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We present a general formulation of the time-dependent initial value problem for a quantum scalar field of
arbitrary mass and curvature coupling in a Friedmann-Robertson-WgHa) cosmological model. We
introduce an adiabatic number basis which has the virtue that the divergent parts of the quantum expectation
value of the energy-momentum tensdr,;,) are isolated in the vacuum piece @f,,), and may be removed
using adiabatic subtraction. The resulting renormaligeg,) is conserved, independent of the cutoff, and has
a physically transparent, quasiclassical form in terms of the average number of created adiabatic “particles.”
By analyzing the evolution of the adiabatic particle number in de Sitter spacetime we exhibit the time structure
of the particle creation process, which can be understood in terms of the time at which different momentum
scales enter the horizon. A numerical scheme to com@ifg) as a function of time with arbitrary adiabatic
initial states(not necessarily de Sitter invarians described. For minimally coupled, massless fields, at late
times the renormalize€TT ) goes asymptotically to the de Sitter invariant state previously found by Allen and
Folacci, and not to the zero mass limit of the Bunch-Davies vacuum. If the massl the curvature coupling
& differ from zero, but satisfyn?+ éR=0, the energy density and pressure of the scalar field grow linearly in
cosmic time demonstrating that, at least in this case, back reaction effects become significant and cannot be
neglected in de Sitter spacetime.

PACS numbes): 04.62+v, 98.80.Cq

[. INTRODUCTION “vacuum” contribution, the latter isolating the ultraviolet
Quantum particle creation effects are important in blackdivergences. These divergences are then removed using adia-
hole physics[1,2], the generation of density perturbations batic subtractions. The remaining finite energy density and
and primordial gravitational wavds], and reheating in in- pressure of the quantum field admit an intuitive quasiclassi-
flationary cosmological modelgt], the damping of anisot- cal interpretation in terms of the average number of particles
ropy in the early Universg5], and perhaps for even the very present at a given time. These terms can be interpreted as the
existence of a cosmological constd6t7]. In addition, the energy density and pressure of the produced “particles” if
issue of quantum back reaction due to these effects coulthe Universe entered an adiabatic era. This definition is mo-
also be important for understanding black hdi@sand the tivated by and is a direct outgrowth of parallel definitions of
dynamics of the early Univerd®]. particle number in time dependent problems in field theories
In a curved spacetime background, it is not possible inn Minkowski space, such as scalar QED axnd* theory
general to define a unique vacuum sfdt@]. However, if the  [16-18.
background expansion is sufficiently slow the notion of an It is well known that the concept of particle is ambiguous
adiabatic vacuum state defined via WKB expansions comes time dependent backgrounds. Covariantly conserved quan-
closest to the Minkowski vacuunill]. For Friedmann- tities such as the renormalized expectation valug Tof,)
Robertson-Walker(FRW) cosmological models, adiabatic can be defined without ambiguitisave the usual freedom
regularization/12] has been shown to be particularly conve- associated with the additive finite renormalization of con-
nient, and equivalent to covariant point splittift3—15. served local tensoysalthough the division ofT,,) into
In this paper we present a consistent, physically simplé'vacuum” and “particle” components is not unique. How-
formulation of the general time-dependent initial value prob-ever, if one requires that the intrinsically quantum ultraviolet
lem for a quantum scalar field of arbitrary mamsand cur-  power divergences ofT,,) are isolated in the “vacuum”
vature couplingé in a background homogeneous, isotropic component of T,p,), then the ambiguity in the remainder is
FRW cosmology, which is suitable for implementation on aconsiderably reduced. In fact, this requirement is equivalent
computer. We present numerical results for particle creatiomo matching the definition of “vacuum” to an adiabatic basis
in de Sitter space, and outline how the formalism can beup to at least second adiabatic order. One does not wish to
applied to cosmological back reaction. match the vacuum to higher than fourth adiabatic order since
We make use of an adiabatic particle number basis obthis would introduce higher than fourth order time deriva-
tained via a time-dependent Bogoliubov transformation, intives in the back reaction equations. Hence the only remain-
which the energy-momentum tensor of a quantum field in dang ambiguity in the definition of the “particles” resides in
FRW universe breaks up naturally into a “particle” and a the treatment of the fourth adiabatic order terms, and is ac-
tually relatively mild. We introduce a precise definition of
adiabatic basis in this paper which resolves the remaining

*Electronic address: habib@lanl.gov ambiguity and use it to renormalize the energy-momentum
"Electronic address: carmen@t6-serv.lanl.gov tensor and study the particle creation process in de Sitter
*Electronic address: emil@lanl.gov background. The resulting renormalizé@l,,) has a physi-
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cally transparent, quasiclassical form in terms of the averagkte times. We have also investigated the case of a small
number of created “particles,” and is the appropriate sourcemnass, minimally coupled field, results for which will be re-
term for dynamical back reaction of the quantum field on theported elsewherg24].
metric in semiclassical cosmology. Since our main interest The outline of the paper is as follows. In the next section
here is the initial value problem in semiclassical gravity, wewe review scalar quantum field theory in general FRW
consider general FRW-invariant initial states. To prevent thépacetimes, which will serve to fix our notation and conven-
occurrence of initial time singularities, we restrict attentiontions. In Sec. Ill we introduce the adiabatic number basis by
to initial conditions which are also matched to the appropri-@ certain time dependent Bogoliubov transformation on the
ate instantaneous fourth order adiabatic vacuum at the initig#xact mode functions. In Sec. IV we derive the energy den-
time [19]. sity and pressure for a scalar field of arbitrary mass and
The renormalized T,,) We obtain is cutoff independent, curvature coupling in homogeneous, isotropic cosmologies
and covariantly conserved. As a consequence of our analys& sumsor integralg over the time dependent Fourier mode
we demonstrate that these features do not depend on ti@nplitudes and express the energy and pressure in the adia-
choice of time parametrizatiofe.g., comoving versus con- batic number basis, showing explicitly how to isolate and
formal time, thus clarifying some previous discussions in remove the ultraviolet divergences in the vacuum contribu-
the literature [20]. We have implemented a numerical tions to these mode sums. In Sec. V we present numerical
scheme to compute the time evolution of the renormalizedesults for de Sitter space, for the massive, conformally
(T.p) which preserves covariant conservation and cutoff in-coupled and minimally coupled scalars, for a variety of finite
dependence. Though our scheme is applicable to generapn—de Sitter—invariant initial states. In Sec. VI we present
FRW spacetimes, in this paper we have restricted ourselved!r conclusions and discuss the extension of our method to
to de Sitter space with closed spatial sections. We havéhe full back reaction problem. A proof of the independence
checked covariant conservation and cutoff independence &f the adiabatic method under time reparametrizations is
the renormalizedT,;,) for a variety of masses, couplings to given in the Appendix.
curvature, spatial cutoffs, and non—de Sitter—invariant initial
states. Il. SCALAR FIELD IN FRW SPACETIMES

We consider in some detail the time structure of the par- W id tially h d isotroni
ticle creation process for massive scalar particles in de Sitter € consider spatially homogeneous and 1Sotropic space-

space starting from a well-defined adiabatic initial state,tlmes which are described by the line element

whigh is not de Sitter invarian_t. The particle number in a d32:—dt2+gijdxidxj=—dt2+a2(t)d22, 2.

particular momentum mode increases sharply when the

physical wavelength of that mode crosses the de Sitter horin the cosmic time, comoving with freely falling observers.

zon. We show how the adiabatic particle basis is useful irHere 2 is the line element of spatial sections with constant

interpreting the numerical results for the time evolution of cyryature, which can be labeled = —1,0,+1, viz.,

the renormalized energy and pressure. We apply the same

method to the massless case with 0 and&=1/6. For the r2

caseé=1/6, as expected from conformal invariance, there is ds?=

no particle production, and the renormalized value Bfy,) 1

is determined by 2the tgace anom_@&]. The conformal time variableg is defined by the differential
The case ofM“=m-+ £(R=0 is important because the relation

two helicity states of gravitons obey a wave equation which

corresponds to this value of the mass paramitér and dt

there are several indications of strong infrared effects for dy= m,

such fields in de Sitter space. For example it is known that no

de Sitter invariant state of the kind usually assumed, implic

itly or explicitly, in inflationary models of the early universe

exists for ma_ssless, minimally coupled sc_alar figR, and_ _ C(p)=a?(t(n)), (2.9

that the graviton propagator has unusual infrared behavior in

de Sitter spacg23]. so that the line elemeri2.1) may be expressed in the equiva-
We will see that the exact minimally coupled, masslesdent form

casem?= ¢=0 is special in that in this case, at late times the

renormalized(T,,) goes asymptotically to the constant de ds?=C(n)(—dp*+d2?). (2.9

Sitter invariant value found by Allen and Folad@2], and ) )

not to the zero mass limit of the Bunch-Davies vacy@t]. 't is the latter form that was considered by Burid$], a

For any other nonzero values o and ¢ such thatM2=0 reference to which some of our results in this and the next

the energy-momentum tensor grows without bound, linearlyp€ction may be compared.

