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Plasma wave instabilities induced by neutrinos

Luı́s Bento
Centro de Fı´sica Nuclear da Universidade de Lisboa, Av. Prof. Gama Pinto 2, 1649-003 Lisboa, Portugal

~Received 2 August 1999; published 8 December 1999!

Quantum field theory is applied to study the interaction of an electron plasma with an intense neutrino flux.
A connection is established between the field theory results and classical kinetic theory. The dispersion relation
and damping rate of the plasma longitudinal waves are derived in the presence of neutrinos. It is shown that
supernova neutrinos are never collimated enough to cause non-linear effects associated with a neutrino reso-
nance. They only induce neutrino Landau damping, linearly proportional to the neutrino flux andGF

2 .

PACS number~s!: 13.15.1g, 14.60.Lm, 97.60.Bw
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I. INTRODUCTION

Binghamet al. @1# have studied the interaction of a ne
trino beam with an electron plasma and concluded that
neutrino fluxes produced in supernovae are intense enoug
cause plasma instabilities with large growth rates. If true t
would provide a physical mechanism of energy transfer fr
the neutrinos to the plasma that might explain the supern
explosions. The interaction between neutrinos and pla
was described with a ponderomotive force acting on the e
trons and a neutrino wave function obeying a naive Kle
Gordon equation modified with a matter induced exter
potential. This non-standard treatment was not well es
lished from the standard model of electroweak interacti
and originated some controversy@2,3#. More recently@4#,
classic kinetic theory was applied to study the neutrin
plasma system where both neutrino and electron parti
suffer each own ponderomotive force. Again the lepton s
and chiral structure of the weak interactions remain un
ticed. The dispersion relation derived for the plasma wa
differed from the one previously obtained in@1#. Yet, the
authors reiterated the claim that the neutrinos produce n
linear effects for certain resonant modes of plasma wa
causing instabilities with large growth rates proportional, n
to GF

2nn , but to a smaller power of this quantity.
The aim of the present work presented here is to obta

formulation of the problem based on field theory and st
dard model of electroweak interactions, an effort initiated
@5#. We confine to isotropic plasmas and longitudinal pho
excitations~also called plasmons or Langmuir waves!. The
Čerenkov emission of longitudinal photons bymasslessstan-
dard model neutrinos in an isotropic plasma has been stu
along the years@6–10#. This is a single neutrino decay bu
not a collective neutrino process. Hardy and Melrose@3#
gave one step more by extending the work to spontane
andstimulated emission and absorptionof plasmons to study
the so-called kinetic instabilities~see also@11#!. They ob-
tained an expression for the decay~growth! rate of the
plasma waves induced by a neutrino flux. However, beca
the derivation was based on single neutrino processes
result is necessarily proportional toGF

2 excluding a priori
any possible non-linear effects. In the present paper we
rive the neutrino contribution to the photon self-energy a
obtain a modified dispersion relation for the longitudin
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waves. This allows one to study not only kinetic instabiliti
but also the possible existence of hydrodynamic instabili
and non-linear phenomena.

Next section we calculate the neutrino contribution to t
electromagnetic polarization tensor and the dispersion r
tion of longitudinal photons. In Sec. III we establish a re
tionship with kinetic theory and in Sec. IV the dispersio
relation and nature of neutrino induced instabilities are a
lyzed in detail. In the last section we summarize the m
results.

II. ELECTROMAGNETIC POLARIZATION AND
LONGITUDINAL WAVES

In a medium the Maxwell equations are modified by p
larization effects. The electromagnetic waves obey the
lowing equation:

~2k2gmn1kmkn1pmn!«n50, ~1!

where« is the wave polarization vector,k the linear momen-
tum andpmn is the polarization tensor. The purely electr
magnetic contribution,pEM

mn , is well known for an electron
plasma in first order of approximation and can be identifi
with the Feynman diagram of Fig. 1. At finite temperatu
the one-particle propagators possess additional terms re
to the one-particle distribution functions of the backgrou
matter. In the real-time formalism@12,13,14#, adopted here,
the electron propagator in a homogeneous and unpolar
plasma is given by

~p”1m!F i

p22m2
22pd~p22m2!„u~p0! f e~p!

