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Constraints on Lorentz violation from clock-comparison experiments
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Constraints from clock-comparison experiments on violations of Lorentz andCPT symmetry are investi-
gated in the context of a general Lorentz-violating extension of the standard model. The experimental signals
are shown to depend on the atomic and ionic species used as clocks. Certain experiments usually regarded as
establishing comparable bounds are in this context sensitive to different types of Lorentz violation. Some
considerations relevant to possible future measurements are presented. All these experiments are potentially
sensitive to Lorentz-violating physics at the Planck scale.@S0556-2821~99!01223-0#

PACS number~s!: 11.30.Er, 12.20.Fv, 12.60.2i, 41.20.Jb
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I. INTRODUCTION

Covariance under Lorentz transformations is a feature
modern descriptions of nature at the fundamental le
These transformations include both spatial rotations
boosts, linked through the relativistic connection betwe
space and time. Experimental investigations of rotation sy
metry therefore play a crucial role in testing the framewo
of theories such as the SU~3!3SU~2!3U~1! standard mode
of particle physics.

Clock-comparison experiments@1–7# form a class of par-
ticularly sensitive tests of rotation invariance and hence
Lorentz symmetry. The basic idea is to constrain poss
spatial anisotropies by bounding the variation in frequen
of a given clock as its orientation changes. In practice,
most precise limits are obtained by comparing the frequ
cies of two different clocks as they rotate with the Earth. T
clocks used are typically atoms or ions, and the relev
frequencies are usually those of the light emitted or absor
in hyperfine or Zeeman transitions. Experiments of this ty
face a number of important challenges, in particular
elimination of systematic effects from mundane caus
Nonetheless, remarkable sensitivity to possible Lorentz v
lations can be attained.

In the present work, a theoretical interpretation of cloc
comparison experiments is performed in the context o
general extension of the standard model of particle phy
incorporating a consistent microscopic theory of Lorentz v
lation, including terms both even and odd underCPT @8#.
This standard-model extension must emerge from any un
lying theory that generates the standard model and cont
spontaneous Lorentz violation@9#. It maintains both the
usual gauge structure based on SU~3!3SU~2!3U~1! symme-
try and the usual power-counting renormalizability. It al
has a variety of other desirable features, including ener
momentum conservation, observer Lorentz covariance, c
ventional quantization, and hermiticity, while microcausal
and positivity of the energy are expected.

From the perspective of the present work, this standa
model extension is advantageous not only because it
vides a consistent and general theoretical framework
studying Lorentz violations but more specifically because
is quantitative and at the level of the known elementary p
ticles. The Lagrangian of the theory is formed using fie
for the elementary particles, and the possible Lorentz vio
0556-2821/99/60~11!/116010~17!/$15.00 60 1160
f
l.
d
n
-

f
le
y
e
-

e
nt
d

e
e
s.
-

-
a
s

-

r-
ns

y-
n-

d-
o-
r

it
r-
s
-

tions for each type of particle and interaction are control
by parameters whose values are to be determined by ex
ment. Since atoms and ions are composed of these elem
tary particles, the behavior of different atoms and ions un
rotations and boosts is determined by the parameters for
entz violation in the theory. It is therefore possible with
this framework to provide a quantitative comparative ana
sis of clock-comparison experiments performed with diffe
ent substances and to examine interesting possibilities
future experiments. Both of these are undertaken in
present work.

Although many tests of Lorentz andCPT symmetry exist
@10–12#, the clock-comparison ones considered here
among the relatively few experiments that could be sensi
to the minuscule effects motivating the standard-model
tension. For sensitive experiments of any type, the stand
model extension provides a quantitative and coherent fra
work at the level of the standard model and quant
electrodynamics~QED! within which to analyze and com
pare the results obtained and, in favorable circumstance
predict possible observable signals. Prior to this work,
standard-model extension has been used to examine pos
bounds on Lorentz andCPTviolation from measurements o
neutral-meson oscillations@13–16#, from tests of QED in
Penning traps@17–21#, from photon birefringence@22,8,23#,
from hydrogen and antihydrogen spectroscopy@24,25#, and
from baryogenesis@26#.

The structural outline of the paper is as follows. Section
presents our theoretical procedures and discusses asso
issues. Following some general remarks, Sec. II A is devo
to the relativistic Lagrangian and nonrelativistic Hamiltoni
used for our analysis. The expressions for the Loren
violating shifts in atomic and ionic energy levels are o
tained in Sec. II B. Some comments on procedures to ev
ate the resulting expectation values are provided in Sec.
The incorporation of geometrical effects due to the Eart
rotation and the derivation of theoretically observable sign
is given in Sec. II D. Section III applies this analysis, both
published experiments and to future possibilities. Some co
ments about derivations relevant to specific experiments
relegated to the Appendix.

II. THEORY

Clock-comparison experiments involve measurements
transitions between energy levels in atoms or ions. Exam
©1999 The American Physical Society10-1
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ing shifts in these levels is therefore of central interest i
theoretical analysis of possible effects arising from Lore
violation. Most atoms and ions are comprised of many
ementary particles interacting together to form a system
considerable complexity, so a completeab initio calculation
of energy-level shifts from the various sources of Lore
violation is impractical. However, any effects from possib
Lorentz violation must be minuscule, so theoretical calcu
tions can proceed perturbatively and it suffices to determ
only the leading-order effects on the atomic or ionic ene
levels.

The Lorentz violations in the standard-model extens
can be viewed as arising from the interaction of element
particles with background expectation values of Lorentz t
sor fields in the vacuum, somewhat like the effect of t
electromagnetic field of a crystal on the behavior of
charged particle passing through it@8#. There are Lorentz-
violating effects both in the quadratic terms in the lagrang
and in the interactions. The Lorentz violations in the qu
dratic terms induce modifications to the usual free-part
propagators, producing shifts in the conventional fre
particle energies that vary with physical properties of
particle such as the spin and boost magnitudes and orie
tions. The Lorentz violations in the interactions induce mo
fications to the vertices describing the particle interactio
and they therefore necessarily involve the associated inte
tion coupling constant.

In the present work, we proceed under the usual pertu
tive assumption that effects associated with free propaga
are larger than those associated with interactions and tha
latter can therefore be disregarded in extracting the lead
order signals. This approximation is likely to be good wh
the elementary particles are electrons, but may be ques
able for nuclear calculations with protons or neutrons wh
the strong interaction is involved. Given this assumption,
dominant contribution to the perturbative Lorentz-violati
energy-level shifts in an atom or ion can be obtained
summing over individual energy shifts experienced by
component particles as if they were freely propagating in
background expectation values. The energy shifts cont
uted by each individual particle can be found by taking e
pectation values of the~nonrelativistic! perturbative Hamil-
tonian describing the Lorentz violation in the multipartic
unperturbed atomic or ionic state.

Rough dimensional estimates can be used to gain s
insight about the relative importance of the perturbative
proximations made. On dimensional grounds, the ene
shift of the levels of an atom or ion must have the form o
product of some parameter for Lorentz violation with a fun
tion that is independent of all such parameters. This func
can be taken to be dimensionless~in natural units,\5c51!
by absorbing a suitable power of a particle mass in the
rameter for Lorentz violation as needed. The function c
thus be approximated by a multivariable Taylor expansion
dimensionless combinations of physical quantities: expe
tion values of various angular momentum operators, rela
istic correction factors involving the squared ratio of m
mentum to mass, and interaction energies per mass.
expectation values of angular momenta are of order un
11601
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The relativistic correction factors are of order 1022 for
nucleons and 1025 for electrons. The electromagnetic
interaction energies per mass are of the order of 1025 for
electrons in atoms and 1023 for protons in a nucleus, while
the strong-interaction energies per mass are of order 1022. In
principle, there is an additional dimensionless combinat
involving the ratio of the energy of the external electroma
netic field to the mass, but even in magnetic fields of orde
T this is only of order 10210 for electrons and 10216 for
protons. These crude estimates suggest that the lar
Lorentz-violation effects come from expectation values
angular momenta and spins. This is confirmed by the exp
calculations that follow.

The exceptional sensitivity of clock-comparison expe
ments suggests that useful bounds might in principle also
obtained from subleading Lorentz-violating effects, partic
larly if different parameters for Lorentz violation appea
However, the exact calculation of subleading effects is ch
lenging. They arise both from relativistic corrections to t
free propagation and from corrections coupling the Lore
violations to the interactions. The dominant role of the stro
force at the nuclear level makes the latter corrections diffic
to determine reliably. We therefore restrict attention in t
present work to relativistic corrections arising from the fr
propagation of the component particles in the backgrou
expectation values. These corrections can be calculate
perturbation theory from subleading terms in the nonrela
istic Hamiltonian. They provide a reasonable sense of
kinds of bound implied by subleading effects on cloc
comparison experiments.

The remainder of this section provides the theoretical
sis for our results. Section II A presents the general quadr
relativistic Lagrangian for a spin-1

2 fermion, allowing for the
possibility of Lorentz violation. It is a suitable limit of the
standard-model extension and can be used to describe
free propagation of the individual electrons, protons, a
neutrons forming the atom or ion of interest. The associa
nonrelativistic Hamiltonian is also presented. Section I
derives expressions for the energy-level shifts of a gen
atom or ion by taking suitable expectation values of the p
turbative Lorentz-violating terms in the nonrelativist
Hamiltonian. A few more technical issues associated w
evaluation of matrix elements in light of the many-bod
nuclear and electronic physics are considered in Sec.
The connection to experimental observables is treated in
II D, which examines the effect of geometrical factors a
the Earth’s rotation on the energy-level shifts in vario
clock-comparison experiments.

A. Lagrangian and Hamiltonian

A general expression for the quadratic Hermitian L
grangian describing a single spin-1

2 Dirac fermionc of mass
m in the presence of Lorentz violation is@8#

L5
1

2
i c̄Gn ]Jnc2c̄Mc, ~1!

where
0-2
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Mªm1amgm1bmg5gm1
1

2
Hmnsmn ~2!

and

Gnªgn1cmngm1dmng5gm1en1 i f ng51
1

2
glmnslm. ~3!

This represents an extension of the usual Lagrangian f
massive Dirac fermion field. The Dirac matrice
$1,g5 ,gm,g5gm,smn% appearing in Eqs.~2! and ~3! all have
conventional properties.

