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Effects of Kaluza-Klein excitations ongµ22
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An analysis of the effects associated with the Kaluza-Klein excitations of the photon and of theW andZ
bosons ongm22 for d number of extra dimensions with large radius compactifications is given. The Kaluza-
Klein effects ongm22 are found to be very sensitive to the number of extra dimensions. For models where the
quark-lepton generations live on the four-dimensional wall, it is shown that when the constraints from the
Kaluza-Klein corrections to the Fermi constant are included, the effects of the Kaluza-Klein excitations to
gm22 become too small to be observable. A model which evades Kaluza-Klein corrections to the muon decay
m→en̄enm without suppression of their effects ongm22 is discussed.@S0556-2821~99!03021-0#

PACS number~s!: 11.10.Kk, 12.15.Ji, 14.60.Ef
in
i-
ti-
t o
eV
-

na
a

l t

ld
d

e

on
e
-

e
gg
ou

liv
o
or

we
in
-

gs
n

the
ilar

ded
5D
n

om
all
ns

-

I. INTRODUCTION

The anomalous magnetic moment of the muon (gm22) is
one of the most accurately determined quantities@1# in par-
ticle physics. Here we analyze the effects of Kaluza-Kle
@2# excitations ongm in theories with large radius compact
fications @3–5#. Such theories are currently being inves
gated because they might arise in the strong coupling limi
the heterotic string which can yield a string scale in the T
region @3#. The framework of the model we work in is dis
cussed in Ref.@5#. Our viewpoint is that the fields of the
minimal supersymmetric standard model reside in (41d)
dimensions while gravity propagates in the 10 dimensio
bulk. In the language of type I string theory the minim
supersymmetric standard model~MSSM! fields reside onp
531d branes and we consider compactifications interna
the brane.

Our analysis is in the framework of an effective fie
theory and we illustrate our procedure for the standard mo
~SM! case ford55. Here our SM fields will consist of gaug
fields AM (M50,1,2,3,5), the Higgs multipletH, and the
quarks and lepton multiplets. We assume a form ofV(H)
such thatH develops a vacuum expectation value and sp
taneous breaking of the electroweak symmetry takes plac
that H5(1/A2)(V1H11 iH 2). We next choose a five di
mensional gauge fixing term of the form

L5
g f52

1

2j
~]MAM2jVg5H2!2. ~1!

In this gauge the bilinear term involvingAM andH2 form a
total divergence of the form]M(H2AM) and hence can be
dropped. The remaining terms in the Lagrangian hav
simple decomposition among the vector bosons, the Hi
and the fictitious Goldstone bosons. After spontane
breaking we compactify the Lagrangian onS1/Z2 with a ra-
dius of compactificationR.

We shall assume that the Higgs and the gauge fields
in the five dimensional bulk and the fermions live at one
the orbifold points. Thus we will have only zero modes f
0556-2821/99/60~11!/116006~4!/$15.00 60 1160
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the fermion fields in this case. For the 4D Lagrangian
shall work in thej51 gauge. In this gauge, terms bilinear
Am (m50,1,2,3) andA5 form a total divergence in 4 dimen
sions and theAm and A5 decouple at the bilinear level. To
normalize the 4D Lagrangian a redefinition of the couplin
is needed, i.e.,g5 /ApR5g. Normal mode decomposition o
S1/Z2 indicates mass terms for theW bosons of mW

2

1n2/R2, n50,1,2, . . . ,̀ , where the first term arises from
spontaneous breaking of the electroweak symmetry and
second term arises from the compactification, and sim
relations hold for the Kaluza-Klein excitations of theZ boson
and for the Higgs boson. The above analysis can be exten
to include supersymmetry. Before compactification this
theory has anN52 supersymmetry. After compactificatio
the massless sector of the theory hasN51 supersymmetry
while the massive Kaluza-Klein states maintain anN52 su-
persymmetry. The model can be extended tod dimensions.

II. CONTRIBUTION OF W AND Z KALUZA-KLEIN
EXCITATIONS

The framework of the analysis is as in Ref.@5#. The
analysis of the one loop contribution togm22 can be carried
out in the usual fashion and a finite contribution arises fr
each Kaluza-Klein mode. Neglecting the relatively sm
contributions from the Yukawa couplings, the contributio
to gm22 at the one loop level from theW andZ exchange
and from their Kaluza-Klein excitations ford extra dimen-
sions is given by

~Da!m5
GF

SMmm
2

p22A2
H 5

6
KdS MW

MR
D

1F2
5

12
1

4

3 S sin2 uW2
1

4D 2GKdS MZ

MR
D J . ~2!

