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Gauge invariance and finite width effects in radiative two-piont lepton decay

G. López Castro and G. Toledo Sa´nchez
Departamento de Fı´sica, Centro de Investigacio´n y de Estudios, Avanzados del IPN, Apdo. Postal 14-740, 07000 Me´xico, D.F. Mexico

~Received 9 September 1999; published 6 January 2000!

The contribution of ther6 vector meson to thet→ppng decay is considered as a potential source for the
determination of the magnetic dipole moment of this light vector meson. In order to keep the gauge invariance
of the whole decay amplitude, a procedure similar to the fermion-loop scheme for charged gauge bosons is
implemented to incorporate the finite width effects of ther6 vector meson. The absorptive pieces of the
one-loop corrections to the propagators and electromagnetic vertices of ther6 meson andW6 gauge boson
have identical forms in the limit of massless particles in the loops, suggesting this to be a universal feature of
spin-one unstable particles. Model-dependent contributions to thet→ppng decay are suppressed by fixing
the two-pion invariant mass distribution at the rho meson mass value. The resulting photon energy and angular
distribution is relatively sensitive to the effects of ther magnetic dipole moment.

PACS number~s!: 13.40.Em, 12.20.Ds, 13.35.Dx, 14.40.Cs
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I. INTRODUCTION

The two-pion mode is by far the dominant hadronic cha
nel of semileptonict decays. According to Ref.@1# the mea-
sured resonant and non-resonant pieces of thet→ppnt

branching ratios are given by (25.3260.15)% and (0.30
60.32)%, respectively. The two-pion invariant mass dis
bution has also been measured in a wide region around
r1 mass@2#, and it reveals a rich resonant structure dom
nated by charged vector mesonsr(770),r8.

The impressive accuracy attained in the measuremen
these properties has been used for several purposes. F
stance, it provides a precise test of the CVC~conserved vec-
tor current! hypothesis~which relates the two-pion tau de
cays to the I51 contribution ine1e2→p1p2), it reduces
the hadronic uncertainties in the evaluation of (g22)m and
in the running of the QED fine structure constant at themZ

scale@3#, and it has been suggested even as a good plac
determine thet lepton charged weak dipole moments@4#. On
the other hand, since multi-pion~multi-kaon! semileptonic
channels have been found to be dominated by intermed
light hadronic resonances, theset decays can be used t
measure the intrinsic properties of these resonances@2#.
Therefore, in this paper we explore the potential of the
diative two-piont decays in order to determine the magne
dipole moment of the chargedr(770) vector meson.

In recent papers@5,6#, we have considered the possibili
to measure the magnetic dipole moment of light charg
vector resonances (r and K* ) in their production@5# and
decay@6# processes. These works have the limitation of c
sidering vector mesons as stable particles. Since vector
sons are highly unstable particles~the width-mass ratio are
0.2 and 0.06 for ther andK* , respectively!, their properties
~mass, width, magnetic dipole moment! would depend on the
specific model used to describe its production and de
mechanisms@7#. A model independent measurement of
mass and width can only be obtained by identifying the p
position of the S-matrix amplitude@7,8#.

In the present paper we consider the full S-matrix am
tude for the productionand decay of ther6(770) vector
0556-2821/2000/61~3!/033007~9!/$15.00 61 0330
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meson int→ppng decay in order to explore the sensitivit
of this decay to the effects of the magnetic dipole momen
the r6 vector meson. Since the evaluation of the relev
contributions to thet lepton decay amplitude involve th
propagator and the electromagnetic vertex of the charger
meson@9#, some care must be taken in order to preserve
electromagnetic gauge invariance of the S-matrix amplitu
in the presence of the finite width of the vector meson.
maintain gauge-invariance, in this paper we introduce a p
cedure similar to the so-calledfermion loop-schemepro-
posed recently to keep gauge-invariance in processes inv
ing the WWg vertex @10#. As discussed in the first two
references of@10#, violation of gauge invariance in the pro

cessesqq̄→ ln lg and e1e2→ud̄e2n̄e ~that involve the
WWg vertex! can have catastrophic effects for certain kin
matical configurations in those reactions.

