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Detailed study of BBN implications of neutrino oscillation generated neutrino asymmetries
in some four neutrino models
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We re-examine the evolution of neutrino asymmetries in several four neutrino models. The first case in-
volves the direct creation ofLne

by ne↔ns oscillations. In the second case, we consider the mass hierarchy
mnt

@mnm
,mne

,mns
wherent↔ns oscillations generate a largeLnt

and some of this asymmetry is converted
into Lne

by nt↔ne oscillations. We estimate the implications for BBN for a range of cosmologically interest-
ing dm2 values. The present paper improves on a previous study by taking into account the finite repopulation
rate and the time dependence of the distortions to the neutrino momentum distributions. The treatment of
chemical decoupling is also improved.

PACS number~s!: 98.80.Hw, 26.35.1c
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I. INTRODUCTION

If light sterile neutrinos exist, then this will lead to impo
tant implications for early Universe cosmology. This is b
cause ordinary-sterile neutrino oscillations generate la
neutrino asymmetries for a large range of parameters@1–6#.
This is a generic feature of ordinary-sterile neutrino osci
tions.

The implications of this phenomena are quite model
pendent. Various implications of this phenomena have b
discussed in a number of previous papers for a numbe
interesting models motivated by the existing neutrino anom
lies @2–9#. For example in Refs.@2,4,6# it has been shown
that the maximalnm→ns oscillation solution to the atmo
spheric neutrino anomaly is consistent with a stringent
bang nucleosynthesis~BBN! bound ofNe f f

BBN&3.6 ~and may
also be consistent withNe f f

BBN,3 depending on the mode
@3,9#!. This consistency requiresmnt

*few eV ~for

udmatmos
2 u.331023 eV2), thus placing thent in the inter-

esting hot dark matter range. Of course this is also of g
interest to short-base-line experimentalists.

Of particular concern to this paper is the ‘‘low temper
ture’’ evolution of neutrino asymmetries which also has i
portant implications for BBN. In Ref.@3#, we discussed the
four neutrino model withmnt

@mnm
,mne

,mns
. In this case a

large Lnt
asymmetry is generated bynt↔ns oscillations,

some of which is transferred toLne
by nt↔ne oscillations.

This has important implications for BBN since it allow
Ne f f

BBN,3, with Ne f f
BBN'2.5 for a large range of parameters

Lne
.0. Qualitatively similar results occur for other steri

neutrino models as has been shown in a number of re
papers@7,9#. One point of all this is thatNe f f

BBN,3 is a seri-
ous possibility if light effectively sterile neutrinos exist.

In Ref. @3# we considered the case of largeudm2u where
the Lne

was created above 1.5–2.0 MeV, so that its implic
tions for BBN could be approximately discussed by us
thermal neutrino distributions~i.e. the neutrino asymmetr
was distributed with chemical potentials! which were ap-
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proximately constant during the era when the neutron/pro
ratio was changing~i.e. for T&2 MeV). We also briefly
estimated the effects for the direct production ofLne

by ne

→ns oscillations~this case is only possible if the other ne
trinos are lighter or do not oscillate into the sterile neutrin!.

Recently, Ref.@3# has been criticized in Ref.@10# where it
is claimed that the time dependence of the neutrino asym
try and finite repopulation rate~which was assumed to b
instantaneous in Ref.@3# for temperatures above about 1
MeV! are of critical importance. Reference@10# also simi-
larly criticizes Ref. @7# ~which studied a quite different 4
neutrino model with approximately degeneratenm ,nt states!
but this is clearly unjustified because Ref.@7# takes into ac-
count the finite repopulation rate using a Pauli-Boltzman
proach~as well as the time dependence of the distortion
the neutrino distributions!. In fact, Ref.@10# appears to fol-
low the repopulation procedure advocated in Ref.@7# and
re-examines the cases in Ref.@3# using this repopulation pro
cedure. In view of this, we have also decided to revisit
models considered in Ref.@3# in this paper because we be
lieve that the results of Ref.@10# to be incorrect. We will
compute the evolution of the number distributions, taki
into account the finite repopulation rate and time depende
of the asymmetry. As already emphasized above, such
approach was already used in Refs.@7,9# discussing different
models, so it is straightforward to apply it here. We will al
improve on Ref.@3# by discussing more completely the e
fects of the two similar oscillation modes,nt↔nm ,nt↔ne .
We also give a more accurate treatment of the kinetic dec
pling region which suggests a slightly lower kinetic deco
pling temperature.

II. BIG BANG NUCLEOSYNTHESIS

The primordial deuterium to hydrogen~D/H! ratio can be
used to give a sensitive determination of the baryon to p
ton ratioh which, given the estimated primordial4He mass
fraction, can be used to infer the effective number of lig
neutrino flavors,Ne f f

BBN , during the BBN epoch. This value
can then be compared with the predictions forNe f f

BBN from
various models of particle physics to find out which ones
compatible with standard BBN. For example, the minim
©1999 The American Physical Society16-1
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R. FOOT PHYSICAL REVIEW D 61 023516
standard model predictsNe f f
BBN53. At the present time, mos

estimates favorNe f f
BBN,3.6 and some estimates favorNe f f

BBN

,3.0 @11#. Of course, even if a model of particle physics
shown to be incompatible with BBN, this does not necess
ily mean that the model is incorrect, since, for example, i
also possible that one of the standard assumptions of B
may not be correct@12#.

For gauge models with effectively sterile neutrinos, one
general expectsNe f f

BBNÞ3. In fact,Ne f f
BBN may be less than 3

or greater than 3. The prediction forNe f f
BBN depends on the

oscillation parameters in a given model and also the sign
the asymmetry~which for various reasons cannot be pr
dicted at the moment!. One possible consequence
ordinary-sterile neutrino oscillations is the excitation of st
ile neutrino states, which typically leads to an increase in
expansion rate of the universe and thereby also incre
Ne f f

BBN . Another possible consequence of ordinary-ste
neutrino oscillations is the dynamical generation of
electron-neutrino asymmetry. This also has important im
cations for BBN, as it directly affects the reaction rat
which determine the neutron to proton (n/p) ratio just before
nucleosynthesis. If the electron neutrino asymmetry is p
tive, then it will decreaseNe f f

BBN , while if it is negative, then
it will increaseNe f f

BBN .
The neutron to nucleon ratio,Xn(t), is related to the pri-

mordial Helium mass fraction,YP , by1

YP.2Xn ~1!

just before nucleosynthesis. The evolution ofXn(t) is gov-
erned by the equation,

dXn

dt
.2l~n→p!Xn1l~p→n!~12Xn!, ~2!

where the reaction rates are approximately

l~n→p!5l~n1ne→p1e2!1l~n1e1→p1 n̄e!

1l~n→p1e21 n̄e!,

l~p→n!5l~p1e2→n1ne!1l~p1 n̄e→n1e1!

1l~p1e21 n̄e→n!. ~3!

