experime
was the violation of scaling laws, namely, the geometri
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scaling in elastic scattering@6# and the KNO scaling in the
inelastic events@5#. For this reason, our main interest in th
work is to correlate quantitatively the above scaling vio
tions and to discuss its phenomenological and dynamical
pects. To this end, before we present the underlying form
ism and results, we discuss in this section the phys
observables to be investigated and the reasons for
choices concerning phenomenology and strategies.

A. Elastic channel

The differential cross section is the most important phy
cal observable in the elastic channel, since from it ot
quantities may be obtained, in particular, the integrated e
tic cross sectionsel and the total cross sections tot ~optical
theorem!. The violation of the geometrical scaling may b
characterized by the increase of the ratiosel /s tot with the
energy at the CERN Intersecting Storage Rings~ISR! and at
the CERN Super Proton Synchrotron (Sp̄pS) regions.

The differential cross section yields the elastic hadro
amplitudeF(q,s), by

ds

dq2 5puF~q,s!u2, ~1!

and this amplitude may be expressed in terms of the ela
profile functionG(b,s) by

F~q,s!5 i E bdbJ0~qb!G~b,s!, ~2!

whereb is the impact parameter andAs the center-of-mass
energy.

As commented on before, despite the bulk of models a
to reproduce the differential cross section data at ISR, Sp̄pS,
and Tevatron energies@2#, an approach based exclusively
QCD is still missing. Obviously, because of itssoft charac-
ter, a QCD treatment of the elastic scattering should be n
perturbative. Along this line, despite difficulties, importa
results have recently been reached through the works
Landshoff and Nachtmann@8# and Dosch,et al. @9#. The ap-
proach, based on the functional integral representa
~QCD! and eikonal approximation, allows one to extract
quark-quark profile functiong(b) ~impact parameter space!
from the gluon gauge-invariant two-point correlation fun
tion, determined, for example, from lattice QCD@10#.
Through the Fourier transform@analogous to Eq.~2! at the
elementary level#, the quark-quark scattering amplitud
f (q,s) may be obtained:

f ~q,s!5 i E bdbJ0~qb!g~b,s!. ~3!

One possible connection with the hadronic scattering a
plitude, Eq.~2!, is by means of the stochastic vacuum mod
~SVM! @9# and some important results have recently be
obtained @11#. However, presently, this theoretical fram
work still depends on some phenomenological inputs. Al
it is able to reproduce only the experimental data in the f
ward region and/or very small values of the momentu
5-2
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SCALING VIOLATIONS: CONNECTIONS BETWEEN . . . PHYSICAL REVIEW D61 034015
transfer and does not distinguishpp and p̄p scattering~dip
region!, even at ISR energies@11#.

Another way to obtain the hadronic amplitude from t
elementary one is through Glauber’s multiple diffracti
theory ~MDT! @12# and this plays a central role in ou
choices concerning phenomenology and strategies as
cussed in what follows.

Originally the MDT was applied to hadron-nucleus a
nucleus-nucleus collisions@12# and after to hadron-hadro
scattering@13#. The topical point which interests us is th
allowed general connection between the complex quan
~composite object! and elementary quantity~constituents!. In
the case of hadron-hadron collisions, the connection betw
the hadronic amplitude~composite object! and the elemen-
tary amplitude~constituents! is also established through th
eikonal approximation. In this approach the hadronic pro
function, Eq.~2!, is expressed by

G~b,s!512eix(b,s), ~4!

where

x~b,s!5CE qdqJ0~qb!GAGBf ~5!

is the eikonal function,GA,B the hadronic form factors,f the
elementary~constituent-constituent! amplitude, andC does
not depend on the transferred momentum. The above n
tion @14# shall be useful for the discussion we are interes
in.

In spite of their simplicity, Eqs.~2!, ~4!, and ~5! are ex-
tremely useful. Recently, with suitable parametrizations
the form factors and with the elementary amplitude~quark-
quark! extracted from a parametrization for the gluonic co
relator through the functional approach~nonperturbative
QCD!, Grandel and Weise obtained good descriptions of
differential cross secion data forpp andp̄p elastic scattering
at ISR and Sp̄pS energies, but only in the region of sma
momentum transfer@15#. On the other hand, excellent de
scriptions of experimental data, including also large mom
tum transfers, have been obtained in a rather phenomeno
cal context, through suitable parametrizations forGA , GB ,
and f @16#. Moreover, elementary amplitudes obtain
through the SVM and the gluonic correlator from latti
QCD have been investigated and also comparisons with
pirical analysis and model predictions have been discus
@14,17#.

We understand that all of these facts indicate that
impact parameter formalism~and the eikonal approxima
tion!, connecting the complex~overall! amplitude with the
elementary amplitude~constituent-constituent!, Eqs.~2!, ~4!
and ~5!, is a very fruitful and simple approach in the inve
tigation of elastic hadron scattering. As shown, it seems a
to be an adequate bridge between phenomenology and
perturbative QCD. These conclusions constitute one of
foundations of our approach and, as discussed in what
lows, theextensions to the inelastic channel shall be bas
on the general idea of connections between overall and
ementary quantities in an impact parameter picture.
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B. Inelastic channel

Concerning scaling in the inelastic channel, the quan
of interest is the hadronic charged particle multiplicity d
tribution PN , normalized in terms of the KNO variable,Z
5N(s)/^N&(s), as

^N&~s!PN~Z![F. ~6!

