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Spin-dependent structure functions of the proton in a constituent quark model
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Spin-dependent structure functionsg1
p(x,Q2) andg2

p(x,Q2) for the proton have been derived at the valency
quark level in a relativistic independent quark model with an effective potential in equally mixed scalar-vector
harmonic form. The level of accuracy of the functional form, so derived at the model scale of a lowQ2, has
been tested through a reasonable verification of the relevant sum rules due to Ellis and Jaffe in the case of
g1

p(x,Q2) as well as Burkhardt and Cottingham in the case ofg2
p(x,Q2).The twist-2 and the twist-3 compo-

nents ofg2
p(x,Q2) have also been separated at this level without effecting any furtherQ2 evolution. But

g1
p(x,Q2) has been evolved from a reference scale ofQ0

2.0.1 GeV2 to Q2510.7 GeV2 to find a satisfactory
comparison with the available experimental data.

PACS number~s!: 13.60.Hb, 12.39.Pn
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I. INTRODUCTION

Spin-dependent effects in electron-nucleon deep-inela
scattering are associated with two measurable polar
structure functionsg1

p(x,Q2) and g2
p(x,Q2) defined in the

Bjorken limit in a covariant expansion of the antisymmet
part of the relevant hadronic tensor involved in the proce
In the naive parton model of the nucleon these struct
functions lead to the well known sum rules with importa
implications on the spin structure of the nucleon. Experim
tal measurements of longitudinally polarized structure fu
tion g1

p(x,Q2) @1,2# as well as the possible measureme
already planned for the transversely polarized structure fu
tion g2

p(x,Q2), have initiated a resurgence of interest duri
the last few years in further theoretical investigation. Start
with the pioneering work of Jaffe@3# there has been man
attempts to calculate these polarized structure functions t
retically using the familiar quark models of hadrons such
the MIT-bag model@4#, which have been successful in d
scribing much of the low energy phenomenology. Sin
then, much insight into the theoretical description of nucle
structure functions and parton distributions inside
nucleon realized at very high energy have been gai
through the application of such models in their success
improved versions attempting to meet the inherent inadeq
cies. However, the information now available from expe
ments in deep-inelastic scattering can provide powerful c
straints on all such theoretical models adopted to describe
parton picture of the hadron at high energy scale. There
we intend here to derive explicit functional forms of the p
larized structure functionsg1

p(x,Q2) andg2
p(x,Q2) in an al-

ternative constituent quark model of relativistic independ
quarks confined by an effective equally mixed scalar-vec
harmonic potential. The predictive power of this model h
been demonstrated successfully in wide ranging low ene
hadronic phenomena such as hadron spectroscopy and
hadronic properties@5#, weak and electromagnetic decays
the light and heavy mesons@6#. This model has also bee
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quite successful in describing the elastic form factors a
charge radii of nucleon, pion, and K mesons and electrom
netic polarizability of proton@5,7#. Although there has been
many different constituent quark models based on vari
potentials or bags with more or less equal success in add
ing similar problems in low energy hadronic phenomen
ogy; the present model had singular advantage of simpli
and tractability leading to closed form solution for vario
relevant expressions with no further free parameters o
they had been fixed at the level of describing the spect
copy and static properties of hadrons. In view of this t
motivation of the present work has been to extend the mo
applicability to the study of the polarized structure functio
initially in order to establish ultimately the useful link be
tween the low-energy constituent quark picture of t
nucleon with its high energy parton picture as realized fr
deep-inelastic scattering.