These reaction rates depend on the momentum distribut
of the species involved. The 2-body processes in Eq.~3! for
determiningn↔p are only important for temperatures abo
about 0.4 MeV. Below this temperature these weak inter
tion rates freeze out and neutron decay becomes the d
nant factor affecting then/p ratio. For example, an excess
ne over n̄e , due to the creation of a positiveLne

, would
change the rates for the processes in Eq.~3!. The effect of
this would be to reduce then/p ratio, and hence reduceYP .
Neutron decay is not significantly altered by lepton asymm

1For a review of helium synthesis, see for example Ref.@13#.
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tries unless they are very large. It is quite well known tha
small change inYP due to the modification ofne and n̄e
distributions does not impact significantly on the other lig
element abundances~see for example Ref.@14#!. A small
modification to the expansion rate, using the convenient u
Ne f f

BBN , primarily affects onlyYP , with2 @15#

dYP.0.0123dNe f f
BBN . ~4!

Since Appendix A of Ref.@9# describes in detail how we
compute the effect onYP due to the modifiedne and n̄e
distributions, we will not discuss it further here.

III. CASE 1: IMPLICATIONS FOR BBN OF ne↔ns

OSCILLATION GENERATED L ne

In this section we will study the direct production of
large Lne

from ne↔ns oscillations. We will ignore oscilla-

tions involvingnm or nt . This is only an approximately valid
thing to do provided that either their masses are very sm
~so that the largestudm2u belongs to thene↔ns oscillations
and the other oscillations haveudm2u much less than 1 eV2)
or that they do not mix with thene ,ns ~i.e. thene ,ns de-
couple from thenm ,nt in the neutrino mass matrix!.

Let us begin with some necessary preliminaries. Our
tation and convention for ordinary-sterile neutrino two sta
mixing is as follows. The weak and sterile eigensta
na (a5e,m,t) andns are linear combinations of two mas
eigenstatesna andnb ,

na5cosuasna1sinuasnb , ns52sinuasna1cosuasnb ,

~5!

whereuas is the vacuum mixing angle. We defineuas so that
cos2uas.0 and we adopt the convention thatdmas

2 [mb
2

2ma
2 .

Recall that thea-type neutrino asymmetry is defined by

Lna
[

nna
2nn̄a

ng
. ~6!

In the above equation,ng is the number density of photons
ng52z(3)T3/p2. Note that when we refer to ‘‘neutrinos,’
sometimes we will mean neutrinos and/or antineutrinos.
hope the correct meaning will be clear from the conte
Also, if neutrinos are Majorana particles, then technica
they are their own antiparticle. Thus, when we refer to ‘‘a
tineutrinos’’ we obviously mean the right-handed helici
state in this case.

In Ref. @1# it was shown that ordinary-sterile neutrin
oscillations generate large neutrino asymmetries for a w
range of parameters. This work built upon earlier work

2Note that several authors prefer to usedYP rather thandNe f f
BBN .

The difference is essentially a matter of convention since these
quantities are approximately related by Eq.~4!.
6-2
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DETAILED STUDY OF BBN IMPLICATIONS OF . . . PHYSICAL REVIEW D 61 023516
ordinary-sterile neutrino oscillations in the early Univer
@18#. Large asymmetry generation occurs for the param
region @2,3#

dmas
2 ,0 with udmas

2 u&1024 eV2,

few310210&sin22uas&few31025S eV2

udmas
2 u D

1/2

.

~7!

The upper bound on sin22uas in the above equation come
from the constraint thatna↔ns oscillations do not populate
the sterile states at high temperatures before the neu
asymmetry is initially generated, i.e. forT*Tc @2,6#. Note
that in the present paper we limit ourselves to the ab
region of parmeters. For completeness let us mention tha
udm2u!1024 eV2, the lepton number generation is muc
smaller, typically much less than about 1027 according to
Refs. @16#.3 Apparently this can still affect BBN indirectly
for a window of parameters withudmes

2 u;1028 eV2 @17#.
As already discussed in detail in previous publicatio

@3,2,1# the evolution of lepton number can be separated i
three distinct phases. At high temperatures the oscillati
are damped and evolve so thatL (a)→0 ~where L (a)[Lna

1Lne
1Lnm

1Lnt
1h, andh is related to the baryon asym

metry!. In this region the resonance momentum for neutr
oscillations is approximately the same as anti-neutrino os
lations. Ifdmas

2 ,0, then at a certain temperature,Tc , which
is given roughly by@1#

Tc;16S 2dmas
2 cos 2uas

eV2 D 1/6

MeV, ~8!

exponential growth of neutrino asymmetry occurs~which
typically generates a neutrino asymmetry of order 1025 at
T.Tc ; see Fig. 1 of Ref.@4# for some typical examples!.
Taking for definiteness that theLna

is positive, the anti-
neutrino oscillation resonance moves to very low values
p/T;0.3 while the neutrino oscillation resonance moves
high valuesp/T*10 ~see Ref.@3# for a figure illustrating
this!. The subsequent evolution of neutrino asymmetr
which is dominated by adiabatic Mikheyev-Smirno
Wolfenstein~MSW! transitions of the antineutrinos, follow
an orderly 1/T4 behavior until the antineutrino resonance h
passed through the entire distribution. The final asymme
generated is typically in the range 0.23&Lna

&0.37 @3#. Be-
cause the oscillations are dominated by adiabatic MSW
havior, it is possible to use a relatively simple and accur
formalism to describe the evolution of the system at
‘‘low temperatures,’’T&Tc/2. In fact, we only need to know
the values of the oscillation resonance momentum aT

3For the historical record, the reader should be aware that R
@16# also argued that neutrino asymmetry was always small~less
than 1027) and unimportant for all parameters of interest in contr
to the later studies of Refs.@1–5#.
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.Tc/2. Previous numerical work has already shown@3# that
by T.Tc/2, neutrino asymmetry is generated such that
&p/T&0.8 ~the precise value depends on sin2uas,dmas

2 ). Fur-
thermore, the subsequent evolution is approximately inse
tive to the initial value ofp/T in this range~provided, of
course, that negligible number of sterile neutrinos were p
duced at high temperature!.

In this section we will deal with the case ofne↔ns oscil-
lations directly producing theLne

asymmetry. For the impli-
cations for BBN we are primarily interested in the ‘‘low
temperature’’ evolution of the number distributions and le
ton numbers in this case. Our analysis can be broken up
the following steps:

~1! We assume complete adiabatic MSW conversion
neutrinos at the MSW resonance.

~2! From this we can compute the evolution of lepto
number asymmetries which not only dictates the momen
of the MSW resonances, but also the chemical potentials

~3! Using these chemical potentials we can evaluate
equilibrium distributions from which we can estimate th
actual distributions by a Pauli-Boltzman repopulation eq
tion.

We now discuss each of these steps in detail.
Consider, for the moment, two-flavor small angle~i.e.

cos 2ues.1) ordinary-sterilene↔ns neutrino oscillations. As
discussed in detail in earlier papers thene↔ns neutrino os-
cillations only generateLne

provided thatdmes
2 ,0 and this

will be assumed in the forthcoming discussion.4 We know
from numerical integration of the exact quantum kine
equations@3# that the adiabatic approximation is valid pro
vided that sin22ues*few310210. Now, coherent small angle
adiabatic MSW transitions completely convertne↔ns at the
resonance momentum of these states. The resonance mo
tum is given approximately by~see e.g. Ref.@3#!,

pres

T
5

udmes
2 u

a0T4L (es)
, ~9!

wherea0[4A2z(3)GF /p2 and

L (es)[2Lne
1Lnt

. ~10!