The broader distribution observed at the Sp̄pS characterizes
the violation of the KNO scaling, namely,F5F(Z,s).

As in the case of elastic differential cross section data
wide class of models describes this behavior, such as,
example, dual parton@18#, fireball @19#, two-component
models@20#, and others. Also, hadronic processes have b
extensively treated through Monte Carlo event genera
and the Lund parton approach@21–23#. However, we ob-
serve that, despite some QCD-inspired approaches and
descriptions of some soft processes, all these formalims
models are concernedexclusivelywith the inelastic channe
and this is the topical point that distinguishes our strategy
discussed in what follows. We shall also return to this su
ject in Secs. IV and V.

C. Strategies

The connections between geometrical and KNO scali
were established a long time ago, by Dias de Deus@6# and
Lam and Yeung@4#. However, we are interested here in the
violations and the central point is the following: Does o
need a new connection when the two phenomena are viol
at the Spp̄S or can the two effects be correlated both ph
nomenologically and dynamically? We will argue that t
latter alternative seems to be prevail. Specifically, our goa
to correlate quantitatively both violations in an analytic
way and we shall show that, beginning with a formalism th
describes quite well the violation of the geometrical scal
~elastic channel input!, it is possible to extend it and to de
scribe, quantitatively, the violation of the KNO scaling in a
analytical way. We stress that this strategy distinguishes
approach from all the other model and theoretical desc
tions of elastic or inelastic scattering that treat these inte
tions separately, in an independent way or in distinct c
texts.

Since the connection betweenelastic channel→ inelastic
channelis our primary interest, the approach shall be bas
in direct analogy with the ideas discussed in Sec. II A; that
we consider hadron-hadron collisions as collisions betw
complex objects, each one composed of a number of m
elementary ones. As an extension of the Glauber mult
diffraction theory, which connects hadronic and element
elastic amplitudes, we shall consider the impact param
formalism and also express the hadronic multiplicity dist
bution ~complex system! in terms of elementary multiplicity
distributions ~constituents!. The point is to describe a
‘‘wide’’ distribution ~hadronic! by superimposing a numbe
of narrower ones~elementary! @4#. What we shall do here is
to infer what these elementary distributions should be,
order to reproduce the experimental data on hadronic di
butions and in the context of the impact parameter pictu
5-3
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We hope that, as in the elastic case, this information
contribute to further theoretical developments.

III. UNITARITY AND IMPACT PARAMETER PICTURE

Unitarity is one of the most important principles in qua
tum field theory. In the geometrical picture, unitarity corr
lates the elastic scattering amplitude in the impact param
b space,G(b,s), Eq. ~2!, with the inelastic overlap function
Gin(b,s) by

2 ReG~b,s!5uG~b,s!u21Gin~b,s!, ~7!

which is term by term equivalent to@24#

Gtot~b,s!5Gel~b,s!1Gin~b,s!. ~8!

For a purely imaginary elastic amplitude in momentu
transfer space the profile functionG(b,s) is real and in the
eikonal approximation is expressed by

G~b,s!512exp@2V~b,s!#, ~9!

whereV(b,s)5Im x(b,s) in Eq. ~4!. With this,

Gin~b,s!512exp@22V~b,s!#[s in~b,s! ~10!

is the probability for an inelastic event to take place atb and
s and

s in~s!5E d2bGin~b,s!. ~11!

In this picture the topological cross section for produci
an even numberN of charged particles at c.m. energyAs is
given by

sN~s!5E d2bsN~b,s!5E d2bs in~b,s!F sN~b,s!

s in~b,s!G .

~12!

where the quantity in brackets can be interpreted as the p
ability of producingN particles at impact parameterb.

A. Hadronic and elementary multiplicity distributions

We now introduce the multiplicity distributions for bot
an overall and an elementary processes in terms of co
sponding KNO variables@5# and also the formal connectio
between these distributions.

Representing the hadronic~overall! multiplicity distribu-
tion by F and the corresponding KNO variable by

Z5
N~s!

^N&~s!
, ~13!

where^N&(s) is the average hadronic multiplicity atAs, we
have, in general,

F5^N&~s!
sN~s!

s in~s!
5F~Z,s!. ~14!
03401
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Now, let ^n&(b,s) be the average number of particles pr
duced atb and s, w the elementary multiplicity distribution
and

z5
N~s!

^n&~b,s!
~15!

a KNO variable associated with the elementary process
ing place atb ~ands). Then, in general,

w5^n&~b,s!
sN~b,s!

s in~b,s!
5w~z,s!. ~16!

Both distributions are normalized by the usual conditio
@3,4#

E
0

`

F~Z!dZ525E
0

`

F~Z!ZdZ, ~17!

E
0

`

w~z!dz525E
0

`

w~z!zdz, ~18!

The relationship betweenF andw then follows from Eqs.
~10!–~12!, ~14!, and~16!:

F5

^N&~s!E d2b
Gin~b,s!

^n&~b,s!
w

E d2bGin~b,s!

. ~19!

Now, let us define amultiplicity function m(b,s) by the
ratio

m~b,s!5
^n&~b,s!

^N&~s!
, ~20!

so that Eq.~19! becomes

F5

E d2b
Gin~b,s!

m~b,s!
wS Z

m~b,s! D
E d2bGin~b,s!

5F~Z,s!. ~21!