We have organized this paper as follows. In Sec. II
compute the absorptive parts of one loop corrections to
propagator and electromagnetic vertex of the charged ve
meson. Since the leading contributions to the absorptive
rections arise from loops with two pseudoscalar mesons,
call it the boson loop-scheme. As discussed in Ref.@10# for
the W boson case, the addition of these corrections provi
a convenient and consistent way to preserve the electrom
netic Ward identity in the presence of a finite width of th
unstable particle. Our results for the absorptive correcti
with massless mesons in the loops are identical to those
tained in the fermion loop scheme for theW6 gauge boson
in the limit of massless fermions. In Sec. III we compute t
full S-matrix gauge-invariant amplitude for the processt2

→p2p0ntg, using the gauge-invariant Green functions d
rived in Sec. II. In Sec. IV we study the effects of ther2

magnetic dipole moment in the two-pion invariant mass a
double-differential photon distribution of thet→ppng de-
cay. In Sec. V we summarize and discuss our results. T
appendices are deserved to compute the corrections to
electromagnetic vertex~Appendix A! and to provide~Appen-
dix B! the relevant scalar, vector and tensor integrals
quired to evaluate explicitly the absorptive parts of t
propagator and vertex corrections.
©2000 The American Physical Society07-1
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Before we start our discussion, let us mention that
results can be straightforwardly extended to theK* 6(892)
resonance contribution int→Kpntg decays with proper in-
clusion of the two isospin channels (K1p0 and K0p1) in
the absorptive corrections.

II. GAUGE INVARIANCE AND BOSON LOOP-SCHEME
FOR VECTOR MESONS

The electromagnetic gauge-invariance of amplitudes
volving intermediate spin-one charged resonances in ra
tive processes can be broken if one naively incorporates
finite width of these resonances in their propagators@10#.
This problem can be cured by different, but rather arbitra
procedures~see Argyres in Ref.@10#!. In the case of the
unstableW6 gauge boson, one of the recently propos
methods is the so-calledfermion loop-scheme@10#. It con-
sists in the addition of the absorptive parts of the fermio
one-loop corrections to the electromagnetic vertex and
propagator of theW gauge boson. In this way, the electr
magnetic Ward identity between these two- and three-p
functions is satisfied at the one-loop level and the gau
invariance of the amplitude with intermediate unsta
gauge-bosons is guaranteed.

Following this idea, in this section we compute the a
sorptive corrections to the propagator and electromagn
vertex of ther6 vector meson that arise from the one-lo
diagrams with two-pseudoscalar mesons~see Figs. 1 and 2!.
Despite the fact that the interaction Lagrangian of pions
vector mesons is not renormalizable, we will not be co
cerned with these technical points as far as we focus only
the one-loop absorptive corrections which is free of infi
ties. This procedure serves our purposes to cure ga
invariance in amplitudes of radiative processes involving
termediate unstable vector mesons.

The reader may wonder if a perturbative analysis of th
Green functions makes sense given the strong interaction
the r vector meson. As it was shown long ago@11# in gen-
eral, the approach to strong interactions based on disper
theory and the one based on~perturbative! field theory, give
equivalent and complementary results in the calculation
transition amplitudes. As a particular example, let us c
sider thep6 electromagnetic form factorFp(s) in the time-
like regions.0 which is dominated by ther0 vector meson.
In this case, dispersion theory techniques used to re
Fp(s) to the l 51 phase shift ofpp scattering@13# and a
perturbative analysis@based on the interaction Lagrangia
given below in Eq.~6!# of the r meson propagator@9,12#
give identical results for the pion electromagnetic form fa
tor. As is well known@14#, the Gounaris-Sakurai parametr
zation@13# gives a very good description of the experimen
data for uFp(s)u extracted frome1e2→p1p2 in a wide
kinematical region of the center of mass energyAs. This
equivalence of dispersion relation and field theory a
proaches for ther vector meson propagator gives us go
confidence to compute therrg vertex in a perturbative
framework.

