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Effective Hamiltonian approach to hyperon beta decay with final-state baryon polarization
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Using an effective Hamiltonian approach, we obtain expressions for hyperonb decay final-state baryon
polarization. Terms through second order in the energy release are retained. The resulting approximate expres-
sions are much simpler and more compact than the exact expressions, and they agree closely with them.
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In decays such asJ2→Le2n̄ or the recently observed
@1# J0→S1e2n̄, the decay form factors can be probed
observing the parity-violating polarization of the final-sta
baryon via its two body decay mode (L→pp2 or S1

→pp0 respectively!. In addition, other kinematic distribu
tions can be evaluated in the rest frame of the final bary

Early analyses of hyperonb decay with final-state polar
ization observed were restricted to the zero-recoil appro
mation@2# or were limited in scope@3#. More recent detailed
treatments exist@4,5#, but the resulting expressions are qu
opaque, and, as a result, the physical content is hidden. A
experiments are not likely to require exact formulas with
the foreseeable future.

Using a method introduced by Primakoff for muon ca
ture @6,7#, we keep only terms through second order in t
recoil velocity of the initial baryon~in the rest frame of the
final baryon!. A similar approach has been used to der
expressions for the case of a polarized initial baryon@8#.

The most generalV2A transition matrix element for the
generic hyperonb decay processB→be2n̄ can be written
@9# in the form

M5GS

A2

2
ūb~Oa

V1Oa
A!uBueg

a~11g5!vn1H.c., ~1!

where

Oa
V5 f 1ga1

f 2

MB
sabqb1

f 3

MB
qa ,

Oa
A5S g1ga1

g2

MB
sabqb1

g3

MB
qaDg5 ,

qa5~pe1pn!a5~pB2pb!a, ~2!

and

GS5H GFVus for uDSu51,

GFVud for DS50.
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HereGF is the Fermi coupling constant,Vus andVud are
the appropriate Cabibbo-Kobayashi-Maskawa matrix e
ments, andDS denotes the strangeness change in the de

We relate the transition matrix element to an effecti
Hamiltonian by

M5^beuHeffuBn&A2e2n2Mb~EB1MB! ~3!

with

A2

2
Heff5GS

1

2
~12sl•ê!@GV1GAsl•sb

1GP
e sb•ê1GP

n sb• n̂ #
1

2
~12sl• n̂ !. ~4!

Here ê and n̂ are unit vectors along the electron and a
tineutrino directions, whilee, n, andEB are the energies o
the electron, antineutrino, and initial baryon~all quantities
are in the rest frame ofb). The spin operatorssl andsb act
respectively on the lepton and baryon states~represented by
two-component spinors!.

The effective coupling coefficientsGV , GA , GP
e , andGP

n

are functions of the form factors in Eq.~2!:

GV5 f 11d f 22
n1e

2MB
~ f 11D f 2!,

GA52g11dg21
n2e

2MB
~ f 11D f 2!,

GP
e 5

e

2MB
„2~ f 11D f 2!2g11Dg2…,

GP
n 5

n

2MB
~ f 11D f 22g11Dg2!, ~5!

where d5(MB2Mb)/MB and D5(MB1Mb)/MB522d.
Since the form factorsf 3 andg3 always appear with a mul
tiplier of the electron mass divided byMB , they are ne-
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glected throughout. Note also thatf 2 andg2 always appear
multiplied by a quantity of orderd, so theirq2 dependence is
not relevant to our orderd2 approximation. However, theq2

dependence off 1 and g1 does need to be included@5# in
calculations to maintain a completely consistent order of
proximation.

Electron and antineutrino spins are not usually observ
and this analysis focuses on measurement of the final ba
polarization. We therefore sum over the electron and
tineutrino spins and average over initial baryon spin:

(
n spins, B spins

u^beuHeffuBn&u25^beuHeffHeff
† ube& ~6!

and

(
e spins

^beuHeffHeff
† ube&5Tr@~11sb•Pb!HeffHeff

† #. ~7!

By projecting out the spin of the final baryon and taki
the trace, we obtain

uMu25j@11aê• n̂1APb•ê1BPb• n̂

1A8~Pb•ê!~ ê• n̂ !1B8~Pb• n̂ !~ ê• n̂ !

1DPb•~ ê3 n̂ !#~2e!~2n!~2Mb!~EB1MB!GS
2 ,

j5uGVu213uGAu222Re@GA* ~GP
e 1GP

n !#

1uGP
e u21uGP

n u2,

ja5uGVu22uGAu222Re@GA* ~GP
e 1GP

n !#

1uGP
e u21uGP

n u212Re@~GP
e* GP

n !~11ê• n̂ !#,

jA522Re~GV* GA!12uGAu212Re~GV* GP
e 2GA* GP

n !,

jB522Re~GV* GA!22uGAu212Re~GV* GP
n 1GA* GP

e !,

jA852Re@GP
e* ~GV2GA!#,

jB852Re@GP
n* ~GV1GA!#,

jD52 Im~GV* GA!12 Im~GP
e* GP

n !~11ê• n̂ !

12 Im@GA* ~GP
e 2GP

n !#. ~8!

The polarization of the final baryon may be express
explicitly as

Pb5
~A1A8ê• n̂ !ê1~B1B8ê• n̂ !n̂1Dê3 n̂

11aê• n̂
. ~9!