It is well known that connections between KNO and ge
metrical scaling may be established ifm(b,s)5m„b/R(s)…
and also Gin(b,s)5Gin„b/R(s)… @6#, where R(s) is the
‘‘geometrical radius.’’ In this caseF(Z,s) is only a function
of Z.

The general result~21! means that, once one has para
etrizations for Gin(b,s) and the elementary quantitiesw
~multiplicities distribution! and m(b,s) ~multiplicity func-
tion!, the overall hadronic multiplicity distribution may b
evaluated. In this work we considerGin(b,s) from analyses
of elasticpp and p̄p scattering data~taking account of geo-
metrical scaling violation! and infer the elementary quant
ties based on geometric arguments, as explained in what
lows. In so doing, we shall correlate quantitatively t
violationsof both KNO and geometrical scaling~GS! in an
analytical way.
5-4
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B. Elastic channel input: The BEL Gin

In the elastic channel, the breaking of geometrical sca
is quite well described by the black-edge-large~BEL! behav-
ior, analytically expressed by the short range expansion
the inelastic overlap function@24,25#

Gin~b,s!5P~s!exp$2b2/4B~s!%k~x,s!, ~22!

with k being expanded in terms of a short range variablx
5b exp$2(eb)2/4B(s)%, i.e.,

k~x,s!5 (
n50

N

d2n~s!F e exp$1/2%

A2B~s!
xG 2n

. ~23!

The quantity in the brackets of Eq.~23! by itself exhibits
GS for constant values ofe2'0.78, but k(x,s) does not
because of thes dependence ofd2n(s) and therefore
Gin(b,s) does not either@also because ofP(s)]. Each term
in the brackets of Eq.~23! has a maximum value of 1 and th
rapid convergence of the series reproduces data for all va
of 2tP(0, 14) GeV2 with N53. For k515P, we re-
cover the Van Hove limit forsel /s tot5121/4(12 ln 2)
'0.1853 which is nearly attained at the ISR. The deviat
of k from the constant value of 1, in particular the increase
d2(s) with increasings, is responsible for theedgierbehav-
ior of Gin(b,s), while increasing values ofP(s) and B(s)
make the protonblacker and larger, respectively~BEL be-
havior of the inelastic overlap function!.

Excellent agreement with experimental data onpp and
p̄p elastic scattering is achieved@25# for the following pa-
rametrizations in terms of the Froissart-like variabley
5 ln2(s/s0) with s05100 GeV2:

P~s!5
0.90810.027y

110.027y
, d2~s!50.11510.00094y,

~24!

B~s!56.6410.044y,

and d4 determined fromd2 in some models@26# by d4

5d2
2/4.

C. Elementary hadronic process in a geometrical picture

We now turn to the discussion of theelementary hadronic
process, characterized byw andm in Eq. ~21!. By construc-
tion, these quantities are associated with collisions
strongly interacting hadronic constituents. As commented
before, as a result of the success of geometrical models in
investigation ofelastic hadron scattering~for example, the
above BEL approach! and the present lack of apure QCD
approach to and/or Monte Carlo models of the subject~elas-
tic and soft scattering states!, we shall discuss what anel-
ementary hadronicprocess could be in the geometric
framework and in an analytical way. Our arguments are
follows.

In the geometrical approach an elementary process
process occurring at a given impact parameter. Concer
contact interactions, experimental information isonly avail-
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able from lepton-lepton collisions, which are processes oc
curring in a unique angular momentum state and there
also at a given impact parameter~zero in this case!. Although
these processes cannot be the same as collisions bet
hadrons constituents, it is reasonable, from the geometric
point of view, to think thatsome characteristics of both pro
cesses could be similar. The point is to find out or infer wha
they could be.

For these reasons we shall consider the experimental
available one1e2 collisions as a possible source of~limited!
geometrical information concerning elementary hadronic
teractions~at given impact parameter!. We do not pretend to
look for connections betweene1e2 annihilations andpp

and p̄p collisions but to extract from the former process
suitable information that allows the construction of the ha
ronic multiplicities ~and the connections with the corre
sponding elastic amplitude! in an analytical way and in a
geometrical context. This may be achieved for bothw andm
in Eq. ~21! through the following procedure.

Analytical relation between multiplicity function and e
konal. First, in order to connect the multiplicity functio
m(b,s) and the eikonalV(b,s) @3,4# @and soGin(b,s) by
Eq. ~10!# in an analytical way, let us consider the very
simple assumption that theaverage multiplicity at given im-
pact parameterdepends on the center-of-mass energy in
form of a general power law

^n&~b fixed,s!}Ec.m.
g . ~25!

We shall discuss this assumption in detail in Sec. IV B.
Now, from Eqs.~10! and~11!, exp$22V(b,s)% is the trans-

mission coefficient, i.e., the probability of having no intera
tion at a given impact parameter, and thereforeV should be
proportional to the thickness of the target, or as first appro
mation, to the energyEc.m. that can be deposited atb for
particle production at a givens. By Eq. ~25! this implies

^n&~b,s!}Vg~b,s!. ~26!

Comparison of Eqs.~20! and ~26! allows us to correlate the
multiplicity function m(b,s) with the eikonal through a non
factorizing relation~in b ands):

m~b,s!5j~s!Vg~b,s!, ~27!

with j(s) being determined by the normalization conditio
of the overall multiplicity distribution, Eq.~18!. With this,
Eq. ~21! becomes

F5

E d2b
Gin~b,s!

jVg~b,s!
wS Z

jVg~b,s!
D

E d2bGin~b,s!