Adopting this model for evaluating the spin-depende
structure functionsg1

p(x,Q2) andg2
p(x,Q2); we take a static

no gluon approximation for the nucleon. As a result of th
approximation we consider the deep-inelastic scattering
electrons off valency quarks only inside the nucleon. T
model solutions for the bound valency quark eigenmo
provide the necessary model input in expressing the qu
field operators defining ultimately the electromagnetic c
rent that appears in the relevant hadronic tensor. This ena
one to derive the functional forms of the spin depend
structure functions; which is not possible in the naive par
model. There is also another advantage of the present m
over other constituent quark models such as MIT-bag mo
employed earlier for the same in the sense that the exp
functional forms of the structure functions are obtaina
here in solvable closed forms. Therefore study of their
havior as functions of the Bjorken variablex becomes
straightforward and transparent. It is already well known t
the structure functions evaluated in any such constitu
quark model neither show the expected Regge behavio
small x nor do they vanish identically beyond the kinema
cally allowed region inx>1. These problems are simply th
©1999 The American Physical Society02-1
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artifacts of the approximations involved within which su
models in general are employed. We are therefore fu
aware of the limitation of our model here lacking in trans
tional invariance that leads to the support problem bey
the kinematic boundary atx51. However, we find that the
support problem encountered in the present derivation
rather minimal since the structure functions falloff very ra
idly to zero beyondx>1. Therefore we prefer to postpon
considering appropriate Lorentz boosting to our later wo
aiming for quantitative precision in the model predictio
Our purpose here is to first realize the structure function
the model scale as explicit functions of the Bjorken varia
x in a closed form so as to provide a model based input
QCD evolution to the experimentally relevantQ2 region.
Apart from their inadequate behavior beyond the kinema
boundaries, overall adequacy of these input functions ca
tested through the constraints of the relevant sum rules. I
extend the first moment integrals beyondx.1 to infinity we
can analytically evaluate the relevant sum rules due to E
and Jaffe in case ofg1

p(x,Q2) and due to Burkhardt and
Cottingham in case ofg2

p(x,Q2). In view of the fact that in
the present model SU~2! flavor symmetry is retained throug
the quark mass inputmu5md ; the neutron structure func
tions g1

n(x,Q2) and g2
n(x,Q2) become identically ze-

ro.Therefore, within these limitations of the present mo
the same Ellis Jaffe sum-rule expression also represent
Bjorken sum rule. These analytical verifications provide
useful check of the level of accuracy of the functional form
so derived in the model for the structure functionsg1

p(x,Q2)
and g2

p(x,Q2). We can also extract the Wandzura-Wilcz
~twist-2! component and the twist-3 component ofg2

p(x,Q2)
at this level. We find a nonzero component of twist-3 whi
is comparable with other model predictions. We then evo
the g1

p(x,Q2) from a model scale of lowQ2 to the experi-
mentally accessibleQ2 region to compare our prediction
with the available data.

The work presented here is organized as follows. In S
II, we provide the appropriate expression for the hadro
tensor describing the deep-inelastic electron-nucleon sca
ing with relevant kinematics from which we extract suitab
tensor components representing the longitudinally polari
structure functiong1

p(x,Q2) and transversely polarized stru
ture functiong2

p(x,Q2) in the Bjorken limit for the target
nucleon taken at rest. Section III provides the relevant mo
inputs and derives the explicit functional forms of the sp
dependent structure functions. In Sec. IV we discuss the
sults of our derivation at the model scale of lowQ2 to estab-
lish a reasonable level of accuracy of the functional for
obtained for the structure functions through analytic ver
cation of the relevant sum rules. We also analyze and ext
here twist-2 and twist-3 components ofg2

p(x). Finally we
provide here the results of theQ2 evolution ofg1

p(x,Q2) to
experimentally relevant highQ2 region in comparison with
the available data. Section V is a brief summary and con
sion.

II. BASIC FORMALISM

The hadronic tensor relevant for the process of polari
deep-inelastic electron-nucleon scattering is given by
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Wmn~q,P,S!5
1

4pE d4jeiqj^P,Su@Jm~j!,Jn~0!#uP,S&,

~2.1!

whereq is the virtual photon four-momentum andP and S
are the four- momentum and spin of the target nucleon~with
PmPm5M2,SmSm52M2 and PmSm50), respectively. The
conventional kinematic variableQ2 andn ~or Q2 andx! are
defined asQ252q2.0 and x5Q2/2n; when n5Pq and
0<x<1. Then in the rest frame of the target nucleon one c
have P[(M ,0,0,0) andq[(n/M ,0,0,An2/M21Q2). The
nucleon stateuP,S& in Eq. ~2.1! is normalized as

^P,SuP8,S8&5~2p!32Ed3~P2P8!dSS8 . ~2.2!

However, in a constituent quark model of target nucle
considered usually at rest; the nucleon state is describe
terms of its normalized SU~6! spin flavor configuration de-
noted shortly byu N,S& so that uP,S& in Eq. ~2.1! can be
expressed as

uP,S&5@~2p!32Md3~0!#1/2uN,S&. ~2.3!