In the above equation we have neglected theLnm
asymmetry

~as well as the baryon-electron asymmetry!. This is because
these asymmetries are unimportant in the low tempera
region unless they happen to be large~i.e. greater than abou
1025). For adiabatic two-flavor neutrino oscillations in th
early Universe it is quite easy to see that the rate of cha
of lepton number is governed by the simple equation@3#

dLne

dT
52X~pres!Ud~pres/T!

dT U, ~11!

fs.

t

4Note thatudmes
2 u<mne

2 ~wheremne
is the mass of the state whic

is predominatelyne). Recall that there is an experimental upp
bound onmne

which is a few eV ifne is a Dirac neutrino and abou
1 eV if ne is a Majorana neutrino@19#.
6-3
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R. FOOT PHYSICAL REVIEW D 61 023516
wherepres is the MSW resonance momentum, Eq.~9!, and

X~p!5
T

ng
@Nn̄e

~p!2Nn̄s
~p!#. ~12!

Also, Nn̄e
(p) andNn̄s

(p) are the momentum distributions o

the n̄e and n̄s states. In the above equations, the caseLne

.0 has been considered~so that the resonance occurs f
antineutrinos!. Equation~11! relates the rate of change o
lepton number to the speed of the resonance momen
through the neutrino distribution. Reference@5# provides a
detailed discussion of how this equation can be derived fr
the quantum kinetic equations for the case of adiabatic e
lution with a narrow resonance width. As discussed in R
@3#, Eq. ~11! can be simplified using

d~pres/T!

dT
5

]~pres/T!

]T
1

]~pres/T!

]Lne

dLne

dT
, ~13!

from which it follows that

dLne

dT
5

f X
]~pres/T!

]T

12 f X
]~pres/T!

]Lne

5
24 f Xpres

T21
2 f TXpres

L (es)

, ~14!

where f 51 for d(pres/T)/dt.0 @that is for d(pres/T)/dT
,0# and f 521 for d(pres/T)/dt,0 and we have droppe
the momentum dependence ofX in the above equation fo
notational clarity.5 Equation~14! allows us to compute the
evolution of Lne

. As discussed earlier, it is valid fromT

.Tc/2 ~with pres /T;0.3 at this point!. For the more com-
plicated multi-flavor case considered in Sec. IV, coup
equations based on Eq.~14! will be used. We now mus
describe how we compute the evolution ofNna

.
The MSW transitions effect the adiabatic conversion

un̄e&↔un̄s&. ~15!

This means that asP1 sweeps through then̄e momentum
distribution,

Nn̄s
~P1!→Nn̄e

~P1!,

Nn̄e
~P1!→Nn̄s

~P1!. ~16!

In our numerical work the continuous momentum distrib
tion for each flavor is replaced by a finite number of ‘‘cells
on a logarithmically spaced mesh. As the momentumP1
passes a cell, the number density in the cell is modified
cording to Eq.~16!. Of course weak interactions will repopu
late some of these cells as they thermalize the neutrino
mentum distributions. The repopulation can also gene

5At T5Tc/2, f 51 and it does not change sign during subsequ
evolution.
02351
m

m
o-
f.

d

-

c-

o-
te

small chemical potentials for the other flavors~as will be
discussed later!. We take repopulation into account with th
rate equation for each flavora5e,m,t,

]

]t

Nna
~p!

N0~p,T!
.Ga~p!FNeq~p,T,mna

!

N0~p,T!
2

Nna
~p!

N0~p,T!
G ,

]

]t

Nn̄a
~p!

N0~p,T!
.Ga~p!FNeq~p,T,m̄na

!

N0~p,T!
2

Nn̄a
~p!

N0~p,T!
G ,

~17!

whereGa(p) is the total collision rate and is approximate
given by

Ga~p!5yaGF
2T5S p

3.15TD , ~18!

with ye.4.0,ym,t.2.9 andGF is the Fermi constant. Also
in Eq. ~17!, N0(p,T), Neq(p,T,mna

) are the equilibrium dis-
tributions with zero chemical potential and chemical pote
tial mna

respectively.6 Previous papers@7,9# used a simple
approximation whereby the transition out of chemical eq
librium occurred at the decoupling temperatureTdec

a . Obvi-
ously this is not a sharp transition. Also, there will be sm
chemical potentials created by the other flavors as they cr
n̄ene pairs to compensate for the loss ofn̄e states. In the
Appendix we discuss a more accurate~but more compli-
cated! formalism to compute the values of the chemical p
tentials for all of the flavors as a function of time~or equiva-
lently temperature!. The conclusion is that the simpl
treatment of chemical decoupling, discussed in previous
pers, is roughly valid, but noticable differences~though typi-
cally not greater than aboutdNe f f

BBN;0.2) for BBN can oc-
cur. @Although there will not be much difference for th
ne↔ns case since the lepton number is generated so l
since experimentallyudmes

2 u&10 eV2 ~see footnote 2!#. We
will use the more complicated formalism discussed in
Appendix to evaluate the chemical potentials for all of o
numerical work in this paper.

Using the above procedure the lepton asymmetryLne
and

the neutrino distributionsNna
(p,t),Nn̄a

(p,t) can be ob-

tained. We can feed theNne
(p,t),Nn̄e

(p,t) distributions into
a nucleosynthesis code~which we integrate concurrently! in
order to compute the implications for BBN. It is useful
separate the total contribution todYP into two contributions,

dYP5d1YP1d2YP , ~19!

whered1YP is the change due to the effect of the modifi
electron neutrino momentum distributions on the nuclear
action rates, andd2YP is due to the change in the energ
density~or equivalently the change in the expansion rate
the universe!. While BBN is only sensitive~to a good ap-

t 6Our convention for the sign of the chemical potential
Neq(p,T,mna

)5(1/2p2)p2/11e(p1mna
)/T.
6-4
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DETAILED STUDY OF BBN IMPLICATIONS OF . . . PHYSICAL REVIEW D 61 023516
proximation! to the total contribution,dYP , the separate
parts will have quite different implications for the forthcom
ing precision measurements of the anisotropy of the cos
microwave background. In particular it may be possible
estimate the expansion rate of the Universe at the time
photon decoupling@21#.

The contributiond1YP can be determined by numerical
integrating the rate equations for the processes given in
~3! using the modified electron neutrino momentum distrib
tions Nne

and Nn̄e
as discussed in Appendix A of Ref.@9#.

The contributiond2YP can be computed from the mome
tum distributions of the ordinary and sterile neutrin
through

d2YP.0.012S 1

2r0
E

0

`FNn̄s
~p!

1 (
a51

3

Nna
~p!1Nn̄a

~p!Gpdp23D , ~20!

where

r0[E
0

`

N0~p,T!pdp5
7p2

240
T4 ~21!

is the energy density of a Weyl fermion at equilibrium wi
zero chemical potential.@Recall that Eq.~4! can be used to
expressdYP , d1YP andd2YP in terms of effective neutrino
number, dNe f f

BBN , d1Ne f f
BBN and d2Ne f f

BBN , respectively.# To
calculated2YP , we numerically determine the momentu
distributions atT50.5 MeV. Because of the approxima
kinetic decoupling of neutrinos for temperatures below ab
3 MeV, large contributions7 to d2YP , should they exist, mus

7By ‘‘large contributions’’ we meand2Ne f f
BBN*0.10.