, ~28!

where
5-5
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j~s!5

E db2Gin~b,s!

E db2Gin~b,s!Vg~b,s!

. ~29!

Once the aboveanalytical connectionis assumed, the el
ementary hadronic process is now characterized by only
quantities, namely, the elementary distributionw and the
power coefficientg. We proceed with the determination o
these quantities through quantitative analyses ofe1e2 data
and under the following arguments.

Elementary multiplicity distribution.Because the elemen
tary process occurs at a given impact parameter, its elem
tary structure suggests that it should scale in the KNO se
Now, since experimental information one1e2 multiplicity
distributions shows agreement with this scaling@27#, we
shall base our parametrization forw just on these data. In
particular, it is sufficient to assume a gamma distribut
~one free parameter!, normalized, according to Eq.~17!,

w~z!52
KK

G~K !
zK21 exp$2Kz%. ~30!

A fit to the most recent data, covering the interv
22.0 GeV <As<161 GeV @27,28#, furnishedK510.775
60.064 with x2/NDF5508/19552.61 and the result is
shown in Fig. 1.

FIG. 1. The KNO charged multiplicity distribution fore1e2

annihilation data@27,28# and the fitted gamma distribution, Eq.~30!
~dashed line!.
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Concerning this fit, we verified that data at 29 and 56 G
make the highest contributions in terms ofx2 values. For
example, if the former data are excluded, we obtainK
510.62 andx2/NDF5414/18152.29, and if both sets are
excluded, thenK510.88 andx2/NDF5286/16251.77. For
comparison we recall that the DELPHI fit through a negat
binomial distribution to data at only 91 GeV givesx2/NDF
580/3452.35 ~and x2/NDF543/3351.30 through a modi-
fied negative binomial distribution! @27#. However, we also
verified that the above two values forK are not so sensitive
in the final result concerning the hadronic multiplicity distr
bution, which is our goal~we shall return to this point in Sec
IV A !. For this reason and since we are only looking f
experimental information that could represent contact in
actions~geometrical point of view! we consider our first re-
sult shown in Fig. 1 as the representative one.

Power coefficient. Finally, following Eq. ~25!, we con-
sider fits to thee1e2 average multiplicity through the gen
eral power law

^n&e1e25A@As#g. ~31!

We collected experimental data at center-of-mass ener
above resonances and thresholds and also the most r
data at the highest energies, covering the inter
5.1 GeV <As<183 GeV @28,29#. Fitting to Eq. ~31!
yields A52.0960.02,

g50.51660.002, ~32!

with x2/NDF5409/4658.89, and the result is shown in Fig
2. We observe that this parametrization deviates from
data aboveAs;100 GeV and this contributes to the highx2

value. However, as commented on before, we do not exp
that e1e2 annihilation exactly represents the collisions b
tween hadron constituents. The power law is a form wh
allows ananalyticaland simple connection between the mu
tiplicity function and the eikonal as expressed by Eq.~27!. In
Sec. IV B we present a detailed discussion concerning
power assumption and in Secs. IV A and IV C, we discu
the physical meaning of the differences between our par
etrization and the experimental data on^n&e1e2.

D. Results for the hadronic multiplicities distributions

With the above results we are now able to predict
hadronic inelastic multiplicity distributionF(Z,s), Eqs.
~28!, ~29!, without free parameters:Gin(b,s) @and V(b,s)]
comes from analysis of the elastic scattering data@Eqs.~10!
and~22!–~24!# andw(z) andg from fits to e1e2 data, Eqs.
~30! and ~31!,~32! respectively.

We expressF in terms of the scaling variableZ8
5N8/^N8& where ^N8&5N(s)2N0 with N050.9 leading
charges removed. It is well known@30# that such a subtrac
tion improves the KNO curves for all measured data bel
the Sp̄pS Collider with the above value ofN0. This is com-
pletely equivalent to the Wroblewski@31# relation for the
dispersion D5AN22^N&250.594 @^N&2N0# with the
same value ofN0. Values ofN0 around 1 and the numerica
5-6
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value of theD vs N can be found by parton model argumen
@32# for valence quark distributions.

The predictions forpp scattering at ISR energies andp̄p
at 546 GeV are shown in Figs. 3 and 4, respectively, toge
with the experimental data@33,34#. The theoretical curves
present excellent agreement with all the data, showing a s
evolution with the energy at ISR for largeZ8 and reproduct-
ing the KNO violations for largeZ8 values at 546 GeV. In
Fig. 4 is also shown the predictions at 14 TeV~LHC!.

IV. DISCUSSION

In the last section we obtained a quantitative correlat
between the violations of both KNO and geometrical scali
In the framework of the impact parameter picture, Sec. III
we only used four inputs, three parametrizations from fits
experimental data and one geometrical assumption, nam
~1! Gin(b,s) from fits to elastic scattering data~BEL behav-
ior!, ~2! w(z) from fit to e1e2 multiplicity distribution data,
~3! the geometrical assumption~27! concerning the multi-
plicity function m(b,s), and ~4! the power coeficientg,
from fit to e1e2 average multiplicities data.