The electromagnetic current of the target nucleon is ta
here in the form

Jm~j!5(
q

eqc̄q~j!gmcq~j!, ~2.4!

whereeq is the electric charge of the valency quark of flav
q inside the nucleon. It is possible to recast Eq.~2.1! in a
more useful form@3# corresponding to the target nucleon
rest as

Wmn~q,S!5
M

2pE2`

1`

dt eiq0tE d3r1E d3r2e2 iq•(r12r2)

3^N,Su@Jm~x1,t !,Jn~x2,0!#uN,S&. ~2.5!

Now expanding the current commutator in Eq.~2.5! and tak-
ing the quark propagator appearing in the expansion as
free Dirac propagator under an impulse approximation w
ten in the zero-mass limit as

lim
m→0

SD~x!5
1

~2p!3E d4 kk”e~k0!d~k2!e6 ikx ~2.6!

we can extract the antisymmetric part of the hadronic ten
in the form

Wmn
(a)~q,S!5 i emnlsAls~q,S! ~2.7!

when
2-2
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Als~q,S!5
M

~2p!4 (q
eq

2E d4k kle~k0!d~k2!

3E
2`

1`

dt ei (q01k0)t

3E d3r 1d
3r 2e

2 i (q1k)•(r12r2)^N,SuBsuN,S&

~2.8!

and

^N,SuBsuN,S&5^N,Su@c̄q~r 1,t !g
sg5cq~r 2,0!

1c̄q~r 2,0!gsg5cq~r 1,t !#uN,S&.

~2.9!

In polarized electron-nucleon scattering, spin dependen
fects are related to this antisymmetric partWmn

(a) ; which by
Lorentz invariance and gauge-invariance can be constru
from scalar functionsg1(x,Q2), g2(x,Q2), andg3(x,Q2) in
general in the following form:

Wmn
(a)~q,S!5 i emnlsS ql

n D FSsg1~x,Q2!

1H Ss2
~q•S!

n
PsJ g2~x,Q2!

1M2
~q•S!

n
qsg3~x,Q2!G . ~2.10!

Hereg1(x,Q2) is the longitudinally polarized structure func
tion, whereasg1(x,Q2)1g2(x,Q2! gives the transversely
polarized structure function. Butg3(x,Q2) does not contrib-
ute to any measurable structure function for which it is or
narily omitted in the expansion. However, its role in t
expansion is essential in the extraction of the correct ten
component Als for the measurable structure function
g1(x,Q2) andg2(x,Q2), which in the Bjorken limit in QCD,
scale tog1(x) andg2(x), respectively. Now comparing Eq
~2.10! with Eq. ~2.7! to ~2.9! one obtains the relation

Als~q,S!5S ql

n D FSsg1~x,Q2!1H Ss2
~q•S!

n
PsJ g2~x,Q2!

1M2
~q•S!

n
qsg3~x,Q2!G ~2.11!

then evaluating the relevant components ofAls(q,S) given
in Eq. ~2.7! to Eq.~2.9! in the Bjorken limit using the mode
inputs for the target nucleon at rest polarized longitudina
~L! with SL

m[(0,0,0,M ) or transversely ~T! with ST
m

[(0,M ,0,0), respectively, we can obtain explicit function
forms for g1(x,Q2) andg2(x,Q2) in the following manner:

g1~x,Q2!5@A03~q,SL!2A30~q,SL!#, ~2.12!
01400
f-

ed

-

or

y

g2~x,Q2!5@A01~q,ST!1A30~q,SL!2A03~q,SL!#.
~2.13!

III. POLARIZED STRUCTURE FUNCTIONS

The longitudinally polarized structure functiong1(x,Q2)
and the transversely polarized structure functiong2(x,Q2)
for the target nucleon at rest can be obtained in a constitu
quark model at the model scale of some lowQ2

.O(LQCD
2 ) by evaluating the relevant tensor compone

Als(q,SL) or Als(q,ST) as per the Eqs.~2.12! and~2.13!. In
doing so, one can express the quark field operatorscq(r ,t)
and hencec̄q(r ,t) in the form of their possible expansions
terms of the bound quark/antiquark eigenmodes derivabl
principle from a constituent quark model as

cq~r ,t !5(
z

@bqzFqz
1 ~r !e2 iEqzt1b̃qz

† Fqz
(2)~r !eiEqzt#,

~3.1!

whereb̃qz
† is antiquark creation operator andbqz is the quark

annihilation operator corresponding to flavorq in the eigen-
modes (z) with z[(n,k, j ) representing the set of all th
Dirac quantum numbers for the complete set of all poss
eigenmodesFqz

6 (r ) with their corresponding energy eigen
valuesEqz obtainable in the model. However, in the actu
calculation of the relevant expectation value^NSuBsuNS& in
Eq. ~2.9! over the nucleon ground state~with no gluon ap-
proximation! only the ground state positive energy eige
modesFqz0

1 (r ) would effectively contribute.