_Kr2+r2(d02+sin20dcp2). (2.2

(2.3

and the function

with cosmic timet, for adiabatic finite initial data(We point The time dependent Hubble function in comoving time is
out that this result is a quantum effect, and not a classical .

instability) Hence at least in these cases it is clear that the t)= it): 1 Elogc (2.6
back reaction of T,,) on the metric cannot be neglected at a(t)y 2dt ' '
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where the dot denotes differentiation with respect to comov- 1 1
ing time t. The non-vanishing components of the Riemann,  ®Hap=RSRep— 3 RRap— ERcdRCdgab+ ZRzgab-
Ricci, and Einstein tensor§ ,,= R, — 3 R0ap, are given by
. which satisfies
Ritjt= Ry = — (H+H?)gj; , (2.7
VP ®H,,=2R%V, CP =0, (2.17

K
Rij=| H?+ a2 (9ik0ji = 9 Gjk). is covariantly conserved in conformally flat FRW spacetimes
(2.8 as well.
We consider in this paper a free scalar fididwith arbi-
Ry=—3(H+H?), (2.9  trary mass and curvature coupling, which is described by the

quadratic action

: 2k
Ri=| H+3H2+ — g, 2.1 1
” 22 )% B0 e L[ Ve (Vg T it gre?,
K (2.189
=3|H*+ — : : : :
Gu=3(H a?)’ 219 in a general curved spacetime, whé&rg denotes the covari-
ant derivative andy=det(g,,). The wave equation fob
) , K obtained by varying this action is
Gij:_ 2H+3H +—2 g”
a [—O+m?+ éR]D(t,x)=[ — O+ M?]d(t,x)=0.
(2.12 2.19

Hence the the scalar curvature is In a FRW spacetime expressed in comoving time coordinates

(2.1) the D’Alembert wave operator on scalars becomes

.. . K
R=0g%"R,,= —Ry+9"R;;= 6[ H(t)+2H%(t)+ P

. -1
(2.13 —00=-g*V,Vy@=0+3Hd~ — AP, (2.20
a
We will require the non-zero components of the conserved
geometric tensor where A is the Laplace-Beltrami operator in the three di-
1 5 mensional spacelike manifold of constant curvatureThis
My  — PN operator is diagonalized by the spatial harmonic functions
Hap —g g™ f VTgaXR Y, (x) which satisfy

— (L2
—2V,V,R—20.0R— %gabR2+2RRabi A3Y(X) = (k"= k) Yi(X), (2.21
where k=|k| takes on the discrete values of the positive
(2.14 integers 1,2. .. in thecase ofkx=+1, but becomes a con-
tinuous index over the non-negative real numbers in the case
of k=0,—1. In the case of flat spatial sections=0, the
1 . harmonic function¥ (x) become the ordinary Fourier plane
(DH = —6HR+ ERZ—G(HZJF H)R, wave modes'®*. In the compact case the harmonic func-
tions are the spherical harmonics of the spr&tewhich are
1 _ labeled by three integeks— (k,l,m), the latter two of which
(MH;;=| —20R-2HR+ =R~ 2(H?+H)R|g;; , refer to the familiar spherical harmonics @& with 1<k
6 —1. Thus a given eigenvalue df; labeled byk is k?-fold
(Da . . degenerate. We note that in the present conventions the low-
Hz=—-60R=6(R+3HR). (2159 est mode is th&=1 mode which is theonstantmode on
S%. The scalar spherical harmoni¥g,,, may be normalized
in the standard manner to satisfy

as well, which are given by

In a conformally flat FRW spacetime the Weyl tensor, de-
fined as follows:

1 fd3EY*,,,xY X)=8kkd1 Omrmy (2.2
CabchRabcd_ E(gacRbd+gbdRaC_gadeC_gbcRad) sé Kl m( ) klm( ) KK Tmm ( 2)

when integrated over the unit three sphere, and

1
+ 5 R(9ac9ba= JadTbe), (2.16 | :

k—1 Kk
2 2 Yun(P= 5, (2.23

vanishes. From this it follows that the geometric tensor m=—
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which is independent of. It is particularly convenient to define a bagsomplete and
Because of homogeneity and isotropy the wave equationrthonorma) for the Fock-space as follows:
(2.19 separates in either comoving or conformal time coor-

dinates, and the general solution of E2;.19 may be written |ki,Ks, .. .)=allalz. ..10). (2.3)
in the form
The completeness and normalization of this basis is ex-
O(tx)=a" Y02 [acfi(t) Vi) +alfi (Y (0], pressed by
K
(2.24 o
_ . . 1=10)(0[+ 2 — 2 [ky, .o Kkn)(Kn, ookl
where the time dependent mode functidpét) satisfy the n=1 1"k, Ky
ordinary differential equation, (2.32
fil®) + QDD =0, (2259 and
which is the equation of a harmonic oscillator with the time _
varying frequency, (ko kealGa G 5nmpern%ation35qul. Ot
(2.33
Q2(t)= wi(t) + swi(t)
K2 1 1 b2 We will consider states of the scalar field, which like the
= +m? +(§_ _) R(t)— —[H(t)+ (t)}_ geometry(2.1), are also spatially homogeneous and isotro-
a’ 6 2 2 pic. This implies that the expectation value of the particle
(2.26 number operator
We denote byw{ the first two terms in parentheses, which (afa) =(aaly—1=Ny, (2.34

involve no time derivatives of the metric, whilk? denotes ) ]
the remaining terms which are second order in time derivaS@n be a function only of the magnitugie=k. In the con-
tives of the scale factor. In Eq2.24 we use the discrete (€Xt of Minkowski spacetime quantum field theory it has
notation or the sunk,, which is replaced by an integral been shown that it is always possible to fix the bilinda&
over ik in the casesc=0,—1. -

Quantization of the scalar field is effected by requiring the (&) =(axa) =0, (2.39

equal time canonical commutation relation ) . .
g by making use of the freedom in the initial phases of the

[D(t,x"),II(t,x)]=i%63(X,X), (2.27 mode functionsf,, with no loss of generality. Precisely the
same conclusion applies here. Because of the ubiquitous ap-
wherell = J—gd=a3® is the momentum conjugate tb. ~ Pearance of the Bose-Einstein factor in succeeding sections
Because of the completeness and orthonormality of the spive Will often make use of the the definition
tial harmonic functionsY,(x) this canonical commutation
relation is satisfied provided the creation and destruction op- o =2N+1, (2.3

erators obe . . . .
y in what follows. The “vacuum” state in this basis corre-

[a 'al,]: S’ = ek S (2.29 sponds to the choice,=1.
and the complex mode functions obey the Wronskian condi-
tion, Ill. ADIABATIC NUMBER BASIS
'fkf: _fkihl: =—i#, (2.29 The observation underlying the introduction of the adia-

batic basis is that the mode equatith25 generally pos-

which they may be chosen to satisfy at the initial tilge ~ sesses time dependent solutions which have no al@aiori
From the mode equation of motio{2.25 this Wronskian physical meaning in terms of particles or antiparticles. The
condition will be fulfilled then for all subsequent times. familiar notion that positive energy solutions of the wave

The canonical quantization of a scalar field in a curvedequation correspond to particles while negative energy solu-
background proceeds formally along the same lines as itions correspond to antiparticles is quite meaningless in time
Minkowski spacetime. In the Heisenberg picture the quandependent backgrounds, where the energy of individual
tum states of the system span a Hilbert spdds. particle-antiparticle modes is not conserved, and no such

The operator algebra satisfied by thg and al leads to Neat invariant separation into positive and negative energy
the standard Fock representation in a Hilbert space. Thergolutions of the wave equation is possible. This is just a

exists a vacuum state, denoted |6y such tha{26] reflection of the fact that particle number does not corre-
spond to a sharp operator which commutes with the Hamil-
a,0)=0, and(0|0)=1. (2.30  tonian, i.e., particle/antiparticle pairs are created or de-
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stroyed, and physical particle number is not conserved iThe precise form of the time dependent Bogoliubov coeffi-
time dependent backgrounfia7]. cients a, and By will be determined once we specify com-

It is equally clear physically that in the limit of slowly pletely the adiabatic basis functiorig, and these will be
varying time dependent backgrounds there should be an agrsed to define a time dependent adiabatic particle number.
propriate slowly varying particle number operator which be-  The first few orders of the asymptotic adiabatic expansion
comes exactly conserved in the limit @f(t) vanishing. of the frequencyw, in powers of the time variation of the
Clearly this slowly varying particle number isot the N, metric are given by
defined with respect to the time independent Heisenberg ba-
sis by EQ.(2.34 above. ThisN, is part of the initial data, a 02 2 k2 5
strict constant of motion, no matter how rapidly varying the W7 = oy = ;’Lm .
spacetime geometry is. The physical particle number at time
t must be defined instead with respect to a time dependent

basis which permits a semiclassical correspondence limit to W@2- ()2 w? B W
ordinary positive energy plane wave solutions in the limit of k k 4W(k0)2 2W(0)
slowly varying Q,(t). This adiabatic basis is specified by
introducing the adiabatic mode functiof®7,2§ ) 3{»& wy
.I:k(t)= 2Wk(t)exn:_l®k(t)]y .
92 ) W22 \i(2)
with © (t)sftdt'w (") (3.1) W= e qur
k k ) . k k

(3.3

which are guaranteed to satisfy the Wronskian conditiorExplicitly to second adiabatic order in the asymptotic expan-
(2.29 for any real, positive functiolV,(t). The phas®,(t) sion
in Eq. (3.1 can be measured from any convenient point such

as the initial timet,,. 1 2 2
. s . (2) (f 6) m . 2 5m 2
If one requiresf,(t) to be a solution of thexactmode W= w,+ R——=(H+3H )+ ——sH"+---,
2wy 4wy 8wy

equation(2.25, a second order non-linear equation for the
frequencyW?2= Q7+ 3WZ/4W2 — W,/2W, is obtained. How-
ever, the utility of the WKB form of this equation is that \\here we have dropped third and higher order terms in the
instead of solving foiV, exactly, it can be used to generate ellipsis. From this we evaluate

an asymptotic series in order of time derivatives of the back-
ground metric. Terminating this asymptotic series at a given