In this section, we first investigate the sensitivity of ea
parametrization from fits to the experimental data in the o
put of interest, namely, the hadronic multiplicity distributio
Then, we discuss in some detail the geometrical assump
concerning the multiplicity function and the power law. F
nally, based on this study, we outline the physical pict
associated with all the results from both geometric
phenomenological and QCD points of view.

FIG. 2. The average charged multiplicity fore1e2 annihilation
data@28,29# and the fitted power law, Eq.~31!.
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A. Sensitivity of the parametrizations

First we observe that the power coefficientg in Eqs.
~28!,~29! could, formally, be considered as a free parame
in a direct fit to the data on the hadronic multiplicity distr
butions and, in this case, it would not be necessary to t
account of thee1e2 average multiplicity data. This, how
ever, leads to a strong correlation betweeng and the other
two inputsGin(b,s) andw(z). On the other hand, with ou
procedure, the values and behaviors of the three inputsGin ,
w, andg are rougly uncorrelated and this allows tests of t
inputs by fixing two of them and changing the third. In wh
follows we perform this kind of analysis, beginning alwa
with the results obtained in the last section and consider
separately, a change in each one of the inputs. Since we
interested in the scaling violation, we shall base this study
results for the hadronic multiplicity distribution only at th
collider energy.

1. Changing Gin

Among the wide class of models forGin @2#, we shall
consider a multiple diffraction model~MDM ! and also the
traditional approach by Chou and Yang@37#, as a class of
geometrical model~GM!. The reason is based on the discu
sion in Sec. II A. Also, as we shall show in Sec. IV C, the
models allow a suitable connection with the interpretatio
that can be inferred from our general approach.

Multiple diffraction model. This class of models is char
acterized by each particular choice of parametrizations
the physical quantities in Eq.~5!, namely, form factorsGA,B
and elementary scattering amplitudef @14#. In particular, Me-

FIG. 3. Scaled multiplicity distribution for inelasticpp data@33#
at ISR energies compared to theoretical expectations using
~28!,~29!.
5-7
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non and Pimentel@35# obtained a good description of th
experimental data onpp and p̄p elastic scattering, abov
As510 GeV, through the following choices:

GA~q!5GB~q!5
1

S 11
q2

a2D S 11
q2

b2D , ~33!

f ~q!5
i @12~q2/a2!#

@11~q2/a2!2#
. ~34!

The parametersa2 and b2 are fixed and the dependenc
on the energy is contained in the other two parameters:

C~s!5j3 exp$j4@ ln ~s!#2%, ~35!

a (s)
2 5j1@ ln~s!#j2, ~36!

wherej i , i 51,2,3,4, are real constants. The reason for th
choices and physical interpretaions are extensively discu
in @36#. With these parametrizations the opacity function

V~b,s!5Im x~b,s! ~37!

is analytically determined and then the inelastic over
function through Eq.~10!.

Geometrical model. In the geometrical approach by Cho
and Yang, the essential ingredient is the convolution of fo

FIG. 4. Scaled multiplicity distribution for inelasticp̄p data@34#
at 546 GeV compared to theoretical expectations using E
~28!,~29! ~solid line! and predictions at 14 TeV~dashed line!.
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factors in the impact parameter space@37#. However, in the
context of the multiple diffraction theory, it can also b
specified by the following choices@14#:

GA~q!5GB~q!5
1

2pF11S q2

m2D G 2 , ~38!

f 51. ~39!

In Ref. @38# the parametersm and C were determined
through fits to elasticpp data atAs523.5 GeV andp̄p at
546 GeV. Following the authors, we consider the parame
zations

C~s!5a11a2 ln s,
1

m2~s!
5b11b2 ln s. ~40!

With the above double pole parametrization for the fo
factors, the opacity, Eq.~5!, is analytically determined and s
is the inelastic overlap function, Eq.~10!.

Results. The results for the inelastic overlap function
546 GeV are shown in Fig. 5, from both the MDM and th
GM, together with the BELGin for comparison. In what
follows, we shall use the following notation for these para
etrizations:Gin

MDM , Gin
GM , andGin

BEL , respectively.
We then calculate the hadronic multiplicity distributio

Eqs. ~28!,~29!, at this energy, by fixing bothg50.516, Eq.
~32!, and the gamma parametrization for the elementary m
tiplicity w(z), Eq. ~30!, and usingGin

MDM and Gin
GM . The

results are displayied in Fig. 6 together with that obtain
with Gin

BEL ~Fig. 4! for comparison.
We observe that, for central collisions~small b), Gin

BEL

andGin
GM are very similar, butGin

MDM has higher values~Fig.
5~a!#. This leads to the differences inf(Z8) at high multi-
plicities, as can be seen in Fig. 6. In the same way,
differences betweenGin

MDM , Gin
GM , andGin

BEL at largeb @Fig.
5~b!# originate the differences inf(Z8) at small multiplici-
ties. In all cases the physical picture is that large multipli
ties ~largeZ8) occur for small impact parameters while gra
ing collisions ~large b) lead to small multiplicities, as one
would have naively expected.

An important conclusion is that, withg and w(z) fixed,
the hadronic multiplicity distributions obtained withGin

MDM ,
Gin

GM , andGin
BEL reproduce the experimental data quite we

We shall return to this point in Sec. IV C.

2. Changing the elementary distributionw

As a pedagogical exercise, we shall consider only an e
parametrization introduced by Barshay and Yamaguchi@39#,

wBY~z!5
81p2

64
z3 expH 2

9p

16
z2J . ~41!