The Lorentz violation in Eq.~1! is governed by the pa
rametersam , bm , cmn , dmn , em , f m , glmn , andHmn , which
could arise as expectation values of Lorentz tensors foll
ing spontaneous Lorentz breaking in an underlying theo
The Hermiticity ofL means that all the parameters are re
The parameters appearing inM have dimensions of mass
while those inG are dimensionless. Bothcmn and dmn are
traceless, whileHmn is antisymmetric andglmn is antisym-
metric in its first two indices. The parametersem , f m , and
glmn are incorporated here for generality. Gauge invaria
and renormalizability exclude these in the standard-mo
extension, so ifc represents an electron field they are abs
or suppressed relative to the others. However, the situatio
less clear ifc represents a proton or neutron because th
particles are composites of valence quarks in a sea of o
particles. The strong binding involved might generate eff
tive terms governed by appreciable parametersem , f m , glmn

despite their absence in the standard-model extension it
The field operators in the terms with coefficientsam , bm ,

em , f m , andglmn are odd underCPT, while the others are
even. Since both the particle field and the background ten
expectation values transform covariantly under rotations
boosts of an observer’s inertial frame, the Lagrangian~1!
remains invariant under observer Lorentz transformatio
However, the background expectation values are unaffe
by direct rotations or boosts of the particle or localized fie
ik
s
r

th
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in the same observer inertial frame, so the Lagrangian tra
forms nontrivially under particle Lorentz transformations@8#.

All these parameters are expected to be minuscule
which case the Lorentz-breaking effects are likely to be
tectable only in experiments of exceptional sensitivity. Cre
ible estimates for the order of magnitude of the parame
are difficult to make in the absence of a realistic underly
theory. Various sources of suppression might arise. For
ample, if the origin of the Lorentz violation lies at the Plan
scale M P , one natural suppression factor would be so
power of the ratior'ml /M P , where ml is a low-energy
scale. Another natural factor could emerge from the coupl
strengths in the underlying theory and could produce s
pressions similar to those for the particle masses in the u
standard model, arising from the Yukawa couplings to
Higgs scalar field. Other substantial suppression fac
might also appear. A further potential complication is th
some parameters might be much more heavily suppre
than others. In what follows, we make no specific assum
tions about the absolute or relative magnitudes of the par
eters for Lorentz violation other than to suppose they
minuscule.

To determine the leading-order effects of the Lorentz v
lation, it suffices to use a nonrelativistic description for t
particles comprising the electron cloud and the nuclear c
of the atoms or ions involved in the clock-comparison e
periment. We therefore need the nonrelativistic Hamilton
h associated with the Lagrangian~1!. The relativistic Hamil-
tonian can be found from the LagrangianL and the nonrel-
ativistic momentum-space Hamiltonianh can then be derived
@27# using Foldy-Wouthuysen techniques@28#. The quantity
of interest is the perturbation Hamiltoniandh for Lorentz
violation, which is the differencedh[h2ĥ betweenh and
the usual free-particle Foldy-Wouthuysen Hamiltonianĥ.

Including all types of operator that arise from Eq.~1! and
keeping terms to second order in the Foldy-Wouthuysen
pansion for the nonrelativistic Hamiltonian, we find
dh5~a02mc002me0!1S 2bj1mdj 02
1

2
m« jklgkl01

1

2
« jklHklDs j1@2aj1m~c0 j1cj 0!1mej #

pj

m

1Fb0d jk2m~dk j1d00d jk!2m«klmS 1

2
gml j1gm00d j l D2« jklHl0G pj

m
sk1FmS 2cjk2

1

2
c00d jkD G pj pk

m2

1H Fm~d0 j1dj 0!2
1

2 S bj1mdj 01
1

2
m« jmngmn01

1

2
« jmnHmnD Gdkl1

1

2 S bl1
1

2
m« lmngmn0D d jk

2m« j lm~gm0k1gmk0!J pj pk

m2 s l . ~4!
of
ed

d

Here, Lorentz indices are split into timelike and spacel
cartesian components:m[0 and j 51,2,3. Repeated indice
are understood to be summed. The totally antisymmetric
tation tensor« jkl satisfies«123511, with « jkl52« jkl as a
consequence of the embedding of the rotation group in
e

o-

e

Lorentz group and the usual adoption of a metric tensor
signature22. The three-momentum of the particle is denot
by pj , while the Pauli matrices are denoted bys j and obey
@s j ,sk#52i« jkls

l as usual.
The leading-order terms in Eq.~4! are those unsuppresse
0-3
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V. ALAN KOSTELECKÝ AND CHARLES D. LANE PHYSICAL REVIEW D60 116010
by powers ofpj /m. Nonrelativistic experiments with ordi
nary matter are therefore dominantly sensitive to the part
lar combinations of parameters for Lorentz violation appe
ing in these terms. A further separation of the
combinations at the leading-order nonrelativistic level wo
require experiments with antimatter. However, the exc
tional sensitivity of clock-comparison experiments mea
that they could in principle place interesting~but weaker!
bounds on further combinations of parameters for Lore
violation arising in subleading terms of the nonrelativis
Hamiltonian. Disregarding interactions, the relevant effe
arise from terms indh of second order inpj /m. In what
follows, we investigate bounds arising from all the term
displayed in Eq.~4!.

The nonrelativistic Hamiltonian~4! describes species
specific energy shifts depending on the spin and momen
of individual particles. Certain other approaches to Lore
violation also suggest effects of this type. Some indication
their relation to the present work can be obtained by co
paring them to the Hamiltonian~4! and its associated unde
lying theory. A complete review lies beyond the scope of t
paper, and we limit ourselves here to only a few rema
@11,12#.

Among the purely phenomenological treatments that h
been widely applied to clock-comparison experiments is
THem formalism @29#. This provides a parametrization o
the dynamics of classical charged pointlike test particles
an external spherically symmetric and static gravitatio
field. It has been used to probe quantitatively the foundati
of theories of gravity, including the possibility of deviation
from local Lorentz invariance. TheTHem formalism differs
qualitatively in several respects from the standard-model
tension studied here. Thus, the latter has observer Lor
covariance and provides an apparently consistent theor
the quantum level for all nongravitational forces, but in
present formulation does not explicitly include gravity~al-
though gravity is implicitly present and some aspects of
inclusion have been investigated@9#!. Neglecting gravity, the
overlap between the theories is perhaps greatest in the p
electromagnetic sector, where theTHem parametersm ande
have similar features to certain components of the param
(kF)klmn in the standard-model extension@8#.

Several of the existing clock-comparison experime
have been analyzed using models with a term of the fo
Kp̂•sW in the Hamiltonian, wherep̂ is a unit vector in the
direction of the particle momentum with respect to so
preferred frame. A term of this type has been considered
Nielsen and Picek@30#, for example, who regard the ob
served Lorentz symmetry in nature as a low-energy mani
tation in a fundamental theory without Lorentz invarianc
Among the terms in the Hamiltonian~4! are ones propor-
tional to d jkpjs

k. Since the standard-model extension is c
variant under observer Lorentz transformations, its nonr
tivistic Hamiltonian has identical form to lowes
nonrelativistic order in all inertial frames, and so the coe
cients of these terms can emulateK. Note, however, that the
observer Lorentz covariance also ensures that the stand
model extension strictly has no preferred frame. There m
be a frame in which certain parameters take a simple fo
11601
-
r-

-
s

z

s

m
z
f
-

s
s

e
e

n
l
s

x-
tz
at

s

ely

ter

s

e
y

s-
.

-
a-

-

rd-
y

m

@for example, if bm is timelike then bm[(b,0W ) in some
frame#, but there is no reasona priori to suppose that this
frame is the same for all parameters in the standard-mo
extension.

A phenomenological approach to Lorentz violation
high energies has recently been presented by Coleman
Glashow@31#. It assumes the existence of a preferred fra
in which there are small Lorentz-violating couplings that a
CPT and rotation invariant. The preferred frame is identifi
with that of the cosmic microwave background, and attent
is restricted to renormalizable Lorentz-violating operato
that dominate at high energies. These operators are in co
spondence with a subset of those appearing in the stand
model extension. For example, with the Coleman-Glash
assumptions the Lagrangian~1! reduces in the preferred
frame to one in which effectively only the parametersc00
andd00 are nonzero.

B. Atomic and ionic energy-level shifts

In this subsection, we apply the nonrelativistic Ham
tonian presented in Sec. II A to obtain perturbative shifts
atomic or ionic energy levels arising from Lorentz violatio
Let the atom or ionW under consideration haveNw particles
of typew, wherew is p for the proton,n for the neutron, and
e for the electron. The multiparticle Hamiltonian describin
W has one~rotationally invariant! component arising from
conventional physics and a second~perturbative, Lorentz-
violating! componenth8 that is linear in the parameters fo
Lorentz violation. The latter can be taken as the sum of
perturbative Hamiltonians for the particles comprisingW:

h85(
w

(
N51

Nw

dhw,N . ~5!

The perturbative Hamiltoniandhw,N for the Nth particle of
type w is of the same general form asdh given in Eq.~4!,
except that allowance must be made for the possibility t
the parameters for Lorentz violation depend on the part
speciesw. In what follows, this dependence is indicated by
superscriptw on the parametersam , bm , cmn , dmn , em , f m ,
glmn , andHmn .

The shift of an energy level induced by the Lorentz vi
lation can be calculated as usual by taking the expecta
value of the perturbative Hamiltonian in the appropriate u
perturbed quantum state. For almost all experiments of in
est here, the total angular momentumFW of the atom or ion
and its projection along the quantization axis are conser
to an excellent approximation. The quantization axis is ty
cally determined by the orientation of an external magne
field, and for simplicity we always define thez direction in
the laboratory frame as this quantization axis. Conserva
of FW andF3 means that the corresponding quantum numb
F and mF can be used to label a quantum state ofW as
uF,mF&, so we proceed under this assumption. In fact,
rotational symmetry of one experiment of interest@3# is suf-
ficiently broken by the applied~magnetic! field thatF cannot
0-4
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be taken as a good quantum number. However, in this c
uF,mF& can be replaced byuI ,mI& where I is the quantum
number for nuclear spin andmI is the quantum number fo
its projection along the quantization axis. This point is d
cussed further in the Appendix.