Now referring to our specific model of relativistic inde
pendent quarks with an equally mixed scalar-vector h
monic potential taken phenomenologically in the form@5,6#

V~r !5~1/2!~11g0!~ar21V0!. ~3.2!

The ground state positive energy eigenmodeFqz0

1 (r ) is real-

ized in the following form:

Fqz0

1 ~r !5
1

A4p
S igq~r !/r

sW • r̂ f q~r !/r D xz0
, ~3.3!

where

gq~r !5Nq~r /r 0q!e2r 2/2r 0q
2

,

f q~r !52
Nq

lqr 0q
~r /r 0q!2e(2r 2/2r 0q

2 ) ~3.4!

when with Eq85(Eqz0
2V0/2), mq85(mq1V0/2), lq5(Eq8

1mq8), and r 0q5(alq)21/4 the normalization factorNq is
given by

Nq
25

8lq

Apr 0q

1

~3Eq81mq8!
~3.5!
2-3
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and the quark binding energyEq5Eqz0
in the ground state is

derivable from the bound state condition

~lq /a!1/2~Eq82mq8!53. ~3.6!

Finally xz0
in the Eq.~3.3! stands for the Pauli spinorsx↑

5(0
1) and x↓5(1

0).This would provide necessary and suf
cient model inputs for the calculation of the required ten
componentsAls(q,S).

Now substituting Eq.~3.1! in Eq. ~2.9! and keeping only
the relevant contributing terms in the expansion
^NSuBsuNS&, Eq. ~2.8! can be simplified to

Als~q,S!5@A1
ls~q,S!1A2

ls~q,S!# ~3.7!

when

A1
ls~q,S!5

M

~2p!3 (
q,z0

Cqz0
E d3r 1d

3r 2d
4k e~k0!d4~k2!

3d~k01q01Eq!

3@e~z0!F̄qz0

1 ~r 1!k
lgsg5Fqz0

(1)~r 2!#e
2 iK•(r12r2)

~3.8!

and

A2
ls~q,S!5

M

~2p!3 (
q,z0

Cqz0
E d3r 1d

3r 2d
4k e~k0!d4~k2!

3d~k01q02Eq!

3@e~z0!F̄qz0

1 ~r 2!k
lgsg5Fqz0

(1)~r 1!#

3e2 iK•(r12r2), ~3.9!

whereK5(q1k) is the momentum of the struck quark su
that uK u5K.Km5(uqu2uku) which can be reasonably as
sumed to be much less than (q0 , uqu anduku) in the Bjorken
limit. The delta function appearing in Eqs.~3.8! and ~3.9!
would imply the respective values foruku5k as k15(q0
1Eq) and k25(q02Eq). This would lead to certain rel
evant kinematic factors necessary to simplify further E
~3.8! and ~3.9! in the Bjorken limit as

Km5Km
6~x!5u~Eq7Mx!u,

cosuK.~Mx7Eq!/K,

cosuKcosuk.2~Mx7Eq!/K,

d~cosuk!k6
2 .K dK. ~3.10!

Finally Cqz0
in Eqs.~3.8! and ~3.9! stands for

Cqz0
5eq

2^NSubqz0

† bqz0
e~z0!uNS& ~3.11!

whene(z0)561 for z0 representing spin-up and spin-dow
spinor states respectively. With SU~2! symmetry assumed in
01400
r

f

.

the model in the(u,d) flavor sector, it can be shown that th
terms in square bracket in Eqs.~3.8! and ~3.9! would be
independent of flavor and spin quantum numbers so as t
decoupled from(qz0

Cqz0
which can be evaluated for th

target nucleon as

(
qz0

eq
2^NSubqz0

† bqz0
e~z0!uNS&55/9 for spin up proton

50 for neutron with any spin.

~3.12!

This would lead to the fact that in such a model with SU~2!
symmetry the spin dependent structure functionsg1

n(x,Q2)
and g2

n(x,Q2) for neutron would be identically zero. The
for the target proton with longitudinal polarization and tran
verse polarization the relevant tensor components appea
in the Eqs.~2.12! and~2.13! can be evaluated in the follow
ing form.