This function was used in the analysis ofe1e2 multiplicity
distributions at lower energies and, as can be seen in Fig
does not reproduce the data at higher energies as well a
gamma parametrization.

s.
5-8
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FIG. 5. Inelastic overlap functions forp̄p collisions at 546 GeV,
predicted by the multiple diffraction model~MDM !, geometrical
model ~GM!, and the short-range-expansion, black-edge-large
proach~BEL!: ~a! central region and~b! large distances.
03401
p-

FIG. 6. Same as Fig. 4 with the three different inputs for t
inelastic overlap function. Same legend as Fig. 5.

FIG. 7. Same as Fig. 1 with the Barshay-Yamaguchi parame
zation, Eq.~41!.
5-9
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As before, we now proceed by fixing bothg50.516 and
Gin

BEL and using the above parametrization for the elemen
distribution. The result for the hadronic multiplicity distribu
tion at 546 GeV is shown in Fig. 8, together with the res
obtained with the gamma parametrization for the elemen
process~Fig. 4!. The broader width ofwBY(z) as compared
with that of the gamma distribution is directly reflected in t
hadronic multiplicity. Despite the differences between t
two parametrizations for the elementary process the fina
sult for the hadronic distribution withwBY can yet be con-
sidered as a resonable reproduction of the experimental d

3. Changing the power coefficientg

Finally, we consider different parametrizations for t
e1e2 average multiplicity data in the interval 5.1<As
<183 GeV, but under the assumption of the power dep
dence. We shall discuss this assumption in the next sec

First we consider the naive parametrization based on
thermodynamic model~see the next section!

^n&e1e252.20@As#0.500. ~42!

For the above ensemble of data one obtainsx2/@degrees of
freedom~DOF!#5209/4854.35.

Second, and more importantly, we shall investigate
effect of the data at the highest energies, which are not
produced by our original parametrization, as can be see

FIG. 8. Same as Fig. 4 with two different inputs for the eleme
tary multiplicity distributions: gamma function, Eq.~30! ~solid line!
and Barshay-Yamaguchi parametrization, Eq.~41! ~dot-dashed
line!.
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Fig. 2. To this end, we consider only the data above 10 G
~25 data points! and the general power law parametrizatio
With this procedure we obtained

^n&e1e253.46@As#0.39660.008, ~43!

with x2/DOF527/2351.7.
The result is displayed in Fig. 9 together with Eq.~42!

and our original parametrization, Eqs.~31!,~32!. We observe
that, concerninge1e2 average multiplicity, Eq.~43! brings
information from data at high energies~roughly above 50
GeV!, while the original parametrization, Eqs.~31!,~32!, is in
agreement with data at smaller energies~below;100 GeV)
and the same is true for the parametrization with Eq.~42!.

As before, we now calculate the corresponding hadro
multiplicity distribution by fixing both the gamma parametr
zation for the elementary distribution, Eq.~30!, and the
Gin

BEL , Eqs.~22!–~24!, and considering the three paramet
zations for the average multiplicity, Eqs.~31!,~32!, ~42!, and
~43!. The results at 546 GeV are shown in Fig. 10.

We conclude that, in the context of our approach with t
fixed inputsGin

BEL and gamma parametrization forw(z), the
information from thee1e2 average multiplicites at high en
ergies with the power law does not reproduce the hadro
multiplicity distribution. That is, the elementary averag
multiplicity distributions in hadronic interactions must dev
ates from thê n&e1e2(s) as the energy increases, rough
above;50–100 GeV. We shall discuss the physical inte
pretations of this result in Sec. IV C.

-
FIG. 9. Same as Fig. 2 with three power-law parametrizatio

g50.516 ~solid line!, g50.500 ~dotted line!, and g50.396 ~dot-
dashed line!. In the last case only data above 10 GeV were fitte
5-10
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B. Multiplicity function and the power assumption

We now turn to the discussion of a crucial assumption
our approach, namely, that theelementaryaverage multiplic-
ity at fixed impact parameter collisions grows as a power
the center-of-mass energy. To this end we shall first brie
recall some aspects of the power law in hadron-hadron
e1e2 collisions, both in experiment and theory, and aft
based on these ideas, we shall present a discussion con
ing the use of this assumption in our approach and also
meaning of the multiplicity function.

From the early 1960s cosmic ray results on extensive
showers, at energiesElab,106–107 GeV, led to empirical
fits of the typê N&}Elab

1/4}@As#1/2 ~see@40# for a review!. A
general power law with the exponent as a free parameter
used a long time ago, in order to allow analytical connectio
in analyses of cosmic ray data@41#. Also, in the beginning of
the 1960s, these investigations introduced the concept o
elasticity @40#. This comes from the observation that the e
ergy effectively available for particle production could n
be identified with the c.m. energy, as believed before 19
~Wataghin, Fermi, Landau!, but only with a fraction of it:

W5kAs. ~44!

The remained (12k)As was associated with the early nam
‘‘isobar’’ system, presently known as the leading particle

From the theoretical side, the power dependence eme
in the context of statistical models~Fermi, Pomeranchuck!

FIG. 10. Same as Fig. 4 using the three different parametr
tions for the elementary average multiplicity~Fig. 9 and same leg-
end!.
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and hydrodynamical models~Heisenberg, Landau! @40#. For
example, taking account of the inelasticity, in the Land
model, the fact that the averaged multiplicity is proportion
to the total entropy leads to the result@42#

^N&}k3/4@As#1/2. ~45!