The components of this polarization can readily be measu
when the outgoing baryonb is a hyperon which undergoes
subsequent weak decayb→b8p with a non-zero decay
asymmetry parameterab8 . The distribution of theb8 direc-
tion relative to any axis defined by a unit vectorî is given by

1

G

dG

dVb8

5
1

4p
~11Siab8 î •b8̂!, ~10!
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whereSi5^Pb• î & is the average polarization ofb in the î
direction. Conceptually, it is advantageous to employ the
thonormal basis

â5
ê1 n̂

A2~11ê• n̂ !
,

b̂5
ê2 n̂

A2~12ê• n̂ !
,

ĝ5â3b̂. ~11!

Experimentally, it may be more advantageous to determ
the polarization components along one or more of the out
ing particle directions (ê,n̂,b̂).

To gauge the importance of the recoil contributions,
Fig. 1 we compare values of several integrated observa
calculated from our expressions with the corresponding ze
recoil values for the decayJ0→S1e2n̄. For these calcula-
tions, we assumedVus50.2205, f 1(0)51.0, f 252.6, and
g250.0. Comparing values of integrated observables
tained from our expressions with exact values from tables
Ref. @5#, we find that the decay rates agree to better than
and that polarizations and asymmetries agree to better
0.004, the differences being almost entirely due to terms
orderd3. We have not included electromagnetic correctio
which are discussed in Ref.@5#.

FIG. 1. Integrated observable quantities for the decayJ0

→S1e2n̄ as a function ofg1 / f 1: ~A! the total decay rate (ms21),

~B! the polarization of theS1 in the e2 direction (Se5^Pb•ê&),
~C! the polarization of theS1 in thea direction (Sa5^Pb•â&), ~D!

the polarization of theS1 in the b direction (Sb5^Pb•b̂&). The
stars (!) are zero recoil values, and circles (d) are values obtained
by numerical integration of appropriate parts of Eqs.~8! and ~9!
~correct to orderd2).
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Finally, we present the analytic expressions for the in
grated final state polarization to orderd in the final state res
frame, assuming real form factors. The orderd2 expressions,
except for theq2 dependence of the form factors, can
obtained by adding theO(d2) terms given in@11#:

R5R0F S 12
3

2
d D f 1

21S 32
9

2
d Dg1

22~4d!g1g2G1R~d2!,

RSe5R0F S 22
10

3
d Dg1

21S 22
7

3
d D f 1g12S 1

3
d D f 1

2

2S 2

3
d D f 1f 21S 2

3
d D f 2g12S 2

3
d D f 1g22S 10

3
d Dg1g2G

1RSe~d2!,

RSn5R0F S 221
10

3
d Dg1

21S 22
7

3
d D f 1g11S 1

3
d D f 1

2

1S 2

3
d D f 1f 21S 2

3
d D f 2g12S 2

3
d D f 1g21S 10

3
d Dg1g2G

1RSn~d2!,

RSb5F S 8

3
2

52

15
d D f 1g11S 16

15
d D f 2g12S 16

15
d D f 1g2G

1RSa~d2!,
ch

pa
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RSb5R0F S 8

3
24d Dg1

22S 8

15
d D f 1

22S 16

15
d D f 1f 2

2S 64

15
d Dg1g2G1RSb~d2!, ~12!

where

R05
GS

2~dMB!5

60p3
.

As can be seen in Ref.@2#, the zero-recoil (d50) expres-
sion for Se (Sn) is the same as that for the neutrino~elec-
tron! asymmetry for a polarized initial baryon@5#. Also, RSa
depends only onV3A cross terms, andRSb depends only
on V3V andA3A terms, as required by a theorem due
Weinberg@10#.
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Their normalization convention differs from ours in that ea
spinor has the normalizationAE1m factored out into their
phase space term. Also, in order to make their phase s
correct to second order, one must replaceMb /MB with (Eb

1Mb)/2MB .
@9# We employ the metric andg matrix conventions of Ref.@5#, so

thatg1 / f 1 is positivefor neutron beta decay. They differ from
those of J. D. Bjorken and S. D. Drell,Relativistic Quantum
Mechanics~McGraw-Hill, New York, 1964! only in that g5

has the opposite sign, and that there is noi in the definition of
sab .

@10# S. Weinberg, Phys. Rev.115, 481 ~1959!.
@11# The correct orderd2 expressions are obtained by adding

R~d2!5R0d
2S67 f1

21
12

7
g1

216g1g21
6

7
f1f21

4

7
f2
21

12

7
g2

2D,
ce

RSe~d2!5R0d2S 55

42
g1

21
17

21
f 1g11

19

42
f 1

21
4

3
f 1f 2

2
10

21
f 2g11

10

21
f 1g21

116

21
g1g21

4

21
f 2

2

1
4

3
g2

22
16

21
f 2g2D ,

RSn~d2!5R0d2S 2
55

42
g1

21
17

21
f 1g12

19

42
f 1

2

2
4

3
f 1f 22

10

21
f 2g11

10

21
f 1g22

116

21
g1g22

4

21
f 2

2

2
4

3
g2

22
16

21
f 2g2D ,

RSa~d2!5R0d2S 316

245
f 1g12

752

735
f 2g11

752

735
f 1g2

2
128

105
f 2g2D ,

RSb~d2!5R0d2S 422

735
f 1

21
88

49
f 1f 21

8

35
f 2

21
362

245
g1

2

1
1576

245
g1g21

8

5
g2

2D
to R,RSe ,RSn ,RSa andRSb , respectively, in Eq.~12!.
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