AL
035

5M

18pEKm
1

`

dK K@y0
2~K !1~2Km

12/K221!y1
2~K !#

1~Km
1→Km

2!, ~3.13!

AL
3052

5M

18pEKm
1

`

dK K@2~Km
1/K !y0~K !y1~K !#

1~Km
1→Km

2!, ~3.14!

AT
015

5M

18pEKm
1

`

dK K@y0
2~K !2~Km

12/K2!y1
2~K !#

1~Km
1→Km

2!, ~3.15!

where

y0~K !5E
0

`

dr rgq~r ! j 0~Kr !,

y1~K !5E
0

`

dr r f q~r ! j 1~Kr !. ~3.16!

Then using Eqs.~2.12! and ~2.13! we can obtain

g1
p~x,Q2!5

5M

18pEKm
1

`

dK K@y0
2~K !1~2Km

12/K221!y1
2~K !

12~Km
1/K !y0~K !y1~K !#1~Km

1→Km
2!,

~3.17!

g2
p~x,Q2!5

5M

18pEKm
1

`

dK K@~123Km
12/K2!y1

2~K !

22~Km
1/K !y0~K !y1~K !#1~Km

1→Km
2!.

~3.18!
2-4
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Now using the model solutions forgq(r ) and f q(r ) from Eq.
~3.4!, we can obtain

y0~K !5S p

2 D 1/2

Nqr oq
2 e(2r oq

2 K2/2),

y1~K !52S p

2 D 1/2S Nq

lq
D r 0q

2 Ke(2r oq
2 K2/2).

~3.19!

Thus one obtains the explicit functional forms forg1
p(x,Q2)

andg2
p(x,Q2) in analytically closed forms as

g1
p~x,Q2!5

5MNq
2r 0q

2

72 F S 11
Km

12

lq
2

2
2Km

1

lq
2

1

lq
2r oq

2 D
3e2r oq

2 Km
12

1~Km
1→Km

2!G , ~3.20!

g2
p~x,Q2!5

5MNq
2r oq

2

72 F S 1

lq
2r oq

2
1

2Km
1

lq
2

2Km
12

lq
2 D

3e2r oq
2 Km

12
1~Km

1→Km
2!G , ~3.21!

where in these final expressionsKm
65(Eq7Mx).

IV. RESULTS AND DISCUSSIONS

We have thus obtained analytically in closed forms, e
plicit expressions for the polarized structure functio
g1

p(x,Q2) and g2
p(x,Q2) for the proton as functions of th

Bjorken variable x. These functional forms in fact refer
the model scale of a lowQ2 of the order ofLQCD

2 , which is
not explicit in the derivation. Therefore for quantitative com
parison with the available experimental data particularly
case ofg1

p(x,Q2), these results need appropriateQ2 evolu-
tion to experimentally relevant higherQ2 region according to
the QCD evolution equations@8#. However, before applying
Q2 evolution, we would like to discuss certain characteris
features of the explicit functional forms obtained in t
model for these structure functions and test their level
accuracy by attempting a verification of the relevant s
rules to a reasonable extent even at the model scale of
Q2.

First of all we notice that bothg1
p(x) andg2

p(x) are sym-
metric functions of the Bjorken variablex and they do not
exhibit Regge behavior atx→0 limit. It is also obvious that
they do not vanish identically beyond the physical region
x>1; thus being plagued with the so called support proble
These features are common artifacts of such constitu
quark models lacking in translational invariance. Even th
overlooking the deficiencies in their small and largex behav-
ior, we can check their correctness otherwise by evalua
their first moment integrals to test the well known sum rul
Since bothg1

p(x,Q2) and g2
p(x,Q2) would falloff very rap-

idly beyondx51 and also they are symmetric inx, the limits
01400
-

c

f

w

r
.
nt
,

g
.

of the first moment integrals ing1
p(x,Q2) andg2

p(x,Q2) can
be extended analytically beyond the physical region (0<x
<1) to the entire region so as to realize the evaluation
sum-rule integralsG1

p(EJ) due to Ellis and Jaffe@9# and
G2

p(BC) due to Bukhardt and Cottingham@10# in an analytic
manner as follows:

G1
p~EJ!5E

0

1

dx g1
P~x,Q2!.1/2E

2`

1`

dx g1
p~x,Q2!

5~1/6!
5~5Eq817mq8!