1u~2p0! f ē~2p!…G , ~2!

FIG. 1. Electron plasma contribution to the photon self-ener
ipEM

mn .
©1999 The American Physical Society04-1
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LUÍS BENTO PHYSICAL REVIEW D 61 013004
where f e , f ē are the electron and positron distribution fun
tions respectively.

Gauge invariance implies that« is defined up to a vecto
proportional tok andkmpmn505pmnkn . On the other hand
for an isotropic, homogeneous and unpolarized plasma
tensorpEM

mn is symmetric and can be written in terms of th
metric tensor, momentumk and vectoru defining the time
direction in the plasma rest frame@13#. As a result,

pEM
i0 5

vki

kW2
pEM

00 ~3!

in the plasma frame (v5k0) and the wave Eqs.~1! admit a
purely electrostatic solution,«m5(1,0W )5um in the Coulomb
gauge. The dispersion relation of these longitudinal wave

kW21pEM
00 50. ~4!

In the low energy limit of the standard model of ele
troweak interactions the electron and neutrino interacti
~both charged and neutral currents! are described by the ef
fective Lagrangian

Lint5e Am ēgme2A2 GF ~ n̄LgmnL! ē gm~cV8 2cA8 g5!e,
~5!

where e denotes the positron charge (a5e2/4p), GF the
Fermi constant and

cV85cA812 sin2uW , ~6!

with cA8 equal to 11/2 for ne and 21/2 for nm ,nt . The
neutrino flux contributes to the electromagnetic polarizat
through the diagram of Fig. 2. The diagrams with fermi
self-energy corrections either in vacuum or in matter will
neglected as well as the weak interactions between elect
or nucleons of the medium. The expression of thenL propa-
gators is similar to the electron propagator of Eq.~2!:

Gn~p!5
12g5

2
p” F i

p2
22p d~p2!„u~p0! f n~p!

1u~2p0! f n̄~2p!…G . ~7!

The only differences are that then masses are taken to b
zero, there is only one spin degree of freedom,nL or n̄R , and
the neutrino and anti-neutrino distribution functions,f n and
f n̄ , are not thermal, as they move along a privileged dir
tion.

FIG. 2. Neutrino-plasma contribution to the photon self-ener
ipW

mn .
01300
he

is

s

n

ns

-

The neutrino loop gives a tensor,

2 i pab
N ~k!52E d4p

~2p!4
Tr$gaGn~p1k!gbGn~p!%, ~8!

whose vacuum contribution is to be ignored. Only the co
tributions from the electron and neutrino loops that are lin
in the respective particle densities will be retained. The el
tron loops are directly related to the neutrino electromagn
coupling. Writing thenng vertex in Fig. 3 as

2 i gn

12g5

2
Gnm~k!, ~9!

wherek is the incoming photon momentum, the diagram
Fig. 2 is given by

i pW
mn5 i Gam~2k!pab

N ~k!Gbn~k!. ~10!

The nng vertex separates in a pseudo-tensor proportiona
cA8 and a tensor that is proportional topEM

mn , as follows
@15,16#:

Gmn~k!5
1

e
A2GF~cV8pEM

mn 2cA8p5 «mnabkaub!. ~11!

For future reference let us write the expressions of the s
ceptibility tensors,

pEM
mn 522e2E d3p

~2p!3

f e1 f ē

Ee

3
~kmpn1pmkn2k•p gmn!k•p2k2pmpn

~k•p!22~k2/2!2
, ~12!

pN
mn52E d3p

~2p!3

f n1 f n̄

En

3
~kmpn1pmkn2k•p gmn!k•p2k2pmpn

~k•p!22~k2/2!2

2
i

2
«mnabkapbE d3p

~2p!3

f n2 f n̄

En

k2

~k•p!22~k2/2!2
.

~13!