Dependences ons1/2 are characteristic of the Heisenberg a
Pomeranchuck models and evens1/8 appears in the Landau
model when viscosity is taken into account@40#. In the con-
text of termodynamic models, a universal formula was d
covered for proton targets and for energies bel
;50 GeV: Data includingg, p, N, andp collisions with
p were quite well reproduced bŷN&51.75 s1/4 @43#. Con-
cerning e1e2 data on the average multiplicity this mod
suggested̂n&51.5 s3/8 and pure fits to low energy data fur
nished ^n&5(2.260.1)s0.2560.01 and also ^n&5(1.73
60.03)s0.3460.01 @44,45#. Moreover, the power law, with the
exponent 1/4, was successfully used in the context of
parton model, either connecting KNO and Bjorken scali
@46# or treating directly the violation of the KNO scalin
@32#.

The power law may also appear under more general a
ments. For example, suppose that an intermediate state~fire-
ball! of invariant massM}As decays into two systems eac
of invariant massM15M /c, wherec is a constant. Suppos
also that similar processes continue through some steps~su-
cessive cluster production! until the masses reach a valueM0
~some minimum ressonance mass!. It is easy to show that the
final multiplicity reads@32#

n}@As# ln 2/ln c, ~46!

for example, forc54→n}s1/4. The exponentg ~our nota-
tion! may be inferred fromc521/g, so that higherg values
imply higher split masses in each step~for g50.516→c
;3.8).

Based on the above review, we see that the power law
characteristic of several analyses of experimental data
hadron-hadron ande1e2 collisions and also several theore
ical approaches and models. Now we shall discuss this la
the context of our approach.

First let us stress that in our formalism this assumpt
concerns anelementaryhadronic process taking place
fixed impact parameter b. Thus, it does not pretend to repre
sent the average hadronic multiplicity^N(s)&. Also, we used
e1e2 data only as a possible source of information on co
tact interactions~fixed b) and therefore the power assum
tion does not pretend to represent the average multiplicity
e1e2 collisions. This is a subtle point in our approach a
we would like to discuss it in some detail.

The main reason for the power assumption was to ob
an analytical and simple connection between the multiplic
function m(b,s) and the eikonal, Eq.~27!, which allows the
general analytical connection between the elastic and ine
tic channels. Since it is typical of several kind of collision
as reviewed above, it is not unreasonable that it could re
sent an elementary hadronic process taking place at fi
impact parameter. Just for its elementary character~at given

a-
5-11
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b), there seems also to be no reason to include any ine
ticity effect ~leading particle! in the basic assumption repre
sented by Eq.~25!. That is, it seems reasonable that^n&(b
fixed, s) may be just proportional only toEc.m.

g .
The multiplicity functionm(b,s), as defined by Eq.~20!,

connects the hadronic and elementary~at givenb) average
multiplicities. With the power assumption and the geome
cal arguments of Sec. II C,m(b,s) may be expressed in
terms of the eikonal and the power coefficientg. The subtle
point in our approach is that, since by definitionm(b,s) is
proportional also to the average elementary multiplicity
given b, the coefficientg was determined by a fit to dat
available on contact interactions. In this sense, the mo
‘‘imposes’’ the power law and thee1e2 data are suppose
to provide limited, but possible, information on contact i
teractions.

These considerations may allow us to infer a distinct
between thee1e2 average multiplicity and what this quan
tity could be in an elementary hadronic process. Specifica
we showed in Sec. IV A that data on the average multiplic
in e1e2 collisions, presently available above 5 GeV, cann
be reproduced by the power law. For example, a second
gree polynomial in lns gives a quite good fit to all the dat
above 5 GeV:

^n&e1e2~s!50.043410.775 lns10.168 ln2s, ~47!

with x2/DOF5145/4553.2. However, besides, this param
etrization does not allow an analytical connection with t
eikonal; we showed that, with the power law, the behavior
^n&e1e2(s) at energies above;50 GeV does not lead to
description of the hadronic multiplicity distribution. In othe
words, in the context of our approach, the increase of
elementary average multiplicity with energy in hadronic c
lisions must be faster than that observed ine1e2 collisions.
This is not the case at lower energies, since the power
with g50.516 gives a satisfactory description of thee1e2

data. In the next section we discuss the physical interpr
tions associated with these observations.

C. Physical picture

Based on the results of Secs. II and III, we now disc
the physical picture associated with the scaling violatio
specifically, with the evolution of the hadronic multiplicit
distribution F(Z8) from the ISR to the collider and LHC
energies, Figs. 3 and 4.

From Eq.~21! the hadronic multiplicityF is constructed
in terms ofGin and the elementary quantitiesw andm. In our
approach,w scales and so does not depend on the ene
The multiplicity function m(b,s) is connected withGin
through Eqs.~10! and ~27!,

m~b,s!5j~s!$ ln@12Gin~s,b!#%g, ~48!

wherej comes from the normalization condition~29!. Both
j(s) andm(b,s) depend on the power coefficientg, which
is a constant determined from the fit through Eq.~31!. There-
fore, the evolution of the hadronic distribution with ener
comes directly fromGin(b,s) and depends also on the valu
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of the exponentg. This exponent, in turn, comes from th
elementary average multiplicity dependence with the ene
Eq. ~31!, and therefore is associated with theeffectivenum-
ber of colliding constituents in the hadronic process.

