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Semi-inclusive hadron production at DESY HERA: The effect of QCD gluon resummation

P. Nadolsky, D. R. Stump, and C.-P. Yuan
Department of Physics and Astronomy, Michigan State University, East Lansing, Michigan 48824

~Received 21 June 1999; published 18 November 1999!

We present a formalism that improves the applicability of perturbative QCD in the current region of
semi-inclusive deep inelastic scattering~DIS!. The formalism is based on all-order resummation of large
logarithms arising in the perturbative treatment of hadron multiplicities and energy flows in this region. It is
shown that the current region of semi-inclusive DIS is similar to the region of small transverse momenta in
vector boson production at hadron colliders. We use this resummation formalism to describe transverse energy
flows and charged particle multiplicity measured at the DESY electron-proton collider HERA. We find good
agreement between our theoretical results and experimental data for the transverse energy flows.

PACS number~s!: 13.85.Ni
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I. INTRODUCTION

It is well known that perturbative quantum chromod
namics~PQCD! is a very powerful but not omnipotent theor
of the strong interactions of elementary particles. It can
successfully applied to the calculation of various physi
observables whenever the kinematics of the particle inte
tion process implies the existence of a large scaleQ with
dimensionality of momentum. For such a kinematic regim
the cross section of the hadronic process can be represe
as a convolution of the perturbatively calculable hard p
describing the energetic short-range interactions of hadr
constituents~partons!, and several process-independent no
perturbative functions, relevant to the complicated strong
namics at large distances.

The factorization of the hard and soft parts has proven
be a powerful method for the calculation of hadronic scat
ing cross sections. Unfortunately, near the boundaries of
kinematic phase space the convergence of the perturb
solution can be spoiled by the presence of large logarith
log r, where r is some dimensionless function of the kin
matic parameters of the system. For instance,r might be a
small ratio of two momentum scalesP1 and P2 of the sys-
tem, r 5P1 /P2.

To handle this situation, techniques for the all-order
summation of the logarithmically divergent terms have be
developed@1–6#. These techniques have been successf
used to improve the applicability of perturbative QCD
several processes~calculation of energy correlations ine1e2

annihilation@4#, transverse momentum distributions in vect
boson@5,7–9#, di-photon@10#, and Higgs boson@11# produc-
tion at hadron colliders!.

In this paper, we will consider another process, the p
duction of hadrons in deep-inelastic lepton-hadron scatte
~DIS!. As will be discussed below, some features of t
process are similar to thee1e2 hadroproduction and vecto
boson production, so that in certain kinematic regions
description of this process requires all-order resummation
the large logarithms which would otherwise spoil the conv
gence of the perturbative calculation.

Deep-inelastic lepton-hadron scattering~DIS! at large mo-
mentum transferQ is one of the cornerstone processes to t
0556-2821/99/61~1!/014003~19!/$15.00 61 0140
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PQCD. Traditionally, the experimental study of the fully in
clusive DIS process,e1A→e1X where A is usually a
nucleon, andX is any final state, is used to obtain inform
tion about the parton distribution functions~PDF’s! of the
nucleon. These functions describe the long-range dynam
of hadron interactions, and are required by many PQCD
culations.

During the 1990s, significant attention has also been p
to various aspects of semi-inclusive deep inelastic scatte
~semi-inclusive DIS!, for instance, the semi-inclusive pro
duction of hadrons and jets,e1A→e1B1X ande1A→e
1 jets1X. In particular, the H1 and ZEUS Collaborations
the DESYep collider HERA, and the E665 experiment a
Fermilab performed extensive experimental studies of
charged particle multiplicity@12–14# and hadronic trans-
verse energy flows@15# at large momentum transferQ. It
was found that some aspects of the data, e.g., the Feynmx
distributions, can be successfully explained in the framew
of perturbative QCD analysis@16#. On the other hand, the
applicability of PQCD for the description of other features
the process is limited. For example, the perturbative calc
tion in lowest orders fails to describe the pseudorapidity
transverse momentum distributions of the final hadrons. U
der certain kinematic conditions the whole perturbative
pansion as a series in the QCD coupling may fail due to
large logarithms mentioned earlier.

To be more specific, consider semi-inclusive DIS produ
tion of hadrons of a typeB. At large energies, we can negle
the masses of the participating particles. In semi-inclus
DIS at given energies of the beams, any event can be c
acterized by two energy scales: the virtuality of the e
changed photonQ and the scaleqT related to the transvers
momentum of the final hadronB. The exact definition ofqT
will be given in the main part of the paper. One may try
use PQCD in any of three regions, whereQ, qT , or bothQ
and qT are large. The renormalization and factorizati
scales should be chosen to be of the order of the large ph
cal scale of the process. In the limitQ!qT ~photoproduction
region! PQCD may fail due to the large terms (logQ/qT)

n as
Q→0, which should be resummed into the parton distrib
tion function of the virtual photon@17#. The limit Q@qT is
similar to the limit of a small transverse momentum in vec
©1999 The American Physical Society03-1
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boson production where logarithms of the type (logqT /Q)n

should be resummed in order to get a finite cross sectio
the process@5#. Finally, in the regionqT'Q one may en-
counter another type of large logarithms corresponding
events with large rapidity gapsDy. Such large logarithms
can be resummed with the help of the Balitskiı˘-Fadin-
Kuraev-Lipatov~BFKL! formalism @6#.

The purpose of this paper is to discuss the resummatio
large logarithms in semi-inclusive DIS hadroproducti
e1A→e1B1X in the limit qT!Q. These are large loga
rithms arising from the emission of soft and collinear p
tons, which we resum using the formalism of Collins, Sop
and Sterman~CSS! @5#. Our calculations are based on th
works of Meng, Olness, and Soper@18,19#, who analyzed the
resummation technique for a particular energy distribut
function of the semi-inclusive DIS process. This energy d
tribution function receives contributions from all possible
nal state hadrons, and does not depend on the specific
fragmentation in the final state.

In this paper we present a more general formalism t
the one developed in@18,19#, which will also account for the
final state fragmentation of the partons. This formalism
quires the knowledge of the fragmentation functions~FF’s!
describing nonperturbative fragmentation of final parto
into observed hadrons. Correspondingly, this formalism
consider a wider class of physical observables including p
ticle multiplicities. Our calculations will be done in the nex
to-leading order of perturbative QCD. As an example o
practical application of our formalism, we compare our c
culation with the H1 data on the pseudorapidity distributio
of the transverse energy flow@15# in theg* p center-of-mass
frame. We also present predictions for charged particle m
tiplicity. Another goal of this study is to find in which re
gions of kinematic parameters the CSS resummation form
ism is sufficient to describe the existing data, and in wh
regions significant contributions from other hadroproduct
mechanisms, such as the BFKL interactions@6#, higher order
corrections including multijet production with@17# or with-
out @20# resolved photon contributions, or photoproducti
showering@21#, cannot be ignored.

The outline of the paper is as follows. In Sec. II we defi
the kinematic variables for the semi-inclusive DIS proce
and specify the coordinate frames which will be us
throughout the following discussion. In Sec. III we derive t
resummed cross-section formulas. In Sec. IV we extend
results of Sec. III to obtain the resummed energy flows.
Sec. V we describe the matching between the resummed
perturbative cross sections. We also discuss kinematic
rections, which should be applied to the resummed cr
section to account for fast contraction of the phase spac
the perturbative cross section atqT'Q. In Sec. VI we de-
scribe the results of Monte Carlo calculations for the
summed cross sections and energy flows. We presen
comparison of our calculation with the existing transve
energy flow data from HERA. We also suggest how one
reanalyze the existing HERA and Fermilab-E665 data
charged particle production in order to adapt it for una
biguous extraction of the non-perturbative Sudakov facto
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II. KINEMATIC VARIABLES

We follow notations which are similar to the ones used
@18,19#. In this section we summarize them. We limit th
discussion to the case of semi-inclusive DIS at theep col-
lider HERA. We consider the process

e1A→e1B1X, ~1!

where e is an electron or positron,A is a proton,B is a
hadron observed in the final state, andX represents any othe
particles in the final state in the sense of inclusive scatte
~Fig. 1!. We denote the momenta ofA andB by pA

m andpB
m ,

and the momenta of the lepton in the initial and final sta
by l m and l 8m. Also, qm is the momentum transfer to th
hadron system,qm5 l m2 l 8m. For most of this paper, unti
the discussion of charged particle multiplicity, we will ne
glect the particle masses.