If the neutrino distributions were isotropic the polariz
tion tensorpW would satisfy a relation like Eq.~3! and the
longitudinal photons could still be described with a sca

, FIG. 3. Neutrino electromagnetic coupling induced by an el
tron plasma.
4-2
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PLASMA WAVE INSTABILITIES INDUCED BY NEUTRINOS PHYSICAL REVIEW D61 013004
potential i.e.,«m5(1,0W ) in the plasma rest frame. That is n
strictly the case in the presence of a neutrino flux but si
the plasma is isotropic, as considered here, the vector c
ponents« i are expected to be suppressed with respect to«0

by a factor ofGF
2 k4. We now prove that the components« i

are in fact suppressed and their contribution to the disper
relation only comes atGF

4 order. First, note that the assume
plasma isotropy implies not only the relation~3! but also the
structure@13#

pEM
i j 52pTPi j 1pEM

00 v2

kW2

kikj

kW2
, ~14!

whereP is the projector over the plane orthogonal tokW ,

Pi j 5d i j 2
kikj

kW2
. ~15!

Because of gauge invariance only three of the wave Eqs~1!
are linearly independent. Working in the Coulomb gau
kW•«W 50, the application of the projectorP on the left of the
last three Eqs.~1! gives

~k22pT!« i5Pi j pW
j n «n . ~16!

The factork22pT vanishes for transverse photons but n
for longitudinal waves: in a non-relativistic gas,pT is equal
to vp

2 , the square plasma frequency, andk25v22kW2. The
above equation can be used to calculate« i in an iterative
way, as follows:

« i5Pi j

pW
j 0

k22pT

«01•••. ~17!

It is clear that« i are suppressed byGF
2 with respect to«0.

When substituted in the first of the wave Eqs.~1!,

~kW21pEM
00 1pW

00!«05pW
0i « i , ~18!

it becomes evident that the vector components« i only reflect
in the dispersion relation atGF

4 order and can thus be safe
neglected. The dispersion relation of longitudinal waves is

kW21pEM
00 1pW

0050 ~19!

at GF
2 order. It remains to evaluatepEM

00 andpW
00.

The electroweak interactions conserve the electric cha
and lepton numbersLe ,Lm ,Lt . This implies that at energie
considered here, far below the muon mass, the elect
ne ,nm andnt numbers are separately conserved which m
terializes in the conservation laws

kmpN
mn5kmGmn505pN

mnkn5Gmnkn . ~20!

Using repeatedly these relations together with Eq.~3! one
obtains from Eqs.~10!,~11!
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pW
005

2GF
2cV8

2

e2
~pEM

00 !2S 12
v2

kW2 D 2

pN
00. ~21!

The outcome is that thecA8 coupling does not contribute to
the dispersion relation of longitudinal waves in an isotrop
electron plasma. On the other hand,cV8

2 is much smaller for

nm ,nt(cV8'20.04) than forne(cV8'0.96) so onlyne andn̄e

will be taken in consideration.
The expressions of the response functions are

pEM
00 522e2E d3pe

~2p!3
~ f e1 f ē!Ee

kW22~kW•vW e!
2

~k•pe!
22~k2/2!2

,

~22!

pN
0052E d3pn

~2p!3
~ f n1 f n̄ !En

kW22~kW•vW n!2

~k•pn!22~k2/2!2
, ~23!

whereE andvW denote in each case the energy and velocity
the particle. The factor of 2 in front of the electromagne
susceptibility stands for the number of electron spin sta
The normalization of the distribution functions is fixed b
the propagators~2! and ~7! as follows: the number of par
ticles (e2,e1,n or n̄) per unity of volumeandspin degree of
freedom is

n5E d3p

~2p!3
f . ~24!

Next section we seek a connection between field the
and classical kinetic theory in the limit of small frequenci
and wavelengths. In Sec. IV we study the dispersion rela
and possible neutrino induced instabilities.

III. KINETIC THEORY

The Feynman diagrams in Figs. 1 and 2 are a con
quence of a certain field dynamics that couples boson fie
with fermion densities. The electroweak interactions in p
ticular only involve vector fields and currents. The ones r
evant here are the electromagnetic field and current,Am and
JEM

m , plus the neutrino and weak electron currents defined

JN
m5 n̄LgmnL , ~25!