The perturbative energy shift of the stateuF,mF& due to
Lorentz violations is given bŷF,mFuh8uF,mF&. However,
only certain parts ofh8 are relevant for this calculation be
cause the properties ofh8 and of the statesuF,mF& constrain
some terms to have zero expectation value. For exam
since the relevant states ofW are all bound,̂ pW &50 for all
states. More generally, the expectation value of any
power of momentumpW vanishes, and so all terms inh8 pro-
portional to an odd power ofpW are irrelevant for our pur-
poses.

Additional constraints are provided by the rotation pro
erties of the statesuF,mF&. The expectation value ofh8 in a
stateuF,mF& can be written as a linear combination of term
of the form ^F,mFuTq

(r )uF,mF&, whereTq
(r ) represents theq

component of a spherical tensor operator of rankr (q5
2r ,...,r ). Note that individual terms in the linear combin
tion with r 50 are irrelevant to clock-comparison expe
ments because they are rotationally invariant. The relev
terms are partially fixed by the Wigner-Eckart theorem@32#.
This implies some terms vanish, including any withqÞ0,
and simplifies the structure of the surviving terms. Th
each surviving term is the product of two factors, one be
a ratio of Clebsch-Gordan coefficients and the other being
expectation value in the special stateuF,mF5F&. Only the
former depends onmF .

Restricting attention only to terms inh8 that generate
nonzero contributions relevant to clock-comparison exp
ments, one finds spherical tensor operators only of rank
of rank 2. Since these operators have definite and dist
properties under rotations, it is useful to introduce termin
ogy distinguishing their contributions to energy-level shif
We thereforedefinethe multipolarity of an energy shift ac
cording to the rank of the tensor from which it originate
For example, a dipole energy shift is one arising from
expectation value of a tensor of rank 1, while a quadrup
energy shift is one arising from an expectation value o
tensor of rank 2. The Wigner-Eckart theorem implies that
energy-level shifts inW can have multipolarities at most o
order 2F. However, despite the generality of the theoreti
framework, no leading-order octupole or higher-order ene
shifts can emerge from the Hamiltonianh8 because the ten
sor operators involved are all of rank 2 or less. Since mo
pole shifts may exist but are unobservable in cloc
comparison experiments, only dipole and quadrupole ene
shifts are relevant to the analysis here.

Implementing the above calculations, we find that t
leading-order energy shift due to Lorentz violations of t
stateuF,mF& of the atom or ionW is a sum of two terms,

^F,mFuh8uF,mF&5m̂FEd
W1m̃FEq

W . ~6!

In this expression,m̂F andm̃F are ratios of Clebsch-Gorda
coefficients arising from the application of the Wigne
Eckart theorem and given by
11601
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mF

F
, m̃Fª

3mF
22F~F11!

3F22F~F11!
. ~7!

The dipole and quadrupole energy shiftsEd
W and Eq

W are
independent ofmF and are given by

Ed
W5(

w
~bwb̃3

w1dwd̃3
w1kwg̃d

w!,

Eq
W5(

w
~gwc̃q

w1lwg̃q
w! ~8!

in terms of quantities to be defined below. The cartes
components in these and all subsequent expressions in
subsection refer to coordinates in the laboratory frame.

In Eq. ~8!, the various quantities with tildes are combin
tions of the parameters for Lorentz violation appearing in
nonrelativistic Hamiltonians for the component particlesw of
W. These are the only parameter combinations that coul
principle be bounded in clock-comparison experiments w
ordinary matter. They are defined by

b̃3
w
ªb3

w2mwd30
w 1mwg120

w 2H12
w ,

c̃q
w
ªmw~c11

w 1c22
w 22c33

w !,

d̃3
w
ªmwd03

w 1
1

2
md30

w 2
1

2
H12

w ,

g̃d
w
ªmw~g102

w 2g201
w 1g120

w !2b3
w ,

g̃q
w
ªmw~g101

w 1g202
w 22g303

w !. ~9!

Note that each of these is chosen to have dimension
mass.

A calculation shows that the coefficientsbw , gw , dw ,
kw , lw appearing in Eq.~8! are linear combinations of ex
pectation values in the special stateuF,F& of certain operators
appearing in the component nonrelativistic Hamiltonians
the particlesw comprisingW:

bwª2 (
N51

Nw

^@s3#w,N&,

gwª2
1

6mw
2 (

N51

Nw

^@p1
21p2

222p3
2#w,N&,

dwª
1

mw
2 (

N51

Nw

^@p3pjs
j #w,N&,

kwª
1

2mw
2 (

N51

Nw

^@p3pjs
j2pj pjs

3#w,N&,

lwª
1

2mw
2 (

N51

Nw

^@~p1s22p2s1!p3#w,N&. ~10!
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The subscriptw,N on each operator means that it acts
particleN of typew. These coefficients are all dimensionles
Note that they depend on the specific atom or ionW.

An exact calculation of the values of the coefficientsbw ,
gw , dw , kw , lw is typically infeasible, in part due to th
determining role played by the nuclear forces. Some co
ments about evaluating these coefficients can be foun
Sec. II C. On dimensional grounds a nonzero value ofbw is
likely to be of order unity, while nonzero values of the oth
quantities are suppressed by a factorKwª^p2&w /mw

2 ,
roughly given byKp'Kn.1022 andKe.1025.

C. Comments on expectation values

In this subsection, some aspects of the evaluation of
coefficientsbw , gw , dw , kw , lw defined in Eq.~10! are
considered. Although exact results cannot typically be
rived, partly because no exact treatment of nuclear force
available, some statements based on symmetry argum
can be made despite the absence of precise knowledge o
electronic, nuclear, atomic, or ionic wave functions. F
some special cases and within certain approximations,
plicit results for the angular dependences of the coefficie
in Eq. ~10! can be obtained. Under suitable circumstanc
some of the coefficients can be shown to vanish or to
independent of one or more of the particle speciesw.

Consider first the special case of an atomW in which the
electrons form a closed shell. To a good approximation,
expectation values inuF,F& appearing in Eq.~10! can then be
replaced by expectation values in the stateuI,I&, whereI is the
quantum number for the nuclear spin. Following the disc
sion in the previous subsection, the maximal multipolarity
the energy shifts is 2I and only dipole and quadrupole en
ergy shifts are observable. Thus, any nucleus withI 50 has
no observable effects. A nucleus withI 5 1

2 may have non-
zero dipole energy shiftsEd

W , but Eq
W must vanish. All other

nuclei may have both dipole and quadrupole shifts.
Further considerations based on Eq.~10! are needed to

determine the specific dependence of the shifts on the pr
and neutron parameters for Lorentz violation. One possib
is to work within a nuclear shell model@33–35#. Consider
the special case whereW has a closed electronic shell, an
where a single valence nucleon of one species lies out
closed proton and neutron shells. To a good approximat
the expectation values inuF,F& appearing in Eq.~10! can then
be replaced by expectation values in the one-nucleon s
u j , j &, where j 5 l 6 1

2 is the total angular momentum of th
valence nucleonw andl is the quantum number for its orbita
angular momentum. This implies that the values of the co
ficients in Eq.~10! can be nonzero only for this nucleon
After some calculation, we find forj 5 l 1 1

2 the result

bw521, gw52
1

3

l

~2l 13!

^p2&w

mw
2 ,

dw5
1

~2l 13!

^p2&w

mw
2 ,
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kw52
~ l 11!

~2l 13!

^p2&w

mw
2 , lw50, ~11!

while for j 5 l 2 1
2 we find

bw5
~2l 21!

~2l 11!
, gw52

1

3

~ l 21!

~2l 11!

^p2&w

mw
2 ,

dw52
3~2l 21!

~2l 11!~2l 13!

^p2&w

mw
2 ,

kw5
l ~2l 21!

~2l 11!~2l 13!

^p2&w

mw
2 , lw50. ~12!

In these expressions, the expectation value^p2&w is in the
radial wave function.

Equations~11! and~12! hold in the general case when th
electronic shell is closed and the nucleus can be describe
the Schmidt model@36,37#. In this model, a single nucleon i
assumed to carry the entire angular momentum of
nucleus. In the above equations,j then becomes the nuclea
spin I and l becomes the quantum number for the orbi
angular momentum assigned to the single Schmidt nucle
The above equations also apply to the electronic structur
an atom or ion in the special case where a single vale
electron of orbital angular momentuml and total angular
momentumj lies outside a closed shell.

More complex models can be used to gain further insig
As an explicit example, we consider7Li, which was used
in both of the original clock-comparison experiments@1,2#.
An approximate wave function for the7Li nucleus can
be found@38# using a model in which two of the proton
and two of the neutrons combine to form ana-particle
core, leaving a single valence proton and two valen
neutrons. The nuclear ground state has spinI 5 3

2 , so nonzero

dipole and quadrupole energy shiftsEd

7Li , Eq

7Li are both pos-
sible in principle. Within the model, an approximation to th
wave function of the nucleus is

c
7Li5 C1~1D,2P!1C2~1S,2P!, ~13!

whereC1.0.681 andC2.0.732 are constants. Each term
parentheses represents a multiparticle component wave f
tion labeled as (2Sn11Ln ,2Sp11Lp), whereSp , Sn are total
spins andLp , Ln are total orbital angular momenta for th
valence proton and neutrons.

This wave function can be used to calculate explicitly t
coefficients appearing in Eq.~10!, but the result provides
relatively little insight. It is of more direct interest to not
that the wave function~13! indicates thatSn50 and Sp
5 1

2 . All the operators whose expectation values produce
dipole shiftEd

W in Eq. ~8! involve spin. It therefore follows

within this model thatEd

7Li is independent of the neutro
parameters for Lorentz violation but does depend on pro
ones. However, the quadrupole shiftEq

W in Eq. ~8! involves
the purely spatial operators appearing in the definition ofgw
in Eq. ~10!. According to the wave function~13!, this is
0-6
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CONSTRAINTS ON LORENTZ VIOLATION FROM . . . PHYSICAL REVIEW D60 116010
expected to produce a nonzero contribution for bothgn

7Li and

gp

7Li because terms withLn52 andLp51 appear.
This calculation can also be used to illustrate the dang

of relying on a particular model to deduce details of t
origin of possible dipole or quadrupole shifts. A further r
finement of the7Li nuclear wave function@38# produces an
additional termC3(3P,2P), with C3.0.1. The extra term

hasSn51, indicating thatEd

7Li doesdepend on neutron pa
rameters, although in a partially suppressed way. This ca
lation also shows that care is required in applying res
from a simple nuclear shell model. The ground-state prop
ties of any odd-mass nucleusW with an even number o
neutrons are supposed to be determined entirely by the
tons, which would imply that bothEd

W andEq
W are indepen-

dent of neutron parameters. However, this is not strictly c
rect. A counterexample is provided by7Li, as above. A
similar issue arises for the ground-state properties of an o
mass nucleus with an even proton number, supposedly d
mined entirely by the neutrons. A counterexample here
provided by the9Be nucleus: using a multiparticle wav

function @38#, a calculation shows thatEq

9Be does in fact de-
pend on proton parameters.