We assume that the initial lepton and hadron interact o
through a single photon exchange. Therefore,qm also has the
meaning of the four momentum of the exchanged virt
photong* .

A. Lorentz scalars

For further discussion, we define five Lorentz scalars r
evant to the process~1!. The first is the center-of-mass en
ergy of the initial hadron and leptonASeA where

SeA5~pA1 l !252pA• l . ~2!

We will also use the conventional DIS variablesx and Q2

which are defined from the momentum transferqm by

Q252q252l • l 8, ~3!

x5
Q2

2pA•q
. ~4!

In principle, x and Q2 can be completely determined in a
experimental event by measuring the momentum of the o
going lepton.

Next we define a scalarz related to the momentum of th
final hadron stateB by

FIG. 1. Semi-inclusive deep inelastic scattering.
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SEMI-INCLUSIVE HADRON PRODUCTION AT DESY . . . PHYSICAL REVIEW D61 014003
z5
pB•pA

q•pA
5

2xpB•pA

Q2
. ~5!

The variablez plays an important role in the description
fragmentation in the final state. In particular, in the qua
parton model~or in the leading order perturbative calcul
tion! it is equal to the fraction of the fragmenting parton
momentum carried away by the observed hadron.

The next relativistic invariantqT
2 is the square of the com

ponent of the virtual photon’s four momentumqm that is
transverse to the four momenta of the initial and final h
rons:

qT
252qt

mqtm , ~6!

where

qt
m5qm2pA

m q•pB

pA•pB
2pB

m q•pA

pA•pB
. ~7!

The orthogonality ofqt
m to both pA

m and pB
m , that is qt•pA

5qt•pB50, follows immediately from its definition~7!.
The variableqT plays the same role in the semi-inclusiv

DIS resummation as the transverse momentum of a ve
boson in resummation of vector boson production at had
colliders. In particular, the theoretical cross section cal
lated in a fixed order of PQCD is divergent in the lim
qT→0, so that all-order resummation is needed to make
predictions of the theory finite in this limit.

In the analysis of kinematics, we will use two referen
frames. The first is the center-of-mass~c.m.! frame of the
initial hadron and the virtual photon. The second is a spe
type of Breit frame which we will call, depending o
whether the initial state is a hadron or a parton, thehadronor
parton frame. As was shown in@18,19#, by using the hadron
frame one can organize the resummation formalism for se
inclusive DIS in a way that is similar to the case of vec
boson production. On the other hand, many experime
results are presented in theg* p c.m. frame. We will use a
subscripth andcm to denote kinematic variables in the ha
ron or c.m. frame.

B. Hadron frame

Following Menget al. @18,19# the hadron frame is define
by two conditions:~a! the four momentum of the virtua
photon is purely space-like, and~b! the momentum of the
outgoing hadronB lies in the xz plane. The directions o
particle momenta in this frame are shown in Fig. 2.

In this frame the protonA moves in the1z direction,
while the momentum transferqW is in the 2z direction, and
q0 is 0:

qh
m5~0,0,0,2Q!, ~8!

pA,h
m 5

Q

2x
~1,0,0,1!. ~9!

The momentum of the final-state hadronB is
01400
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pB,h
m 5

zQ

2 S 11
qT

2

Q2
,
2qT

Q
,0,

qT
2

Q2
21D . ~10!

The incoming and outgoing lepton momenta in the had
frame are defined in terms of variablesc andf as follows
@22#:

l h
m5

Q

2
~coshc,sinhc cosf,sinhc sinf,21!, ~11!

l h8
m5

Q

2
~coshc,sinhc cosf,sinhc sinf,11!. ~12!

Note thatf is the azimuthal angle oflWh or lWh8 around thez
axis. c is a parameter of a boost which relates t
hadron frame to a lepton Breit frame in whichl m

5(Q/2,0,0,2Q/2). By Eqs.~2! and ~11! we find that

coshc5
2xSeA

Q2
215

2

y
21, ~13!

where the conventional DIS variabley is defined as

y5
Q2

xSeA
. ~14!

The allowed range of the variabley in deep-inelastic scatter
ing is 0<y<1; thereforec>0.

The transverse part of the virtual photon momentumqt
m

has a simple form in the hadron frame; it can be shown t

qt,h
m 5S 2

qT
2

Q
,2qT,0,2

qT
2

Q D . ~15!

In other words,qT is the magnitude of the transverse com
ponent ofqW t,h . The transverse momentumpT of the final
state hadronB in this frame is simply related toqT , by

FIG. 2. Geometry of the particle momenta in the hadron fram
3-3
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pT5zqT . ~16!

Also, the pseudorapidity ofB in the hadron frame is

hh[2 logS tan
uB,h

2 D5 log
qT

Q
. ~17!

The resummed cross section will be derived using
hadron frame. To transform the result to other frames, i
useful to express the basis vectors of the hadron fra
(Tm,Xm,Ym,Zm) in terms of the particle momenta@18#. For
an arbitrary coordinate frame

Tm5
qm12xpA

m

Q
,

Xm5
1

qT
S pB

m

z
2qm2F11

qT
2

Q2GxpA
mD ,

Ym5emnrsZnTrXs ,

Zm52
qm

Q
. ~18!

If these relations are evaluated in the hadron frame, the b
vectors Tm,Xm,Ym,Zm are (1,0,0,0),(0,1,0,0),(0,0,1,0),
(0,0,0,1), respectively.

The relationships between the hadron-frame variables
the HERA lab-frame momenta are presented in Appendix

C. Photon-hadron center-of-mass frame

The center-of-mass frame of the protonA and virtual pho-
ton g* is defined by the conditionpW A,cm1qW cm50. The re-
lationship between particle momenta in this frame is illu
trated in Fig. 3. As in the hadron frame, the momentaqW cm

andpW A,cm in the c.m. frame are directed along thez axis. The
coordinate transformation from the hadron frame into

FIG. 3. Particle momenta in theg* p c.m. frame.
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g* p c.m. frame consists of~a! a boost in the direction of the
virtual photon and~b! inversion of the direction of thez axis,
which is needed to make the definition of the c.m. fram
consistent with the one adopted in HERA experimental p
lications. In the c.m. frame the momentum ofg* is

qcm
m 5S W22Q2

2W
,0,0,

W21Q2

2W D , ~19!

whereW is the c.m. energy of theg* p collisions,

W25~pA1q!2. ~20!

The momenta of the initial and final hadronsA and B are
given by

pA,cm
m 5S W21Q2

2W
,0,0,2

W21Q2

2W D , ~21!

pB,cm
m 5~EB ,pB,cmsinuB

cm ,0,pB,cmcosuB
cm!. ~22!

Since the hadron and c.m. frames are related by a b
along thez direction, the expression for the transverse m
mentum of the final hadronB in the c.m. frame is the same a
the one in the hadron frame,

pT5zqT . ~23!

Also, similar to the case of the hadron frame, the relations
betweenqT and the pseudorapidity ofB in the c.m. frame is
simple,

qT5We2hcm. ~24!

The limit of smallqT , which is most relevant for our resum
mation calculation, corresponds to the region of large ps
dorapidities in the hadronic c.m. frame. Since in this case
final parton is produced in the direction of the momentum
the virtual photon, the region of largehcm is also called the
current region.

D. Parton kinematics

The kinematic variables and momenta discussed so far
all laboratory variables. Next, we relate these to parton v
ables.

Let a denote the parton inA that participates in the hard
scattering, with momentumpa

m5japA
m . Let b denote the par-

ton of whichB is a fragment, with momentumpb
m5pB

m/jb .
The momentum fractionsja andjb range from 0 to 1. At the
parton level, we introduce the Lorentz scalarsx̂,ẑ,q̂T analo-
gous to the ones at the hadron level:

x̂5
Q2

2pa•q
5

x

ja
, ~25!

ẑ5
pb•pa

q•pa
5

z

jb
, ~26!

q̂T
252q̂t

mq̂tm
. ~27!
3-4
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Here q̂T
m is the component ofqm which is orthogonal to the

parton four momentapa
m andpb

m ,

q̂t•pa5q̂t•pb50.