JWe
m 5A2GF ē gm~cV8 2cA8 g5!e. ~26!

Behind those Feynman diagrams there is a set of equat
relating the current fluctuations,Jm(k) in momentum space
to each other:

JEM
m 52pEM

mn ~k! An1JNaGam~2k!, ~27!

JNa52pab
N ~k! JWe

b , ~28!

JWe
b 5Gbn~k! An1pW e

bn ~k! JNn . ~29!
4-3
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LUÍS BENTO PHYSICAL REVIEW D 61 013004
Here, pWe is an electron loop, suppressed byGF
2 , that

couples the weak electron and neutrino currents. One obt
from this a relation between the electromagnetic current
Am . Using matrix notation and the definitionG8ma(k)
5Gam(2k) one gets

JEM52„pEM1G8pN~11pWepN!21G…A ~30!

.2~pEM1G8pNG! A, ~31!

where the corrections ofGF
4 order associated withpWe are

neglected in the last equation. When this electromagn
current is put in the Maxwell equations,

~2k2gmn1kmkn!An5JEM
m , ~32!

they give rise to the wave equations~1! with a polarization
tensor given by the Feynman diagrams of Figs. 1 and 2.

We have seen in the previous section that for an isotro
plasma thecA8 coupling and electron axial-current do not pla
a significant role. If that current is dropped out of Eqs.~27!–
~29! they reduce to

JEM
m 5

1

e
pEM

mn ~2eAn1A2GFcV8 JNn!, ~33!

JNa5
1

e
pab

N ~A2GFcV8 JEM
b ! ~34!

which now have a classical counterpart in the sense tha
fermion polarization does not appear explicitly. This is t
kind of relations also obtained in classical kinetic theory
framework that has been used by some authors@4,17#. That
fact motivated us to formulate our own classic theory in
der to better understand the differences between the re
based on quantum field theory and their works.

In kinetic theory a system is described by distributi
functions on the phase space of the particles, in particu
the single particle distribution functionsf (t,xW ,pW ). In low
dense plasmas the collisions are less important than the
lective interactions and the time evolution of the distributi
functions is given by the Vlasov equations@18#:

] f

]t
1vW •

] f

]xW
1FW •

] f

]pW
50. ~35!

The functions velocity,vW , and force,FW , have to be specified
for each of the particles species.

If one ignores the electron polarization andcA8 coupling,
the effective Lagrangian of Eq.~5! reduces to

Lint5e AmJe
m2A2GFcV8 JNmJe

m . ~36!

It clearly admits a classical limit where the neutrino vec
current JN

m is equal to the difference between then and n̄

current densities,JN
m5 j n

m2 j n̄
m , andJe

m5 j e
m2 j ē

m is the analo-
gous current for electrons and positrons. The next step i
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write down the interaction Lagrangian for a classical elect
or neutrino particle respectively@5#,

Le5~e Am2A2GFcV8 JN
m!ẋm , ~37!

Ln52~A2GFcV8 Je
m!ẋm . ~38!

They are symmetric to the positron and anti-neutri
Lagrangians. Notice that the vector currentJN

m couples to an
electron particle in exactly the same way as the electrom
netic potentialAm and in turn the neutrinos interact with
vector potential as well, proportional toJe

m . Therefore, the
electroweak forces are a straightforward generalization of
electromagnetic Lorentz force@5#. The total force acting on
an electron is

FW e52e~EW 1vW e`BW !1A2GFcV8 ~EW N1vW e`BW N! ~39!

with weak-electric and weak-magnetic fields given by

EW N52¹W JN
0 2

]JWN

]t
, BW N5¹W `JWN . ~40!

The positron force is2FW e . In a similar fashion, the neutri
nos suffer a weak force

FW n5A2GFcV8 ~EW e1vW n`BW e!, ~41!

(2FW n for anti-neutrinos! where

EW e52¹W Je
02

]JWe

]t
, BW e5¹W `JWe . ~42!

Above, the velocity and linear momentum are related to e

other by vW 5pW /ApW 21m2 with a zero mass in the neutrin
case.