Despite the obstacles to definitive calculations of the
efficients in Eq.~10!, some results holding under relative
mild assumptions can be obtained. For example, the Wig
Eckart theorem can be used to show that closed shell
particles make no contributions to eitherEd

W or Eq
W . A

closed shell for some angular momentumJ has all substates
uJ,mJ& occupied, so the contributionDEJ,r ,q from a closed
shell to the energy shift caused by a spherical tensor ope
Tq

(r ) of rank r (q52r ,...,r ) is given by

DEJ,r ,q5 (
mJ52J

J

^J,mJuTq
~r !uJ,mJ&. ~14!

By the Wigner-Eckart theorem, we find

DEJ,r ,q5dq0^J,JuT0
~r !uJ,J& (

mJ52J

J

ĉJmJr0 . ~15!

The coefficientsĉJmJr0 are ratios of Clebsch-Gordan coeffi

cients. For the casesr 51,2 of interest we findĉJmJ105m̂J

and ĉJmJ205m̃J , where m̂J and m̃J are given in Eq.~7!.
Explicit evaluation of the sum in Eq.~14! for these two cases
then gives the claimed result,DEJ,1,q5DEJ,2,q50.

More general cases, whereW has nontrivial electronic
structure and contributions from multiple nucleons, cou
also be analyzed using the approaches in this subse
whenever a decomposition of the wave functionuF,F& into a
sum of multiparticle product wave functions provides an a
equate description of the atom or ion. It then follows that
angular dependences of the quantities defined in Eq.~10! can
in principle be calculated in terms of Clebsch-Gordan co
ficients and the quantum numbers for the orbital and s
angular momenta of the component fermions ofW.
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D. Geometry and time dependence

The components of the parameters for Lorentz violat
appearing in Eqs.~8! and ~9! are defined in the laborator
frame. Since this frame rotates with the Earth, the com
nents vary in timet with a periodicity that depends on th
Earth’s sidereal rotation frequencyV.2p/(23 h 56 min).
Clock-comparison experiments typically bound the amp
tude of the time variation of a transition frequency, whi
here is related to a difference between energy shifts of
form ^F,mFuh8uF,mF&. Next, we determine the time depen
dence of the energy levels in terms of the parameters
Lorentz violation.

The first step is to introduce suitable bases of vectors
a nonrotating frame and for the laboratory frame. In wh
follows, the basis in the nonrotating frame is denot
(X̂,Ŷ,Ẑ), while that in the laboratory frame is denote
( x̂,ŷ,ẑ).

For the nonrotating frame, the rotation axis of the Ea
provides a natural choice ofẐ axis. Astronomers define ce
lestial equatorial coordinates@39# called declination and righ
ascension, which we use to fix theX̂ andŶ axes. TheẐ axis
corresponds to declination 90°. We defineX̂ to have both
declination and right ascension 0°, whileŶ has declination
0° and right ascension 90°. Then, (X̂,Ŷ,Ẑ) forms a right-
handed orthonormal basis, with the basis vectorsX̂ and Ŷ
lying in the plane of the Earth’s equator. To the extent th
precession of the Earth’s axis can be neglected@40#, this
basis is constant in time. It is also independent of any p
ticular clock-comparison experiment.

For the laboratory frame, we take a natural definition
the ẑ axis as the quantization axis of the atoms or ions
volved in the specific experiment in question. This directi
typically differs for different experiments, so the bas
( x̂,ŷ,ẑ) does too. The basis (x̂,ŷ,ẑ) also varies in time, and
the vectorẑ precesses aboutẐ with the Earth’s sidereal fre-
quencyV. A nonzero signal in a clock-comparison expe
ment preferentially requires thatẑ not be parallel toẐ, since
otherwise the time variation of the signal arises only fro
the precession of the Earth’s axis and is heavily suppres
In what follows, we therefore assume the anglexP(0,p)
given by cosx5ẑ•Ẑ is nonzero. We choose timet50 such

FIG. 1. Transformation of coordinates.
0-7
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that ẑ(t50) lies in the first quadrant of theX̂-Ẑ plane, and
we definex̂ to be perpendicular toẑ and to lie in the plane
spanned byẑ and Ẑ: x̂ª ẑ cotx2Ẑcscx. Then, a right-
handed orthonormal basis is obtained with the definit
ŷª ẑ3 x̂. With these choices, theŷ axis always lies in the
plane of the Earth’s equator and is thus perpendicular toẐ.
Since the laboratory frame rotates about theẐ axis with fre-
quencyV, ŷ coincides withŶ once every~sidereal! day.

The two sets of basis vectors are shown in Fig. 1. To e
visualization, the basis (x̂,ŷ,ẑ) has been translated from th
surface of the globe to the center, so the origins of the
basis sets coincide. The rotation of the Earth is nonrelati
tic to a good approximation, since a point on the Eart
equator moves with respect to the rotation axis at about 126

lightspeed. For most purposes the associated relativistic
fects can therefore be ignored, and a nonrelativistic trans
mation between the two bases suffices. It is given by

S x̂

ŷ

ẑ

D 5S cosx cosVt cosx sinVt 2sinx

2sinVt cosVt 0

sinx cosVt sinx sinVt cosx

D S X̂

Ŷ

Ẑ

D
~16!

with the above basis definitions. This transformation can
used directly to obtain the time variation of the paramet
for Lorentz violation.

To express the results in a relatively compact form, it
convenient to introduce nonrotating-frame analogues of
parameters in Eq.~9!. We define

b̃JªbJ2mdJ01 1
2 meJKLgKL02 1

2 eJKLHKL ,

c̃Qªm~cXX1cYY22cZZ!,

c̃Q,Jªm~cJZ1cZJ!, J5X,Y,

c̃2ªm~cXX2cYY!, c̃XYªm~cXY1cYX!,

d̃Jªm~d0J1dJ0!2 1
2 ~mdJ01 1

2 «JKLHKL!,

g̃D,Jªm«JKL~gK0L1 1
2 gKL0!2bJ ,

g̃Qªm~gX0X1gY0Y22gZ0Z!,

g̃Q,Jªm~gJ0Z1gZ0J!, J5X,Y,

g̃2ªm~gX0X2gY0Y!, g̃XYªm~gX0Y1gY0X!. ~17!

Here, spatial indices in the nonrotating frame are denoted
J5X,Y,Z except where indicated, the time index is deno
0, andeJKL is the nonrotating-frame analogue ofe jkl obeying
eXYZ511. The labelw is suppressed for simplicity.

With these definitions, the transformation matrix in E
~16! can be used to express the time dependence of the
rameters for Lorentz violation in the laboratory frame:
11601
n

se

o
s-
s

f-
r-

e
s

s
e

y
d

.
a-

b̃35b̃Z cosx1b̃X sinx cosVt1b̃Y sinx sinVt,

c̃q5 c̃Q~ 3
2 cos2 x2 1

2 !2 3
2 c̃Q,X sin 2x cosVt

2 3
2 c̃Q,Y sin 2x sinVt2 3

2 c̃2 sin2 x cos 2Vt

2 3
2 c̃XY sin2 x sin 2Vt,

d̃35d̃Z cosx1d̃X sinx cosVt1d̃Y sinx sinVt,

g̃d5g̃D,Z cosx1g̃D,X sinx cosVt1g̃D,Y sinx sinVt,

g̃q5g̃Q~ 3
2 cos2 x2 1

2 !2 3
2 g̃Q,X sin 2x cosVt

2 3
2 g̃Q,Y sin 2x sinVt2 3

2 g̃2sin2 x cos 2Vt

2 3
2 g̃XY sin2 x sin 2Vt. ~18!

Note thatb̃3 , d̃3 , and g̃d involve constant pieces and one
varying with the sidereal frequencyV, while the others also
have terms varying with the semisidereal frequency 2V.
Note also that the parametersb̃Z , c̃Q , d̃Z , g̃D,Z g̃Q appear
only in time-independent terms, and they therefore are
constrained by clock-comparison experiments.

Substituting the above into the expression~6! for the
energy-level shift gives

^F,mFuh8uF,mF&5E01E1X cosVt1E1Y sinVt

1E2X cos 2Vt1E2Y sin 2Vt. ~19!

The energyE0 is constant in time and is therefore irreleva
for clock-comparison experiments. The four other energ
are defined by

E1Xªm̂F sinx(
w

~bwb̃X
w1dwd̃X

w1kwg̃D,X
w !

2 3
2 m̃F sin 2x(

w
~gwc̃Q,X

w 1lwg̃Q,X
w !,

E1Yªm̂F sinx(
w

~bwb̃Y
w1dwd̃Y

w1kwg̃D,Y
w !

2 3
2 m̃F sin 2x(

w
~gwc̃Q,Y

w 1lwg̃Q,Y
w !,

E2Xª2 3
2 m̃F sin2 x(

w
~gwc̃2

w 1lwg̃2
w !,

E2Yª2 3
2 m̃F sin2 x(

w
~gwc̃XY

w 1lwg̃XY
w !.

~20!

For clock-comparison experiments, the signal is typically
time variation in a frequency. In the context of the prese
0-8
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theoretical framework, this is determined by the differen
between two energy-level shifts of the form Eq.~19!.

The reader should note that the component of the shif
Eq. ~19! varying with the sidereal frequencyV is determined
by operators producing both dipole and quadrupole ene
shifts. The issue of the multipolarity of the energy sh
which is governed by the rotation properties of the Loren
violating perturbations in the laboratory frame, is somew
different from the issue of the periodicity of the signals
clock-comparison experiments, which is governed also
factors associated with the Earth’s rotation. The relativ
simple correspondences sometimes found in the literature
tween the multipolarity of the energy shift and the period
ity of the signal or the effects on the spectrum are invalid
the general case@41#.