FIG. 1. Low temperature evolution ofLne
/h (h[Tn

2/Tg
3) due to

ne↔ns oscillations, for the parameter choices,dm2520.1 eV2

~solid line!, dm2521 eV2 ~dashed line! and dm25210 eV2

~dash-dotted line!.
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have been generated earlier. A temperature of 0.5 MeV
therefore a safe place to evaluate the finald2YP .

Recall that there is an ambiguity concerning the sign
the Lne

lepton asymmetry. We have considered theLne
.0

case above for definiteness, butLne
,0 is equally likely a

priori . Previous work@2# has shown that the sign is fixed i
the region where the ‘‘static approximation’’ is valid. Th
approximation assumes that the asymmetry evolution
dominated by collisions and is sufficiently smooth.8 Impor-
tantly it is generally valid in the regionT.Tc where the
neutrino asymmetry is initially generated provided th
sin22u&O(1026) @2# for dm2;210 eV2. Thus in this re-
gion of parameters the sign is fixed. For sin22u*O(1026)
numerical integration of the quantum kinetic equations~in-
cluding the momentum distribution of the neutrinos! reveals
@4# that the sign oscillates9 for a short period atT.Tc . In the
parameter region where the sign oscillates~and possibly in
some of the parameter region where it does not oscillate! the
sign may not be fixed when fluctuations are considered@24#.
It may be possible for different regions of space to ha
different signs of the lepton number, as first suggested
Ref. @1#. Whether this happens or not is an open question
the moment and will depend on the size of the fluctuatio
present.

In any case, even if the sign is fixed, it cannot be p
dicted as it depends on the initial values of the neutr
asymmetries~as well as the baryon asymmetry!. For the
negativeLne

case, the roles of particles and anti-particles
reversed. One consequence of this is that the signs of al
other asymmetries are also reversed. The quantityd1YP will
obviously be significantly affected by this ambiguity in sig
while d2YP will not be affected at all. This means that w
have two possible values for the overall change in the eff
tive number of neutrino flavors during BBN. The results
the numerical work is presented in Figs. 1–3. In Fig. 1
show the evolution ofLne

for three examples,dmes
2 /eV25

20.1,21,210. We emphasize that the evolution is appro
mately independent of sin22ues as long as sin22ues is in the
range given in Eq.~7!. As explained earlier, we start the low
temperature evolution atT;Tc/2 with the value ofpres /T

8In fact, it has been shown in Ref.@5# that this approximation is
equivalent to the adiabatic limit of the quantum kinetic equations
the region where collisions dominate the evolution of the neutr
asymmetry.

9Note that the recent study in Ref.@22#, which neglects the neu
trino momentum distribution, arrives at quite different results. Th
find that the region where the sign does not oscillate is m
smaller, roughly, sin22u&O(1028) for dm2;210 eV2. Qualita-
tively, this is very easy to understand. The reason is that in
average momentum toy model, all of the neutrinos enter the M
resonance at the same time which significantly enhances the ra
which neutrino asymmetry is created atT5Tc . The rapid creation
of neutrino asymmetry reduces the region where the oscillations
adiabatic@2#. Also, the paper in Ref.@23# similarly assumes that al
of the neutrinos have the same momentum, but~perhaps not sur-
prisingly! obtain quite different results from Ref.@22#.
6-5
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;0.3. Of course the full evolution fromT@Tc to T→0 can
be obtained from numerical integration of the quantum
netic equations~see e.g. Ref.@4#!. However, for the applica-
tions considered in this paper only the low temperature e
lution is required, which is why we use the much simp
formalism based on Eq.~14!.

The implications for BBN are shown in Figs. 2 and
Figure 2 treats theLne

.0 case, while Fig. 3 displays th

Lne
,0 case. As these figures show, the effect of thene↔ns

oscillations on BBN is very significant and depends sen
tively on the sign of the asymmetry and on thedmes

2 value.
We emphasize that our equations contain approximatio
The most important are that the repopulation is handled
proximately via Eq.~17!. It is obviously difficult to estimate
the size of this uncertainty without computing repopulati
exactly. Nevertheless, we expect that this theoretical un
tainty is typically less thandNe f f

BBN;0.2.
It is evident thatd2YP is close to zero for the range o

dmes
2 considered. This can be approximately understood

noting that the generation of sterile states occurs below
kinetic decoupling temperature forne’s. This means that the

FIG. 2. dNe f f
BBN versusudmes

2 u. The dashed line is the contribu
tion d1Ne f f

BBN due to the effects of theLne
asymmetry while the

dash-dotted line is the contributiond2Ne f f
BBN due to the change in the

expansion rate. The solid line is the total contributiondNe f f
BBN

5d1Ne f f
BBN1d2Ne f f

BBN . This figure considers the caseLne
.0.

FIG. 3. Same as Fig. 2 exceptLne
,0 is considered.
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ne states which have been converted into sterile states are
replaced. Note that the kinetic decoupling rate is govern
by the inelastic collision rate of thene’s. However, it is
important to understand that the elastic collision rate
nearly an order of magnitude larger than the inelastic co
sion rate. The effect of the elastic collisions is to modify t
momentum distribution of the neutrinos such that they
proach a thermal distribution. Note that while the elastic c
lisions do not change the total number ofne states they do
modify the momentum distribution and thus can slightly a
fect the energy density~or, more correctly, energy density
T4). It is this thermalization effect which is responsible f
the slightly negative value ofd2YP for dmes

2 ;few eV2. In-
deed, as the MSW resonance moves through the low
mentum part of the spectrum the MSW transitions depl
the n̄e’s before then̄e spectrum is significantly distorted b
the Lne

asymmetry. However, by the timep/T moves to the

higher momentum part~i.e. p/T*4), the neutrino asymme
try is so large that the number ofn̄e states are significantly
reduced ~cf. with the Fermi-Dirac distribution with zero
chemical potential!. For this reason the oscillations deple
more low momentum neutrinos than high momentum on
The concurrent thermalization of the neutrino distributi
evidently reduces the averagep/T per neutrino, and hence
the energy densitydivided by T4 can be slightly reduced. O
course the temperature of then̄e states would be expected t
increase a little, which in our approximation is neglect
~much of this temperature increase would be absorbed by
other flavors which are still in approximate thermal equili
rium down to temperatures 1–2 MeV!.

Note that in the case of very smalludmes
2 u/eV2;1022, the

dominant effect of the neutrino asymmetry in theLne
.0

case is the modification to the Pauli blocking of the neutr
decay. Ordinarily neutrino asymmetries lead to a negligi
effect for neutron decay; however, in this case the effec
small ~but not completely negligible! because the neutrino
asymmetry is so large (Lne

.0.37 fordmes
2 /eV2;21022).

Finally note that our results are quite different to the
sults of Ref.@10#. We do not know why this is the case
Unfortunately, Ref.@10# gives few details of how they com
puted the evolution of the neutrino asymmetry. Thus it
difficult to know whether the difference lies in the details
the asymmetry evolution or in the BBN code.

This concludes our study of the direct production ofLne

from ne↔ns oscillations. We now consider the alternativ
but more complicated case of the indirect production ofLne

from a largeLnt
asymmetry.