(3.9

~ N(2) 2 _1 —1ym2
order defines an adiabatic mode functifyft) (to that or-  _ Wi _ ( - Ez _ &7 (R+2RH) + MRH
den, which will no longer be the exact solution of the origi- W(kz) Wk Zwﬁ w‘k‘

nal mode equatiof2.25), but which can serve as a template 5 4
adiabatic basis against which the exact mode functfg(t3 N 1“:' +5IH +18H%) — 11m (41 +3H2)H
can be compared. This is accomplished by expressing the Aoy 4w6k

exact mode functions in the adiabatic basis by means of a 6

time dependent Bogoliubov transformation of the general + H3+. .. (3.5
form [27,28, 40f ; .
fi(1) = a(OFi() + B DT (D). (3.2 correct to adiabatic order three. Finally we have
(4) (2) (g_%)Z 5 (é:_% .. . . 5 (g—%)mz i . X m2 )
Wi =W — s R~ 3 (R+5RH+2RH+6RH") + —5(5RH+3RH+19RH )+ =(H+15HH
8wy 8wy 8wy 16wy
: : 25(¢—§)m? m* . . :
+10H?+86HH?+60H*) — ————RH*— -(28HH + 19H?+ 394HH?+ 507H*)
160; 32wy
+ i H-+3H?)H? 11()5“8H4+ 3.6
3207 ' ) 12801 (30
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where terms of adiabatic order higher than four have been

discarded. Notice that the terms fall off faster with lakges a()=iTg (1)

we develop the expansion to higher adiabatic orders, and

therefore the adiabatic expansion is an asymptotic expansion

in powers of 1k which matches the behavior of the exact Bu(t)= —|fk(t)[ k(t)+(|Wk(t)— V(1 )) .

mode functions in the far ultraviolet region. This is what

makes the expansion useful for defining a particle number 39

basis, since it can be used to isolate the divergences of ﬂ]t is readily verified that these Bogoliubov parameters satisfy

vacuum energy-momentum tensor. Slﬁ'g@ is a dimension the relation

four operator in four spacetime dimensions, its divergences

are obtained by expanding to adiabatic order four, and no la(D]2— | Bu(D)]2=1, 3.9

higher orders are required. In fact all termsWﬁf) beyond

the first three of Eq(3.6) fall off faster '(f'lc’:ll"look_3 ask— o, for eachk and for any choice of realV, andV,, which is

and therefore will lead to convergent mode suinsegrals what is required for the transformation to be canonical. Mak-

and finite contributions tdT ,p). ing use of the mode equati¢@.25 and the definition of the
Our method will make use of these well-known resultsadiabatic functions in Eq(3.1) we obtain the dynamical

and take them one step further. Instead of demanding thaiquations for the Bogoliubov coefficients

T, (t) satisfy the exact mode equati¢®.25 we will define _

W,(t) to match the terms ikv{* that fall off most slowly in . [ . oo Vi Vi

k, in order to isolate the divergences of the energy- A= 2Wk Q= Wit ?Jr

momentum tensor in the vacuum sector in the most conve-

fi(t)— (uwkm k()) k<t>}

(ot B %)

nient way. The exact mode functiorig(t) will be written Bx 6. Wk

then as a linear combination f(t) defined by Eq(3.1) and T Wk+vk :

its complex conjugate. Thi(t) defined in this way specify

an adiabatic nu.mber t_)asis in which particle creation in the . i 5 \'/k Vﬁ e
homogeneous, isotropic state of the quantum fieldan be Bx= 2W, (Q to T (e Pkt By)

discussed in a physically meaningful way, free of ultraviolet

divergences. a .
Since the Bogoliubov transformati@8.2) may be viewed + ?e‘ 210y

as a pair of canonical transformations in the phase space

spanned by the field variables and their conjugate moment

a complete specification of the transformation between bas

requires a condition on the first time derivatives of the mod

functions as well. The general form of this condition which

preserves the Wronskian relati¢2.29 is

(3.10

Wi\ v
W, k)

An equivalent form of the canonical transformation in the
Fock space of creation and destruction operators is given by

28]

ac=af (D () —BF(Hakt), and

. V. (t ~ al=a (t)al(t t)a,(t 3.1
fk(t):{_iwk(m YOl it = ax(DRL(0— BV, (310
where the coefficients depend only on the absolute magni-
. V() tudek= k| by homogeneity and isotropy. We may now de-
W+ 2 }'Bk(t)f;(t)’ 37 fine the adiabatic particle number to be

H=(al(Hat))

which introduces a second real function of tivg. Usually

this second independent functidf,, which contains only =lend(afan) +| Bl *(aray)

qdd e}dlabat]c orders, ha; bee_n set equ.aIrM/k/Wk in ear- = (1+| 8PN+ | B A(1+Ny)

lier discussions of the adiabatic expansion. Hence the general

adiabatic basis as a canonical transformation in phase space, =N+ (1+2Np)| Bu(1)|2. (3.12

whereW, andV, are treated independently and on an equal

footing, has not been fully realized. We will make use of thelf the initial condition on the mode functions is chosen to
freedom to choose bothV, and V, independently in our match the adiabatic functions, viz.,

development. The precise choiceWwf, andV, will be post-

poned until the next section, where we present the detailed _7 ¢ . (t)
analysis of the ultraviolet divergences of the energy- K(to)=Ti(to), and fy(to)=| — 2 K(to),
momentum tensor. (3.13

For any reaW, andV, the linear relation$3.2) and(3.7)
may be inverted to solve for the Bogoliubov parameters  so that
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a(tg)=1, and By (ty)=0 (adiabatic vacuum

d Vk VE
(3.149 a./\fk= Ry

Q2—W2+ >+ T)'

then the last expression for the adiabatic particle number at (3.189
arbitrary timet in Eq. (3.12 may be viewed as the sum of Tha two relations(3.17) and (3.18 imply that R, and 7,

the particle number present at the initial tindg,, plus the . . P . .
particles created by the time varying geometi|2, multi- ir:;;ly be eliminated in favor ok, and\,, if desired. Explic-

plied by the Bose enhancement factor; 2N, = o, to ac-

count for both spontaneous and induced particle creation Ri=|Clcos O — )y T=|Csin(%— &), (3.19

processes.

The previous choice of initial conditions determinesyjth the anglesd, and ¢, defined by

uniquely the basis for the mode functiohgt) and f} (t),

and therefore the operator algebra defined in terngg @nd _

a, . This algebra in turn specifies a corresponding basis of H=sin"* 7.

number operator eigenvectors as discussed previdssky K

Eqg. (2.31]. In particular the choice of WKB initial condi-

tions implies that this basis for the Fock-space corresponds  /, —gin~1| <~

to the instantaneous adiabatic observers considered by

Parker, and its vacuum state is the normalized adiabatic )
Vk

vacuum|27]. V
[27] zk:[ | 2wz K4 2k

Wi, v
V\_/k k

_ Tk
W

2712

Because the rapidly varying phaéy, drops out of the 2 "2
definition of the particle number in E43.12, N is a rela- (3.20
tively slowly varying function of time. In fact, iV, andV,
are chosen appropriately to match the adiabatic mode funand|C,| is given in terms of\, and the constari¥, by Eq.
tions to a given order), will be an adiabatic invariant to (3.17) above. These relations are the general case of the
that order. On the other hand the bilinear SU(1,1) structure of the group of Bogoliubov transforma-

tions characteristic of a Gaussian statistical density matrix,
Ck(t)5<5k(t)5k(t)>=(1+ 2Ny) a8y (3.15 studied previously in the context of the leading order laxge
limit of flat space field theory16,17.
is a very rapidly varying function of time, since the phase  They will imply in the next section that all components of
variable®, does not drop out of this combination. We can the energy-momentum tensor of a free scalar field in a gen-
remove the leading part of this rapid phase variation by de€ral FRW background can be expressed in terms of the par-

fining the quantities ticle number\, and its first time derivative, once the adia-
batic particle basis is completely specified by the functions
Ri()=Re(C e~ 29 = 5 Re o B & 240%), W andV,. (This is a useful fact which suggests an exten-

sion of the semiclassical Boltzmann-Vlasov description of

particle creation in cosmological spacetimes, along the lines

(3.16 of earlier r_esults for particle creation in time dependent elec-
: tromagnetic potentialgl8].)

: . - For completeness we give here also the first order differ-
which together withV, span the space of three non-trivial ential equations obeyed by the functioRg(t) andZ,(t)
real bilinears in the adiabatic creation and destruction opera-: q y y KA

() =Im(C e~ 29 = gy dm( ey Bf e %),

tors. d 1\ (W, 1 Vi V2
Because of the relatio(8.9) these three time dependent _—p, — | Az +Z || <4V, |+ | Q24+ W2+ —+ — ],
functions are not independent, but rather are related by ~ dt 2]\ Wy W 2 4
RE+TE=Cl2=of(1+] B2 Bil? N+E _
k 2
1 oy 1 oy EI __v 2 02—W2 Vi _k)
= 4= - dat™ W, ke kT2 g
Nt 5+ 5 (Nk+2 2) «
R Vie Vi
1 2 0'2 1 2 1 2 — _k 2+ 2+ _k+_k
= Nk"rz _Tk:(/\/’k—f' E) _(Nk+§ s Wk Qk Wk 2 4 (321)

(3.17  Inall of this discussion we are free to makey choice of the
time dependent functiond/, andV, in Egs.(3.1), (3.2), and
where oy is a strict constant of motion, dependent only on(3.7) which is convenient for our purpose, since no physical
the initial data. Differentiating Eq(3.12 with respect to quantity can depend on our choice of basis for the mode
time and using Eq(3.10, and the definitiong3.16, we  functions. The key point will be to use this freedom to
obtain as well choose the functiong/, andV, so that the ultraviolet diver-
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gences in the energy density and pressure may be iso_lateq in T=0%"T,,=(6£—1)g*°V (DV, D)
the vacuum sector and removed in a simple way. This will o )
require thatw, andV, be matched to the appropriate order —Mm° O =P (—L+{R+m)D, (4.2

i iabati iongv(m
Of. the  corresponding - adiabatic  functionsV, " and where the last term vanishes by the equation of motion
— WMWY given forn=2 and 4 by Eqs(3.4 and(3.6),  (2.19.