Let us start our discussion with the lowest order propa
tor @D0

mn(q)# and electromagnetic vertex (G0
mnl) of the r6
03300
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vector meson. Using the conventions given in Fig. 1~a! we
have

D0
mn~q!5 iS 2gmn1

qmqn

m2

q22m2
D 52

iTmn~q!

q22m2
1

iL mn~q!

m2
,

~1!

where Tmn(q)[gmn2qmqn/q2 and Lmn(q)[qmqn/q2 are
the transverse and longitudinal projectors, respectively.
the other hand, Lorentz covariance and CP-invariance
pose the electromagnetic vertex to be given by@15# @vector
mesons are taken as virtual and the photon is real; the
menta flow as shown in Fig. 2~a!#

eG0
mnl5e„~q11q2!mgnl1~kngml2klgmn!b~0!2q1

ngml

2q2
lgmn

…. ~2!

In the previous equatione denotes the positron charge, an
b(0) is the magnetic dipole moment of the vector meson
units of e/2mV , with mV the mass of the vector meson.

The special valueb(0)52, which is considered as a cr
terion of elementarity@16#, would correspond to thecanoni-
cal value of the giromagnetic ratio. Also, it has been sho
@17# that this is the natural value of the magnetic dipo
moment of a composite spin-one system that consists of
spin-1/2 elementary components moving collinearly, w
equal charge-mass ratios (e1 /m15e2 /m2). Therefore, de-
viations from this canonical value would reflect the dyna

FIG. 1. Propagator of ther1 meson:~a! tree level;~b! one-loop
p1p0 absorptive correction.

FIG. 2. Electromagnetic vertex of ther1 meson:~a! tree level;
~b!–~e! one-loopp1p0 absorptive correction.
7-2
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GAUGE INVARIANCE AND FINITE WIDTH EFFECTS . . . PHYSICAL REVIEW D 61 033007
ics of the internal structure of the meson. For example,
obtained from different phenomenological quark models,
magnetic dipole moment of ther(770) andK* (892) vector
mesons are predicted to be@18#: br(0)'2.2;3.0 and
bK* (0)'2.37 in the corresponding units ofe/2mV .

We can easily check that Eqs.~1! and~2! satisfy the low-
est order electromagnetic Ward identity given by

kmG0
mnl5@ iD 0

nl~q1!#212@ iD 0
nr~q2!#21. ~3!

In order to satisfy the Ward identity in the presence o
finite width of the vector meson, let us follow a metho
similar to Refs.@10#. Following the usual procedure@10#, we
add the absorptive correction shown in Fig. 1~b! to the low-
est order propagator and we perform the Dyson summa
of these graphs to end with the next form of the dres
propagator:

Dmn~q!52
iTmn~q!

q22m21 i Im PT~q2!
1

iL mn~q!

m22 i Im PL~q2!
,

~4!

where ImPT(q2) and ImPL(q2) are the transverse and lon
gitudinal pieces of the absorptive part of the self-energy c
rection:

Im Pmn~q!5Im PT~q2!Tmn~q!1Im PL~q2!Lmn~q!.
~5!

The Feynman rules needed to evaluate the absorptive
rections can be obtained from the gauged version of
VPP interaction Lagrangian:

L5
ig

A2
Tr~VmPDmP2VmDmPP! ~6!

whereVm5laVm
a /A2 andP5laPa/A2 (la the Gell-Mann

matrices! stand for the SU~3! octet of vector and pseudo
scalar mesons and,g'6.0 is therpp coupling constant ob-
tained fromr→pp. The matrix form of the photonic cova
riant derivative is DmP5]mP1 ie@Q,P#Am where Q
5diag(2/3,21/3,21/3) is the quark-charge matrix andAm is
the electromagnetic four-potential.

Using cutting techniques and the Feynman rules obtai
from Eq.~6!, the absorptive part of the self-energy correcti
becomes@see Fig. 1~b!#

Im Pmn~q!52
g2l1/2~q2,mp

2 ,mp8
2

!

64p2q2

3E dV~2p2q!m~2p2q!nu

3„q22~mp1mp8!
2
…. ~7!

Using the results given in Appendix B for the one-point i
tegrals and the decomposition given in Eq.~5! we get

Im PT~q2!5Aq2Gr~q2!, ~8!
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Im PL~q2!52
g2l2~q2,mp

2 ,mp8
2

!