Therefore,

q̂t
m5qm2pa

m q•pb

pa•pb
2pb

m q•pa

pa•pb
. ~28!

In the case of massless initial and final hadrons the hadr
and partonicqT’s coincide,

q̂T5qT . ~29!

III. THE RESUMMED NLO CROSS SECTION

The knowledge of five Lorentz scalarsSeA ,Q,qT ,x,z and
the lepton azimuthal anglef in the hadron frame is sufficien
to specify unambiguously the kinematics of the sem
inclusive scattering evente1A→e1B1X. In the follow-
ing, we will discuss the hadron cross sectiondsBA , which is
related to the parton cross sectiondŝba by

dsBA

dxdzdQ2dqT
2df

5(
a,b

E
z

1djb

jb
DB/b~jb ,mD!

3E
x

1dja

ja
Fa/A~ja ,mF!

dŝba

dx̂dẑdQ2dqT
2df

.

~30!

HereFa/A(ja ,mF) denotes the distribution function~PDF! of
the parton of a typea in the hadronA, andDB/b(jb ,mD) is
the fragmentation function~FF! for parton typeb and final
hadronB. The parametersmF and mD are the factorization
scales for the PDF’s and FF’s. In the following discussi
and calculations, we assume that these factorization sc
and the renormalization scalemR are the same,

mF5mD5mR[m.

The analysis of semi-inclusive DIS can be convenien
organized by separating the dependence of the parton
hadron cross-sections on the leptonic anglef and the boost
parameterc from the other kinematic variablesx, z, Q and
qT @22#. Following @18#, we express the hadron@or parton#
cross section as a sum over products of functions of th
lepton angles in the hadron frameAa(c,f), and structure
functions VBA

(a)(x,z,Q2,qT
2) @or V̂ba

(a)( x̂,ẑ,Q2,qT
2), respec-

tively#:

dsBA

dxdzdQ2dqT
2df

5 (
a51

4

VBA
(a)~x,z,Q2,qT

2!Aa~c,f!,

~31!
01400
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dŝba

dx̂dẑdQ2dqT
2df

5 (
a51

4

V̂ba
(a)~ x̂,ẑ,Q2,qT

2!Aa~c,f!.

~32!

At the energy of HERA, hadroproduction via parity
violating Z-boson exchanges can be neglected, and only f
out of the nine angular functions listed in@18# contribute to
the cross sections~31!,~32!. They are

A1511cosh2c,

A2522,

A352cosf sinh 2c,

A45cos 2f sinh2c. ~33!

We will assume that the anglef is not monitored in the
experiment, so that it will be integrated out in the followin
discussion. Correspondingly, our numerical result
ds/(dxdzdQ2dqT

2) will not depend on terms in Eqs
~31!, ~32! proportional to the angular functionsA3 and A4,
which integrate to zero.

Out of the four structure functions, onlyV̂ba
(1) receives

contributions from both leading and next-to-leading ord
diagrams. Also, only theV̂ba

(1) structure function diverges in
the limit qT→0.

The leading order~LO! parton process ise1a→e1b
where the initial partona is a quark from the proton and th
final quark b ~which is the same asa) fragments into the
hadronB. The Feynman diagram for this process is shown
Fig. 4~a!. There is no LO contribution to semi-inclusive DI
from gluons.

FIG. 4. Feynman diagrams for semi-inclusive DIS:~a! LO; ~b!–
~d! NLO virtual diagrams;~e!–~f! NLO real emission diagrams.
3-5
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The next-to-leading order~NLO! corrections are shown in
Figs. 4~b!–4~f!. At this order, we need to account for th
virtual corrections to the LO subprocessqhg* →qh @Figs.
4~b!–4~d!#, as well as for the diagrams describing the su
processesqhg* →qhg and gg* →qq̄, with the subsequen
fragmentation of the final-state quark, antiquark or glu
@Figs. 4~e! and 4~f!#.

Conservation of total four momentum in the real emiss
subprocesses@Figs. 4~e! and 4~f!# allows us to write the mo-
mentum of the unobserved final state parton@e.g., the gluon
in Fig. 4~e!# as

pg
m5qm1pa

m2pb
m . ~34!

When there is no gluon radiation (pg
m50) the momentum of

b is pb
m5pa

m1qm, and, according to Eq.~28!, qT
252qt•qt

50. Thus, a non-zeroqT in the event is an effect of gluon
radiation. In the regionqT→0, either softness or collinearit
of the unobserved partons will create infrared singulariti
which make the perturbative result unreliable. The sum
the real and virtual diagrams is made finite by order-by-or
cancellation of the soft singularities arising from the real a
or

tri

ed

01400
-

n

n

,
f
r

d

virtual pieces, and by absorption of the collinear singularit
into the parton distribution and fragmentation function
Nonetheless, this cancellation does not guarantee rapid
vergence of the perturbative calculation, which will typical
contain large logarithms logqT /Q countering the smallnes
of the strong coupling.

The slow convergence of the perturbative series
qT→0 can be corrected by resummation of the most singu
logarithmic terms. It is done in the following way. First, w
extract the terms in the squared amplitudes of the real em
sion diagrams Figs. 4~e! and 4~f! that are most singular in the
limit qT→0; we refer to these terms as theasymptotic piece.
These terms are proportional to 1/qT

2 and, as it was men-

tioned above, they appear only in theV̂ba
(1) structure function.

Thus, the structure functionV̂ba
(1) is represented as

V̂ba
(1)~ x̂,ẑ,Q2,qT

2!5@V̂ba
(1)~ x̂,ẑ,Q,qT

2!#asym1Ŷba
(1)~ x̂,ẑ,Q2,qT

2!,
~35!

where (V̂ba
(1))asym is O(1/qT

2), and Ŷba
(1) is finite in the limit

qT→0. The asymptotic piece of the NLO hadron cros
section~30! is
S dsBA

dxdzdQ2dqT
2df

D
asym

5
s0Fl

SeA

as

p

1

2qT
2

A1~c,f!

2p

3(
j

ej
2FDB/ j~z,m!$~Pqq^ f j /A!~x,m!1~Pqg^ f g/A!~x,m!%

1$~DB/ j ^ Pqq!~z,m!1~DB/g^ Pgq!~z,m!% f j /A~x,m!

12DB/ j~z,m! f j /A~x,m!H CFlog
Q2

qT
2

2
3

2
CFJ 1OS as

p
,qT

2D G . ~36!
n

er
Hereeej is the electric charge of the participating quark
antiquark of flavorj. The parameters0 collects various con-
stant factors coming from the hadronic side of the ma
element:

s0[
Q2

4pSeAx2 S e2

2 D . ~37!

The factorFl , that comes from the leptonic side, is defin
by

Fl5
e2

2

1

Q2
. ~38!

The color factorCF5(Nc
221)/(2Nc)54/3. The convolution

in Eq. ~36! is defined as
x
~ f ^ g!~x,m!5E

x

1

f ~x/j,m!g~j,m!
dj

j
. ~39!

The functionsPi j (x) entering the convolution integrals i
Eq. ~36! are the familiar splitting kernels:

Pqq~x!5CFS 11x2

12x D
1

, ~40!

Pqg~x!5
1

2
~122x12x2!, ~41!

Pgq~x!5CF

11~12x!2

x
. ~42!

The finite pieceYBA
(1) of the hadron cross section and the oth

structure functionsVba
( i ) for i 52,3,4 can be derived in a
3-6
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straightforward way from the expression for the cross sec
of the real emission subprocesses, which is presented in
pendix B.

Next, we use the perturbative asymptotic piece~36! to
derive theO(as) expression for the resummed cross sect
@ds/(dxdzdQ2dqT

2df)# resum. In the Collins-Soper-Sterma
resummation formalism@5#, the cross section is written as
Fourier integral over a variablebW conjugate toqW T[qW t,h ,

dsBA

dxdzdQ2dqT
2df

5
s0Fl

SeA

A1~c,f!

2 E dn22b

~2p!n22
eiqW T•bWWBA~b,x,z,Q!

1YBA . ~43!

The term containing the integral ofWBA(b), which we name
the CSS piece, absorbs the asymptotic contributions from
orders. The second term, which is thefinite piece, has the
form

YBA5YBA
(1)1 (

a52

4

VBA
(a)Aa~c,f!. ~44!