The use of the nonrelativistic transformation~16! between
the nonrotating and laboratory frames means that contr
tions from nonrotating-frame time components of the para
eters for Lorentz violation are absent. In a more exact tre
ment, these quantities would be present but suppressed

factor of order 1026. For example,b̃3 strictly also depends
slightly on the nonrotating-frame timelike componentb0 .
This means that some bounds on certain time componen
the parameters could in principle be obtained. Howev
these bounds would be much weaker than the ones con
ered here. Moreover, an accurate treatment would also
quire inclusion of some of the other subleading effects m
tioned at the beginning of this section.

III. APPLICATION

This section applies the theoretical framework of the p
vious section to existing and future clock-comparison exp
ments. The limits attained in the original experiments
Hugheset al. @1# and Drever@2# have been improved by
many orders of magnitude in recent years. In the first par
this section, we focus our attention on results from the clo
comparison experiments performed by Prestageet al. @3#,
Lamoreauxet al. @4#, Chuppet al. @5#, and Berglundet al.
@6#. The theory presented in Sec. II can be used to ext
from each of these experiments one or more bounds on c
binations of parameters for Lorentz violation. In the seco
part of this section, we present some considerations rele
to possible future experiments.

For purposes of discussion, it is useful to format all t
bounds in a unified way. In effect, each experiment obser
the frequency of one atomic or ionic speciesA relative to a
reference frequency in another speciesB, producing one or
more bounds on possible sidereal or fractional-sidereal va
tions as the Earth rotates. Within the present framework,
effect of Lorentz violations on these frequencies can be
duced from the perturbative energy shifts given in Eq.~19!.
Some comments about this procedure are provided in
Appendix.

We find that each bound from each experiment fits one
the following forms:
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U(
w

@u0
A~bw

Ab̃X
w1dw

Ad̃X
w1kw

Ag̃D,X
w !1u1

A~gw
Ac̃Q,X

w 1lw
Ag̃Q,X

w !#

2v(
w

@u0
B~bw

Bb̃X
w1dw

Bd̃X
w1kw

Bg̃D,X
w !

1u1
B~gw

Bc̃Q,X
w 1lw

Bg̃Q,X
w !#U&2p«1,X ,

U(
w

@u0
A~bw

Ab̃Y
w1dw

Ad̃Y
w1kw

Ag̃D,Y
w !1u1

A~gw
Ac̃Q,Y

w 1lw
Ag̃Q,Y

w !#

2v(
w

@u0
B~bw

Bb̃Y
w1dw

Bd̃Y
w1kw

Bg̃D,Y
w !

1u1
B~gw

Bc̃Q,Y
w 1lw

Bg̃Q,Y
w !#U&2p«1,Y ,

U(
w

u2
A~gw

Ac̃2
w 1lw

Ag̃2
w !2v(

w
u2

B~gw
Bc̃2

w 1lw
Bg̃2

w !U
&2p«2,2 ,

U(
w

u2
A~gw

Ac̃XY
w 1lw

Ag̃XY
w !2v(

w
u2

B~gw
Bc̃XY

w 1lw
Bg̃XY

w !U
&2p«2,XY . ~21!

Here, the coefficientsu0 , u1 , u2 , andv contain the depen-
dences on quantities such asm̂F , m̃F , x, and gyromagnetic
ratios. For example, if an atom or ionW undergoes a transi
tion uF,mF8 &→uF,mF&, then u05(m̂F82m̂F)sinx, u15

2 3
2 (m̃F82m̃F)sin 2x, and u252 3

2 (m̃F82m̃F)sin2 x. The pa-
rameterv5gA /gB is the ratio of gyromagnetic ratios for th
speciesA andB. Also, the experimental bounds on the am
plitudes of frequency shifts are denoted by«1,X , «1,Y , «2,2 ,
«2,XY , corresponding to sidereal or semisidereal variations
cosVt, sinVt, cos 2Vt, sin 2Vt, respectively. The othe
quantities are defined earlier in the text. For example,
factorsbw , gw , dw , kw , andlw are those given in Eq.~10!,
with subscripts according to the particle species and su
scripts according to the atomic or ionic species. The com
nents of the parameters for Lorentz violation are those for
nonrotating frame (X̂,Ŷ,Ẑ). Note that the second of th
equations is the same as the first but with the replacem
X→Y, reflecting the arbitrariness of the choice ofX and Y
axes in theXYplane. The form of the third and fourth of th
above equations also reflects this arbitrariness.

The values of all relevant coefficients for each of the e
periments we consider are summarized in Table I. The fi
few rows of this table identify the experiment and provi
information about the atoms or ions used. We denote
nuclear spin byI, the proton number byZ, and the neutron
number by N. The nucleon determining the ground-sta
properties of the nucleus according to the nuclear Schm
model @36,37# is specified, along with its assignment of o
bital and total angular momenta. Fifteen rows are devote
the values of the coefficientsbw , gw , dw , kw , andlw for
0-9
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TABLE I. Coefficients for the bounds~21! for various experiments.

Prestageet al. @3# Lamoreauxet al. @4# Chuppet al. @5# Berglundet al. @6#

A B A B A B A B
9Be1 1H 201Hg 199Hg 21Ne 3He 199Hg 133Cs

I 3/2 1/2 3/2 1/2 3/2 1/2 1/2 7/2
Z 4 1 80 80 10 2 80 55
N 5 0 121 119 11 1 119 78

Schmidt p3/2 s1/2 p3/2 p1/2 p3/2 s1/2 p1/2 g7/2

nucleon n p n n n n n p

bp @0# – @0# @0# – – @0# @ 7
9#

gp @0# – @0# 0 @0# 0 – –
dp @0# – @0# @0# – – @0# @2

7
33 Kp#

kp @0# – @0# @0# – – @0# @
28
99 Kp#

lp @0# – @0# 0 @0# 0 – –

bn @21# – @21# @1/3# – – @1/3# @0#

gn @2
1

15 Kn# – @2
1

15 Kn# 0 @2
1

15 Kn# 0 – –
dn @

1
5 Kn# – @

1
5 Kn# @2

1
5 Kn# – – @2

1
5 Kn# @0#

kn @2
2
5 Kn# – @2

2
5 Kn# @

1
15 Kn# – – @

1
15 Kn# @0#

ln @0# – @0# 0 @0# 0 – –

be – – 0 0 – – 0 @21#

ge – – 0 0 0 0 – –
de – – 0 0 – – 0 @

1
3 Ke#

ke – – 0 0 – – 0 @2
1
3 Ke#

le – – 0 0 0 0 – –

u0 20.61 – 2
3 2 – – 2 1

4

u1 2.16 – 0 0 – – 0 0
u2 22.54 – 23 0 23 – – –

v – 20.37 – 2.231023

«1,X ,«1,Y .100 mHz .1 mHz no bound .100 nHz
«2,2 ,«2,XY .100 mHz .1 mHz .1 mHz no bound

Sensitivity @ b̃J
n ,d̃J

n ,g̃D,J
n , @ b̃J

n ,d̃J
n ,g̃D,J

n ,c̃2
n ,c̃XY

n # @c̃2
n ,c̃XY

n ] @ b̃J
p ,d̃J

p ,g̃D,J
p ,b̃J

n ,d̃J
n ,g̃D,J

n ,
(J5X,Y) c̃Q,J

n ,c̃2
n ,c̃XY

n ] b̃J
e ,d̃J

e ,g̃D,J
p ]
t
-
th

th
in

o
ith
he
n
m

or
fo
in
or

to

ri-
dif-
la-

g
the
stage
-
ut

e

f

each atom or ion. In these rows, a dash indicates that
~possibly nonzero! coefficient is irrelevant for the experi
ment. Values in brackets are results obtained within
Schmidt model, withKw defined byKwª^p2&w /mw

2 as in
Sec. II B. These values are to be trusted only where
model is known to give reliable results. Any zero values
brackets are probably unreliable because they are likely t
nonzero in more realistic nuclear models. Zero values w
out brackets are a consequence of the Wigner-Eckart t
rem applied to closed shells, according to the discussio
the end of Sec. II C, and therefore depend on fewer assu
tions. The following four rows specify the coefficientsu0 ,
u1 , u2 , v. A dash indicates the coefficient is irrelevant f
the experiment. Two rows provide approximate values
the experimental sidereal and semisidereal bounds obta
In the final row, a list is provided of the parameters f
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Lorentz violation constrained by the experiment according
this analysis.

The table reveals a crucial point: the published expe
ments are all inequivalent, in the sense that they bound
ferent linear combinations of parameters for Lorentz vio
tion. In some cases, such as the experiments of Chuppet al.
@5# and Berglundet al. @6#, there is no overlap at all amon
the set of parameters for Lorentz violation appearing in
bounds. In other cases, such as the experiments of Pre
et al. @3# and Lamoreauxet al. @4#, there is substantial over
lap among the parameters for Lorentz violation involved b
they appear in different linear combinations.

In the context of the Schmidt model, the Prestageet al.,
Lamoreauxet al., and Chuppet al. experiments are sensitiv
only to ~different sets of! parameters for Lorentz violation
involving the neutron,w[n. In contrast, the experiment o
0-10
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Berglundet al. involves all three particle species because
199Hg atom is sensitive to parameters for Lorentz violati
with w[n and the133Cs atom is sensitive to ones withw
[p,e. None of the experiments considered place any bo
on the quantitiesc̃Q,J

e , c̃2
e , c̃XY

e , g̃Q,J
e , g̃2

e , g̃XY
e , while

within the Schmidt model no bounds are placed onc̃Q,J
p ,

c̃XY
p , c̃2

p , g̃Q,J
p , g̃XY

p , g̃2
p , g̃Q,J

n , g̃XY
n , g̃ 2

n . Note that some
of these quantities can be bounded in other kinds of exp
ments@18,19#.

A more accurate nuclear model would be likely to intr
duce dependence on parameters withw[p for all atoms and
ions in these experiments except theH maser used by Pre
stageet al.and the3He reference used by Chuppet al.Thus,
the true bounds from all four experiments are likely to
volve parameters for more than one speciesw. For the ex-
periment of Berglundet al., the true dependence on param
eters withw[p might even come primarily from the199Hg
atom because the contribution from the133Cs atom is sup-
pressed by its relatively large gyromagnetic ratio, reflecte
Table I by the small size of the coefficientv.