16p S mp
2 2mp8

2

q2 D 2

, ~9!

where l(x,y,z)[x21y21z222xy22xz22yz, mp (mp8)
denotes the charged~neutral! pion mass, and

Gr~q2!5
g2

48pq2 S l~q2,mp
2 ,mp8

2
!

q2 D 3/2

~10!

denotes the energy-dependent~or off-shell! decay width of
the r meson. Therefore, the denominator in Eq.~4! gets the
Breit-Wigner shape used to describe the energy distribu
typical of a resonance.

The absorptive corrections to the electromagnetic ver
can be computed from the cut diagrams shown in Figs. 2~b!–
2~e!. The relevant Feynman rules describing therpp and
rppg vertices are obtained from the Lagrangian dens
given above. A lengthy but straightforward evaluation of t
four Feynman graphs in Fig. 2 leads to the following for
for the full electromagnetic vertex~see Appendices A and B
for details!:

eGmnl5e~G0
mnl1G1

mnl!, ~11!

where the absorptive correction is given by

eG1
mnl5(

i 5a

d

I mnl~ i !, ~12!

with the I mnl( i ) terms as given in Appendix A. In the righ
hand side of Eq.~12! we will drop terms proportional tokm

because we are considering the electromagnetic vertex w
real photon and two virtual vector mesons, andkm terms do
not contribute to the Ward identity or thet→ppng decay
amplitude.

It is straightforward to check that the explicit results o
tained for the electromagnetic vertex@Eq. ~11!# and the
propagator@Eq. ~4!# of ther6 vector meson satisfy the elec
tromagnetic Ward identity:

kmGmnl5@ iD nl~q1!#212@ iD nl~q2!#21 ~13!

or, in terms of the absorptive one-loop corrections, it rea

kmG1
mnl5 i Im Pnl~q1!2 i Im Pnl~q2!. ~14!

After we have proved that electromagnetic gaug
invariance is satisfied with the two- and three-point Gre
functions given in Eqs.~4! and ~11!, it is interesting to con-
sider two special cases. The first is to realize that in the li
of isospin symmetry, namelymp5mp8 , the longitudinal
piece of the absorptive self-energy correction@see Eq.~9!#
vanishes and we obtain the explicit expressions:

DI
mn~q!5 iS 2gmn1

qmqn

m2
„11 ig I~q2!…

q22m21 ig I~q2!q2
D , ~15!
7-3
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G1
mnl~ I !5

g2

16p~q1
22q2

2!
$B1F1

mnkl1B2F2
mlkn1A1q1

mT1
nl

2A2q2
mT2

nl1„~A11B1!@F1
mlF1

an1F1
mnF1

al#

3~q1!a2~1→2!…%. ~16!

where the tensorsFi
ab andTi

ab are defined in Appendix A,
andg I(q

2)[G I(q
2)/Aq2, with G I(q

2) the width of the vec-
tor meson Eq.~10! taken in the isospin symmetry limit. Th
coefficients Ai , Bi ( i 51, 2) that appear in Eq.~16! are
functions ofqi

2 defined by

Ai5
2~qi

424qi
2mp

2 !3/2

3qi
4

, ~17!

Bi52mp
2 lnS qi

21Aqi
424qi

2mp
2

qi
22Aqi

424qi
2mp

2 D
2Aqi

424qi
2mp

2 . ~18!

A second interesting case is the limit of massless pseu
scalar mesons (mp→0) appearing in the loop correction
~we will attach a labelch, for chiral, to the corresponding
results!. In this caseAi→2qi

2/3, Bi→2qi
2 , hence the propa

gator and the electromagnetic vertex of Eqs.~15! and ~16!
get the simple forms:

Dch
mn~q!5 iS 2gmn1

qmqn

m2
~11 ig!

q22m21 igq2
D , ~19!

G1
mnl~ch!5 igG0

mnl , ~20!

whereg5G/m with G5Gr(q25m2) as given by Eq.~10! in
the chiral limit.

Observe that Eq.~19! can be rewritten as

Dch
mn~q!5 iS 2gmn1

qmqn

mr
22 imrGr

~11 igr!~q22mr
21 imrGr!

D , ~21!

if we redefine the mass and width of the unstable me
according to@19#:

mr5
m

A11g2
, gr5

Gr

mr
5

G

m
5g. ~22!