The Fourier transform is performed in the space ofn54
2e dimensions, in which the asymptotic piece of the re
emission subprocesses generates terms which are pr
tional to 1/e and divergent ase→0. Upon summation of the
real and virtual diagrams, some of these terms, specific
those corresponding to soft singularities, cancel. The rem
ing 1/e poles correspond to collinear singularities. They a
later absorbed into the redefined NLO PDF or FF, render
a final expression that is nonsingular ase→0.

According to @5#, the form of the resummed structur
function WBA(b,x,z,Q) at small values ofb is

WBA~b,x,z,Q!5(
j

ej
2~DB/b^ C b j

out!~z,b,m!

3~C ja
in

^ Fa/A!~x,b,m!e2SBA(b,Q).

~45!

In the limit of small b and largeQ, the Sudakov function
SBA(b,Q) does not depend on the types of the external h
rons and looks like

SBA~b,Q!5E
C1

2/b2

C2
2Q2dm̄2

m̄2 S A@as~m̄ !,C1# ln
C2

2Q2

m̄2

1B@as~m̄ !,C1 ,C2# D , ~46!

with

A@as~m̄ !,C1#5 (
k51

`

Ak~C1!S as~m̄ !

p
D k

, ~47!
01400
n
p-

n

l

l
or-

ly
n-
e
g

-

B@as~m̄ !,C1 ,C2#5 (
k51

`

Bk~C1 ,C2!S as~m̄ !

p
D k

. ~48!

The integration in Eq.~46! is performed between two scale
of order 1/b andQ. The constantsC1 andC2 determining the
exact integration range area priori unknown, and their varia-
tion allows us to test the scale invariance of the resumm
cross section. There are convenient choices ofC1 , C2 for
which some logarithms inŴba(b,x̂,ẑ,Q) cancel.

The functionsC in( x̂,b,m) and C out( ẑ,b,m) contain con-
tributions from partons radiated collinearily to the initial an
final hadrons. These functions can also be expanded in s
of as /p, as

C i j
in~ x̂,b,m!5 (

k50

`

C i j
in(k)~ x̂,mb!S as~m!

p D k

, ~49!

C i j
out~ ẑ,b,m!5 (

k50

`

C i j
out(k)~ ẑ,mb!S as~m!

p D k

. ~50!

The renormalization scale in theC functions is

m52e2g/b[b0 /b,

whereg50.577215 . . . is theEuler constant.
The explicit expressions forAk(C1), Bk(C1 ,C2) and the

C functions can be obtained by comparing the expansion
WBA(b,x,z,Q) as a series inas /p with the b-space expres-
sion for the perturbative cross section. Using our NLO
sults, we find

A15CF , ~51!

B152CFlogS e23/4C1

b0C2
D . ~52!

To the same order, our expressions for theC functions are

C jk
in(0)~ x̂,mb!5d jkd~12 x̂!, ~53!

C jk
out(0)~ ẑ,mb!5d jkd~12 ẑ!, ~54!

C jg
in(0)5C g j

out(0)50; ~55!

C jk
in(1)~ x̂,mb!5

CF

2
~12 x̂!2Pqq~ x̂!logS mb

b0
D2CFd~12 x̂!

3F23

16
1 log2S e23/4C1

b0C2
D G , ~56!

C jg
in(1)~ x̂,mb!5

1

2
x̂~12 x̂!2PqG~ x̂!logS mb

b0
D , ~57!
3-7
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C jk
out(1)~ ẑ,mb!5

CF

2
~12 ẑ!2Pqq~ ẑ!logS mb

b0
D2CFd~12 ẑ!

3F23

16
1 log2S e23/4C1

b0C2
D G , ~58!

C g j
out(1)~ ẑ,mb!5

CF

2
ẑ2PGq~ ẑ!logS mb

b0
D . ~59!

In these formulas, the indicesj and k correspond to quarks
and antiquarks, andg to gluons. Due to the crossing relation
between parton-level semi-inclusive DIS, vector boson p
duction, ande1e2 hadroproduction, theC in functions are
essentially the same in semi-inclusive DIS and the Drell-Y
process; and theC out functions are essentially the same
semi-inclusive DIS ande1e2 hadroproduction. At NLO the
only difference stems from the fact that the momentum tra
fer q2 is spacelike in DIS and timelike in the other tw
processes. The virtual diagrams Figs. 4~b!–4~d! differ by p2

for spacelike and timelikeq2. Correspondingly,C jk
in(1) and

C jk
out(1) for semi-inclusive DIS do not contain the ter

(p2/3)d(12 x̂) @or (p2/3)d(12 ẑ)#, which is present in the
C jk

in(1) function for the Drell-Yan process@or in the C jk
out(1)

function for e1e2 hadroproduction, respectively#.1 On the
other hand, the NLO expression for the Sudakov factor~46!
is the same for semi-inclusive DIS, the Drell-Yan proce
and e1e2 hadroproduction, which also results from th
crossing symmetry.

Up to now, we have been discussing the behavior of
resummed cross section at short distances. The repres
tion ~45! should be modified at large values of the variableb
to account for nonperturbative long-distance dynamics. T
modified ansatz forWBA valid at all values ofb is

WBA~b,x,z,Q!5(
j

ej
2~DB/b^ C b j

out!~z,b* ,m!

3~C ja
in

^ Fa/A!~x,b* ,m!e2SBA. ~60!

Here the variable

b* [
b

A11~b/bmax!
2

~61!

serves to turn off the perturbative dynamics forb>bmax,
with bmax'1 GeV21. Furthermore, the Sudakov factor
modified, being written as the sum of the perturbatively c
culable partSP(b* ,Q) given by Eq.~46!, and a nonpertur-
bative part which is only partially constrained by the theo

1With two minor exceptions, our expressions for the functionsC
are equivalent to the ones published previously by Menget al. @19#.
The p2/3 terms are incorrectly included in Eqs.~43! and ~45! of
@19# for the semi-inclusive DIS functionsC jk

in(1) andC jk
out(1) . Also,

our Eq.~58! contains 23CF/16523/12 instead of 29/12 in Eq.~45!
of @19#, which is apparently due to a typo in@19#.
01400
-

n

s-

,

e
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SBA~b,x,z,Q!5SP~b* ,x,z,Q!1SBA
NP~b,x,z,Q!. ~62!

From the renormalization properties of the theory, it can
concluded that theQ dependence of the nonperturbativ
Sudakov term should be separated from the dependenc
the other kinematic variables, i.e.,

SBA
NP~b,x,z,Q!5gBA

(1)~b,x,z!1gBA
(2)~b!log

Q

Q0
, ~63!

with Q0'1GeV. The theory does not predict the function
forms of gBA

(1)(b,x,z) and gBA
(2)(b), so these must be dete

mined by fitting experimental data. Also,SBA
NP can depend on

the types of the hadronsA andB. On the other hand, due t
the crossing symmetry between semi-inclusive DIS,
Drell-Yan process ande1e2 hadroproduction, one may ex
pect that the functionsg(2)(b) in these processes are n
independent@19#, but satisfy

gBA
(2)~b!usDIS5

1

2
@gAA

(2)~b!uDY1gBB
(2)~b!ue1e2#. ~64!

If the relationship~64! is true, then the functiongBA
(2)(b) in

semi-inclusive DIS is completely known once the parame
zations for the functionsgAA

(2)(b) in the Drell-Yan and
gBB

(2)(b) in e1e2 hadroproduction processes are available.
practice, the Drell-Yan nonperturbative Sudakov factor
known only when the incoming particle is a nucleo
@7–9,23#, while the nonperturbative Sudakov factor fo
e1e2 hadroproduction is available only for energy corre
tions @24#. An additional complication comes from the fa
that the known parametrizations of the nonperturbative Su
kov factors for the Drell-Yan@7–9,23# ande1e2 hadropro-
duction @24# processes correspond to slightly different sc
choices,

C15b0 , C251 ~65!

and

C15b0 , C25e23/4, ~66!

respectively. Therefore, the known functionsg(2)uDY(b) and
g(2)ue1e2(b) are not 100% compatible, and in princip
should not be combined to obtaing(2)(b) for semi-inclusive
DIS.