The numerical values of the bounds obtained in all th
experiments are impressive and represent sensitivity
Planck-scale physics. In contrast, the relatively complica
form of the linear combinations bounded and the theoret
issues involved in accurately determining the various coe
cients make it difficult to establish definitively which portio
of the parameter space is in fact being excluded. It is the
fore of some interest to speculate about the implications
these experiments under different scenarios that lead to t
retically cleaner bounds.

One plausible assumption is that effects from the fi
atomic or ionic speciesA would be unlikely to cancel com
pletely the effects from the second speciesB in Eq. ~21!.
This assumption would permit~perhaps numerically weaker!
bounds to be placed on somewhat simpler combination
parameters. A stronger extension of this assumption m
also be adopted to the effect that for a single species e
cancellations are unlikely among different terms in the su
appearing in Eq.~21!. If this stronger assumption also hold
then for a given experimental bound the numerical va
could be applied to each term in the sum, yielding plausi
~but not definite! constraints on each of the parameters
Lorentz violation appearing in Eq.~21!.

To gain some insight into the implications of these a
sumptions, one can examine the bounds that would fol
within the additional approximation of the Schmidt mod
Then, the sole experiment bounding electron or proton
rameters for Lorentz violation is that of Berglundet al.,
which constrains onlyb̃J

w , d̃J
w , and g̃D,J

w for J5X,Y. Also
within these assumptions, the earlier experiments of Pres
et al., Lamoreauxet al., and Chuppet al. are insensitive to
electron or proton parameters for Lorentz violation, but
stead they have sensitivity to neutron parameters beyond
ones constrained by Berglundet al. For example, the experi
ment of Prestageet al. is the only one that constrainsc̃Q,J

n .
Within these strong~and questionable! assumptions, ap

proximate numerical bounds can be obtained by using
mensional estimates for the quantitiesKw . As in Sec. II B,
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we take the crude valuesKp'Kn.1022 and Ke.1025.
Table II presents the results of this estimate. In a given r
numerical values in brackets are estimated order
magnitude bounds in GeV obtained within the Schm
model assuming that all the parameters for Lorentz violat
are zero except for the one specific to that row. The s
indicates that no experimental bound is placed according
the Schmidt model but that a bound probably would eme
from a more realistic nuclear model. A dash indicates ins
sitivity to the specified parameter for Lorentz violation. Th
values obtained represent bounds on different parameter
Lorentz violation varying over about eight orders of mag
tude, with the sharpest being a constraint onb̃J

n of about
10230GeV. Although the approximations made imply th
the specific numerical bounds listed in Table II are unre
able, in certain cases perhaps within several orders of m
nitude, they nonetheless provide a gauge of the present
pressive sensitivity of these experiments to the relev
parameters for Lorentz violation.

Still another speculation one might entertain, in additi
to the above assumptions, is to suppose that cancellation
unlikely within each of the linear combinations in Eq.~17!.

TABLE II. Crude order-of-magnitude bounds in GeV on param
eters for Lorentz violation.

Expt. @3# @4# @5# @6#

b̃J
p ! ! – @10227#

c̃Q,J
p ! – – –

c̃2
p ! ! ! –

c̃XY
p ! ! ! –

d̃J
p ! ! – @10225#

g̃D,J
p ! ! – @10225#

g̃Q,J
p ! – – –

g̃2
p ! ! ! –

g̃XY
p ! ! ! –

b̃J
n @10227# @10229# – @10230#

c̃Q,J
n @10225# – – –

c̃2
n @10225# @10227# @10227# –

c̃XY
n @10225# @10227# @10227# –

d̃J
n @10225# @10226# – @10228#

g̃D,J
n @10225# @10227# – @10228#

g̃Q,J
n ! – – –

g̃2
n ! ! ! –

g̃XY
n ! ! ! –

b̃J
e – – – @10227#

c̃Q,J
e – – – –

c̃2
e – – – –

c̃XY
e – – – –

d̃J
e – – – @10222#

g̃D,J
e – – – @10222#

g̃Q,J
e – – – –

g̃2
e – – – –

g̃XY
e – – – –
0-11
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If this were valid, then one could apply the numerical expe
mental bounds to deduce constraints on the original par
eters for Lorentz violation appearing in the QED a
standard-model extensions instead of merely constrain
some of the combinations given in Eq.~17!. However, this
assumption is difficult to justify because it is likely that th
various parameters in the QED extension are related thro
the underlying theory, perhaps in a relatively simple way,
significant cancellations may well occur. For example
simple relation among certain parameters for CPT and L
entz violation is known to occur in an anomaly-free und
lying theory, and in this case it indeed eliminates the se
tivity of some experiments~on cosmological birefringence!
to certain parameters for Lorentz violation@8,23#.

Despite the relatively complicated form of the boun
~21! and the theoretical issues in calculating the associa
coefficients, the exceptional precision attained makes clo
comparison experiments of great interest. In principle, fr
a theoretical perspective a particularly attractive type
bound would be one that is both calculable and clean. H
calculable refers to the reliability with which the variou
coefficients can be theoretically established, andcleanrefers
to the number of different parameters for Lorentz violati
involved in the bound~the fewer the cleaner!. It is interesting
to examine the extent to which calculable and clean bou
from clock-comparison experiments are theoretically p
sible.

For a bound to be calculable with the methods adop
here, reliable wave functions would need to be obtained
the atoms or ions used in the experiment. The complexity
nuclear matter typically makes this a challenging task. O
possibility is to consider atoms or ions involving very fe
particles, so that a detailed calculation has an impro
chance of accuracy.

Among the simplest substances is hydrogen. The w
developed theoretical understanding of the hydrogen w
function makes it a prime candidate for a substance
would produce a calculable bound. Various experiments w
hydrogen atoms and ions~H2 and the proton! and with an-
tihydrogen have been investigated in the context of
present theoretical framework in Refs.@18,25#. A hydrogen
maser was used as a reference in the clock-comparison
periment of Prestageet al. The conventionalH-maser line
involves atomic states withmF50 and hence is insensitiv
to the parameters for Lorentz violation, which simplifies t
resulting experimental bounds. Other ground-state hyper
lines in hydrogen involve states withmF561, and they de-
pend on parameters for Lorentz violation according to E
~5! of Ref. @25#. At leading order, the sidereal variations
these hyperfine lines are governed by the strength and o
tation of the applied magnetic field and the combinatio
b̃J

e6b̃J
p . Experiments searching for this dependence, perh

with trapped hydrogen or a hydrogen maser, have the po
tial to yield calculable bounds. Moreover, since no neutro
are involved, only electron and proton parameters for L
entz violation would appear.

Among other atoms and ions involving relatively few pa
ticles is deuterium. To our knowledge, no clock-comparis
experiments have been performed with deuterium. Howe
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an experiment by Wineland and Ramsey@42# studied transi-
tion frequencies in a deuterium maser. The transit
uF,mF&[u 3

2 , 1
2 &→u 1

2 ,2 1
2 & was compared when the~weak!

applied magnetic field was parallel and antiparallel to
Earth’s gravitational field. The result constrains the possi
frequency difference to about 200mHz. This experiment was
performed to bound the gravitational dipole moment of t
deuteron, for which the orientation of the magnetic field re
tive to a nonrotating frame is irrelevant, and a useful bou
on Lorentz violation is difficult to extract from it. However
the possibility of using a deuterium maser as one or b
clocks in an experiment to bound Lorentz violation is wor
consideration because the neutral deuterium atom is r
tively well understood from a theoretical viewpoint. It con
sists of a deuteron (I 51) and an electron (l j5s1/2), which
can combine into states withF5 3

2 or F5 1
2 @43#. Explicit

forms of the deuteron wave function exist@44# and could in
principle be used to calculate the coefficients in Eq.~10! for
each particle species. The deuterium atom therefore prov
another example of a substance that could produce a ca
lable bound. However, the deuterium energy-level shifts
sensitive to parameters for Lorentz violation involving a
particle species, so any bound attained is unlikely to be cl
in the sense defined above.

Perhaps the ideally clean clock-comparison experim
would be one for which one atomic or ionic species is ins
sitive to Lorentz violation and the other is sensitive to on
one of the minimal set of parameters for Lorentz violati
b̃J

w , c̃Q,J
w , c̃2

w , c̃XY
w , d̃J

w , g̃D,J
w , g̃Q,J

w , g̃2
w , g̃XY

w discussed in
the analysis of Sec. II. In practice, however, this ideal
unlikely to be attainable. Insensitive systems such as the
drogen maser do exist, and in principle an insensitive sys
could be obtained for any substance by aligning the app
magnetic field with the Earth’s rotation axis. However, se
sitivity to only one of the minimal parameters for Loren
violation is difficult to achieve. For example, if a nonze
effect on the energy levels of an atom or ion involvesb̃J

w

then it also involvesd̃J
w . Comparisons of bounds from dif

ferent experiments may permit the extraction of a bound o
single parameter for Lorentz violation, but the issue of t
calculability of the coefficients would again play an impo
tant role.

An interesting option for improving both the calculabilit
and the cleanliness of bounds is to consider atoms or~posi-
tive or negative! ions for which there is reason to believe th
the energy shifts depend solely or largely on a single vale
particle w. The presence of only one relevant particle c
simplify calculations, and substances of this type would a
be relatively clean because only those parameters for Lor
violation for a particular speciesw would be involved in the
bound.

It is relatively straightforward to identify atoms or ion
for which the special speciesw is an electron, since it suf
fices to use substances of nuclear spin zero~or nuclear spin
1
2 , if only bounds on quadrupole energy shifts for the ele
tron are considered!. These bounds would be of definite in
terest, even if the precision attainable were less than in
periments with hyperfine transitions.
0-12



CONSTRAINTS ON LORENTZ VIOLATION FROM . . . PHYSICAL REVIEW D60 116010
TABLE III. Substances with sensitivity to parameters for Lorentz violation for a single particle species.

Proton sensitivity only Neutron sensitivity only
A Z N I Dp Qp Dn Qn A Z N I Dp Qp Dn Qn

H 1 1 0 1/2 Y – – – !! n 1 0 1 1/2 – – Y – !!

N 15 7 8 1/2 Y – – – ! He 3 2 1 1/2 – – Y – !!