9~3Eq81mq8!
, ~4.1!

G2
p~BC!5E

0

1

dx g2
p~x,Q2!.1/2E

2`

1`

dx g2
p~x,Q2!50.

~4.2!

However, for a numerical evaluation we may take the mo
parameters and other required model quantities from its
vious applications@5–7# as

~a,V0!5~0.017166 GeV3,20.1375 GeV!,

~mu ,md!5~0.01 GeV,0.01 GeV!,

~Eq ,lq!5~0.45129 GeV,0.46129 GeV!,

~Nq ,r 0q!5~0.64318 GeV1/2,3.35227 GeV21!. ~4.3!

But since the physical massM of the nucleon in this model is
realized only after taking into account other possible resid
effects@5# in a perturbative manner in obtaining the corre
Eq , we prefer here to takeEq5 1

3 M p where M p
50.938 GeV is the physical mass of the proton. Th
G1

p(EJ) andG2
p(BC) from its exact numerical integration ar

obtained as

G1
p~EJ!5E

0

1

dx g1
p~x,Q2!50.1335, ~4.4!

G2
p~BC!5E

0

1

dx g2
p~x,Q2!50.0018. ~4.5!

G1
p(EJ) under the analytic integration in Eq.~4.1! gives the

value 0.13499 which is not very different from Eq.~4.4!
justifying the extension of the integration limits. This ma
further be compared with the Ellis-Jaffe theoretical pred
tion of G1

p(EJ)50.18 as against its recent experimen
value atQ2510.7 GeV2 @2#

G1
p~EJ;EMC!50.12660.018,

G1
p~EJ;SMC!50.14260.00860.011. ~4.6!

Thus we find that both the sum rules due to Ellis-Jaffe
well as that due to Burkhardt-Cottingham are verified h
analytically in a very satisfactory manner. We may also n
here that sinceg1

n(x,Q2) in the present model is identicall
zero, the integral in Eq.~4.1! can also be considered as re
2-5
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resenting the Bjorken sum rule expression@11#. Taking into
account the fact that in this model one finds@5#

~gA /gV!5
5~5Eq817mq8!

9~3Eq81mq8!
~4.7!

we find the model prediction here in conformity with th
Bjorken sum-rule expression without QCD-radiative corre
tion as

GBJ5E
0

1

dx@g1
P~x,Q2!2g1

n~x,Q2!#

5
1

6
~gA /gV!. ~4.8!

We may also point out here that the first moment ofg2
p(x)

obtained numerically in the present model in Eq.~4.5! as
0.0018 is in good agreement with the analytic result in E
~4.2! and is comparable with the corresponding predictio
such as 0.0038 in MIT bag model and20.0009 in a modified
bag model@12#. Although Burkhardt-Cottingham sum rul
has not been proved in QCD, it is considered as most p
ably true with the analytical support obtained earlier in MI
bag model@4#.

We now evaluate the structure functionsg1
p(x,Q2) and

g2
p(x,Q2) numerically to show explicitly their behavior a

functions of the Bjorken variablex at this model scale of low
Q2. These are depicted in Figs. 1 and 2, respectively.
find here that the overall support problem is quite minim
We also note that like all other models,g2

p(x,Q2) starts posi-
tive for smallx, changes sign atx5x0.0.42, and after pass
ing through a minimum it tends to zero without a seco
crossing as in Ref.@12#. It is believed that unlikeg1

p(x,Q2),
g2

p(x,Q2) can have contributions from quark-gluon corre
tions and quark mass effects persisting to even the largeQ2

limit. These contributions can arise out of local operators

FIG. 1. g1
p(x,Q2) ~dotted line! at the model scale.Q25Q0

2

50.1 (GeV/c)2; QCD evolved g1
p(x,Q2) ~solid line! at Q2

510.7 (GeV/c)2 is compared with the data from Refs.@1,2#.
01400
-

.
s

b-

e
l.

f

twist-3 in the formalism of operator product expansion. Th
the structure functiong2

p(x,Q2) can be decomposed into

twist-2 piece (g2
ww) and a twist-3 piece (ḡ2) as

g2
p~x,Q2!5g2

ww~x,Q2!1ḡ2~x,Q2!, ~4.9!

where

g2
ww~x,Q2!52g1

p~x,Q2!1E
x

1

dy
g1

p~y,Q2!

y
~4.10!

and hence

ḡ2~x,Q2!5g2
p~x,Q2!1g1

p~x,Q2!2E
x

1

dy
g1

p~y,Q2!

y
.