respectively. For a perfect fluid in a FRW spacetime we have
IV. THE ENERGY-MOMENTUM TENSOR Tab=PYapt (e +P)VaVp, (4.3
The classical energy-momentum tensor of a free scalafith v* the components of the velocity field of the fluid. If
field in an arbitrary background gravitational fiedg,, fol- f[h_e fluid is comoving Wlth the expansion of the universe, i.e.,
lows from variation of the actiol2.18 [11,25] if it has no peculiar motion with respect to the general ex-

pansion, therv®=(1,0,0,0) in the coordinate®.1) and the
Jab g energy-momentum tensor is determined completely from the
Tap=(Va®)(Vo®) = =g (V) (Vy®) —28Va(PVy®P)  energy density,Ty=¢ and the traceT=—e+3p. If the
quantum state of the scalar field is spatially homogeneous
o , m ) and isotropic, then @pV;®)=V;(®?)=0, and it follows
+2£0apg"Va(PVP) + £GP~ —-0an®”s (4D immediately that the expectation value of its energy-
momentum tensor is precisely of the perfect fluid fadhB).

and its trace is given by Hence it suffices to consider
def 1 . 1 . K m?
(T =2=5(D?%) = 55 (PAD) + 6EH(DD) + 34| H2+ — |(D2) + —(D?),

def

. 1
(T)=0*Tap)=(66-1) (@)= (PAP) +ER(D?) | +(66-2)mX(D?), (4.4)

with 3p=g”<Tij). Each of the expectation values of bilinears of the scalar field in this formula are easily computed as mode
sums(or integral$ by inserting the mode expansi¢®.24), making use of the definitiof2.34), and the propertie.21) and
(2.23 of the harmonic functions. We find

1 12 . 2 2 , , (66— 1) N . i )
= gzaa | G0 [ HRETT Gt T me 102 S [ duo MRl o+ =12 1)
m? (66—1) . _ 3
(1= 5] w0l 22 | a0 147 3 et + 03+ 3 1] @5
with the isotropic pressure given by
1
p=3(e+(T)), (4.6
and
+ oo
> K, k=1,
k=1
fd"(k): @7

+ 0
J dk k?, «x=0, —1.
0

The covariant conservation of the energy-momentum tensor may be checked by taking the time derivatinel ofsing
the equations of motiof2.19 or (2.25. By explicit calculation one can verify that

e+3H(e+p)=0, (4.8
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provided that in the forng4.5) one can take the time derivative inside the mode sums. Of course this calculation is still formal
since the mode sums actually diverge and require the introduction of a cutoff or subtractions to become completely well
defined. In order to be physically meaningful this regularization and renormalization procedure must preserve the conservation
equation(4.8).

Now we may use the relatior{8.1), (3.2), and(3.7), to write the three quantitig$,|?, |f,|?, and Ref}: f,) appearing in the
energy density and trace in terms of the three bilingdrs R, andZ, and the two, as yet unspecified, functidiy andV,,
which define the adiabatic basis. Explicitly, we have

[1+2N(1)] N Ry(1)
2Wi(t) W(1)”

3ooy|fi(1)]?=

[1+2Mi(D)] VA R Vi(t)
2_ 2 _ 2
. [1+2Nk(t)] k( )
* —
Hence we obtain
1
Szng d,u,(k) sk N+ +ekRk+8ka ,
1 1 R .
<T>=mf d,u(k) Tk Nk+§ +TkRk+Tka ,
L )
p:mzf dM(k) Nk +kak+kak1 (4.10
where
1 V2 HV H2 K
N_ — w2y k_ k 2, - o~ 2
sk—WJ it 5 Tekt (8¢ 1)(HVk+a2 2H ”
o 1 ) VE  HV, H?2 )
Sk:Wk_Wk‘FZ—T'ka'F—"‘(Gf 1) HVk+—_2H _2Wka
el=Vi—H+(6£—1)2H; (4.1
SV P TP wzvi 3HVi 2HZH 6:-1)21
—Wk—er(f—)_k_ZJf 5 T TH| (61731,
o 1 . , Vi 3HV, , HZ | LR
Tk=Wk —2mP+2(66—1)| Wi— 1+ —5— +wg— -+ H | +(66-1)% 3
=TR+4(66-1)W,,
TI=2(6£—1)(3H-V,); (4.12
1 V2 HV H2 V2 .k B5H2? R
N = |wey k_""7k 2 2, _ _ 2 'k 2 n o N2
pi BWJ g T Twk—2miE (B¢ 1)( 2Wi— " +AHV e+ 20+ 2H+ 5= —— | +(66-1)7 2,
1 V2 HV H2 V2 .k B5H2 R
pR= 3—V\/J—W§+Zk—7k+w§—2m2+ T+(6§—1)(2W§—7k+4HVk+2w§+2H+;—— +(66-1)25
=pr+2(4E6— D)W,
, 1 2
k=3 (Vi H)+ 5(66=1)(4H=Vy). (4.13
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We are now in a position to determine the specific choicdions will not be explicitly covariant if the regularization
of the functionswW, andV,, by the requirement that all the scheme is not, and the existence of a covariant point splitting
power law divergences of the energy-momentum tensoprocedure equivalent to the non-covariant adiabatic subtrac-
should be contained in the vacuum zero point terms, i.e., ifion is necessary to establish the latter’s validity. The fact
the terms proportional to the factors of 1/2 muItipIyiad ,  that the subtraction of the non-covariant divergent sums such
Tjk‘[, and p/k‘/, respectively, in Eq(4.10. The adiabatic ex- as EQ.(4.14 in adiabatic regularization nevertheless pre-
pansion of the mode functiorfg may be employed to isolate Serves the conservation equatioh8) is a posteriori evi-
these divergences. It has been shown by several authofé§nce enough that the procedure is completely consistent
[12,25,29 that the fourth order adiabatic expansion of theWith general covariance, which is all that we require from a
frequencyW,(t), if used in Eq.(3.1) for the mode function ~Practical point of view.
and then substituted into the expressions for the energy- The subtraction of the adiabatic order zero expressions
momentum tensor above, will reproduce all of the quartic,from the full energy density and pressure in 410 leaves
quadratic, and logarithmic divergences. The physical reasofubleading quadratic divergences still present. Hence we
for this fact is that for any smoothly varyira(t) the largek ~ Must match the functiol, andV to the adiabatic expan-
behavior of the exact mode functions is determined by théion to at least one higher order. Suppose that we choose to
WKB-like adiabatic form(3.1), and the local ultraviolet di- matchW,=W{?) to second adiabatic order. We should allow
vergences of the energy-momentum tensor are identical tien for Vy to enter at adiabatic order or(gince VZ and
those obtained in the adiabatic expansion of the mode funddV,, which are then adiabatic order two, appear in the
tions. Let us consider the matching of the lakgeehavior of  energy-momentum tensorThus to this order we could
the exact and adiabatic mode functions order by order in thghooseV,= — W9/W(?)= — w, /wy. Indeed this choice will
adiabatic expansion. match the quadratic divergences precisely, and one can

If we were to takeW,=W(”=w and V=0, then we  verify that the second order expressions
would isolate the leadingi.e., quarti¢ divergences in the

energy density and pressure. Indeed, to lowest adiabatic or- @ H2m*  (6¢—1)
der we obtain the quartic and quadratic divergent terms € 4772a3f du(K){ o+ SwE + —Zwk
1
(0)— H2m?
& 4772a3f du(K) wy, % iz_ 2_ ’
a (x)k
m? k2
0)= — ——— _
! 4ma jdﬂ(k)wk. . T(2)—T1 jd k)y — L I'—|+3H2)+5mG|_|2
47a (k) Wk 4wE( SwZ

By differentiating (®) with respect to comoving time, one
can easily show that this adiabatic order zero energy-

\ ) (H+H?) m?
momentum is formally conserved. It obeys Hg.8) pro +(6E—1)|——
k

. 2 K
vided that the time derivative commutes with the s(inte- - 20; ZHH3H™ 2
gral) over k, i.e., that any cutoff in the mode sum over
comoving momentum is time independent. Thus subtracting 3m?*H?2
it from the full expressions preserves the conservation law - ZwE ] (4.19

required by general coordinate invariance, even though the

forms (4.14) do not correspond to an explicitly covariant , ,
local counterterm in the effective action. obey formal conservation on their own and may be sub-

The reason for this lack of manifest covariance is that théracted from the full expressions in E.10. Again the full
adiabatic expansion treats time differently than space, and iystification of this subtraction requires the covariant point
fact cutting off the sums in spatial momentincorresponds sphttmg analysis. At this order all the non-universal power
precisely to a point separation in the spacelike hypersurfacW divergences are removed. _ .
of constant [13—15. When this is recognized, then the cor- ~ Proceeding in this way one more time we might choose
respondence between the adiabatic order zero expressiong=W and V.= —W2/W? in order to match the re-
(4.14 and the subtraction of covariant countertems genermaining logarithmic divergences in the vacuum sector and
ated by point splitting in the spacelike direction may beleave behind completely finite state dependent ternasand
made fully manifest and becomes completely justified. In thep. It is necessary to subtract up to adiabatic order four to
language of general renormalization theory, power law di-obtain the correct finite trace anomaly in the conformally
vergences are “non-universal,” in the sense that their preinvariant limit. However, the remaining logarithmic diver-
cise form depends on the regularization scheme employedences in the energy-momentum tensgonlike the power
which in and of itself has no physical significance. This isdivergencescorrespond directly to local covariant counter-
clear from the fact that in dimensional regularization powerterms in the quantum effective action, namely the fourth or-
law divergences do not appear at all. Hence any convenienter local invariantsC,p,./C2°°Y andR?. The variation of the
scheme, covariant or not, may be employed to isolate anfirst of these vanishes in conformally flat FRW metrics, and
remove these divergences, although the form of the subtrae possible third linear combination &,,R2® and R? van-
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ishes by the invariance of the topological Gauss-Bonnet derdefined by Eqs(2.14) and(2.15), remains after the adiabatic
sity, RypcdR2P°9—4R,,R3°+R?, under local variations of order two terms(4.15 have been subtracted. In fact, it is
the metric. Hence only the logarithmic cutoff dependence ofasy to see that the fourth adiabatic energy density and trace
the coefficient of the covariantly conserved ten$bH ,p, are given by