Despite this minor incompatibility, we will use Eq.~64! to
constructg(2)(b) for our numerical calculation of energ
flows and, with less justification, particle multiplicities. W
have found that the numerical results for the energy flows
only slightly dependent on the choice between the two s
~65!,~66! of the constantsC1 ,C2 ~see Sec. VI!. Also, detailed
information about the functional form of theQ-dependent
part of the nonperturbative Sudakov factor can be obtai
only by studying the dependence of the resummed cross
tions on Q. Since the HERA data discussed in this pap
covers only a small range ofQ (3.62<Q<5.71 GeV), it is
hard to distinguish between the uncertainties in
Q-dependent and constant parts of the nonperturbative S
kov factor. Of course, more definite conclusions aboutg(2)
3-8
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will be possible once more detailed semi-inclusive DIS d
from HERA and Fermilab-E665, covering a wider range
Q, are available.

IV. HADRONIC MULTIPLICITIES AND ENERGY FLOWS

Knowing the hadron cross-section, it is possible to cal
late the multiplicity of the process, which is defined as t
ratio of this cross section, and the total inclusive DIS cro
section for the given leptonic cuts:

Multiplicity 5
1

ds tot /dxdQ2

ds

dxdzdQ2dqT
2

. ~67!

Both the cross section and the multiplicity depend on
properties of the final-state fragmentation. The analysis
be simplified by considering energy flows which do not ha
such dependence. A traditional variable used in the exp
mental literature is a transverse energy flow^ET& in one of
the coordinate frames, defined as

^ET&FB
5

1

s tot
(
B

E
FB

dFB ET

ds~e1A→e1B1X!

dFB
.

~68!

This definition involves an integration over the availab
phase spaceFB and a summation over all possible species
the final hadronsB. Since the integration overFB includes
integration over the longitudinal component of the mome
tum of B, the dependence of^ET& on the fragmentation func
tions drops out due to the normalization condition

(
B

E z DB/b~z!dz51. ~69!

Instead of^ET&, we analyze the flow of the variablez.
This flow is defined as

dSz

dx dQ2 dqT
2

5(
B

E
zmin

1

z
ds~e1A→e1B1X!

dx dz dQ2 dqT
2

dz.

~70!

We prefer to useSz rather than̂ ET& becausê ET& is not
Lorentz invariant, which complicates its usage in the th
retical analysis.2 Also, the analysis in terms ofqT andz flow
makes the analogy between resummation in the curren
gion of semi-inclusive DIS and in the small transverse m
mentum region of the Drell-Yan process more obvio
SinceqT is simply related to the pseudorapidity in theg* p

2The z-flow Sz is related to the energy distribution functionS
calculated in@19# asSz5(2xEA /Q2)S. HereEA is the energy of
the initial hadron in the HERA lab frame.
01400
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c.m. frame via Eq.~24!, and the transverse energy of a nea
massless particle in this frame is given by

ET'pT5zqT , ~71!

the experimental information ondSz /(dx dQ2 dqT
2) can be

derived from theg* p c.m. frame pseudorapidity (hcm) dis-
tributions of ^ET& in bins of x and Q2. If mass effects are
neglected, we have

d^ET&
dhcm

5qT
2 dSz

dqT
. ~72!

The asymptotic contribution to thez-flow distribution is

S dSz

dxdQ2dqT
2df

D
asym

5
s0Fl

SeA

as

p

1

2qT
2

A1~c,f!

2p (
j

ej
2F $~Pqq^ f j /A!~x,m!

1~Pqg^ f g/A!~x,m!%12 f j /A~x,m!H CFlog
Q2

qT
2

2
3

2
CFJ

1OS S as

p D 2

,qT
2D G . ~73!

The resummedz-flow distribution is

dSz

dxdQ2dqT
2df

5
s0Fl

SeA

A1~c,f!

2 E dn22b

~2p!n22
eiqW T•bWWz~b,x,Q!1Yz ,

~74!

with

Wz~b,x,Q!5(
j

ej
2C z

out~b* ,m!

3~C ja
in

^ Fa/A!~x,b* ,m!e2Sz(b,x,Q). ~75!

In Eq. ~75!, the NLO functionC z
out(b,m) is

C z
out~b,m!5F11

as

p
CFS 2

65

48
1

4

3
log

bm

b0
2 log2

e23/4C1

C2b0
D G

1
as

p

CF

2 F1

3
2

8

3
log

bm

b0
G .

Similar to Eq.~62!, thez-flow Sudakov factorSz is a sum
of perturbative and nonperturbative parts,
3-9
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Sz~b,x,Q!5SP~b* ,x,Q!1Sz
NP~b,x,Q!. ~76!

The NLO perturbative Sudakov factorSP is given by the
universalx-independent expression~46!. By the same argu-
ment as in the case of semi-inclusive DIS multiplicities, w
assume that the non-perturbative part ofSz can be param-
etrized as

Sz
NP~b,x,Q!5g(1)~b,x!

1
1

2
~g(2)~b!uDY1g(2)~b!ue1e2!log

Q

Q0
.

~77!

In the numerical calculation, we use the functionsg(2)(b)uDY
from @7# and g(2)(b)ue1e2 from @24#, despite the fact tha
g(2)(b)uDY was fitted to Drell-Yan data using a differentC2
value thang(2)(b)ue1e2.

We also parametrize the functional form ofg(1)(b,x) in
terms ofb andx as

g(1)~b,x!5S h11
h2

Ax
D b2, ~78!

where the constantsh1 , h2 must be determined by fitting th
experimental data.

In principle, thez-flow Sudakov factorSz(b,x,Q) is re-
lated to the Sudakov factorsSBA(b,x,z,Q) of the contribut-
ing hadroproduction processese1A→e1B1X through the
relationship

e2Sz(b,x)5
1

Cz
out~b* ,m!

(
B

E zdze2SBA(b,x,z,Q)

3~DB/b^ Cb, j
out!~z,b* ,m!. ~79!

In practice, the efficient usage of this relationship to co
strain the Sudakov factors is only possible if the fragmen
tion functions and the hadronic contents of the final state
accurately known. We do not use the relationship~79! in our
calculations.

V. RELATIONSHIP BETWEEN THE PERTURBATIVE
AND RESUMMED CROSS SECTIONS: UNCERTAINTIES

OF THE CALCULATION

In the numerical calculations, some care is needed to t
the uncertainties in the definitions of the asymptotic and
summed cross sections~36! and ~43!, although formally
these uncertainties are of orderO„(as /p)2,qT

21
….

A. Matching

The generic structure of the resummed cross section~43!,
calculated up to the orderO„(as /p)N

…, is

s resum
(N) 5sCSS1Y(N). ~80!

In Eq. ~80!, the CSS piece receives all-order contributio
from large logarithmic terms
01400
-
-

re

at
-

s

as
n

qT
2 (

m50

2n21

vmnlogm~qT
2/Q2!, n51, . . . ,̀ . ~81!

The Y piece is the difference of the fixed-order perturbati
and asymptotic cross sections,

Y(N)5spert
(N) 2sasym

(N) . ~82!

In the small-qT region, we expect cancellation up to term
of order O(as

N11/pN11) between the perturbative an
asymptotic pieces in Eq.~82!, so that the CSS piece dom
nates the resummed cross section~80!. On the other hand
the expression for the asymptotic piece coincides with
expansion of the CSS piece up to the orderO(as

N/pN).
Therefore, at largerqT , we expect better cancellation be
tween the CSS and asymptotic pieces, and at largeqT the
resummed cross section~43! should be equal to the pertur
bative cross section up to corrections of ord
O(as

N11/pN11).
In principle, due to the cancellation between the pertur

tive and asymptotic pieces at smallqT , and between the
resummed and asymptotic piece at largeqT , the resummed
formula s resum is at least as good an approximation of t
physical cross section as the perturbative cross sectionspert
of the same order. However, in the NLO calculation at lar
qT it is safer to use the fixed order cross section~30! instead
the resummed expression~43!. At the NLO order ofas , the
difference between the CSS and the asymptotic piece
large qT may still be non-negligible. Therefore, the re
summed cross sections resum may differ significantly from
the NLO perturbative cross sectionspert . This difference
does not mean that the resummed cross section agrees
the data better than the fixed-order one. AtqT'Q, the NLO
cross section is no longer dominated by the logarithms
are resummed in~43!. In other words, the resummed cro
section~43! does not include some terms in the NLO cro
section that become important atqT'Q. For this reason, a
large qT the resummed cross section may show unphys
behavior; for example, it can become negative or oscillat

As the order of the perturbative calculation increases,
expect the agreement between the resummed and the fi
order perturbative cross sections to improve. Indeed, s
improvement was shown in the case of vector boson prod
tion @9#, where one observes a smoother transition from
resummed to the fixed-order perturbative cross section if
calculation is done at the next-to-next-to-leading order. Al
at the NNLO the switching occurs at larger values of t
transverse momentum of the vector boson than in the cas
the NLO.