~4.11!

The model results for the Wandzura-Wilczek@13# twist-2
piece g2

ww and the twist-3 pieceḡ2 for proton are shown
along withg2

p(x,Q2) in Fig. 2. We observe that the sign o
g2

p(x,Q2) is almost similar to that ofg2
ww . The twist-3 part

ḡ2(x,Q2) which is mostly sign reversed in relation tog2
ww is

comparatively smaller in magnitude and almost vanish
beyondx50.64.

Finally we address the question of appropriateQ2 evolu-
tion of these structure functions to experimentally relev
higherQ2 region. Leaving asideg2

p(x,Q2) for which appro-
priate evolution equations are so far wanting@14#, we take up
the case ofg1

p(x,Q2). Since the model scale of lowQ2 has
not been explicit in the derived expression, we fix a refere
scale of low Q0

250.1 GeV2 corresponding to which the
model provides saturation of the momentum sum rule by
valency quarks@15#. With LQCD50.232 GeV, the relevan
perturbative expansion parameteras(Q0

2)/2p in leading or-
der becomes 0.358, which is well within the reasonable li
to justify the applicability of the QCD-perturbation theory
the leading order even at such low reference scale. The
portant point to note here is that there is no other choice
any way for choosing anad hochigher reference scaleQ0

2,
since it would require a nonzero initial input of sea quark a

FIG. 2. The calculated model result forg2
p(x) ~solid line!,

g2
ww(x) ~dotted line!, and ḡ2(x) ~dot-dashed line! at the reference

scaleQ0
250.1 (GeV/c)2.
2-6
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gluon constituents for which one does not have any dyna
cal information at this scale. We therefore prefer to evo
the g2

p(x,Q2) from Q0
250.1 GeV2 to higherQ2 values such

asQ2510.7 GeV2 at which experimental data are availab
For this we use the standard convolution technique ba

on the nonsinglet evolution equation due to Altarelli a
Parisi in its leading order~LO! @8,16#. We are neither very
particular here for a high precision analysis nor would
claim quantitative significance to our result near the phys
boundary in the variablex. Hence we do not attemptQ2

evolution to nonleading order at this stage. Since it is
lieved @17# that nonsinglet evolution converges very fast a
can remain stable even for small values ofQ2/LQCD

2 , we
expect a reliable interpolation between the reference s
Q0

250.1 GeV2 and the experimentally relevant scale ofQ2

..Q0
2. Our results forg1

p(x,Q2) andxg1
p(x,Q2) after evo-

lution is shown in comparison with the available experime
tal data in Figs. 1 and 3, respectively. We observe that if
do not attach much quantitative significance to the resul
the smallx range nearx50 and at the largex range nearx
51, the agreement is quite encouraging. Finally if we co
pute the first moment ofg1

p(x,Q2) corresponding to the
evolved result atQ2510.7 GeV2 we find

FIG. 3. xg1
p(x,Q2) ~solid line! at Q2510.7 (GeV/c)2 compared

with the data from Refs.@18,19#.
01400
i-
e

.
ed

l

-

le

-
e
at

-

E
0.025

1

dx g1
p~x,Q2!50.132661, ~4.12!

which on extrapolation tox50 as the lower limit yields

E
0

1

dx g1
p~x,Q2!50.14426. ~4.13!

This result is in reasonable agreement with the correspo
ing experimental value in Eq.~4.6!.

V. CONCLUSION

Thus within the limitation of the approximations involve
in the present model, we find that we have been able
analytically derive explicit functional forms of the spin
dependent structure functionsg1

p(x,Q2) and g2
p(x,Q2) for

proton which at the model scale of a lowQ2 provide a rea-
sonable test of the well known sum rules in spite of t
inadequacies in their smallx and largex behavior. We also
extract the twist-3 contribution tog2

p(x,Q2) at the model
scale which is comparatively smaller in magnitude and
most vanishing beyondx50.64. With appropriateQ2 evolu-
tion for g1

p(x,Q2) so derived, we have made a comparis
with available experimental data. The overall qualitative fe
tures of the structure functions extracted in the model
quite encouraging, in spite of a simple valency quark pict
of the nucleon, to start with. This provides an encourag
link between the low energy description of the proton in t
model with its high energy behavior in the deep inelas
region without refixing at all the model parameters, tak
from its earlier application.
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