These weak forces differ from the ones employed bef
@1,4,17#. In particular, the ponderomotive forces consider
in @1,4# only contain the terms proportional to the gradien
¹W JN

0 and¹W Je
0 , of the neutrino and electron densities but n

the terms that go with the vector currentsJWN andJWe . In the
case of the longitudinal waves, the weak-magnetic forces
suppressed by an additional power ofGF

2 but the time deriva-

tives of JWN and JWe still contribute at the same level as th
density gradients. This fact will manifest in the dispersi
relation itself.

The proper modes of a system are usually investigated
expanding the distribution function around a static and u
form function f 0: i.e.,

f ~x,pW !5 f 0~pW !1d f ~x,pW !. ~43!

The Vlasov equations~35! are then approximated to the lin
earized form

S ]

]t
1vW •

]

]xW
D d f 1FW •

] f 0

]pW
50, ~44!
4-4
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PLASMA WAVE INSTABILITIES INDUCED BY NEUTRINOS PHYSICAL REVIEW D61 013004
which become@18#

2 i ~v2kW•vW !d f ~k,pW !1FW ~k,pW !•
] f 0

]pW
50 ~45!

after Fourier analysis, wherekm5(v,kW ) denote the fre-
quency and wave vector components. It is convenien
write this in a relativistic covariant notation. In terms of

F4
m5p0

dpm

dt
, ~46!

that transforms as a 4-vector, the equation above reads

2 ik•pd f ~k,p!1F4
m~k,p!

] f 0

]pm
50. ~47!

It does not matter whetherf 0 depends onp0 or it is evaluated
on-shell (p25m2) becauseF4

m ]/]pm is a total derivative
when applied on functions that do not depend on the sp
coordinates.

Under an external perturbation the current densities

j m~x!5E d3p

~2p!3E
f ~x,p! pm ~48!

(E is the kinetic energy! suffer fluctuations equal to

j m~k!52 i E d3p

~2p!3E

] f 0

]pn

F4
n~k,p! pm

k•p
. ~49!

To compare with the field theory results it is convenient
integrate by parts obtaining

j m~k!5 i E d3p

~2p!3E
f 0

]

]pn S F4
n pm

k•p D . ~50!

It must be kept in mind that here]F4
n/]pn identifies with

E ]FW /]pW after setting the on-shell conditionp05E. In the
cases of interest to us the particles interact with a ve
potential,Vm , and the 4-force is

F4
m5~]mVn2]nVm!pn . ~51!

Equation ~49!, ~50! yield a linear relation,j m52pmnVn ,
with susceptibility given by

pmn@ f 0#5E d3p

~2p!3E

] f 0

]pa

kapn2k•p gan

k•p
pm ~52!

or, after integrating by parts,
01300
to

ce

r

pmn@ f 0#52E d3p

~2p!3

f 0

E

3
~kmpn1pmkn2k•p gmn!k•p2k2pmpn

~k•p!2
.

~53!

For instance, to obtain the electromagnetic polarizat
tensor it suffices to makeJEM

m 5q jm and Vn5qAn for each
charged particle~chargeq) in the relationJEM

m 52pEM
mn An .

The result is a sum over all particles and spin states of
termsq2pmn. For the electron plasma in particular~2 spin
states!

pEM
mn 52e2pmn@ f e1 f ē#. ~54!

It can be extended to the neutrino-plasma system simply
taking the vector potentials indicated by Eqs.~37!, ~38!
namely, 2eAm1A2GFcV8 JN

m for electrons andA2GFcV8 Je
m

for neutrinos. In this way, one obtains the same relations
Eqs. ~33!, ~34! but with classic theory susceptibilities give
by

pN
mn5pmn@ f n1 f n̄# ~55!

and the tensorpEM
mn above. The differences between this a

the field theory results~12!, ~13! only appear, vacuum cor
rections apart, in the particle propagators and parity-violat
terms. However, in the limit of frequencies and wavenu
bers much lower than the electron and neutrino energ
field theory delivers the same results as classical kin
theory. The dispersion relation of the longitudinal waves w
be analyzed next section.