The switching from the resummed to the fixed-order p
turbative cross section should occur atqT'Q. Nonetheless,
there is no unique prescription for the exact point at which
should happen. In our program we switch from the
summed cross section to the perturbative result at the
minimum of the difference

S ds

dqT
D

resum

2S ds

dqT
D

pert

,

3-10
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lying at qT above the main maximum of the resummed cro
section~Fig. 5!. This prescription is satisfactory for two dif
ferent possible situations, in which the resummed cross
tion crosses@Fig. 5~a!# or does not cross@Fig. 5~b!# the per-
turbative cross-section.

B. Kinematic corrections at qT'Q

In this subsection we will discuss the differences betwe
the kinematics implemented in the definitions of t
asymptotic and resummed cross sections~36! and ~43!, and
the kinematics of the perturbative piece at non-zero value
qT .

Consider the perturbative hadronic cross section~30!. The
integrand of Eq.~30! contains the delta-function

FIG. 5. Choice of the matching between the resummed and
turbative cross section.

FIG. 6. The contours of the integration overja , jb for ~a,b,c!
the perturbative cross section~30!; ~d! the asymptotic and re
summed cross sections~36! and ~43!.
01400
s

c-

n

of

dF qT
2

Q2
2S 1

x̂
21D S 1

ẑ
21D G5xzdF ~ja2x!~jb2z!2xz

qT
2

Q2G ,

~83!

which comes from the parton-level cross section~B1!. De-
pending on the values ofx,z,Q2,qT

2 , the contour of the in-
tegration overja and jb determined by Eq.~83! can have
one of three shapes shown in Figs. 6~a!–6~c!. For qT!Q the
integration proceeds along the contour in Fig. 6~a!, and the
integral in Eq.~30! can be written in either of two alternativ
forms

dsBA

dxdzdQ2dqT
2df

5E
(ja)min

1 dja

ja2x
MBA~ja ,jb ; x̂,ẑ,Q2,qT

2 ,f!

5E
(jb)min

1 djb

jb2z
MBA~ja ,jb ; x̂,ẑ,Q2,qT

2 ,f!, ~84!

where

MBA~ja ,jb ; x̂,ẑ,Q2,qT
2 ,f!

5
s0Fl

4pSeAQ2

as

p
x̂ẑ(

a,b, j
ej

2DB/b~jb!Fa/A~ja!

3 (
a51

4

f ba
(a)~ x̂,ẑ,Q2,qT

2!Aa~c,f!. ~85!

The lower bounds of the integrals are

~ja!min5
w2

12z
1x, ~86!

~jb!min5
w2

12x
1z, ~87!

with

w[
qT

Q
Axz. ~88!

Alternatively, the cross section can be written in a for
symmetric with respect tox andz,

dsBA

dxdzdQ2dqT
2df

5E
x1w

1 dja

ja2x
M ~ja ,jb ; x̂,ẑ,Q2,qT

2 ,f!

1E
z1w

1 djb

jb2z
M ~ja ,jb ; x̂,ẑ,Q2,qT

2 ,f!,

~89!

where the integrals are calculated along the branchesRP and
RQ in Fig. 6~a!, respectively. AsqT→0,

~ja!min→x, ~jb!min→z,

r-
3-11
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and the contourPRQ approaches the contour of integratio
of the asymptotic cross section~36! shown in Fig. 6~d!. The
horizontal ~or vertical! branch contributes to the convolu
tions with splitting functions in Eq.~36! arising from the
initial ~or final! state collinear singularities, while the so
singularities of Eq.~36! are located at the pointja5x,
jb5z.

On the other hand, asqT increases up to values aroundQ,
the difference between the contours of integration of the p
turbative and asymptotic cross sections may become sig
cant. First, as can be seen from Eq.~89!, in the perturbative
pieceja andjb are always higher thanx1w or z1w, while
in the asymptotic piece they vary betweenx or z and unity.
At small x ~or small z) the difference between the pha
spaces of the perturbative and asymptotic pieces may
come important due to the steep rise of the PDF’s and F
in this region. Indeed, for illustration consider a sem
inclusive DIS experiment at smallx. Let qT /Q50.5,
z50.1, andx51024; then x1w51.631023@x51024. In
combination with the fast rise of the PDF’s at smallx, this
will enhance the difference between the perturbative
asymptotic cross sections.

Second, for x or z near unity, it could happen tha
x1w>1 or z1w>1, which would lead to the disappea
ance of one or two branches of the integration of the per
bative piece@Figs. 6~b! and 6~c!#. In this situation the phase
space for nearly collinear radiation along the direction of
initial or final parton is suppressed. Again, this may degra
the consistency between the perturbative and asymp
piece, since the latter includes contributions from bo
branches of the collinear radiation. Fortunately, thex2z
asymmetry of the phase space in semi-inclusive DIS is
important in the analysis of the existing data from HER
since it covers the small-x region and is less sensitive to th
contributions from the large-z region, where the rate of th
hadroproduction is small. However, in the numerical analy
we found it necessary to correct for the contraction of
perturbative phase space described in the previous parag
We incorporate this correction by substituting forx andz in
Eqs.~36! and ~43! the rescaled variables

x̃5
Q21qT

2

Q2
x,

z̃5
Q21qT

2

Q2
z. ~90!

These substitutions simulate the phase space contractio
the perturbative piece. At smallqT , the rescaling reproduce
the exact asymptotic and resummed pieces~36! and~43!, but
at largerqT it excludes the unphysical integration regions
ja'x andjb'z.

VI. NUMERICAL RESULTS

In this section, we present the results of Monte Ca
simulations for thez flow and the differential multiplicity of
charged particle production,
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ds tot /~dxdQ2!

dSz

dxdQ2dqT

and

1

ds tot /~dxdQ2!

dschgd

dxdzdQ2dqT

.

Our calculations use the parameters of the HERA electr
proton collider. The energies of the proton and electr
beams are taken to be equal to 820 and 27.5 GeV, res
tively.

A. Energy flows

As a first application of the resummation formalism, w
consider the c.m. pseudorapidity distributions of the tra
verse energy flows in the current region, data for which h
been published in@15#. We discuss the data in seven bins
x and Q, four of them covering the region 10<Q2

<20 GeV2, 3.731024<x<2.331023, and the other three
the region 20<Q2<50 GeV2, 9.331024<x<4.931023.

In our calculation, we use the CTEQ4M parton distrib
tion functions @25#. The factorization and renormalizatio
scales of the perturbative and asymptotic pieces are al
equal tom5Q. As was mentioned in Sec. IV, the data o
transverse energy flow can be easily transformed into theqT
distributions of thez flow. In Fig. 7, we present the compar
son of the existing data in one of the bins ofx and
Q2 (^x&50.0049,^Q2&532.6GeV2) with the NLO pertur-
bative and resummedz flows given in Eqs.~B6! and ~74!,
respectively. In Fig. 8 we present the comparison of the
summedz flow with the data in the other bins of@15#.

FIG. 7. Comparison of the NLO perturbative~B6! and re-
summed~74! expressions for thez-flow distribution with the exist-
ing experimental data from HERA@15#. The presented data is fo
^x&50.0049,^Q2&532.6 GeV2.
3-12
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FIG. 8. Comparison of the resummed Eq.~74! z-flow distribution with the HERA data from@15# in seven bins of̂ x& and ^Q&. The
resummedz flows were calculated using the parametrization~91! for the non-perturbative part of the Sudakov factor.
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Figure 7 demonstrates two important aspects of the N
qT distribution, namely, that the NLO exceeds the data
smallqT and is below the data atqT>Q. In fact, we find that
the deficit of the NLO prediction of perturbative theory
comparison with the data at medium and largeqT
(qT>5GeV) is present in the entire region ofx andQ2 that
we have studied.