The form of propagator for the unstable charged spin-
particle given in Eq.~21!, was derived in Ref.@20# in general
terms. This form has the advantage to maintain gau
invariance of an amplitude that involves this resonance a
intermediate state.

Equations~19! and ~20! are identical to the results ob
tained for the absorptive corrections to the propagator
the electromagnetic vertex of theW gauge boson in the fer
03300
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massless@10#. This is an interesting result because gaug
invariance restricts the form of the two- and three-po
Green functions for theW and r particles to be the same
despite the fact the origin of these corrections~loops with
fermions and bosons, respectively! is very different in each
case. Based on this observation, we might conclude that
absorptive parts of the one-loop corrections~with massless
particles in the loop! to the propagator and electromagne
vertex of charged spin-one unstable particles have the
versal forms given in Eqs.~19! and ~20!.

III. CONTRIBUTIONS TO THE t˜ppng AMPLITUDE

In this section we compute the gauge-invariant amplitu
for the t2→p2p0ntg decay. This amplitude can be com
puted in a simple way following Low’s theorem procedure
attaching the photon to the external charged particles of
non-radiative process and fixing the contributions from int
nal lines emission by requiring gauge invariance~see for
example@9#!. This method however does not allow to fix th
contribution of ther6 magnetic dipole moment because th
term is gauge-invariant by itself. Therefore, we use a
namical model that incorporates the electromagnetic ve
and the propagator of the intermediater6 unstable vector
meson given in the previous section.

Our convention for the four-momenta and polarizati
four-vectors of the particles are indicated in Fig. 3. We fi
convenient to introduce the following four-vectors:Q5p
2p85q1q81k andQ85q1q8 (Q82 is the squared invari-
ant mass of the two-pion system!, such that the energy
momentum conservation is expressed throughQ5Q81k.

FIG. 3. Feynman diagrams for thet→ppntg decay:~a!–~d!
purer1 contributions, and~e!–~h! model-dependent contributions
7-4
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Since the photon is real, we have the conditions

k•e5k250

Q•k5Q8•k5~Q22Q82!/2.

We can split the amplitude according to the two types
contributions:

M5M~r!1M~MD !, ~23!

whereM(r) denotes the contributions involving only ther
meson as intermediate states@Figs. 3~a!–3~d!#, and
M(MD), which we call model-dependent terms, denotes
remaining@Figs. 3~e!–3~h!# contributions. We will focus our
attention on the first term on Eq.~23!, since we expect the
pure r contributions to dominate the process for values
the two-pion invariant mass distribution in the vicinity of th
r meson mass.

In the evaluation of the different contributions toM(r)
we use the electromagnetic vertex and the propagator o
r vector meson given in Eqs.~20! and ~21!, i.e. with the
absorptive corrections for massless pseudoscalars. As we
check, the simple form given in Eq.~21! does not exactly
account for the measured Breit-Wigner shape of the tw
pion invariant mass distribution of thet→ppnt decay@2#.
However, we can use this simple form for the purposes
estimate the effects of ther6 magnetic dipole moment in th
two-pion invariant mass distributioncloseto ther resonance
region.

After some simplifications, the purer contributions to the
amplitude can be written as follows:

M~r!5
GFVud

A2
eggr$ l

aHa1 l 8aHa8 %3
1

11 igr
, ~24!

where the factor@11 igr#21 arises from the denominator i
Eq. ~21!. The other factors in Eq.~24! denote the following:
GF is the Fermi constant,Vud is theud Cabibbo-Kobayashi-
Maskawa matrix element, andgr'0.166 GeV2 ~see for ex-
ample Ref.@22#! denote the strength of theW2r1 coupling.
The four-vectorsl a, l 8a, Ha , Ha8 are leptonic and hadroni
currents defined as follows:

l a5ū~p8!ga~12g5!u~p!, ~25!

l 8a5ū~p8!ga~12g5!S k”e”

22p•kDu~p!, ~26!

Ha5
1

Q22m̃r
2 H 2a~q2q8!a2S 11

2q•k

Q822m̃r
2
b~0!D ca

24aS 12
b~0!