IV. WAVES AND PLASMA INSTABILITIES

Bingham et al. @1,4# conceived a mechanism of energ
transfer from a neutrino beam to an electron plasma in wh
certain plasma wave modes acquire large growth rates
result of a neutrino resonant effect. In order that those re
nant waves be not electron Landau damped the elec
plasma has to be in a non-relativistic regime. Letvpl(kW )
designate the frequency of the longitudinal waves as a fu
tion of kW in a plasma without neutrinos. In the case of
Maxwellian distributionvpl is given by@18#

vpl
2 ~kW !5vp

213
vp

2

kD
2

kW2 ~56!

for wave numbers much smaller thankD , the Debye wave
number. vp is the plasma frequency andvp

2

54pane /me ,kD
2 54pane /Te for an electron density and

temperature equal tone and Te , respectively. More impor-
tant to what follows is that fork!kD ~either degenerate o
non-degenerate gas! the frequencyvpl does not vary much
with k and pEM

00 /kW2 is approximately equal to2vpl
2 /v2, as

long asv/k is much larger thanveT5ATe /me, the electron
4-5
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LUÍS BENTO PHYSICAL REVIEW D 61 013004
thermal velocity. Using this relation in Eqs.~19!, ~21!, ~23!
one obtains the dispersion relation in the presence of ne
nos as

v22vpl
2 ~kW !52

GF
2cV8

2

2pa

v2

kW2
~kW22v2!2pN

00, ~57!

up to terms ofGF
4 order ~recall thate254pa), with

pN
0052E d3pn

~2p!3
~ f n1 f n̄ !En

kW22~kW•vW n!2

~k•pn!22~k2/2!2
. ~58!

The expressions above put the real impact of the neut
flux in perspective. Keeping only the main factors,

v22vpl
2 }vpl

2 GF nn

En
GF kW 2 ~59!

clearly indicates that the neutrino contribution is sever
suppressed byGF

2 . The only potential exception is a stron
neutrino resonance effect. The poles in the neutrino pro
gators represent kinematic conditions for a massless neu
with momentump to emit or absorb a plasmon with mome
tum k: (p6k)2505p2. A necessary condition for such
Čerenkov process is thatk be a space-like vector, i.e.,v
,ukW u. That is quite possible for modes that are not Land
damped,ukW u,kD , because the Debye wavenumberkD of a
non-relativistic plasma is much larger than the plasma
quencyvp .

The frequency and wave numbers of interest are m
smaller than the electron and neutrino single particle en
gies. Therefore, it makes sense to neglectk2 in front of
k•p in the neutrino propagators so that

pN
0052E d3pn

~2p!3

f n1 f n̄

En

kW22~kW•vW n!2

~v2kW•vW n!2
. ~60!

This is nothing but the classic theory result contained in
Eqs.~53!, ~55!, which gives also, taking Eq.~52! in account,

pN
005E d3pn

~2p!3

1

v2kW•vW n
S ] f n

]pW
1

] f n̄

]pW
D •kW . ~61!

Together with Eq.~57! it constitutes the dispersion relatio
predicted with classical kinetic theory. Our result diffe
from others@4,17# simply because the forces assumed th
to account for the weak interactions are different from
Lorentz kind of force we derived in Sec. III. Binghamet al.
in particular@1,4#, only considered the terms proportional
the electron and neutrino density gradients and so obtain
factor of (12v2/kW2)2 less in the dispersion relation@4#. This
factor comes from the time derivatives of the currentsJW n and
JWe in the forces~39! and ~41!: JW5vkWJ0/kW2 for longitudinal
waves and the same type of relation holds for the polar
tion tensor, Eq.~3!, as a result of plasma isotropy and curre
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conservation. Altogether, it makes a factor of 12v2/kW2, one
for neutrinos and one for electrons, as can be learned f
Eqs.~33!, ~34!.