As we discussed in Sec. V, one can trust the resumm
calculation only for reasonably small values ofqT /Q. For
large values ofqT , the fixed-order perturbative result is mo
reliable. This means that the NLO resummation formali
will not give an accurate description of the data forqT@Q,
due to the small magnitude of the NLO perturbativez flow in
this region.
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The excess of the data over the NLO calculation can
interpreted as a signature of other intensive hadroproduc
mechanisms at c.m. pseudorapiditieshcm<2. A discussion
of the cross sections in this pseudorapidity region is bey
the scope of our paper. However, we would like to point o
that there exist several possible explanations of the dat
this region, for instance, the enhancement of the cross
tion due to BFKL showering@6# or resolved photon contri-
butions @17,21#. From the point of view of our study, it is
clear that better agreement between the data and the co
nation of the perturbative calculation and the CSS resum
tion, in a wider range ofhcm, will be achieved when next-
to-next-to-leading order contributions, like the on
3-13
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contributing to (211) jet production@20#, are taken into
account.

On the other hand, Figs. 7 and 8 illustrate that the res
mation formalism accurately describes the data in the reg
qT<10GeV. This calculation of the resummedz flows ~74!
was done using the following parametrization for the no
perturbative Sudakov factor~77!

Sz
NP~b,x,Q!5g(1)~b,x!1g(2)~b,Q!, ~91!

where theQ-dependent partg(2)(b,Q) is completely defined
by the symmetry between semi-inclusive DIS, Drell-Yan a
e1e2 hadroproduction processes~Sec. III!,

g(2)~b,Q!5
1

2
b2F0.48 logS Q

2Q0
D

15.32CFlogS b

b*
D logS C2Q

C1Q0
D G . ~92!

The parametrizations of theQ-dependent parts of the non
perturbative Sudakov factors in the Drell-Yan ande1e2 ha-
droproduction processes are taken from@7# and@24#, respec-
tively. In Eq. ~92!, the constants areC152e2g,
C25e23/4, Q051GeV. The variableb* is given by Eq.
~61!, with bmax51GeV21.

The x-dependent functiong(1)(x,Q) was determined by
fitting the HERA data of@15#. We found that good agree
ment with the data is obtained wheng(1)(b,x) is param-
etrized by a linear function ofx20.5,

g(1)~b,x!5b2S 22.581
0.58

Ax
D , for x<1022. ~93!

FIG. 9. The comparison of thez-flow distributions for ^x&
50.0049 and̂ Q2&532.6 GeV2, calculated with~solid! and with-
out ~dashed! the kinematic correction~90!.
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We should emphasize that we do not know the exact beh
ior of g(1)(b,x) for x>1022, where currently there is no
data available. On the other hand, the termg(2)(b,x) in the
parametrization ~93! becomes negative forx>531022

which makes the numerical value of the resummedz-flow
~74! unphysical. Thus, the parametrization~93! must be used
only at x<1022.

The theoretical results in Fig. 8 were obtained using
kinematic correction to the asymptotic and resummed cro
sections at non-zeroqT , which was discussed in Sec. V. A
can be seen from Fig. 9, without this correction the agr
ment between the resummation calculation and the dat
still good in the regionqT<2 GeV<Q, where the resum-
mation calculation is truly applicable. The kinematic corre
tion improves the agreement between the resummedz-flow
and the data in the regionqT>2 GeV. In this region, the
theoretical prediction without the kinematic correction s
nificantly exceeds the data. As explained in Sec. V, this
be attributed to differences between the phase space o
perturbative and resummed pieces. In the case of the
summed cross section the phase space may expand to
lower x andz than is allowed for the perturbative cross se
tion. Consequently, the large magnitude of PDF’s and F
at smallx and z may spoil the cancellation between the r
summed and asymptotic piece at largeqT . This difference
can be corrected by redefinition~90! of the variablesx andz
in the resummed and asymptotic pieces.

One of the advantages of the resummed cross sectio
that, by their construction, they are less dependent on
choice of the renormalization and factorization scales of
problem, and on the end pointsC1 /b andC2Q in the integral

FIG. 10. The dependence of the resummedz flow on the pertur-
bative scalem and the constantsC1 ,C2. The figure corresponds to
^x&50.0049, ^Q2&532.6 GeV2. The curves correspond to:C1

52e2g, C25e23/4, m5Q ~solid!; C152e2g, C25e23/4, m52Q
~dashed!; C152e2g, C25e23/4, m50.5Q ~dotted!; C152e2g,
C251, m5Q ~dot-dashed!.
3-14
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of the perturbative Sudakov factor~46!. The reason is tha
the scale variations in the perturbative part of Eq.~74! are
compensated by the variation of the termg(2)(b,Q) in the
nonperturbative Sudakov factor~91!.

In Fig. 10 we show the resummedz-flow for different
choices of perturbative renormalization and factorizat
scalem, varying between 0.5Q and 2Q, and for a different
choice of the constantsC1 andC2 ~the ‘‘canonical choice’’
C152e2g, C251). As expected, the resummed cross s
tion shows little variation with the changes ofm, C1 , C2.

We have also checked the stability of the resumm
z-flow under variation of the momentum transfer scaleQ0 in
the logarithm ofg(2)(b,Q), and under variation of the pa
rameterbmax separating the perturbative and nonperturbat
dynamics in Eq.~74!. Figure 11 shows thez-flows for varia-
tions ofQ0 andbmax by factors of 1/2 and 2. As can be see
in Fig. 11, the variation of the resummedz-flow is small. The
stability of the resummedz-flow under the variation of
bmax,Q0 ,C1 ,C2 indicates that the choice of these para
eters has less influence on the shape of the resummed
section than the free parameters ing(1)(b,x). It also illus-
trates the fact that the existing HERA data is relatively
sensitive to the parametrization of theQ-dependent function
g(2)(b,Q), which can be studied in a more detailed fashi
once the data in a larger range ofQ become available.

Finally, in Fig. 12 we replot the results of our calculatio
presented in Fig. 8 as the c.m. pseudorapidity distribution
the transverse energy floŵET&. This quantity is obtained by
the transformation~72!. The small-qT region, where the re-

FIG. 11. Dependence of the resummedz-flow on Q0 andbmax.
The curves correspond toQ051GeV, bmax51GeV21 ~thick solid!;
Q051GeV, bmax50.5GeV21 ~dashed!; Q051GeV, bmax

52GeV21 ~dotted!; Q050.5GeV, bmax51GeV21 ~thin solid!;
Q052 GeV, bmax51 GeV21 ~dot-dashed!. The graph corre-
sponds tô x&50.0049,^Q2&532.6 GeV2.
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summation formalism is valid, corresponds to large pseu
rapidities. In this region, the agreement between our calc
tion and the data is good. At smaller pseudorapidities~larger
qT), one sees the above-mentioned excess of the data
the perturbative NLO calculation. In thêET& vs hcm plot,
this excess is magnified because of the factorqT

2 in the trans-
formation ~72!.

B. Multiplicity of charged particle production

The H1 and ZEUS collaborations recently published
pseudorapidity distributions of charged particle multiplici
at small values ofx and Q2 @12#. The data presented wa
organized in the same bins ofx andQ2 as those used in the
H1 analysis of the transverse energy flow@15#. Also, the
experiment E665 at Fermilab has provided extensive data
charged particle multiplicity covering the region of largerx
@14#. However, a comparison of these data with our calcu
tion, analogous to the one described in the previous sub
tion, is complicated by several obstacles.

In comparison to energy flows, charged particle multipl
ity depends on the additional variablez which controls the
fragmentation of a final-state parton into the observed h
rons. Therefore, the PQCD hadroproduction cross-sect
depend on parton fragmentation functionsD(jb ,m), which
at present are known well only in the region 0.1<jb<0.8
@26#.

The non-perturbative Sudakov factor~77! for particle
multiplicity can depend onz. Furthermore, in principle, the
non-perturbative Sudakov factor can be different for diffe
ent types of initial and final states@see the discussion o
Eq. ~64! above#. As a first approximation, in the analys
below we will ignore this difference.

On the other hand, in the existing data on charged part
pseudorapidity or transverse momentum distributions@12,14#
the dependence on the final-state fragmentation variabl
not separated from the other variables. Therefore, more c
plicated fitting of the data is necessary to disentangle theqT
andz dependences.