IV. CASE 2: IMPLICATIONS FOR BBN IN THE FOUR
NEUTRINO SCENARIO WITH M nt

@M nµ
,M ne

,M ns

We now discuss the second scenario of Ref.@3#, that is a
four neutrino model with

mnt
@mnm

,mne
,mns

. ~22!
6-6
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We will first deviate from Ref.@3# by considering the simple
case where the muon neutrino is ignored. Strictly, this wo
only be possible if the mixing angle satisfies sin22umt
&few310210. This case is simpler because there are th
only two important oscillation modes,nt↔ns and nt↔ne .
Moreover, these two oscillation modes always have qu
different resonance momentum, so that they can each be
scribed by two flavor oscillations. Later~in Sec. IV B! we
will consider the alternative case where sin22umt*few
310210 andnt↔nm oscillations are also important.

A. Decoupled muon neutrino

If we ignore the muon neutrino, then there are two os
lation modes with approximately the sameudm2u, which we
denote asdmlarge

2 :

nt↔ns , nt↔ne . ~23!

Note thatdmlarge
2 .mnt

2 given Eq.~22!. We will consider the

parameter space region where thedm2 values of all the other
oscillation modes are small enough so that they can be
proximately neglected for temperaturesT*0.4 MeV ~this
will be true if thedm2 of these other oscillation modes a
all much less than about 1 eV2). This last condition means
that these modes will not significantly affect the neutro
proton ratio and hence cannot significantly affect BBN.

In the following discussion we consider the caseLnt
.0

for definiteness. This means that then̄t↔ n̄s generateLnt

while n̄t↔ n̄e oscillations reprocess some of this asymme
into Lne

. Note that in this scenario the sign ofLne
is neces-

sarily the same as the sign ofLnt
.

The evolution of this system can be described by
straightforward generalization of the two-flavor case given
Eq. ~14!. In this case there are two MSW resonances,n̄t↔ n̄s

and n̄t↔ n̄e . We denote the resonance momentum of th
two oscillations byP1 andP2 respectively. They are relate
to the neutrino asymmetries and temperature through
equations

P1

T
5

dmlarge
2

a0T4L1

,
P2

T
5

dmlarge
2

a0T4L2

, ~24!

wherea0[4A2z(3)GF /p2 and10

L1[2Lnt
1Lne

, L2[Lnt
2Lne

. ~25!

The evolution of the lepton numbers can be obtained b
straightforward generalization to Eqs.~11!–~14!:

dLnt

dT
52X1Ud~P1 /T!

dT U2X2Ud~P2 /T!

dT U,
10We neglect theLnm

asymmetry ~and small baryon-electron
asymmetries! which is a valid thing to do provided that it is les
than about 1025.
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dLne

dT
5X2Ud~P2 /T!

dT U,
dLnm

dT
50, ~26!

where

X1[
T

ng
@Nn̄t

~P1!2Nn̄s
~P1!#,

X2[
T

ng
@Nn̄t

~P2!2Nn̄e
~P2!#. ~27!

Expanding out Eq.~26! we find

y1

dLnt

dT
5a1b

dLne

dT
,

y2

dLne

dT
5d1r

dLnt

dT
, ~28!

where

y1[12 f 1X1

]~P1 /T!

]Lnt

2 f 2X2

]~P2 /T!

]Lnt

511
2 f 1X1P1

TL1
1

f 2X2P2

TL2
,

y2[11 f 2X2

]~P2 /T!

]Lne

511
f 2X2P2

TL2
,

a[ f 1X1

]~P1 /T!

]T
1 f 2X2

]~P2 /T!

]T

524 f 1X1P1 /T224 f 2X2P2 /T2,

b[ f 1X1

]~P1 /T!

]Lne

1 f 2X2

]~P2 /T!

]Lne

5
2 f 1X1P1

TL1
1

f 2X2P2

TL2
,

d[2 f 2X2

]~P2 /T!

]T
54 f 2X2P2 /T2,

r[2 f 2X2

]~P2 /T!

]Lnt

5
f 2X2P2

TL2
, ~29!

and f i51 for d(Pi /T)/dt.0 and f i521 for d(Pi /T)/dt
,0 (i 51,2). Solving Eq.~28! we find

dLnt

dT
5

db1y2a

y2y12rb
,

6-7
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dLne

dT
5

d1r
dLnt

dT

y2
. ~30!

In order to integrate these equations we need to specify
values ofLna

~or equivalentlyPi /T) at T5Tc/2.11 The high
temperature evolution typically does not generate signific
Lne

, i.e. typically Lne
!Lnt

. So we haveP1 /T;0.3,P2 /T

.2P1 /T.
The evolution of the number densities is treated in a si

lar fashion to the previous section. Specifically, the MS
transitions effect the adiabatic conversions

un̄t&↔un̄s&, un̄t&↔un̄e&, ~31!

at p5P1 andp5P2 respectively. This means that asP1 ,P2

sweeps through then̄t ,n̄e momentum distributions,

Nn̄s
~P1!→Nn̄t

~P1!,

Nn̄t
~P1!→Nn̄s

~P1!,

Nn̄e
~P2!→Nn̄t

~P2!,

Nn̄t
~P2!→Nn̄e

~P2!. ~32!

In our numerical work the continuous momentum distrib
tion for each flavor is replaced by a finite number of ‘‘cells
on a logarithmically spaced mesh. As the momentumP1 ,P2
passes a cell, the number density in the cell is modified
cording to Eq.~32!. Of course weak interactions will repopu
late some of these cells as they thermalize the neutrino
mentum distributions. We take re-population into acco
approximately with rate equations of the form of Eq.~17!
~for both na5ne and na5nt) and compute the chemica
potentials via the procedure discussed in the Appendix.

As in the case of the previous section, the evolution
approximately independent of sin22uts,sin22ute as long as

few310210&sin22uts&few31025S eV2

dmlarge
2 D 1/2

,

few310210&sin22ute , ~33!

where the lower bound comes from adiabaticity while t
upper bound comes from the requirement thatnt↔ns oscil-
lations do not populate the sterile states at high temperat
before the neutrino asymmetry is initially generated.
course we have implicitly assumed that thene↔ns ,nm↔ns
oscillation modes do not significantly populate the ste
neutrinos before BBN. This is a valid assumption for a lar
range of parmaters even if thens mixes with large mixing
angles withnm and/orne . For example, ifnm↔ns oscilla-

11Of course we also need to specify the initial signs,f i , which we
take as positive. Subsequent evolution does not change these
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tions are approximately maximal with udmms
2 u.3

31023 eV2 ~as suggested by the atmospheric neutr
anomaly!, then thenm↔ns oscillations can potentially popu
late the sterile neutrinos at the high temperatureT
'8 MeV. However, this does not happen if thent is in the
eV mass range~for a large range of sin22uts) @2,4,6#.