1 1 1\2 101 . .
(4)— _ _ 7 D 2_ _ 2_ 4
p 4772a3f d,u(k)4w§(§ 6) Htt+4772[120(H 2HH - 6HH2—H%)

3
2

1 1 . . K
&— < || BHH?+2HH—-H?— —H?
6 a2

"2
-1
(4)—
T 4172a3f A

1 2
& g) HzR],

K —12(1>H—i —l(l'-'i+4|'—|2+7HH+14HH2+2H4)
4o} 6 47%| 840

1 1

+3| ¢- 6) m2H2+%(§— 5

. . . K . K
H+4H?+7HH+12HH?~ —H - —H?
a a

2

K K . K . " .
— 4+ 4—H+2—H2+16H*+30HH2+ 4HH + 3H?
a* a? a2

} . (4.1

As is evident from these expressions the adiabatic terms dfare charge is rescaled logarithmically with the changed cut-
order four are of two kinds: logarithmically divergent pieces, off in such a way as to keep the renormalized charge fixed.
which are proportional to the local geometric ten§BH ,, In other words, rather than striving to eliminate it explicitly,

and finite pieces which are given in terms of the quantitieghe remaining logarithmic cutoff dependence in the expecta-

a, H, H, H,andF. The logarithmic cutoff dependence of 1N value ofTa, may actually be used to our advantage, in
(T..) may be absorbed into a renormalization of the coeffi.order to check the cutoff independence in the numerical evo-

cient of the tensof*H ,;, in the back reaction equations, i.e., lution of the back reaction equations,

by a renormalization of the coupling constant of the IdRal This procedure may be implemented in the semiclassical
yar . : piing back reaction equations as follows. We propose to avoid ex-
term in the effective actiofi9]. Since such a term has to be

introduced in princiole into the back reaction equations inplicit subtraction of the logarithmic cutoff dependence of the
any case, we rl?]ay s?mply include an explicit Ioga(r]ithmic cut-Eneragy and pressure, by checking that it cancels against the
off dependencéwith the correct coefficientin the bareR? logarithmic cutoff dependence of the bare fourth order cou-

. i o pling multiplying the tensor®H,,, which appears in the
gzﬁggni% i?]ecsggsIu::ee;ig?_%nogmlggﬂghig':Sg'r“lgﬁtﬁ:'aig'ns_emiclassical Einstgin equatig)n of pack reaction. If we de-
tum field. The resulting back reaction equations will be fully hote the bare .couplmg of the” term in th_e action by Ho .
cutoff independent and obey the covariant conservation rel then t_he Ioggr|thm|c cutoft erendence in the back reaction
tion (4.9). a}equatlons will be removed if

In electrodynamic back reaction problems the analogous
procedure has been employed in practical numerical imple- i: L 4
mentationg 30]. The logarithmic divergence in the electric ag  ar(p) 167°
current expectation valug?) in that case does not need to
be removed by explicit subtractions. Rather the logarithmiovhere A is the cutoff in the comoving momentum suin-
cutoff dependence of the bare electric chamgg,is used to  tegra) andw is an arbitrary finite renormalization scale. The
cancel the cutoff dependence of the expectation value of thenite adiabatic order four pieces in the energy-momentum
current (j* in the full back reaction equations, tensor are not taken into account by this procedure, so they
(1/€3) 9,F2°=(j®). Provided that the momentum cutoff is can be added back in by hand to the back reaction equations.
chosen much larger than the inverse scale of temporal varia- Besides being conceptually and technically somewhat
tion of the electric current and fields??, it can be demon- simpler than the usual approach of explicitly subtracting all
strated numerically that the results are independent of thtéerms up to adiabatic order four, this proposal is a significant
cutoff, as they should be. This can be checked explicitly bysimplification for practical implementation of the back reac-
running the numerical code with several different cutoffs andion equations on a computer sinwﬁ“) as given by Eq.

verifying that the evolution is unchanged, provided that the(3.6) involves both three and four time derivatives of the

o] ool
é—g log ; , (4.1
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scale factoa(t) [31]. These higher order derivatives present o (61 (e-H R «
problems for the standard approach to numerical back reac- Vi=— — - RH——— _( 41— =
tion calculations, when they occur inside the mode sums, Wik wﬁ 4w§ H a
since one cannot determine the form (df,,) to step the
equations forward in time without first knowing these higher
derivatives, which are themselves determined through the m2\ (é-1)
back reaction equations Ky ,p,). = H(l— 7) -———RH

Since in the general FRW back reaction problem we will @k Wi

not remove the logarithmic cutoff dependence in the energy
and pressure connected with the geometric terd$b ), (6—1) R( . K
ol H-

we will not need to match the functio®, andV, to their - ) (4.29
full fourth adiabatic order values. However even if these
functions are matched only to second adiabatic order, fourth
order terms in the “vacuum” contributions to the energy andto specify fully the adiabatic particle number basis for the
pressurea{(v and pﬁ/, will be generated inevitably, from the scalar field of arbitrary mass and curvature coupling in a
square of adiabatic order two termsWj, . In order to cancel general FRW spacetime.

these terms iy andp;’ we will chooseW, to beW? plus Some comments about this definition and the correspond-
those additional terms on the first line of H§.6) which fall  ing choice of basis bear emphasizing. First, by construction
off only as fast a& 3 at largek. Likewise we will choosev,  these choices fow, andV\ match all the quartic and qua-

to be — @/ w, plusthe one additional term on the first line dratic power law divergences in the energy and pressure in a
of Eq. (3.5 which falls off only as fast ak~2 at largek. general FRW spacetime. Thus the subtraction of the adia-

Since we are not attempting to isolate the adiabatic ordetPa;[jIC wo exlylarlta33|on§4 h15) dfrorln t?]e lbare _erllwergy de?fsgy
four logarithmic divergences, and wish only to avoid intro- 2Nd trace will leave be |rl)(1)ony the logarithmic cutolt de-
ducing spurious fourth order divergences from the square dfendence proportional t0-Ha,, whenever it is non-

W) we may evaluate the fourth order terms\ify andv, ~ vanishing. . .
on a spacetime witlvanishing WH,,. This is the minimal Second, with these requirements, the choicé\gf and

choice of W, andV,, which leaves behind only a logarith- Vk.’ and hgnce the ?diab"’?“c basis th.ey dgfine is the almost
mic cutoff dependence ia and p proportional to the geo- unique, m|n_|mall ch0|ce.. Since th? §d|aba(mder zero _and
metric tensorH .. The vanishing of H,, , with com- two) matching is required to eliminate the non-universal

ponents given in Eq2.15), allows us to make the following power d|vergen(;es in the e;nergy-mpmentum tensor, and
replacements: since the matching of any higher adiabatic orders requires

higher order time derivatives of the scale factor which we
exclude, the only freedom left in the choiceWwf, andV, are
2RH—>R( H— iz) , adi_abati_c order fou_r terms W/, and third orG!er terms W,
a which either give rise to locai?H ;, terms in(T,,) or fall
off faster than I® and hence lead to finite reapportionment
Kk of the terms in the energy-momentum tensor between “par-
(H— ;), (4.18 ticle” and “vacuum” contributions. This residual ambiguity
in the separation of the energy-momentum terms into particle
) i o and vacuum contributions cannot be removed except by an
when evaluating and Vy.. Hence the higher derivative essentially arbitrary choice. It reflects the necessary uncer-
terms in the first line of Eq(3.6) become tainty in the definition of the “particle” concept in time
varying external fields. However the residual ambiguity is
fairly mild and does not affect severely the physical interpre-
. (419 tation of particles in semiclassical cosmology where the
variations of the metric are assumed small in Planck units.
Our definitions ofW, andV, in Egs. (4.20 and (4.21) are
the minimal ones, involving no more than second derivatives
of the metric, that make such an interpretation of the separa-

. . 3
R—>—3RH—>—§R

2

.. . . 5 R 8k
R+5RH+2RH+6RH"— — R_gi

and we finallydefine

WRWOR (€-%5) Rl R 8k _(5—%)2R2 tion of (T,,) into quantum vacuum and quasiclassical par-
k= YWk 3 aZ 83 ticle components possible for slowly varyimdt).
K K Third, for the massless, conformally coupled scatar,
=0 andé=3, the definitiong4.20 and(4.21) simplify con-
(§—%) m? . 5 5m* 5 siderably: Wy=k/a and V, =H. Referring back to Egs.
=t Doy R=73(H+3H9)+ o= H (2.26) and(3.18 we observe that the adiabatic particle num-
K k ber N is constantin this case, i.e Vy,=N. Hence there is
(6-1) 8k| (£—1%)2 no creation of massless, conformally coupled field quanta in
- 3 R( - == 3 R2. (4.20 arbitrary FRW spacetimes, as expected from conformal in-
16wj a 8wy variance.
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Fourth, for the massless, minimally coupled scalar field,of the adiabatic order two expressiongill vanish identi-

m=¢=0, cally, and the resulting renormalized energy-momentum ten-
502 sor is fully cutoff independent, without any additional coun-
W, :E 1— Ra” n Ra 1— K tertems. In order to compare the value of the fir(ifg,,)
K" a 12k?) 1 k%)’ with previous authors, we perform the final adiabatic sub-
traction of order four as well. The fact th&PH ,, is zero for
RH& Ra& (. « de Sitter simplifies this order four subtraction, so that we
Vi=H+ “6k2 + 24k2H H T a2l only need to subtract the finite pieces of EGs16), and the