P 31 15 16 1/2 Y – – – C 13 6 7 1/2 – – Y –
Y 89 39 50 1/2 Y – – – ! Si 29 14 15 1/2 – – Y –
Rh 103 45 58 1/2 Y – – – Sn 115 50 65 1/2 – – Y – !

Tm 169 69 100 1/2 Y – – – Sn 117 50 67 1/2 – – Y – !

B 11 5 6 3/2 Y Y – – Sn 119 50 69 1/2 – – Y – !

Al 27 13 14 5/2 Y Y – – Yb 171 70 101 1/2 – – Y –
Cl 37 17 20 3/2 Y Y – – ! Pb 207 82 125 1/2 – – Y – !

K 39 19 20 3/2 Y Y – – ! O 17 8 9 5/2 – – Y Y !!

V 51 23 28 7/2 Y Y – – ! S 33 16 17 3/2 – – Y Y
Co 59 27 32 7/2 Y Y – – Ca 41 20 21 7/2 – – Y Y !!

Ga 69 31 38 3/2 Y Y – – Ca 43 20 23 7/2 – – Y Y !

Ga 71 31 40 3/2 Y Y – – Ni 61 28 33 3/2 – – Y Y !

Rb 87 37 50 3/2 Y Y – – ! Ge 73 32 41 9/2 – – Y Y
In 113 49 64 9/2 Y Y – – Sr 87 38 49 9/2 – – Y Y
Sb 121 51 70 5/2 Y Y – – Zr 91 40 51 5/2 – – Y Y !

La 139 57 82 7/2 Y Y – – ! Gd 155 64 91 3/2 – – Y Y
Pr 141 59 82 5/2 Y Y – – ! Gd 157 64 93 3/2 – – Y Y
Re 185 75 110 5/2 Y Y – – Er 167 68 99 7/2 – – Y Y
Re 187 75 112 5/2 Y Y – – Yb 173 70 103 5/2 – – Y Y
Bi 209 83 126 9/2 Y Y – – !! U 235 92 143 7/2 – – Y Y
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For the case where the special speciesw is a nucleon, one
can generate a list of nuclei for which one might theore
cally expect relatively calculable and clean bounds. We c
sider here substances for which dipole and quadrupole
ergy shifts depend only on one nucleon species and w
there is reason to believe that only one valence nucleon
termines the nuclear sensitivity to Lorentz violation. Tab
III provides a list of naturally abundant isotopes satisfyi
these criteria. The table has been prepared using only a
tively small set of assumptions about nuclear propert
spin-12 nuclei are assumed to be insensitive to quadrup
effects, while those with a closed shell for a given nucle
species are assumed to be insensitive to parameters for
entz violation for that species. Note in particular that t
Schmidt model hasnot been used. To avoid complicating th
bounds through sensitivity to electron parameters for Lore
violation, experiments on any of the substances listed wo
need to involve suitable electronic configurations witho
Lorentz-violating contributions to the relevant transition fr
quencies. The reader is warned that the table makes n
lowance for possible experimental difficulties involved in u
ing these substances.

Substances sensitive to proton parameters for Lorentz
lation are listed on the left-hand side of Table III, while tho
sensitive to neutron parameters are listed on the right-h
side. The quantitiesA, Z, N, and I designate atomic weight
proton number, neutron number, and nuclear spin, res
tively. A symbol Y in a column labeledDw or Qw indicates
sensitivity of the dipole or quadrupole energy shifts of t
substance, respectively, to parameters for Lorentz viola
11601
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for particles of typew. In the left~right! half of this table, all
appearances ofY correspond to an odd proton~neutron!
number, and the neutron~proton! number is closed-shel
@45#. Substances designated by a star have magic neu
~proton! number, while substances designated by two s
have both magic neutron~proton! number and proton~neu-
tron! number equal to a magic number plus one. It see
plausible that these substances are most likely to h
nuclear sensitivity to Lorentz violation depending only on
single valence proton~neutron!. The case of91Zr is an ex-
ception, in that the neutron number is a magic number p
one, but the proton number is not magic. Although it isnot a
naturally abundant substance, we have included41Ca in the
table because it is relatively stable (lifetime.105 yr) and it
has magic proton number and neutron number equal t
magic number plus one. We have also included the neu
itself in the table for completeness, although technical ch
lenges would need to be overcome to perform Loren
violation experiments with~cold! neutrons.

For future clock-comparison experiments, the du
nuclear Zeeman3He-129Xe maser already in operation@46#
could provide an interesting limit on neutron parameters
Lorentz violation because theI 5 1

2 nucleus129Xe is sensitive
to dipole energy shifts from neutron parameters~in a com-
plete nuclear model, it would probably also be sensitive
dipole energy shifts from proton parameters!. Within the
Schmidt model, the coefficientsbn , gn , dn , kn , ln for both
3He and129Xe are identical, which would lead to a relative
clean bound. Suppose an experiment with the quantiza
0-13
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axis in the equatorial plane produces a bound of«1,J , J
5X,Y, on sidereal variations of the free-running3He fre-
quency using129Xe as a reference. Within the Schmi
model, we find this would yield the bounds

u23.5b̃J
n10.012d̃J

n10.012g̃D,J
n u&2p«1,J , ~22!

where the ratio of gyromagnetic ratios has been taken
g3/g129.2.75. The factor of23.5 is relatively large and
compares favorably with the corresponding factor of2 2

3 for
the 199Hg-133Cs case, so even a comparable precision for«1,J
using the dual3He-129Xe maser would represent an improve
constraint on parameters for Lorentz violation by more th
a factor of 5.

Another interesting possibility would emerge from the d
velopment of a dual3He-21Ne maser or a dual3He-87Rb
maser@47#. Table III shows that3He is sensitive purely to
dipole energy shifts from neutron parameters for Lore
violation. The3He and quadrupole21Ne sensitivities are dis
cussed above and in the Appendix in the context of the
periment of Chuppet al. The dipole21Ne sensitivity within
the Schmidt model includesb̃J

n , d̃J
n , g̃D,J

n , andc̃Q,J
n , though

in a realistic nuclear model21Ne would probably also be
sensitive to parameters for Lorentz violation for the proto
Table III also shows that87Rb is a theoretically favorable
substance. A quadrupole measurement in a3He-87Rb maser

using the u 3
2 , 3

2 &→u 3
2 , 1

2 & or u 3
2 ,2 1

2 &→u 3
2 ,2 3

2 & 87Rb transi-
tions ~but not both with equal weight! therefore has the po
tential to provide an unusually clean bound on proton para
eters for Lorentz violation.

IV. SUMMARY

In this work, we have analyzed clock-comparison expe
ments in the context of a general extension of the stand
model and quantum electrodynamics allowing for Lore
and CPT violation. In this theory, both dipole and quad
pole shifts of atomic or ionic energy levels are predicted a
would produce sidereal and semisidereal time depende
of the signal. We have obtained explicit formulas for the
effects that can be applied to existing and future experime
and have demonstrated that the experimental results alr
available place interesting constraints on certain comb
tions of the parameters in the theory.

Our expressions show that experiments performed w
different atoms or ions typically test inequivalent quantit
as a result of possible variations of the parameters for L
entz violation with the species of elementary particle.
deed, no two of the experimental bounds obtained to d
involve identical linear combinations of parameters, and
sensitivities of the two most recent experiments have
overlap at all.

The variety of high-precision experiments already p
formed allows a region of the parameter space to be
cluded. However, the exact specification of this region
theoretically uncertain because for the most part of
bounds are obtained from atoms or ions with relatively
volved nuclear structure. Some regions of the attainable
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rameter space are as yet unconstrained by clock-compa
experiments.

We have considered the issues involved in produc
theoretically favorable bounds, and have listed some n
rally abundant substances that may be of potential inte
for future tests. The exceptional degree of precision atta
able offers potential sensitivity to Lorentz-violating effec
from the Planck scale and ensures that future clo
comparison experiments remain among the most attrac
possibilities for detection of any nonzero effect that mig
exist in nature.
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APPENDIX: SPECIFIC EXPERIMENTS

This appendix contains remarks specific to the exp
ments discussed in Sec. III. Some issues relevant to the
culations leading to Eq.~21! and Table I are presented. Eac
experiment is considered under a separate heading.

All the experiments we consider apply a constant m
netic field of magnitudeB that fixes the quantization axis o
the atom or ionW. Following the discussion in Sec. II D, w
define thez axis to be aligned with this field. LetIW, JW , andFW
represent the nuclear, electronic, and total angular mom
tum of W, respectively. Where relevant, we denote the c
responding quantum numbers byI, J, andF. The degree to
which W is in an eigenstate of these operators is governed
a parameterz'(gJ2gI)mBB/Ehfs, wheregJ is the Lande´ g
factor of the electron cloud,gI is the Lande´ g factor of the
nucleus,mB is the Bohr magneton, andEhfs is the hyperfine
splitting of the atom@48#. For JÞ0, ugI u!ugJu. In most ex-
periments that we consider, the applied magnetic field
small compared to the internal interactions ofW. In this case,
uzu!1, W is approximately in an eigenstate ofFW 2 and Fz
with quantum numbersF andmF , and the error introduced
by approximating wave functions as eigenfunctions ofFW 2 is
suppressed byz2;10212. However, in the experiment o
Prestageet al. a relatively large magnetic field is applied t
the 9Be1 ion. In this case,uzu@1, the ion is approximately in
an eigenstate ofI z andJz with quantum numbersmI andmJ ,
and the error due to approximating the9Be1 wave function
to be an eigenfunction ofJz and I z is suppressed by 1/z2

;1025.

1. 9Be1 and H maser

The experiment of Prestageet al. @3# measures the fre
quencyn of a 9Be1 transition in a large~0.8194 T! magnetic
field relative to the frequency of a hydrogen maser. T
9Be1 transition is umI ,mJ&5u2 3

2 ,1 1
2 &→u2 1

2 ,1 1
2 &. The

H-maser transition isuF,mF&5u1,0&→u0,0&. The experiment
searches for a time variation in the frequencyn of the form
0-14
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n5n01AkPk@cosb(t)#, whereA1 , A2 , andA3 are constants
Pk denotes thekth Legendre polynomial, andb(t) is the
angle between the quantization axis and a direction of sp
anisotropy. The limits obtained on the three quantitiesuAku
are approximately 100mHz.