In Fig. 4 we plot the evolution of the neutrino asymm
tries, Lnt

,Lne
, for three examples, dmlarge

2 /eV2

50.1,10,1000. As these figures show, for low values
dmlarge

2 /eV2 the transfer ofLne
from Lnt

is not very efficient.
This is expected because the transfer of asymmetry relie
the repopulation to distribute theLnt

away from the momen-

tum region where it is created~i.e. p.P1) to the momentum
region wheren̄t↔ n̄e oscillations are important~i.e. at p
;P2). As dmlarge

2 increases the temperature where theLnt

asymmetry is created increases which makes the transfe
Lne

more efficient because of the faster repopulation rate
The implications for BBN are shown in Figs. 5 and

Figure 5 treats theLne
.0 case, while Fig. 6 displays th

Lne
,0 case. As before, our results have a theoretical un

tainty which is dominated by the approximate treatment
repopulation. This uncertainty is expected to be typically le
than aboutdNe f f

BBN;0.2 ~obviously we expect this uncer
tainty to be much smaller than this whend1Ne f f

BBN is small!.
In the Lnt

.0 case there is a dip at arounddm2;

215 eV2. This can be qualitatively understood as follow
For dm2;215 eV2 the repopulation rate is not so rapid
This has two obvious effects: First, the thermalization of t
nt momentum distribution is not so rapid and this would le
to less efficient production ofLne

. This effect would lead to

a decrease inLne
~and hence decreaseudNe f f

BBNu). Second, the

effect of a slow repopulation rate on thene distribution
would be expected to have the opposite effect. The reaso
that the momentum at whichLne

creation is most significan

is in the high momentum tail. This is becauseP2 /T
;2P1 /T and significantLne

is not generated untilLnt
is

sufficiently large, i.e. roughlyP1 /T*2. The distortion of
the ne distribution in the high momentum tail greatly en
hances the effects for BBN because these effects dep
quadratically on the neutrino momentum. Evidently our n
merical work indicates that the second effect dominates o
the first effect.

Finally, we now consider the more interesting, but mo
complicated case with the muon neutrino included.

B. Including the muon neutrino

When the muon neutrino is included~i.e. sin22umt* few
310210) there are three oscillation modes with appro
mately the sameudm2u, which we again denote asdmlarge

2 :

nt↔ns , nt↔nm , nt↔ne . ~34!

All the other oscillation modes have much smallerudm2u
values. As before, we will consider the parameter space
gion where thedm2 values of all the other oscillation modens.
6-8
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are small enough so that they can be approximately
glected for temperaturesT*0.4 MeV. This last condition
means that these modes will not affect the neutron/pro
ratio and hence cannot significantly affect BBN.

In the following discussion we again consider the ca
Lnt

.0 for definiteness. This means that then̄t↔ n̄s generate

FIG. 4. Low temperature evolution ofLnt
/h,Lne

/h (h
[Tn

3/Tg
3) for the model of case 2~Sec. IV A!. ~a!, ~b! and ~c!

correspond to the parameter choicesdmlarge
2 50.1 eV2, dmlarge

2

510 eV2 anddmlarge
2 51000 eV2 respectively.
02351
e-

n

e

Lnt
while the other two oscillation modes reprocess some

this asymmetry intoLne
,Lnm

. In Ref.@3# this system was first

considered in this context. There, it was assumed thatLne

5Lnm
. While this is a good approximation for large enoug

values of udm2u, it is not always valid~as we will show
below!. In the following we will not assume this and con
sider the effect of the three oscillation modes.

At this point one may legitimately worry about 3-flavo
effects. This is because the resonance momentum of
nt↔ne and nt↔nm oscillation modes are expected to b
approximately equal. However, it turns out that these os
lations tend to be dynamically driven apart as we will e
plain later on. Thus, it turns out that it is actually reasona
to treat all three oscillation modes independently as 2-fla
MSW transitions. In the earlier paper@3# this issue was not
fully discussed, so our treatment here improves on Ref.@3#.

In this system there are three MSW resonances,n̄t↔ n̄s ,
n̄t↔ n̄m and n̄t↔ n̄e . We denote the resonance momentu

FIG. 5. dNe f f
BBN versusdmlarge

2 for the model of case 2~Sec.
IV A !. The dashed line is the contributiond1Ne f f

BBN due to the effects
of the Lne

asymmetry while the dash-dotted line is the contributi
d2Ne f f

BBN due to the change in the expansion rate. The solid line
the total contributiondNe f f

BBN5d1Ne f f
BBN1d2Ne f f

BBN . This figure con-
siders the caseLne

.0.

FIG. 6. Same as Fig. 5 exceptLne
,0 is considered.
6-9
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of these three oscillations byP1 , P2 and P3 respectively.
They are related to the neutrino asymmetries and temp
ture through the equations

Pi

T
5

dmlarge
2

a0T4Li

, ~35!

wherei 51,2,3, a0[4A2z(3)GF /p2 and

L1[2Lnt
1Lnm

1Lne
, L2[Lnt

2Lnm
, L3[Lnt

2Lne
.

~36!

Using a similar procedure to the previous~sub!sections, we
have

dLnt

dT
52X1Ud~P1 /T!

dT U2X2Ud~P2 /T!

dT U2X3Ud~P3 /T!

dT U,
dLne

dT
5X3Ud~P3 /T!

dT U,
dLnm

dT
5X2Ud~P2 /T!

dT U, ~37!

where

X1[
T

ng
@Nn̄t

~P1!2Nn̄s
~P1!#,

X2[
T

ng
@Nn̄t

~P2!2Nn̄m
~P2!#,

X3[
T

ng
@Nn̄t

~P3!2Nn̄e
~P3!#. ~38!

Expanding out Eq.~37! we find

y1

dLnt

dT
5a1b

dLne

dT
1g

dLnm

dT
,

y2

dLne

dT
5d1r

dLnt

dT
,

y3

dLnm

dT
5h1f

dLnt

dT
, ~39!

where

y1[12 f 1X1

]~P1 /T!

]Lnt

2 f 2X2

]~P2 /T!

]Lnt

2 f 3X3

]~P3 /T!

]Lnt

511
2 f 1X1P1

TL1
1

f 2X2P2

TL2
1

f 3X3P3

TL3
,

y2[11 f 3X3

]~P3 /T!

]Lne

511
f 3X3P3

TL3
,

02351
a- y3[11 f 2X2

]~P2 /T!

]Lnm

511
f 2X2P2

TL2
,

a[ f 1X1

]~P1 /T!

]T
1 f 2X2

]~P2 /T!

]T
1 f 3X3

]~P3 /T!

]T

524 f 1X1P1 /T224 f 2X2P2 /T224 f 3X3P3 /T2,

b[ f 1X1

]~P1 /T!

]Lne

1 f 3X3

]~P3 /T!

]Lne

5
2 f 1X1P1

TL1
1

f 3X3P3

TL3
,

g[ f 1X1

]~P1 /T!

]Lnm

1 f 2X2

]~P2 /T!

]Lnm

5
2 f 1X1P1

TL1
1

f 2X2P2

TL2
,

d[2 f 3X3

]~P3 /T!

]T
54 f 3X3P3 /T2,

r[2 f 3X3

]~P3 /T!

]Lnt

5
f 3X3P3

TL3
,

h[2 f 2X2

]~P2 /T!

]T
54 f 2X2P2 /T2,

f[2 f 2X2

]~P2 /T!

]Lnt

5
f 2X2P2

TL2
, ~40!

and f i51 for d(Pi /T)/dt.0 and f i521 for d(Pi /T)/dt
,0 (i 51,2,3). Solving Eq.~39! we find

dLne

dT
5

dy3~y1y32gf!1ry3~ay31gh!

y2y3~y1y32gf!2rby3
2 ,

dLnt

dT
5

ay31gh1by3

dLne

dT

y1y32gf
,

dLnm

dT
5

1

y3
Fh1f

dLnt

dT
G . ~41!