(4.22 logarithmic cutoff dependent counterterm is not needed to
obtain the renormalized energy-momentum tensor.
We observe thaw, is everywhere non-negative f&@=0, Examining in detail the adiabatic “vacuum” component
vanishing only for the spatially constant mode in the case obf the energy and pressure, obtained by subtraction of the
closed spatial sectionk=«=1, and then only at times for second order adiabatic expressi¢asl5),
which R=12/a2. With these special exclusions the definition
of adiabatic particle basis specified by EG&20 and(4.21) 1 1 _
is meaningful even in this quite infrared sensitive case, SVEWJ du(k) (e —e®)= == 3] du(k)ey,
L - . ; T°a 8ma
which is the most analogous to linearized graviton fluctua-

tions.
In this paper we restrict ourselves to a test field approxi- ! f du(K) (Ve TV 1 )1 T(2)
. . ) = +T)— = +T
mation, and do not consider the back reaction of the created "V 247%a® pkeict T~ 3(e )

“particles” in the background geometry. For the special case 1

of de Sitter, which will be the particular spacetime under _ fd K (eo+ T 4.2
study, the tensof"H,,, vanishes. Hence in this fixed back- 2an7a3) et T, .23
ground the one remaining logarithmic cutoff dependence

proportional to the geometric tensB?H ,, (after subtraction  with

— 1 _@R W _(f—%)R_(eg—l) v oz +(Vk_H)2_3(§—%2(Vk—H)RH
3(6—8) (W) | . K )
- Rl H+4H%+ : 4.2
and
T2 EER M ey SETR (667D
S| kT e g, o (6&—1)(Wx—wy) o o ( )
(65_1)(Vk_H)[ 4H m“( m2> , (E= (W= wy)
- |V H+ — (W= ) [+ —5| 1— —|H?+ —————
2W, k o (Wie— o) 4&’5 ;E wi’Wk
1 :
XR[—m?+3 g—g)R+(eg—1)(H+H2)}, (4.25

and using the definitions oV, andV, in Egs.(4.20 and pendence vanishes as well in the special case of de Sitter
(4.27), we observe that the sunistegralg for these vacuum spacetime.

contributions to the energy density and pressure in(EQ3 An additional technical point is the fact that when per-
are explicitly convergent for arbitrary mass and curvatureforming the adiabatic subtraction one should use the continu-
coupling ¢ in a general FRW spacetime. Hence the remain-ous measure, and not the discrete one, even in the case of a
ing logarithmic cutoff dependence ¢T ,,) proportional to  closed cosmological modgl4]. This scheme is necessary to
(UH,, must reside only in the terms linear v, R, and compute finite Casimir energies and the correct trace
7, in Eq. (4.10, and this remaining logarithmic cutoff de- anomaly, for example. We only point out at this stage the
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relevant steps needed to carry out this subtraction. The devith the initial particle number density in phase space

tails of this calculation can be found [i4]. Ni(tg). By convention and without any loss of generality we
The terms needed are called the Plana terms, and aweill retain our previous definition ofN, to be the initial
given by particle number density with respect to the initial adiabatic

mode basis specified by Eq8.1), (4.20, and(4.21). This
means that for general initial data we must allgyt,) and
i‘k(to) to differ from their adiabatic vacuum valudg(to)
and fk(to), respectively. Consequently, the Bogoliubov coef-
i*“ q(2) ficients ay(ty) and By(t,) do not satisfy Eq.(3.14 and

deft ™

+ o0
P_,=>, kzk’”—i dkk2k "
k=1 0

0 dzezﬁz_l' (4.26 Ni(tg) #Ny in general.

The global phase freedom in the mode functions allows us

1 1
= —i dkk?k "+ = —2
0 2

with to choosef(ty) real. Thus we may define the two real func-
tions ofk, wy andv,, by
- 1[(1+iz)? (1—iz)2i o
q(z)= =+ - - - . . 1
2| (1+iz)™ (1—iz)" fi(to)= '

5

2Wk
We need to calculate the Plana termstier —1, n=1, and

n=3, as these values af correspond to the divergences . . Vi
present in the theory. It is easy to see that the calculation of fito)={ —iwit 5 | fi(to),
the Plana term fon=3 requires the introduction of an in- (5.2)

frared regulatorZ. With this is mind, we have
which is the general form of initial data satisfying the

P :i I i Wronkskian conditior{2.29. The physical condition that the
171200 -1 12’ initial state have finite energy and pressure requires\that
andv, must match the adiabatic vacuum val¥gg andV,
P_s=log{+ye=log{—#(1)=log{+0.577215 .. .. defined by Eqs(4.20 and (4.21), up to terms that fall off
(4.289  sufficiently fast at large, i.e.,
The infrared regulator drops out of the final answer for the |W— Wi (to) | < O(k™3),
renormalized(T,,) when the state is IR finite. We present
results for the renormalized ,;,) for the special case of a de [Vii— Vi(to)| <O(k™?), (5.3

Sitter universe in the next section, with these additional finite
Plana terms subtractéds described ifil4]) in order to com- ask—o. Likewise we must require that the initial particle
pare our results to the earlier literature. distribution have finite energy and pressure, so that

-3
V. PARTICLE CREATION IN de SITTER SPACETIME Nk<O(k™>) as k—o». (5.9

The line element of de Sitter space with= +1 is given Any choice of finite initial data in the form of the three

by Egs(2.1) and(2.2) with functionsw,, vy, andN, satisfying these conditions at large
k have finite initial renormalized energy and pressure and are
agedt)= H~lcoshHt. (5.2 physically allowed. This condition of finite initial energy and

pressure is sufficient to guarantee finite energy and pressure
Because of its higher degree of symmetry and special statder the scalar field at all subsequent times.
both in the preceeding discussion of renormalizatiotitqf,) In the special case of spacetimes for whichH,,=0,
and in cosmological models of the early universe, we willsuch as de Sitter space, we may saturate the inequabti®s
apply our decomposition of the renormalized energy-and (5.4), since the logarithmic ultraviolet divergences in
momentum tensor of the scalar field first to de Sitter space¢T,p,) this would lead to in a general FRW space are propor-
time. The de Sitter invariant “vacuum” stat@r variants tional to (VH,, and vanish whedVH,, vanishes.
thereoj is by far the most commonly discussed in the litera- The numerical solution of the initial value problem pro-
ture [32]. However, from the point of view of the initial ceeds as follows. We first define initial conditions as given in
value problem for the scalar field theory, specified on a comEg. (5.2), and then solve the mode equations using a sixth
plete spacelike Cauchy surface, there isarriori reason to  order Runge-Kutta integrator. All quantities of interest can
impose the globab((4,1) invariance of de Sitter spacetime. pe derived from the numerically evaluatég(t) and f,(t).
Our general framework permits us to considewy spatially  Computations of the energy-momentum tensor involve direct
homogeneous and iSOtrOpiC initial state consistent with finitesummationdnot integrai$ since we are Considering closed

renormalized energy and pressure. o 3 spatial sections. Since all the modes are independent the cal-
This general initial state of the scalar field is specified byculation is well-suited to a parallel computer.
initial data on the mode functions,(t,) and f,(to), con- The numerical scheme preserves the covariant conserva-

strained to obey the Wronskian conditig@.29, together tion of both the bare and the renormaliz€H,,). The con-
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FIG. 3. Particle number fom=1.0,£=1/6,t,=0, and different

FIG. 1. The top line pIotsdeR_/dt, the_bottom Ii_ne plots | aiues of comoving momentum, from left to righ#=1, 20, 50, 100,
3H(er+pRr), and the sum of both is vanishing, showing that the 200. 250 500. 1000

renormalized energy-momentum tensor is covariantly conserved.
, fth , ) It of th _vacuum initial conditions, and the choiceg=W, and v
servatl_on of the b_are tensor is a direct resu_t 0 t_ e equation. V. Whenm and ¢ are such that
of motion for the field® (t,x). Because the adiabatic subtrac-
2

tion procedure at any given order preserves the covariant M2 9 m 9
conservation of the renormaliz€d ), (T.p)r Must be con- 2= === 12¢6— Z>0, (5.5
served as well. In Fig. 1 we show explicitly the covariant H H

conservation of the renormalized energy-momentum tenso?] il ber i h ith . . f
for m=1.0, £¢=1/6, t,=2.0, and a momentum cutoff of the particle number increases sharflyith a rise time o

=400. order H™1) when the physical wavelength of the mode

One can also show explicitly that our results are cutoffcrosses the de Sitter horizon, i.e., whent., where
independent. That is, if we run with a momentum cutaff
(the total number of modes i§), all renormalized quantities
remain cutoff independent until we reach the time at whic
all the modes have crossed the horizon. That is, we can tru

cosi{Ht.)=k. (5.6)

hen the initial timety=0, the de Sitter universgn closed

our results until times of order of,, with t, given by

coshft,)~A.

In Figs. 2 and 3 we plot the particle numh&f(t) in de
Sitter space for various values kf m, and ¢, starting att,

=—-8 and t,=0 (in units of H=R/12) with adiabatic

Spatial coordinatgss always expanding thereafter and each
mode can cross the horizon and go through its particle cre-
ation event at most once. This situation is shown in Fig. 3
and Fig. 4. If the initial timety=<0, the spatial sections first
contract, then expand, and some modes can cross the horizon
twice, once on the way in and then again on the way out,

09 T I T T 004 T T T T
“l 2 S
orr 0.03 | R
06 | m
0.025 i
05 | : i
x : ¥ o002} 1
zI : =z .
04 4
0.015 | J
03 i
02 b | 0.01 | -
0.1 -Wﬁ(%/ i 0.005 | 4
O 1 1 1 O 1 1 1
5 0 5 10 15 0 2 4 6 3 10

t t

FIG. 2. Particle number fom=0.6, £=1/6, t,=—8, and dif-
ferent values of comoving momentum, from left to right
=1, 2, 10, 20, 25, 50, 100.