The kinetic instability is analogous to the electron Land
damping @18# and takes place if the neutrino spectru
crosses from one side to the other of the resonance (kW•vW n

5v). Then, the integral in Eq.~61! separates into a principa
part and an imaginary quantity that is evaluated with
so-called Landau prescription@14# in this case, withv

2kW•vW n1 i01 in the denominator. The neutrino contributio
to the damping rate comes then as

gW52
GF

2 cV8
2

4a

v

kW2
~kW22v2!2E d3pn

~2p!3
d~v2kW•vW n!

3S ] f n

]pW
1

] f n̄

]pW
D •kW . ~62!

Hardy and Melrose@3# obtained this result starting from th
decay rate of single neutrinos into longitudinal photon
However, by the very nature of such calculation the full ne
trino contribution to the dispersion relation was not derive
which might be important to investigate possible react
instabilities. Before going to that we just note that contrary
the interpretation in@3#, the factor of (12v2/kW2)2 is not due
to the chiral nature of weak interactions but rather to parti
number conservation and plasma isotropy, as discus
above.

gW goes asGF
2 and is exceedingly small when compare

with the plasma collisional damping for instance. If howev
all neutrinos were on the top of the resonance they co
generate an hydrodynamic instability. The claim was@1,4#
that this occurs in the conditions of supernova neutrino em
sion causing much larger growth rates, proportional toGF

2/3

rather thanGF
2 , or to GF if electron-ion collisions are taken

into consideration. The question we raise is, in the end
has to check whether or not the entire neutrino flux lies in
resonance, i.e., whetheruv2kW•vW nu is confined to the calcu-
lated resonance widthugu. If that is not so one falls in the
Landau damping case and result~62!.

The hydrodynamic limit is obtained by assuming thatv

2kW•vW n is approximately constant over the neutrino spectr
in Eq. ~60! and then solving the dispersion relation for
complexv. A solution with positive imaginary part repre
sents a reactive instability. From Eqs.~57!, ~60! one writes

v22vpl
2 ~kW !.

GF
2

2pa K nn

En
L v2

kW2
~kW22v2!2

kW22~kW•vW n!2

~v2kW•vW n!2
,

~63!

wherenn means the jointne and n̄e flux and we have made
cV851. The largest growth rates (Im$v%52g.0) are ob-

tained for resonant modes (kW•vW n'vpl) with magnitudes
around
4-6
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G5vplH GF nn

En

GF ne

me
J 1/3kW22vpl

2

vpl
4/3kW 2/3

. ~64!

But this assumes thatkW•vW n covers an interval of width
DkW•vW n not greater thanG. The neutrino velocities only
spread in direction. Far away from the neutrinosphere of
dius Rn they essentially move in the radial direction yet, t
velocity cone at a radiusr has a finite aperture,un'2Rn /r .
Hence,

DkW•vW n'un k sinu 'un vplutanuu ~65!

for the resonant modes, whereu is the anglekW makes with
the radial direction.G increases with tan4/3u so the best
chance of satisfying the requirementG.DkW•vW n is to have an
angleu as close as possible top/2. It must however not ge
any closer thanp/26un otherwiseDkW•vW n becomes larger
than vpl and neutrino Landau damping cannot be avoid
That puts an upper limit on the ratioG/DkW•vW n which implies
the necessary condition

ĝ15H GF nn

En

GF ne

me
J 1/3

un
24/3.1. ~66!

Another upper limit and necessary condition comes from t
k must be smaller than the Debye wave number. The ne
sary condition is

ĝ25H GF nn

En

GF ne

me
J 1/3kD

un
.1. ~67!

Knowing how small the energiesGFnn and GFne are
those conditions look quite disfavored by data. Take a n
trino luminosity @19# Ln51053 ergs/s,En510 MeV, neutri-
nosphere radiusRn530 km and a generous electron dens
ne51030 cm23, barely compatible with the non-relativisti
regime. Recalling thatun52Rn /r andnn5Ln/4pr 2 one gets

ĝ151.26S r

1014 km
D 2/3

. ~68!