In order to integrate these equations we need to specify
values ofLna

~or equivalentlyPi /T) at T5Tc/2. The high
temperature evolution typically does not generate signific
Lne

,Lnm
~i.e. typically Lne

,Lnm
!Lnt

). So we haveP1 /T

;0.3,P2 /T.P3 /T.2P1 /T. Now, there is no reason wh
P2 /T should exactly coincide withP3 /T ~although it will be
approximately equal!. In fact for these two oscillations
P2 /T5P3 /T is not dynamically stable as we shall now e
6-10



e
t-
t
s
t

he

on

b

n
a

al
-

l

r

n

o
th
-
,

e

is
uo
it

f

nt

ha

fo

ic

e
-

is

DETAILED STUDY OF BBN IMPLICATIONS OF . . . PHYSICAL REVIEW D 61 023516
plain. The behavior of oscillations such as these~in the con-
text of a quite different model! has been studied in som
detail in Ref. @9#. Generically there are two possible ou
comes. Either the evolution of lepton number is such tha
drives P2 /T→P3 /T or the evolution of lepton numbers i
such as to drive them apart. To figure out what is going
happen imagine thatP2 /T is slightly less thanP3 /T. In
other words then̄t↔ n̄e oscillation resonance preceeds t
n̄t↔ n̄m oscillation resonance. This means that then̄t↔ n̄e

resonance will efficiently interchangen̄t and n̄e states at the
resonance. This will transfer someLnt

to Lne
and will thus

speed up the resonance a bit since it is inversely proporti
to the difference ofLnt

and Lne
. The trailing n̄t↔ n̄m reso-

nance will be less effective in transferringLnt
to Lnm

because
at this resonance there will be approximately equal num
of n̄m and n̄t states thanks to the efforts of then̄t↔ n̄e reso-
nance. Thus the two resonances will slowly move apart u
eventually they will be far enough apart so that the therm
ization due to the collisions will be rapid enough to therm
ize thent spectrum such that theLnm

is created at approxi

mately the same rate as theLne
. For definiteness, we wil

assume as our initial condition thatP3 /T.P2 /T. For our
numerical work we will assume thatP3 /T51.01P2 /T ini-
tially. This could be due to a slightly largerudmte

2 u
.udmtm

2 u for example. We found very similar results fo
even smaller choices such asP3 /T51.001P2 /T.

It is straightforward to numerically integrate the evolutio
equations~41! with T5Tc/2 ‘‘initial conditions’’ as de-
scribed above. We keep track of the number distributions
all 4 flavors~using a completely analogous procedure to
previous cases!. In Fig. 7 we plot the evolution of the neu
trino asymmetries, Lnt

,Lnm
,Lne

, for three examples

dmlarge
2 /eV250.1,10,1000. The implications for BBN ar

shown in Figs. 8 and 9. Figure 8 treats theLne
.0 case, while

Fig. 9 displays theLne
,0 case. As these figures show, th

case is very similar to the previous results where the m
neutrino was neglected. Of course if we had started w
P2 /T.P3 /T, then theLnm

andLne
are approximately inter-

changed. In this case, the modification toNe f f
BBN would be

somewhat smaller, especially for lower values ofdmlarge
2 .

Let us compare our results with the original work in Re
@3# and the more recent work of Ref.@10#. In Ref. @3# we
made the approximation that the repopulation was insta
neous above about 1.5 MeV. We also assumed thatLne

5Lnm
and derived evolution equations consistent with t

assumption. We found thatdNe f f
BBN'20.5 for Lne

.0 and

dNe f f
BBN'0.4 for Lne

,0 for

10&dmlarge
2 /eV2&1000. ~42!

For theLne
.0 case the results are in rough agreement

dmlarge
2 &100 eV2. The difference for largerdmlarge

2 is due to
the more accurate treatment of chemical decoupling wh
02351
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suggests a lower decoupling temperature. For theLne
,0

case the effect is underestimated by about 0.4 indNe f f
BBN in

Ref. @3#. This difference is partly due to a mistake in th
numerical work of Ref.@3# which we have recently discov
ered.

In Ref. @10# they consider the case of Sec. IV A of th

FIG. 7. Low temperature evolution ofLnt
/h,Lnm

/h,Lne
/h (h

[Tn
3/Tg

3) for the model of case 2~Sec. IV B!. ~a!, ~b!, and ~c!
correspond to the parameter choicesdmlarge

2 50.1 eV2, dmlarge
2

510 eV2 anddmlarge
2 51000 eV2 respectively.
6-11
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section, i.e. neglecting the muon neutrino. Their results
not seem to be consistent with ours, expecially forLne

.0.
We do not know the reason for this.

V. CONCLUSION

We have made a detailed study of several ‘‘four neutr
scenarios’’ which can generate significantLne

asymmetry,
thereby affecting BBN~these scenarios were first discuss
in this context in Ref.@3#!. In the first case we considered th
direct production ofLne

from ne↔ns oscillations. Our re-
sults are shown in Figs. 2 and 3. Clearly very large mod
cations to BBN are possible and depend sensitively ondm2

@but are approximately independent of sin22u as long as
sin22u is in the range, Eq.~7!#. The results also depend crit
cally on the sign ofLne

. We also studied the indirect produc

tion of Lne
from Lnt

. Our results are given in Figs. 5 and
for the case where the muon neutrino can be neglected

FIG. 8. dNe f f
BBN versusdmlarge

2 for the model of case 2~Sec.
IV B !. The dashed line is the contributiond1Ne f f

BBN due to the effects
of the Lne

asymmetry while the dash-dotted line is the contributi
d2Ne f f

BBN due to the change in the expansion rate. The solid lin
the total contributiondNe f f

BBN5d1Ne f f
BBN1d2Ne f f

BBN . This figure con-
siders the caseLne

.0.

FIG. 9. Same as Fig. 8 exceptLne
,0 is considered.
02351
o

o

-

nd

Figs. 8 and 9 where the muon neutrino is included. Th
results are in rough agreement with our earlier conclusion@3#
that dNe f f

BBN;20.5 for the case of positiveLne
for the pa-

rameter range, Eq.~42!. Notice that the figures show
slightly larger effect fordm2;10 eV2 where the slow re-
population rate becomes important~Ref. @3# assumed that
repopulation was instantaneous!. Also the more accurate
treatment of repopulation in the kinetic decoupling regi
suggests a largerdNe f f

BBN for udm2u/eV2*100 than was found
previously.