2 D S Qa

m̃r
2D q•kQ•k

Q822m̃r
2

1
Q•k

Q822m̃r
2
b~0!daJ

1
b

Q822m̃r
2 ~q2q8!a , ~27!
03300
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~q2q8!a

Q822m̃r
2

, ~28!

wherem̃r
2[mr

22 imrGr is ther pole position.
The quantitiesa, b, ca andda in Eq. ~27! denote gauge

invariant factors defined as follows:

a5
q•e

q•k
2

Q•e

Q•k
, ~29!

b5
p•e

p•k
2

Q•e

Q•k
, ~30!

ca5
q•e

q•k
ka2ea , ~31!

da5
Q•e

Q•k
ka2ea . ~32!

The four-vectorsca ,da satisfy the following conditions:

k•c5k•d50, ~33!

e•c5e•d51, ~34!

c•c5d•d5c•d521, ~35!

Q•c5~Q•k!a, Q•d50, ~36!

q•c50, q•d52~q•k!a, ~37!

p•c5p•k~a2b!, p•d52~p•k!b. ~38!

Since Eqs.~29!–~32! vanish identically whene→k, elec-
tromagnetic gauge-invariance of the decay amplitude is g
anteed.

IV. EFFECTS OF THE MAGNETIC DIPOLE MOMENT IN
THE DIFFERENTIAL DISTRIBUTION OF PHOTONS

In this section we discuss the effects of the magnetic
pole moment of ther meson in the differential decay distr
bution of photons in thet→ppng decay. We shall start ou
analysis by fixing the kinematics.

A four body decay can be described in terms of five
dependent kinematical variables. In the rest frame of tht
lepton we choose them as follows: the charged pion ene
(E), the total energy of the two pion system (Q08), the pho-
ton energy (v), the angle between the photon and charg
pion three-momenta (u) and the squared invariant mass
the two-pion system (Q82). Based on our experience wit
the analysis of the magnetic dipole moment effects in
radiative decay@5# and production@6# processes of ther1

meson, we will focus on the distribution of radiated photo
at small values ofu. Furthermore, in order to suppress th
contributions due to diagrams in Figs. 3~e!–3~h!, we will
include also the distribution in the two-pion invariant ma
and setQ825mr

2 .
In terms of these variables, the differential decay rate
7-5
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G. LÓPEZ CASTRO AND G. TOLEDO SA´ NCHEZ PHYSICAL REVIEW D61 033007
the rest frame of thet lepton can be written as follows:

dG

dQ82dvd cosu
5

1

32mt~2p!5

3E
Q80

min

Q80
max

uM~r!u2A12
4mp

2

Q82
dQ08 ,

~39!

where uM(r)u2 is the unpolarized decay probability ave
aged over thet lepton polarizations.

The limits of the integration region in Eq.~39! are given
by

Q80
min5

~mt22v!21Q82

2~mt22v!

Q80
max5

mt
21Q82

2mt
.

In Fig. 4 we plot the differential distribution given in Eq
~39! as a function of the photon energy for a fixed value
the small angleu(515°) and by settingQ825mr

2 . The dif-
ferent curves correspond to three different values of the m
netic dipole moment of the vector meson:b(0)51 ~lower
dotted curve!, b(0)52 ~solid line! andb(0)53 ~upper dot-
ted curve!. These plots are not as sensitive to the effects
ther1 magnetic dipole moment as their corresponding co
terparts in radiativer1 decay@5# and production@6#. How-
ever, the observable Eq.~39! increases by more than 30%
a wide range of photon energies whenb(0) increases by one
unit of e/2mr with respect to its canonical value. This
interesting because the quark model predictions@18# for the
r1 magnetic dipole moment lie systematically aboveb(0)
52.

One of the reasons for the lost sensitivity of the angu
and energy distributions of photons int→ppntg with re-
spect tor1→p1p0g ~or t2→r2ntg) decays is that the
effects of the magnetic dipole moment in the former ente
orderv while in the second it does at orderv0.