Based on the above observations, the physical picture
emerges is that the energy evolution of the hadronic mu
plicity distribution is correctly reproduced by changing on
the overlap function, without tampering with the underlyin
more elementary process (w). The geometrical evolution o
the constituents of the hadron is responsible for the ene
dependence and not the dynamical interaction itself. Thi
what one would expect if the underlying interaction is uniq
~QCD! but the relative importance of the constituents
volved in collisions changes with energy~indicated by the
exponentg).

We showed that with the power assumption, informati
from e1e2 data above, say,;100 GeV leads to an under
stimation of the hadronic multiplicity ditribution~Fig. 10!.
This means that the average multiplicity in an element
hadronic process must increase with energy faster than
associated withe1e2 collisions. This result seems quite re
sonable since, in a QCD-guided approach, we expect dif
ent contributions from gluon-quark interactions than tho
associated with lepton-lepton collisions. As the average m
tiplicity increases, the relevance of the original parton d
creases, so that at high energiese1e2 can serve as a goo
first guide to quark-quark, quark-gluon, and gluon-glu
multiplicity distributions. In a parton model~following
QCD!, this effect above;100 GeV may be interpreted a
the onset of gluons interactions@32#. The faster increase rep
resented by our power law withg50.516 ~Fig. 2! may be
atributed to the full development of the gluonic structu
rather than the quark~valence! structure.

These ‘‘microscopic’’ interpretations are also directly a
sociated with the BEL behavior, since its origin may
traced either to gluon interactions in the eikonal formalis
@47,48# or to the increased size of spot scattering in the ov
lap function formalism@49#.

As commented on before, a novel aspect of this wo
concerns the simultaneous treatment of both the elastic
inelastic channels. Specifically, we started from elastic ch
nel descriptions (pp and p̄p differential cross sections! and
extended the results to the inelastic channel~multiplicity dis-
tributions!. In this sense, we expect that the physical pictu
from both channels should be the same. Besides the mi
scopic interpretation associated with the BELGin(b,s), even
if we consider the naive models represented by the MD
and the GM, discussed in Sec. IV A, the same scena
emerges. In fact, in both models the elementary interact
represented by the elementary elastic amplitudef (q,s), does
not depend on the energy, Eqs.~34! and ~39!. The energy
dependence is associated with the form factorG(q,s) and
the ‘‘absorption constant’’C(s). The former, through the
associated radius

R2~s!526
dG

dq2 U
q250

, ~49!

describes the expansion effect~geometry!. The latter is asso-
5-12
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ciated with absorption~blackening! in the context of the geo
metrical ~Chou-Yang! model and to the relevant number o
constituents in the context of the multiple diffraction theo
@12#. Therefore, we also conclude that the elementary in
action is unique~does not depend on the energy!, but the
geometrical evolution of the constituents and its relev
number in collisions changes as the energy increases.

V. CONCLUSIONS AND FINAL REMARKS

The underlying theory of hadronic phenomena is QC
As commented on in Secs. I and II, depite all its succes
the theory has presently some limited efficiency in the tre
ment of soft hadronic processes, mainly related to unifi
descriptions of physical quantities fromboth elastic and in-
elastic channels. Moreover, some QCD approaches are b
in extensive Monte Carlo calculations, and concerning t
point, we understand that, although these techniques re
sent a powerful tool for experimentalists, it is questionable
they could really be an adequate and final scenario fo
theoretical understand of the hadronic interactions, mainl
we think in connection with the first principles of QCD.

At this stage, it seems that phenomenology must play
important role to bridge the gap or, at least, to indicate
suggest some suitable calculational schemes for further
oretical developments. On the other hand, all the phen
enological approaches presently available have also
limited intervals of validity and efficiency in the treatment
hadronic processes at high energies. One of the serious
tations of the geometrical approach is the difficulty in d
rectly connecting its relative efficiency with well-establish
microscopic ideas~QCD!. However, it has not been prove
that this direct connection cannot be obtained.

In this work, making use of the unitarity principle and
the context of a geometrical picture, we obtained analyt
connections between physical quantities from both ela
s
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tic
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and inelastic channels. In particular we correlated quant
tively the violations of the geometrical and KNO scalings
an analytical way. The physical picture that emerges fr
both channels, forpp andp̄p collisions above;10 GeV, is
the following. The dependence of the physical quantit
with energy ~elastic differential cross section and inelas
multiplicity distributions! is associated with the geometric
evolution of the constituents and the relative importance
the constituents involved in the collisions. The underlyi
elementary process or interaction does not change with
energy. This is in agreement with what could be expec
from QCD.

With this kind of approach the correct information e
tracted from the elastic channel is fundamental. Our pred
tion at LHC energies was based on extrapolations fr
analysis at lower energies and so has a limited charac
This observation, and obviously other considerations rega
ing different models, points out the importance of comple
measurements of physical quantities associated with the e
tic channel at the LHC, which is not only total cross sectio
but also ther parameter and differential cross sections
large momentum transfer.

Based on the limitations referred to in this section, we
not pretend that the forms we inferred for the hadro
constituent-constituent collisions, multiplicity distribution
and average multiplicity are a conclusive solution. Howev
we hope that, at least, they can bring new information
what some aspects of an elementary hadronic process c
be.
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