It means that for an electron density as high as 1030 cm23 a
strongn resonance effect could only take place at a radius
1014 km or larger. That is clearly absurd. The conclusion
draw is the neutrinos are never collimated enough to ca
an hydrodynamic instability. The resonance width is far t
small for that. It slices the neutrino velocity cone in tw
pieces, one above and one below the resonancekW•vW n5v.
The neutrinos only induce Landau damping with a rate giv
by the expression~62!. This was calculated by Hardy an
Melrose@3# for an electron density of 1030 cm23 and they
found that the growth rates are too small for the time du
tion of neutrino emission in Supernovae. When one tries
push the electron density to increase the growth rates
approaches the relativistic regime but then electron Lan
damping takes over. In addition, the phase space of pla
waves with phase velocity less than one (v,ukW u, necessary
01300
-

.

t
s-

u-

f

se
o

n

-
o
ne
u
a

for Čerenkov neutrino emission! becomes vanishing sma
thus suppressing the relative factor (12v2/kW2)2 in the dis-
persion relation. On the other hand, the collisional damp
in a non-relativistic plasma is many orders of magnitu
larger than the neutrino Landau damping. To conclude
looks that the neutrinos are not capable of transferring
significant energy to the medium through plasma wave in
bilities.

V. CONCLUSIONS AND DISCUSSION

We applied the techniques of finite temperature fie
theory to study the longitudinal modes of the electroma
netic waves in a plasma crossed by an intense neutrino
It is shown that for an isotropic plasma the electron axi
vector couplings and polarization effects are suppressed
GF

4 in the dispersion relation. Only the electron vector co
plings ~weak and electromagnetic! contribute atGF

2 order. In
addition, in the limit of frequencies and wavenumbers mu
smaller than the individual electron and neutrino energ
the susceptibility tensors derived from field theory are w
approximated by the results obtained with classic kine
theory provided that the electroweak interactions are
scribed with the appropriate forces. As a result of the vec
rial nature of the interactions, the weak forces are of
same type as the Lorentz electromagnetic force. They
verge however from the forces employed by other auth
@1,2,4,17# in particular the ponderomotive force of Bingha
et al. @1,4#. That explains the difference between the disp
sion relation derived by us and the ones obtained in@4# and
@17# using classic kinetic theory.

In the early papers of Binghamet al. @1# the neutrinos
were treated with a wave function obeying a sort of Kle
Gordon equation with an external potential accounting
the interaction with the medium. The collective effects we
attributed there to a puzzling phase coherence between
neutrino wave functions. There is nothing wrong with that
simply means that under an external plasma wave of w
numberkm the neutrino wave function fluctuations share
phase factor, common to all neutrinos (e2 ik•x), on top of the
arbitrary initial phases of each neutrino wave function. T
problem was rather that in this Klein-Gordon sort of equat
~which could in principle be derived by squaring the Dir
equation! all the terms that might depend on the extern
potential derivatives or electron 3-vector current were co
pletely discarded. That is fine to study problems like neutr
oscillations but not for neutrino effects on plasma waves
cause their very nature concerns the variations of the
dium densities on the time and length scales of the w
period and wavelength.

The other problem concerns the claimed@1,4# non-linear
effects and plasma instabilities induced by resonant neutr
(kW•vW n5v) on a non-relativistic plasma. We compared t
calculated damping~growth! rate of the plasma waves wit
the phase space occupied by the neutrino flux and conclu
that the angular dispersion of the neutrino velocity due to
finite size of the neutrinosphere exceeds by far the assu
resonance width, at least a factor of 108 even in the case o
4-7
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the most optimistic growth rate, no matter how large is
distance to the neutrinosphere. This is of course due to
severe weakness of the neutrino interactions. As a co
quence no hydrodynamic~reactive! instabilities can be in-
duced by neutrinos. What is left is just neutrino Land
damping, a linear effect proportional toGF

2 . The correspond-
ing growth rates are however too small for the time durat
of neutrino emission in supernovae@3#. In addition they are
overcome by either collisional damping in a non-relativis
plasma or by electron Landau damping in a relativistic o
et
,

ity
-
le

k-

y,
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.

In conclusion, wave instabilities induced by neutrinos do n
seem to be a viable mechanism of substantial energy tran
from neutrinos to a supernova plasma.
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