FIG. 4. Two-pion invariant mass and angular-energy photon
tributions int→ppntg decay foru515° andQ825mr

2 : solid line
b(0)52, upper dotted lineb(0)53 and lower dotted lineb(0)
51.
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V. SUMMARY AND CONCLUSIONS

In this paper we have analyzed the contribution of t
r1(770) vector meson to thet→ppntg decay with the aim
to study the effects of its magnetic dipole moment in th
reaction. We have introduced a dynamical model to incor
rate the finite width effects~which we call boson loop-
scheme! of the vector meson that is consistent with elect
magnetic gauge invariance. In this boson loop-scheme,
finite width is naturally incorporated by adding the abso
tive parts of the one loop corrections to the propagator
electromagnetic vertex of ther6 vector meson. The result
obtained for these Green functions in the chiral limit~loops
with massless pseudoscalars! are identical to those obtaine
in the fermion loop-scheme@10# ~with massless fermions!
for the W6 gauge boson.

As is known @21#, the decay amplitude for thet
→ppntg can be rendered gauge-invariant in a simple fo
~with an arbitrary form of ther6 vector meson propagator!
by computing the photon emission from external lines a
fixing internal contributions by imposing gauge invarian
on the total amplitude. This method, however, does not p
mit to fix the contribution of ther6 magnetic dipole momen
because this term is gauge-invariant by itself. This is
reason to require the use of a dynamical model to incorpo
the rrg vertex and the finite width effects in a consiste
way.

In the present analysis of thet lepton radiative decay we
have suppressed the model-dependent contributions by
ting the invariant mass of the two pions to the rho mes
mass value. As is known@21# these contributions would en
ter the decay amplitude at the same order in the photon
ergy as it does the magnetic moment of ther6 vector meson.
The photon energy spectrum in thet decay considered, take
at small angles of photon emission~with respect to the final
charged pion!, is not as sensitive to the effects of the ma
netic dipole moment as in the case of decay@5# or production
@6# processes of the vector meson. However, the observ
given in Eq. ~39! shows an appreciable sensitivity whe
b(0) increases its value with respect to its canonical val

To conclude, let us emphasize the pertinence of
present work. In our previous papers@5,6# the vector meson
was assumed to be stable. That would be a good approx
tion if the production~decay! process could be separate
experimentally from the decay~production! mechanism in a
model-independent way and/or if some appropriate kinem
cal cuts allowed the isolation of these partial processes to
done. On the other hand, from a conceptual point of vie
the representation of a vector meson as an asymptotic sta
the evaluation of the S-matrix amplitude~as done in Refs.
@5,6#! is not completely justified because this vector meson
a broad resonance. Those difficulties justify the relevance
the present work.
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APPENDIX A: ABSORPTIVE CORRECTIONS
TO THE ELECTROMAGNETIC VERTEX

The flow of particle momenta in the absorptive corre
tions to the electromagnetic vertex of ther6 vector meson is
indicated in Figs. 2~b!–2~e!. The absorptive amplitudes co
responding to the different contributions in Fig. 3 are give
respectively, by

I mnl~a!5
1eg2

8p2 E d3p

2E

d3p8

2E8
d4~q22p1p8!

3
2pm~k1p1p8!n~p1p8!l

2p•k
, ~A1!

I mnl~b!5
eg2

8p2E d3p

2E

d3p8

2E8
d4~q12p1p8!

3
2pm~p1p8!n~p1p82k!l

22p•k
, ~A2!

I mnl~c!52
eg2

8p2E d3p

2E

d3p8

2E8
d4

3~q22p1p8!gmn~p1p8!l, ~A3!

I mnl~d!52
eg2

8p2E d3p

2E

d3p8

2E8
d4

3~q12p1p8!gml~p1p8!n. ~A4!

Let us define the factorsUi[eg2l1/2(qi
2 ,mp

2 ,mp8)/
(32p2qi

2) ( i 51, 2).
Since the photon is real, we can drop the terms prop

tional to km in the evaluation of the above integrals. Th
integration of Eqs.~A1!–~A4! with the help of the results
from Appendix B gives

2I mnl~a!

U2
52b1~q2

2!„~k2q2!nF2
ml2q2

lF2
mn
…14 f 2~q2

2!

3~klF2
mn1knF2

ml!14 f 1~q2
2!~q2

lF2
mn1q2

nF2
ml

1q2
mT2

nl!1
4pD2

q2•k

q2
mq2

l

q2
2 S kn1

D2

q2
2

q2
nD ~A5!