More importantly, our calculation was made under t
assumption that all the participating particles, including t
final-state hadrons, are massless. Because of this assum
the production of soft final-state hadrons, withz50 is al-
lowed. This contradicts the situation of the experiments
HERA and Fermilab, in which there is a non-zero minim
value of z determined by the finite mass of the observ
hadron. It follows from the definition~5! of z and the formu-
las ~21!,~22! for the initial and final hadron momenta in th
g* p c.m. frame, that

z5
pB1

cm

W
>

mB

W
, ~94!

where

pB1
cm 5EB

cm1pBz
cm and W25Q2S 1

x
21D .
3-15
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FIG. 12. Theg* p c.m. pseudorapidity distributions of the transverse energy flow in the current region. The data are from@15#.
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Using Eq.~94!, one can show that the multiplicity distri
butions presented in@12# receive contributions from charge
pions withz'1023 or lower. This means that for the exper
mental cuts used in the H1 analysis, the multiplicity receiv
significant contribution from the regionz<0.1 where the
fragmentation functions are poorly known, and mass effe
are important.

In Fig. 13 we present the resummed multiplicity in th
region z>0.1, where the uncertainties in our knowledge
the fragmentation functions and the mass effects are m
mal. The results in Fig. 13 are given forx50.0044,
Q2535 GeV2 and various bins ofz. In the calculation, we
used the CTEQ4M PDF’s@25# and the fragmentation func
tions from @26#. We show the prediction using th
z-independent non-perturbative Sudakov factor~91! obtained
01400
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from the study of the energy flows. We also assume that
charged particle production rate is dominated by fragmen
tion of partons into charged pions, kaons and protons,
that the non-perturbative Sudakov factors for these type
particles are the same. In spite of many assumptions tha
into this calculation, it will be interesting to compare it wit
the experimental data.

VII. CONCLUSIONS

In this paper, we have presented a formalism for all-or
resummation of large logarithms arising in hadroproduct
in the current region of deep-inelastic scattering, i.e.,
large pseudorapidity of the final-state hadrons in the phot
proton c.m. frame. We found that the formalism describ
3-16
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FIG. 13. The charged particle multiplicity at^x&50.0044,^Q2&535 GeV2.
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well the behavior of the transverse energy flows measure
HERA @15# in the region of large hadronic c.m. pseudorap
ity h>3.0. At smaller pseudorapidities, we found a deficit
the NLO rate compared to the existing data. Evidently, thi
a signature of the importance of the NNLO correction
which were not studied in this paper.

The formalism presented here can also be directly app
to the study of hadron multiplicities. In this case, howev
additional care is required in treating the final-state fragm
tation of partons and the effects of the mass of the final-s
hadron. In view of this, reanalysis of charged particle p
duction multiplicity measured by H1, ZEUS, and Fermila
E665, with the goal to separate thez andqT dependence, will
be very useful to study the properties of the non-perturba
part of the Sudakov factor, and to improve the applicabi
of the perturbative calculation in the current region.
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APPENDIX A: TRANSFORMATION FROM THE HADRON
FRAME TO THE HERA LAB FRAME

In this appendix, we summarize the relationships betw
the relativistic invariants used in this paper, the hadron fra
variables, and the particle momenta in the HERA lab fram

The definition of the HERA lab frame is that the proto
3-17
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~A! moves in the1z direction, with energyEA , and the
incoming lepton moves in the2z direction with energyE.
The momenta of the incident particles are

pA
m5~EA,0,0,EA!, ~A1!

l m5~E,0,0,2E!. ~A2!

The outgoing lepton has energyE8 and scattering angleu
relative to the2z direction. We define thex axis of the
HERA frame such that the outgoing lepton is in thexz plane:
that is,

l l8
m5~E8,2E8 sinu,0,2E8 cosu!. ~A3!

The observed hadron~B! has energyEB and scattering angle
uB with respect to the1z direction, and azimuthal angl
fB ; thus its momentum is

pB
m

l5~EB ,EBsinuBcosfB ,EBsinuBsinfB ,EBcosuB!.
~A4!

The scalarsx andQ2 are completely determined by me
suring the energy and the scattering angle of the outgo
lepton,

Q252EE8~12cosu!, ~A5!

x5
EE8~12cosu!

EA@2E2E8~11cosu!#
. ~A6!

The scalarsz and qT
2 depend on the outgoing hadron an

lepton as

z5
bEB~12cosuB!

Q
, ~A7!

qT
25

2Q2@12~y21!b2#

b2~12cosuB!
Fsin2

uB2u*
2

1sinuBsinu* sin2
fB

2 G , ~A8!

where

y5
Q2

xSeA
, b5

2xEA

Q
, cot

u*
2

5bA12y. ~A9!

The anglef and the boost parameterc, which are used
for the angular decomposition of the cross sections in
hadron Breit frame, can be found as
01400
g

e

cosf5
Q

2A12yqT
F12y2

cot2~uB/2!

b2
1

qT
2

Q2G , ~A10!

coshc5
2

y
21. ~A11!

APPENDIX B: THE PERTURBATIVE CROSS SECTION
AND z-FLOW DISTRIBUTION

In this appendix, we collect the formulas for the NL
parton level cross sectionsdŝba /(dx̂dẑdQ2dqT

2df).
According to Eq. ~30!, the hadron level cross sectio

dsBA /(dxdzdQ2dqT
2df) is related to the parton cross

sectionsdsba /(dx̂dẑdQ2dqT
2df) as

dsBA

dxdzdQ2dqT
2df

5(
a,b

E
z

1djb

jb
DB/b~jb!

3E
x

1dja

ja
Fa/A~ja!

dŝba

dx̂dẑdQ2dqT
2df

.

At non-zeroqT , the parton cross section receives the con
bution from the real emission diagrams@Figs. 4~e! and 4~f!#;
it can be expressed as

dŝba

dx̂dẑdQ2dqT
2df

5
s0Fl

4pSeAQ2

as

p
dF qT

2

Q2
2S 1

x̂
21D S 1

ẑ
21D G

3(
j

ej
2 (

a51

4

f ba
(a)~ x̂,ẑ,Q2,qT

2!Aa~c,f!, ~B1!

with the same notations as in Sec. III. In this formula,

(
a51

4

f jk
(a)~ x̂,ẑ,Q2,qT

2!Aa~c,f!

52d jkCFx̂ẑH F 1

qT
2 S Q4

x̂2ẑ2
1~Q22qT

2!2D 16Q2GA1

12Q2~2A21A4!12
Q

qT
~Q21qT

2!A3J ; ~B2!
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(
a51

4

f jg
(a)~ x̂,ẑ,Q2,qT

2!Aa~c,f!

5 x̂~12 x̂!H FQ4

qT
2 S 1

x̂2ẑ2
2

2

x̂ẑ
12D

12Q2S 52
1

x̂
2

1

ẑ
D GA114Q2~2A21A4!

12
Q

qT
S 2~Q21qT

2!2
Q2

x̂ẑ
D A3J ; ~B3!

(
a51

4

f g j
(a)~ x̂,ẑ,Q2,qT

2!Aa~c,f!

52CFx̂~12 ẑ!H F 1

q̃T
2 S Q4

x̂2~12 ẑ!2
1~Q22q̃T

2!2D 16Q2GA1

12Q2~2A21A4!12
Q

q̃T

~Q21q̃T
2!A3J . ~B4!

In Eq. ~B4!,
tt.

.

s

.

01400
q̃T5
ẑqT

12 ẑ
. ~B5!

The indicesj and k correspond to a quark~antiquark! of a
type j or k, the indexg corresponds to a gluon.

From Eq. ~30!, it is possible to derive the perturbativ
z-flow distribution,

dSz

dxdQ2dqT
2df

[(
B

E
zmin

1

zdz
dsBA

dxdzdQ2dqT
2df

5
s0Fl

4pSeAQ2

as

p (
a,b

(
j

ej
2E

x

1 dja

ja2x

3Fa/A~ja!ẑ3x̂ (
a51

4

f ba
(a)~ x̂,ẑ,Q2,qT

2!

3Aa~c,f!. ~B6!

It depends on the same functionsf ba( x̂,ẑ,Q2,qT
2), with the

parton variableẑ determined by thed-function in Eq.~B1!,

ẑ5
12 x̂

~qT
2/Q221!x̂11

. ~B7!
m-
C

.
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