We conclude by emphasizing once more that the deta
predictions of models with light sterile neutrinos are qu
model dependent. Quantitatively different results occur
four neutrino models with approximately degeneratenm ,nt
@7#, as well as in six neutrino models with three light ster
neutrinos approximately maximally mixed with each of t
ordinary neutrinos@9#. It is a remarkable prospect that acc
rate determinations of the primordial element abundances
well as forthcoming precision measurements of the anis
ropy of the cosmic microwave background, may one d
help to distinguish between competing models of parti
physics.
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APPENDIX: REPOPULATION

Consider for definiteness the case ofn̄a↔ n̄s oscillations
which generate a largeLna

. Then̄a↔ n̄s oscillations depelete

the n̄a states at the MSW resonance. Elastic collisions w
tend to thermalize the momentum distributions so that th
can be approximately described by chemical potenti
while inelastic collisions will create and modify the chemic
potentials. Let us denote the total elastic and inelastic co
sion rates by the notationGa

E ,Ga
I respectively. It happens tha

Ga
E@Ga

I ,12 so it makes sense to describe the neutrino dis
butions in terms of chemical potentials and a common te
perature throughout the chemical decoupling period
&T/MeV&4). We emphasize that the actual momentum d
tribution is always computed from Eq. (17); the purpose
this present discussion is to work out the evolution of
chemical potentials which are needed on the right-hand s
of Eq. (17).

The chemical potentials are related to the lepton num
by the equation

Lna
5

1

4z~3!
E

0

` x2dx

11ex1m̃a
2

1

4z~3!
E

0

` x2dx

11ex1m̃ā
,

~A1!

12NumericallyGe
E/Ge

I .6.3, Gm,t
E /Gm,t

I .8.0.

is
6-12
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wherem̃a[mna
/T, m̃ā[mn̄a

/T andz(3).1.202 is the Rie-
mann zeta function of 3. Expanding out the above equat

Lna
.2

1

24z~3!
@p2~m̃a2m̃ā!26~m̃a

22m̃ā
2
!ln2

1~m̃a
32m̃ā

3
!#. ~A2!

This is an exact equation form̃a52m̃ā ; otherwise it holds
to a good approximation provided thatum̃a,āu&1. If we turn
off inelastic collisions for a moment, and assume that
oscillation generatedLna

is positive, then the oscillation

generate a largem̃ā . The evolution ofm̃ā due to the genera
tion of Lna

~i.e. due to oscillations! can easily be obtained
from Eq. ~A2!,

dm̃ā

dT
U

osc

.F 24z~3!

p2212m̃āln213m̃ā
2G dLna

dT
,

dm̃a

dT
U

osc

.0.

~A3!

Now, let us turn on the inelastic collisions and see w
happens. There are six inelastic processes, which we lis
Table I together with their thermally averaged interacti
rates@20#.

In the above table,x[sin2uw is the weak mixing angle
(sin2uw.0.23), andF0[(GF

2^p&2/6p) ng.0.13GF
2T5. Con-

sider the first process listed in the above table. This proc
will change the number ofnt ,n̄t ,nm ,n̄m states such that

dnnt

dt
U

(1)

5
dnn̄t

dt
U

(1)

52
dnnm

dt
U

(1)

52
dnn̄m

dt
U

(1)

, ~A4!

where the subscript ‘‘u(1)’’ denotes the contribution to the
rate of change due to the process~1! in the table. The rate
can be expressed approximately as follows:

d~nnt
/n0!

dt
U

(1)

5
1

n0
E

0

`E
0

`

@Nnm
~p!Nn̄m

~p8!

2Nnt
~p!Nn̄t

~p8!#s1~p,p8!dpdp8.

~A5!

TABLE I. Inelastic processes together with their thermally a
eraged interaction rates.

Process Rate

~1! ntn̄t↔nmn̄m
G1

I 5F0

~2! ntn̄t↔nen̄e
G2

I 5F0

~3! ntn̄t↔e1e2 G3
I 5(8x224x11)F0

~4! nmn̄m↔nen̄e
G4

I 5F0

~5! nmn̄m↔e1e2 G5
I 5(8x224x11)F0

~6! nen̄e↔e1e2 G6
I 5(8x214x11)F0
02351
n,

e

t
in

ss

For convenience we have normalized with respect to
number of neutrinos in a Fermi-Dirac distribution with ze
chemical potential,n053z(3)T3/4p2. Let us further make
the useful approximation that

Nna
~p!.e2m̃aN0~p!, Nn̄a

~p!.e2m̃āN0~p!,

Ne6~p!5N0~p!, ~A6!

where N0(p) is the Fermi-Dirac distribution with zero
chemical potential. Note that thee6 distributions have zero
chemical potential due to the very rapid collisions with t
background photons~see e.g. Ref@13#!. Thus, with the above
approximation, Eq.~A5! can be expressed in the simple for

dhnt

dt
U

(1)

5~hnm
hn̄m

2hnt
hn̄t

!G1
I , ~A7!

wherehna
[em̃a, hn̄a

[em̃ā. Clearly, we also have that

FIG. 10. Evolution ofm̃a,ā for the model of case 2~Sec. IV A!.
~a! and ~b! correspond to the parameter choicesdmlarge

2 510 eV2

and dmlarge
2 5200 eV2 respectively. In the figures the thin solid

dashed, dash-dotted, dotted and thick solid lines correspon

m̃e ,m̃m ,m̃t ,m̃ ē and m̃ t̄ respectively. Note thatm̃m̄5m̃m in this
case.
6-13
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dhnt

dt
U

(1)

5
dhn̄t

dt
U

(1)

52
dhnm

dt
U

(1)

52
dhn̄m

dt
U

(1)

,

dhne

dt
U

(1)

5
dhn̄e

dt
U

(1)

50. ~A8!

A similar set of equations can be obtained for the other fi
inelastic processes. Putting this altogether, we have

dhnt

dt
U

repop

5
dhn̄t

dt
U

repop

5(
i 51

6 dhnt

dt
U

( i )

5~hnm
hn̄m

2hnt
hn̄t

!G1
I 1~hne

hn̄e
2hnt

hn̄t
!G2

I

1~12hnt
hn̄t

!G3
I ,

dhnm

dt
U

repop

5
dhn̄m

dt
U

repop

5(
i 51

6 dhnm

dt
U

( i )

5~hnt
hn̄t

2hnm
hn̄m

!G1
I 1~hne

hn̄e
2hnm

hn̄m
!G4

I

1~12hnm
hn̄m

!G5
I ,

dhne

dt
U

repop

5
dhn̄e

dt
U

repop

5(
i 51

6 dhne

dt
U

( i )
D
.

E.

r,

02351
e

5~hnt
hn̄t

2hne
hn̄e

!G2
I 1~hnm

hn̄m
2hne

hn̄e
!G4

I

1~12hne
hn̄e

!G6
I . ~A9!

Of course the total rate of change ofm̃a ,m̃ā is given by

dm̃a

dt
5

dm̃a

dt
U

osc

1
dm̃a

dt
U

repop

,

dm̃ā

dt
5

dm̃ā

dt
U

osc

1
dm̃ā

dt
U

repop

. ~A10!

The above equations can be used to approximately com
the set of chemical potentials. Then using Eqs.~17! the evo-
lution of the set of number distributions can be obtained.

In Fig. 10 we give the evolution ofm̃a,ā for some illus-
trative examples. In the figure we consider the model d
cussed in Sec. IV A with the parameter choicedmlarge

2

510 eV2 for Fig. 10~a! anddmlarge
2 5200 eV2 for Fig. 10~b!.

We have also compared the above repopulation proce
with the simpler procedure of a fixed decoupling tempe
ture, Tdec

a , wheremna
52mn̄a

for T.Tdec
a and mna

frozen

~in the caseLna
.0) for T,Tdec

a . We get rough agreemen

provided thatTdec
a '3 MeV.
T,
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