2I mnl~b!

U1
52b1~q1

2!„~q11k!lF1
mn1q1

nF1
ml
…24 f 2~q1

2!

3~klF1
mn1knF1

ml!24 f 1~q1
2!~q1

lF1
mn1q1

nF1
ml

1q1
mT1

nl!1
4pD

q1•k

q1
mq1

n

q1
2 S D2

q1
2

q1
l2klD ~A6!

2I mnl~c!

U2
52

4pD2

q2
2

q2
lgmn, ~A7!
03300
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r-

2I mnl~d!

U1
52

4pD2

q1
2

q1
ngml, ~A8!

where D25mp
2 2mp8

2 . The f i , ai and bi coefficients are
functions ofqk

2 (k51,2), and their explicit forms are give
in Appendix B. The second rank tensors are defined asFi

mn

[gmn2qi
mkn/(qi•k) and Ti

mn[gmn2qi
mqi

n/qi
2 . Note that

F1
mn5F2

mn , becauseq1•k5q2•k and we can drop terms pro
portional tokm. Note also thatFi

mn are not symmetric ten-
sors.

Adding up the four contributions we obtain the absorpti
part of the electromagnetic vertex corrections as follows:

eG1
mnl5(

i 5a

d

I mnl~ i !. ~A9!

APPENDIX B: TENSOR INTEGRALS

In the evaluation of the absorptive corrections we need
compute different tensor integrals that appear in the two-
three-point Green functions. The explicit form of these in
grals are as follows.

1. Two-point integrals

In this case we have only one available external mome
~q! and the metric tensor to express the integrals

E dVpa5
2p

q2
~q21D2!qa ~B1!

E dVpapb5
p

3q2 H 4„l~q2,mp
2 ,mp8

2
!13q2mp

2
…

3
qaqb

q2
2l~q2,mp

2 ,mp8
2

!gabJ ~B2!

E dVpapbpg52
p~q21D2!

6q4 H l~q2,mp
2 ,mp8

2
!~gabqg

1gagqb1gbgqa!22S l~q2,mp
2 ,mp8

2
!

q2

12mp
2 D qaqbqgJ . ~B3!

2. Three-point integrals

Here, there are two independent external momenta at
disposal (q andk) and the metric tensor to express the in
grals

E dV

p•k
5N ~B4!
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E dVpa52pS 11
D2

q2 D qa ~B5!

E dV
pa

p•k
5a1qa1a2ka ~B6!

E dV
papb

p•k
5b1S gab2

kaqb1kaqb

q•k D1b2qaqb1b3kakb

~B7!

E dV
papbpg

p•k
5 f 1~Fabqg1Fbgqa1Fgaqb!1 f 2~gabkg

1gbgka1gagkb!1 f 3qaqbqg1 f 4kakbkg

2
2 f 2

q•k
~kakbqg1kaqbkg1qakbkg!,

~B8!

whereFab[gab2qaqb/q2.
The factorsN, ai , bi and f i are functions of the scala

q2:

N~q2!5
2pAq2

q•kEv
lnS 11v

12v D ~B9!

a1~q2!5
4p

q•k
~B10!

a2~q2!5
2pq2

~q•k!2 F1

v
lnS 11v

12v D22G ~B11!
gh

ys

. D

03300
b1~q2!5
pEAq2

q•k F ~12v2!

v
lnS 11v

12v D22G ~B12!

b2~q2!5
4pE

q•kAq2
~B13!

b3~q2!5
pEq4

~q•k!3Aq2 F ~32v2!

v
lnS 11v

12v D26G ~B14!

f 1~q2!52
4pE2v2

3~q•k!
~B15!

f 2~q2!5
pE2q2

~q•k!2 F4v2

3
1

~12v2!

v
lnS 11v

12v D22G
~B16!

f 3~q2!5
4pE2

3~q•k!q2
~31v2! ~B17!

f 4~q2!5
pE2q4

~q•k!4 F ~523v2!

v
lnS 11v

12v D1
8v2

3
210G ,

~B18!

where E5(q21D2)/(2Aq2) and v5l1/2(q2,mp
2 ,mp8

2 )/(q2

1D2).
cl.
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