FIG. 4. Particle number fom=1.6, £&=0, t,=0, and different
values of comoving momentum, from left to right=1, 20, 50,
100, 200, 250, 500, 1000.
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FIG. 5. Momentum versus comoving crossing time rior=1.0, FIG. 7. E density. t d tier0. m=1.0
£=1/6, andk=1, 20, 50, 100, 200, 250, 500, 1000. andé— 16 nergy density, trace, and pressuretfor 0, m=1.0,

corresponding to the two solutions of EdS.6) att=*t..
These modes then go through two separate bursts of particlehe value of the constant plateau value/Af at late times
creation, as illustrated in Fig. 2. The behavior of the horizonand largek can be compared with that calculated by one of
crossing time withk in accordance with Eq5.6) is shown in  us [35] analytically some years ago, namely
Fig. 5 and Fig. 6. In Figs. 5 and 6 we plot the logarithms of— sinh™?(sry), assuming an initial “in” vacuum state corre-
the comoving momentum as a function of their crossing timesponding to pure positive frequency gs— — . Although
t.. The lines correspond to the fits, 8'3and 0.1@", for ¢  this “in” state is a higher order adiabatic vacuum state than
=1/6 and¢é=0, respectively, in agreement with the previousthe one considered in the present work, the difference be-
considerations regarding the nature of the particle productiotween the two goes to zero rapidly for large We remark
at horizon crossing and earlier work on stochastic inflatiorthat if we had chosen a different separation of particle and
[33,34]. vacuum components @fT,,) by making a slightly different
This corresponds to the physical picture of particle cre-definition of W, and V, at adiabatic order four, then the
ation as a parametric resonance between the wave functiatetailed time profile of theV, near the horizon crossing
of the particle mode and the geometry, which is maximizedvould be slightly different, but the location of the crossing
when the physical wavelength of the mode is the same as thtéme and the plateau values of particle number at later times
horizon scale. observed in the figures would not be altered.
In Figs. 7 and 8 we have plotted the renormalized values The fact that the particle number density in any giken
of the energy, trace, and pressure for the cases consideretbde does not redshift away despite the exponential expan-
above. The most important feature of the figures to note ision is related to the fact that these created particles do not
that the particle number goes to a constant which is almostatisfy a standard dust or matter equation of state with
independent ok at late times, when the modes freeze out.

. ' r T T T 0.002 Energy ]

T
N
o
1

1000 |

/0/,/ 10.002 Pressure

L i -0.004
100 3 /ﬁ 0.00 Trace

-0.006

Log k

. -0.008
10 ¢ //" .
r - -0.01

-0.012

1 ) ) ) ) ) ) - -0.014 0 1 1 1 1 1 1 1

FIG. 6. Momentum versus comoving crossing time for FIG. 8. Energy density, trace, and pressuretfgr 0, m=1.6,
=1.6, £=0, andk=1, 20, 50, 100, 200, 250, 500, 1000. and ¢=0.
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FIG. 9. Renormalized value ¢fb?) as a function of comoving ) .
time for m=0, £=0, andt,=1.0. FIG. 10. Energy, trace, and pressure as functions of comoving

time form=0, £=0, andty,=1.0.

=0, p=0. Rather as Figs. 7 and 8 show, the matter plus 11944
vacuum contributions to the renormalized energy and pres- (Tap) — ———Jab, (5.9
sure satisfy the de Sitter equation of state; —p at late R 960m

times. In this free field theory there is no scattering between I . L
) / . ) even though the initial state and transient behavior in those

the created particles, and a “normal” equation of state can- - o o .
; . .~ _casegnon-vacuum initial conditionsare not de Sitter invari-

not be established. The form of the equation of state is X nt

pected to change as soon as interactions are introduced, NOTha fact that in all the above cases. even for de Sitter
matter how weak, since the particles have a finite density anﬁon-invariant initial conditions and even for the massless,

anI\Lljg)l('tm\':lidC'gfg?grofhtém;;(gs'lrgseéag;sm’:@) for both minimally coupled field, the total renormalized energy-
momentum tensor goes to the de Sitter foem; — p— con-

conformal €=1/6) and minimal £=0) couplings. As al- stant, is an important general conclusion of our study. Quali-

ready remarked, in the conformal case there is no IoarF'Cl‘laatively, one can understand this result in the following way.
creation at all, so the energy and pressure remain strictly

constant and agree with that of the Bunch-Davies vacuum\ Iate_times,t>H‘1, a(t) grows exponentially in de Sitter
[21] given by spacetime, and a very large number of modes have wave

numberk<a, i.e., physical wavelengths that have been red-
5 — shifted out of the de Sitter horizon and frozen out. Those
(T >B‘D<m:O§= E) % R H . wave numbers for whick is still greater thara(t) behave
ab ” 6 642 2160  9gos2 2P like adiabatic vacuum modes and are removed by the sub-
(5.7)  traction procedure. Hence the sufirstegralg overk in the
renormalized energy-momentum tensor are cut ok.gf, of

which corresponds to the value of the anomalous trace. order a(t). Since the initial conditions differ from the de

The results for the massless, minimally coupled field areoitter invariant vacuum data only for some finite set of wave
shown in Figs. 9 and 10. We point out the fact that theNUmbersk=ko (say, these small wave numbers make a de-

renormalized value of®2)x grows linearly in time with a creasingly small contribution to the mode sum, which is con-

I o - . trolled by the wide band of wave numbers for whikf<k
slope ofH*/47<, that is independent of the initial conditions <a(t). The summandintegrand in this wide k band ap-

,Erzl:'g:]é I?:r(::gciéﬂzv;g: g}etrzzizsr:gf;’awz'ggn:gzrcou?rl:geca;r?@earing in the energy density, pressure or trace is a function
9y, ' nly of physical wave numbé¢/a (since it is independent of

pressure are determined by the value given in (24, and the initial data. Examining the behavior of the mode func-

it doesnot go to the value calculated in R¢R1]. This dif- . for | : d ding the i di _
ference can be understood as a finite additional term tha’ﬂonS or late times and expanding the integran iar p in
eowers of physical momentum it is easy to see that

must be added to the Bunch-Davies result when the spatiall
homogeneou&=1 mode is handled properly. a(t)
Og¢ . e
It is interesting to study the case of the exactly massless, 5~ P -

n

a(t)
za“—3(t)f dkk?~"
ko

minimally coupled scalar field for a wider variety of initial () K5k k

conditions. If a non-zero number of particlbk in a finite ko |31

number of modes is added, the asymptotic values of the =1-|— —1, for n<3.
renormalized(T,) still approaches the de Sitter invariant a(t)

value[22] (5.9
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Hence all terms in the summand which do not grow faster 01 . . . . . . . .
than n=3 for large a(t) yield a constant contribution to
(Tap) in the late time limit, independent of the initial data. 008
The largest powen which can occur in the mode sums for

andp is controlled by the behavior of the mode functidps ~ 0.06
at late times. Referring back to Eg®.25 and (2.26) it is

clear that the late time behavior df(t) is oscillatory, 0.04

exp(xiyHt) for y2=0 but exponential, expf|y{Ht) for v?
<0. Since(T,y,) is bilinear in the mode functions the power %% &/\pr%sum'
n can be as large as|4| for y pure imaginary. Provided
y*>—2 all n<3, and the exponential behavior cannot °
overcome the normal kinematic redshit 3, there are no Energy
extreme infrared singular terms in the summand, and we 202 7
conclude from Eq(5.9) that bothe and p should tend as-
ymptotically to a constant, independent of the initial data at®™ ;% 5 4+ s s 7 s o 10
late times. By the covariant conservation equatiér®) for
the renormalizedT,;,) this implies the de Sitter equation of
states— —p at late times, which is precisely what the nu-  FIG. 11. Energy, trace, and pressure as functions of comoving
merical results show. time form=0.3, £=—0.0075, and,=1.0.

Conversely, ify?< — 2, we should expect the integrals for
the finite renormalized energy density and pressure of thewode equation but no such symmetry under field transla-
scalar field to contain terms with=2|y|>3 and to grow tions. Because the energy-momentum tengo#) depends
with the scale factor lik@2/” =3 [7]. Details of this case and onm? and¢ in distinctly different ways, in these cases there
the analytic calculation of this behavior will be presentedis a generic term proportional {&b?) in & andp, and hence
elsewherd 24]. the exact cancellation of the linear growth inbetween

The casey?=—2 is marginal. For this value of® the ~ vacuum and particle contributions no longer occurs. fhe
powern=3 is possible(but not requiredlin the mode sum. tal energy-momentum tensor now grows logarithmically
If present, it leads to a logarithm, I<aag—>ﬁt and linear yvi'gh a(t) or Ii'nea.rly witht in de Sitter space. This behavior
growth in cosmic time for the components of the energy-'S illustrated in Fig. 11. _
momentum tensor. One has to examine the enerqy- 1he coefficients of this linear growth can be determined
momentum tensor in more detail to determine if such loga@nalytically from the known behavior qfb?), namely
rithmic behavior exists or not, as a general argument based _
on the asymptotics of the mode equati@i25 will not suf- 3¢H®
fice. In the adiabatic “vacuum” and matter contributions g A2
separately we observe this linear growth for the massless,
minimally coupled scalar. This behavior of the “vacuum”

t+80,

5
component is easily understood from the asymptotic forms p—+ H t+p
of the functionsW, and V in Eq. (4.22 in the massless, 472 o
minimally coupled case, since they imply that
12¢H5
a|® T+ 4T (5.11)
5= - (5.10 (M=t o

with the constantsy andp, constrained by the conservation

for k<a. This is the marginah=3 power behavior which equation(4.8) to obey

leads to a linear growthfor the energy density of the
vacuum contributionin comoving time with slope (82) 1. —,
However, it turns out that for the exactly massless, mini- _H
2 o €0t Po=
mally coupled caseni“=¢=0) the complete, vacuurplus
particle, renormalized energy and pressure do not have such
n=3 logarithmic divergences, as our numerical studiesand the constarf, determined by the equation
show. In this case there is an exactly compensating growth in
the matter contribution which cancels the vacuum piece. This To=3Po— &o. (5.13
cancellation is a consequence of the exact field translational
symmetry (b—® +constant) in the massless, minimally Hence fors>0 (andm2<0) this linear growth decreases the
coupled case which prevents a term proportional %)  effective cosmological constant over time, whereas for
from appearing in(T,p). L <0 (andm?>0) it increases it. In either case the back reac-
Next we considen?=—3, i.e.,m?+12éH?=0, withm?  tion of the scalar quantum field cannot be neglected at late
and ¢ separately different from zero, which has the sameimes. It remains to be seen whether this linearly growing