Within the theoretical framework of the standard-mod
extension, the standard hydrogen-maser frequency is u
fected by Lorentz violation@25#. The sensitivity to Lorentz
violations therefore resides entirely in the9Be1 ion. This ion
has a nucleus withI 5 3

2 surrounded by an electron clou
with J5 1

2 , so the nucleus could be sensitive in principle
dipole, quadrupole, and octupole energy shifts, while
electron cloud could be sensitive to dipole energy shi
However, the transition frequency in the experiment is eff
tively insensitive to electron parameters for Lorentz violati
becauseDmJ.0. The formulas of Sec. II D therefore app
with F replaced by the nuclear spinI.

The theoretical time variationn(t) of the frequencyn can
be obtained by applying Eq.~19! to the two energy levels
involved. In the experiment, the magnetic field is at an an
of x.118° with respect to the Earth’s rotation axis. T
various constants defined in Eq.~10! can be calculated ap
proximately with the methods of Sec. II C. The9Be1 nucleus
consists of four protons and five neutrons. The Schm
model predicts that a single neutron in ap3/2 state carries the
entire nuclear angular momentum, in agreement with
shell-model prediction that each valence nucleon is in ap3/2
state. The resulting values of the constants are given in T
I.

The theoretical expression forn(t) can be compared to
the experimental fit forn. This gives bounds of the form in
Eq. ~21!, where the constants are specified in Table I.

2. 201Hg and 199Hg

The experiment of Lamoreauxet al. @4# compares preces
sion frequencies of201Hg and 199Hg atoms in a weak mag
netic field. The electron clouds of both types of atom ha
J50 in the ground state, so the corresponding atomic st
can be labeleduI ,mI&. The precession frequencies arise fro
DmI51 transitions. The experiment searches for poss
sidereal or semisidereal time variations in the frequency
ference, yielding an upper bound of about half a microhe

The 199Hg nucleus hasI 5 1
2 and is sensitive only to dipole

shifts, while the201Hg nucleus hasI 5 3
2 and is sensitive to

dipole, quadrupole, and octupole shifts. The formulas of S
II D apply with F replaced by the nuclear spinI. The possible
time variations in the observed frequency difference can
found within the present framework by using Eq.~19! for
each of the energy levels involved in the transitions. T
magnetic field in the experiment lies in the Earth’s equato
plane, sox5p/2 and many of the geometrical factors d
scribed in Sec. II D simplify.

The 201Hg nucleus has 80 protons and 121 neutrons, w
the 199Hg nucleus has 80 protons and 119 neutrons. T
nuclear shell model predicts that the ground-state prope
of 201Hg and 199Hg are determined by the neutrons. Th
implies the vanishing of all coefficients of the form~10! for
the proton and would mean that both isotopes are sens
11601
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only to neutron parameters for Lorentz violation. Both is
topes have valence protons and neutrons, however, so
likely that a more realistic model would produce nonze
coefficients~10! for protons too and therefore that both n
clei are sensitive to proton and neutron parameters for L
entz violation.

The Schmidt model indicates that the angular moment
of the 199Hg nucleus is carried by a single neutron in ap1/2

state. Naively, this is at odds with the shell model, whi
implies each valence neutron is in ani 13/2 state. However,
when there are nearly degenerate states with different or
angular momental, the shell model also suggests that pr
tons or neutrons prefer to pair in states of highl. This would
mean that thei 13/2 shell is closed preferentially to shells im
mediately below it with lowerl. The shells immediately be
low i 13/2 arep1/2 andp3/2, so the Schmidt-model predictio
is compatible with that from the shell model. A similar di
cussion applies to the201Hg nucleus, except that the sing
neutron is in ap3/2 state.

Calculating the coefficients in Eq.~10! according to the
methods of Sec. II C yields the results given in Table I.
converting the actual experimental bounds to the form of
~21! with the constants given in Table I, we have for sim
plicity approximated the201Hg precession frequency as in

volving only the transitionu 3
2 , 3

2 &→u 3
2 , 1

2 &. A more accurate

expression involving also the transitionu 3
2 ,2 1

2 &→u 3
2 ,2 3

2 &
could be obtained following the detailed analysis in Ref.@4#,
but the results remain essentially unchanged. Note that
nonzero value ofv in Table I reflects the ratio of gyromag
netic ratios of the two Hg isotopes,g201/g199.20.37, and
the corresponding dependence of the sidereal bounds on
201Hg and 199Hg. In contrast, the semisidereal bounds d
pend only on201Hg, in accordance with its sensitivity to
quadrupole shifts.

3. 21Ne and 3He

The experiment of Chuppet al. @5# searches for quadru
pole shifts in21Ne precession frequencies relative to a ref
ence precession frequency in3He, placing a bound of abou
half a microhertz on possible semisidereal variations. T
electron clouds of21Ne and 3He both haveJ50 in the
ground state, so in a weak magnetic field only the nucl
angular momenta are relevant and the corresponding ato
state can be labeleduI ,mI&. The experiment is insensitive t
electron parameters for Lorentz violation, and the formu
of Sec. II D apply withF replaced by the nuclear spinI. The
3He nucleus hasI 5 1

2 and is therefore sensitive only to d
pole shifts, while the21Ne nucleus hasI 5 3

2 with sensitivity
in principle to dipole, quadrupole, and octupole shifts.

The shift in each energy level is given by Eq.~19! and can
be used to deduce the possible time variations of the sig
frequency in the present theoretical framework. The m
netic field in the experiment is perpendicular to the Eart
rotation axis, sox5p/2 and many geometrical factors i
Sec. II D vanish. Since the experiment bounds only sem
dereal frequencies, which are independent of dipole ene
shifts, the possible dipole energy shifts in both21Ne and3He
0-15
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have no effect on the experiment.
The 21Ne nucleus consists of 10 protons and 11 neutro

According to the shell model, the ground-state properties
21Ne depend only on the neutrons, which suggests all c
ficients of the type~10! for the proton must vanish and woul
imply the experiment is insensitive to proton parameters
Lorentz violation. However, neither the protons nor the n
trons lie in a closed nuclear shell, so it is likely that in real
the experiment does have sensitivity to proton parameters
Lorentz violation.

In the Schmidt model, the ground-state properties of21Ne
and 3He are determined by a single neutron in ap3/2 and an
s1/2 state, respectively. This assignment for21Ne would ap-
pear to contradict the shell-model prediction that each
lence neutron is in ad5/2 state. It is, however, plausibl
within the shell model that thed5/2 shell is closed preferen
tially to the states immediately below it in energy, name
p1/2 and p3/2. This argument for21Ne is weaker than the
corresponding argument for199Hg in Sec. 2 of this appendix
because thep1/2 shell relevant for21Ne is not merely closed
but corresponds also to a magic number. Since in any e
a complete shell-model calculation would still be inadequ
in that the dependence on proton parameters for Lorentz
lation would be missing, we present only the Schmidt-mo
values in this work.

The results of the calculation produce bounds of the fo
of the last two equations in Eq.~21!, with coefficients given
in Table I. To match the actual experimental bounds to t
form, we have for simplicity approximated the21Ne preces-

sion frequency as involving only the transitionu 3
2 , 3

2 &
→u 3

2 , 1
2 &. A more accurate expression involving also the tra

sition u 3
2 ,2 1

2 &→u 3
2 ,2 3

2 & could be obtained with the method
of Ref. @5#, but this has no substantial effect on the resul

4. 199Hg and 133Cs

The experiment of Berglundet al. @6# bounds the possible
sidereal time dependence of199Hg and133Cs precession fre
quencies. The procedure uses a weak magnetic field to
the ground states of the199Hg and 133Cs atoms. Denote the
associated frequencies byn133 and n199. The experiment
measures the differenceDB between the effective magnet
fields measured by the199Hg and 133Cs atoms. This
can be written DB[n199/g1992n133/g133, where g199

.0.759 kHz/G andg133.350 kHz/G are the gyromagneti
ys

u
rin
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ratios of 199Hg and133Cs, respectively. We take the exper
mental bound obtained as a limit on possible sidereal va
tions of the frequency differenceg199DB at the level of about
100 nHz.

The electron cloud of the199Hg atom in its ground state
hasJ50 and its nucleus hasI 5 1

2 , so it is sensitive only to
dipole shifts and is insensitive to electron parameters
Lorentz violation. See Sec. 2 of this appendix for more
formation about199Hg. In contrast, the ground state of th
133Cs atom has an electron cloud with 55 electrons in aJ
5 1

2 state and a nucleus withI 5 7
2 . The 133Cs states relevan

to the experiment have total angular momentumF54, so in
principle sensitivity to nonzero energy shifts of multipolari
up to order 8 would be possible. However, in the pres
framework the sidereal frequency dependences bounde
the experiment can depend only on dipole and quadrup
energy-level shifts. The relevant shifts leading to possi
time variations in the signal are given by Eq.~19!. In the
experiment, the quantization axis is always perpendicula
the Earth’s rotation axis sox5p/2, which simplifies the for-
mulas in Sec. II D.

The outer electronic shell of133Cs consists of a single
valence electron in a 6s state. Since the closed shells do n
contribute to dipole or quadrupole energy shifts, only t
valence electron is relevant. It is straightforward to calcul
the contributions to the coefficients in Eq.~10! for the elec-
tron, using the expressions given in Sec. II C.

The 133Cs nucleus contains 55 protons and 78 neutro
The shell model suggests that the133Cs ground-state proper
ties are independent of the neutrons. Since the199Hg proper-
ties do depend on neutrons, even in the shell-model appr
mation the experimental results are sensitive to contributi
from all three species of particle. Moreover, since neither
protons nor the neutrons lie in a closed nuclear shell,
133Cs atom alone is likely to be sensitive to parameters
Lorentz violation from all three species. For simplicity an
definiteness, we limit the analysis in this paper to t
Schmidt model, for which the only significant nucleon is
proton in ag7/2 state~in agreement with the shell model!.

In the context of the present framework, the bounds
tained in the experiment take the form of the first two equ
tions in Eq.~21!. The values of the coefficients are given
Table I, where the transitions have been taken asuI ,mI&
5u 1

2 ,1 1
2 &→u 1

2 ,2 1
2 & in 199Hg and uF,mF&5u4,4&→u4,3& in

133Cs. Note that the parameterv is small, primarily because
the ratio of gyromagnetic ratiosug199/g133u is small.
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