(5.12

4m?’
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behavior carries over to the physically more relevant case oénergy-momentum tensor of quantized metric fluctuations
one-loop metric fluctuations themselves, and if so withthemselves. Barring a special cancellation which occurs in
which sign. the é&=m=0 scalar case, we may expect that this energy-
Finally, it is interesting to study the case of minimal cou- momentum tensor would contain terms which grow logarith-
pling and non-vanishing but small real mass. In this casenically with the scale factor, and dynamically influence the
there are two time scales: a short time scale on which thevolution of the mean geometry away from de Sitter space,
Allen-Folacci vacuum is approached, and a longer time scalas has been suggested by general arguments some time ago
controlled by Irh on which there is a smooth transition to [36]. The generalization to fully self-interacting fields is an-
the Bunch-Davies vacuum. Details of this case and a reliablether interesting direction to pursue, since one would again
analytic calculation of the behavior observed will be pre-expect the interactions to alter the de Sitter equation of state
sented elsewhel@4]. found in our study of the asymptotic behavior of massive
fields. The formalism presented in this paper is intended to
serve as a foundation from which the detailed analyses of
these issues can begin, and the general back reaction problem

We have presented a general method to study the initidl cosmological spacetimes with arbitrary finite adiabatic ini-
value problem of a quantum field in a FRW spacetime. Thdial data can be posed and solved numerically. These exten-
two basic ingredients are: an initial adiabatic stateorder ~ sions, applications to specific cosmological models, and the
four), and an adiabatic number basis, with respect to whictgeneration of density perturbations in the early universe are
we define a particle number. This basis allows one to writdinder current study.
the bare energy-momentum tensor as a sum of two contribu-
tions: a vacuum polarization term, and a particle production
term. The advantage of the basis presented here is that the ACKNOWLEDGMENTS

non-universal power law divergences(df,,) are isolated in — The 4ythors wish to express their gratitude to Paul Ander-
the vacuum polarization piece, and the matter contributiony,, for his incisive comments on the manuscript and endless
displays physically reasonable behavior, as evidenced by the, s of fruitful discussion. Numerical computations were

particle creation process in de Sitter space. We have 'mpleﬁerformed on the T3E at the National Energy Research Sci-

mented a numerical scheme incorporating this theoretical apsytific Computing CentefNERSQ at Lawrence Berkeley
proach which preserves the covariant conservatiofTgf), National LaboratoryLBNL).

and yields a renormalized ) which is cutoff independent.

The numerical results for a de Sitter background can be
summarized as follows. For the case of large mass Q) APPENDIX: ADIABATIC EXPANSION
particle production takes place at horizon crossing, and the IN CONFORMAL AND COMOVING TIME
late time behavior of the renormalized energy-momentum
tensor agrees with that of the Bunch-Davies vacuum. In the Because of the loss of explicit covariance under time rep-
conformally invariant casen=0,£= 1/6) there is no particle arametrizations in the adiabatic regularization procedure, we
production' and the renormalized value of the energy_establiSh in this Appendix the relationShip between the adia-
momentum tensor corresponds to the well-known tracdatic expansions in two different, commonly used time co-
anoma|y_ The massless m|n|ma||y Coup|ed f|e|d‘]:€0, Ordinates, namely conformal tlm¢and the ComOVing time
£=0) appears to be a marginal case. Non—de Sitter invariafmployed in the present work. We will show that the two
initial conditions are driven to the Allen-Folacci vacuum, adiabatic expansiongomoving and conformalgive identi-
and not to the Bunch-Davies vacuum. In none of the abové&al results for physical quantities such(ds,,) to any order
cases doeéT,,) vanish for late times, that is, it is not red- in the expansion. _ _ o
shifted away due to the expansion of the universe. Back re- The relation between the two time coordinates is given by
action effects, though not required by this behavior cannot b&A- (2.3) of the text. We denote a derivative with respect to
ruled out when higher order corrections due to self-comoving time by a dot, and a derivative with respect to
interactions or fluctuations in the background metric are inconformal time by a prime. If we define the conformal mode
cluded. Finally, form?+ ¢R=0, butm? and ¢ individually ~ functions by the relation
different from zero, the total energy density, trace, and pres-
sure of a free scalar field grow without bound, logarithmi-
cally with the scale factor. In this case it is certain that back
reaction effects must be included self-consistently, since the
energy density and pressure must eventually grow larggen the mode equatiof2.25 in comoving time implies the
enough to influence _the _background geometry and invalidatg,qqe equation
the test field approximation.

We believe that these results merit a fuller investigation
of the effects of self-interactions and q_uantized gra}vitatiopal gu( ,7)+m§( 7)9x(7)=0, (A2)
fluctuations in a complete back reaction calculation. With
respect to the latter, an interesting extension of the present
study of free scalar field theory would be to the second ordewith

VI. CONCLUSIONS

gu(m)=a YAt f (1), (A1)
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1 3 1 [y o1 @YY
20 N _ 2 k k
mk<n>—C<n)wk+(§— —)cw)R(m Yoo g2, 3 ( ) BE S
6 k k - -
4YI((N 1)2 dy 2Y|(<N 1) d772
2
:aZQE‘l‘aZ 54‘7 s (A3) :az QZ+3 1 dWE<N D)2
K 4wN-1)2 dt
in conformal time. Hence the zeroth order adiabatic fre- 1 1 dwiNy
quency for the adiabatic expansion in conformal timeis ~ 5 omh | =a?Wv2, (A10)
times the zeroth adiabatic frequency for the adiabatic expan- W dt

sion in comoving time,w,. We will now show that this
feature holds to any adiabatic order.

Since the mode equation@\2) or (2.25), both have the
standard form of a time dependent harmonic oscillator equa- YN =at)wM(t). (A11)
tion, the adiabatic ansatz,

Hence by induction we have proven that to any adiabatic
order

Moreover it is clear that this argument has relied only on the
1 . form of the mode equatiof2.25 or (A2), and their corre-
gk( ﬂ)Emexr{—iJ dn’Yk(n’)}, (A4)  sponding WKB definition of the frequenciéd/, and Y.
[2Y ()] Since under ararbitrary differentiable transformation of
time coordinates
leads to an equation fo¥(#») in conformal time

dt=b(t")dt’, (A12)
31 (dYy\? 11 d?Y, the mode functions can be rescaled
YE:W%FZ_Z d_ _EY__Z’ (AS5)
i &7 k d7 f)=b" At )gu(t), (A13)

which is exactly of the same form as that in comoving time,in order for the firstt” derivative terms inf, to be elimi-
upon replacingy by W, , andw, by Q,, i.e. nated, the mode equation in the new time variable can be put

in the standard form

3 1 (dw, |2 1 1 dPw, Or(t)+wi(t)ge(t’)=0, with
W2=Q2+— —|—| -5 — . (AB)
4 WE dt 2Wk dtz 3/b’ 2 b”
wﬁ(t’)zbznﬁ—z(F +op (A14)

To zeroth adiabatic order we have established already that
where now the prime denotes differentiation with respect to

(0)2_ 02_~ 2 t’. Once in this form the adiabatic ansd#5) may be in-
Yk CM Coi- (A7) serted and the previous inductive argument may be repeated
to yield
Let us now assume that this result is true at adiabatic order N \
N-1,ie., YUt =bW (1) (A15)
B B for the arbitrary reparametrization of the time coordinate,
YY) =Ccow () (A8)  _t/(1).
An immediate corollary of this result is that any quantity
and iterate to ordeN. Since such as the energy density and pressure, developed up to a
given adiabatic ordeN in the comoving time coordinate
(N-1) corresponds exactly to the same quantity developed up to the
i (N=1) | \a/(N—1) same adiabatic ordét in any other time coordinatg. Since
=aHW  “+W . ], .
dny T,p transforms as a tensor, the energy density and pressure
transform as
d2y(N-Y ) e—e'=b,
#: a3[2H2WN D+ N
n

p—p'=p, (A16)
AN=1) | vig(N—1)
IHW +W(k Ik (A9) under Eq.(A12). Hence up to the overall factor &f in the
first of these relations, the energy density and pressure in
substitution into the right side of EGA5) and using Eqg. either time coordinate are numerically equal at any order of
(A3) gives the desired iteration to ordir namely, the adiabatic expansion, and the renormalization procedure
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of subtracting the expansion up to adiabatic order two or fouthe subtraction of the adiabatic order two expressidnt5

from the bare quantities is theameprocedure in any time from the bare energy density and pressure corresponds ex-
coordinate. The cas€ =% and b=a, relating conformal actly to the same subtraction in conform@r any othey

time to comoving time, is just a special case of this muchtime coordinate which leaves the spatial sections unchanged.
more general result, so that the conformal adiabatic exparkinally, since the fourth order logarithmic cutoff dependence
sion which has been given, for example[i#,25 is exactly ~ of (T,,) is proportional to the geometric tenst?H ,,, this
equivalent to the corresponding expansion in comoving timeéemaining cutoff dependence and the argunigiven in the
given by Egs(3.4) and(3.6) of the text, as may be checked text) for how to handle it in back reaction calculations, ap-

by explicit comparison of the two sets of expressions. Hencelies equally well in any time coordinate.
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