Here am5(gm22)/2, GF
SM is the Fermi constant as evalu

ated in the standard model,uW is the weak angle in the
standard model,MW (MZ) is the W ~Z! boson mass,MR
©1999 The American Physical Society06-1
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51/R is the common mass scale at which the extra dim
sions open up, and the functionKd(c) is defined by

Kd~c!5E
0

`

dte2tFu3S i t

cp D Gd

. ~3!

Here u3(t) for complex t is given by u3(t)
5(k52`

` exp(ipk2t) where (Imt.0). In the limit c50 one
has Kd(0)51 and Eq.~2! reduces to the standard mod
result @6#. For the cased51 Eq. ~3! gives a convergent re
sult. However, a cutoffLd on the lower limit of the integral
in Eq. ~3! is needed for the cased>2. As discussed in Ref
@5# this cutoff is determined consistently by comparison w
the truncation on the sum over the Kaluza-Klein states
that only the states up to the string scale are retained in
sum. One finds the following results forLd for d>2:

L25S MR

Mstr
D 2

, Ld5FGS d

2D G2/(d22)S MW

Mstr
D 2

, d>3

~4!

As discussed in Ref.@5# one must carry out a redefinitio
of the Fermi constant because of the dressing of the Kalu
Klein states and the experimentally observedGF is to be
identified as

GF5GF
SMKdS MW

2

MR
2 D . ~5!

Using this redefinition we find that the contribution of th
Kaluza-Klein modes toam is

~Da!m
W2ZKK5

GFmm
2

p22A2
F2

5

12
1

4

3 S sin2 uW2
1

4D 2G
3FKdS MZ

MR
D2KdS MW

MR
D G Y KdS MW

MR
D .

~6!

For d51 K1(c) is given approximately byK1(c).1
1(p2/3)c while thed>2 cases require a cutoff as discuss
above and one finds that the following results give a go
approximation:

K2~c!511cS 2p2

3
12p ln

Mstr

MR
D

Kd~c!~d>3!511cS d

d22D pd/2

GS 11
d

2D S Mstr

MR
D d22

. ~7!

III. CONTRIBUTION OF PHOTONIC KALUZA-KLEIN
EXCITATIONS

In the above we computed the contributions arising fr
the W andZ Kaluza-Klein excitations toam . There are also
contributions toam arising from the exchange of the Kaluz
Klein excitations of the photon. Here our analysis gives
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the d extra dimensions the result

~Da!m
gKK5

a

3p

mm
2

MR
2

G ~8!

where

G5E
0

`

dtFu3S i t

p D Gd

21. ~9!

As for the case of theW andZ Kaluza-Klein exchange con
tributions, for d51 the photonic Kaluza-Klein exchang
contribution is finite while a cutoff is needed for higher va
ues ofd. The cutoff is introduced in the same way as d
cussed for the caseKd and one gets the following results fo
various cases:

~Da!m
gKK~d51!5a

p

9

mm
2

MR
2

~10!

~Da!m
gKK~d52!5

a

3p S 2p2

3
12p ln

Mstr

MR
D mm

2

MR
2

~11!

~Da!m
gKK~d>3!5

a

3p S d

d22D pd/2

GS 11
d

2D S Mstr

MR
D d22 mm

2

MR
2

.

~12!

The total Kaluza-Klein exchange contribution toam is the
sum of the contribution from theW andZ Kaluza-Klein ex-
change contribution and from the photonic Kaluza-Klein e
change contribution

am
KK5am

W2ZKK1am
gKK . ~13!

We note that after redefinition of the Fermi constant theW
andZ Kaluza-Klein exchange contributionam

W2ZKK as given
by Eq. ~6! is negative while the photonic Kaluza-Klein ex
change contributionam

gKK as given by Eq.~8! is positive.
Thus one has a partial cancelation between these two co
butions with theam

W2ZKK contribution being about 40% o
the am

gKK contribution in magnitude but with the opposi
sign. We emphasize here that in any numerical analysis
Eq. ~13! the constraints arising from Eq.~5! ~which holds
only within the current error bars ofGF

SM and experiment on
GF) should be included. For the compactifications cons
ered here and in Ref.@5# these constraints onMR at the 2s
level areMR.1.6 TeV @5# for d51 ~in Ref. @7# the limit
MR.2.5 TeV for d51 is derived!, MR.3.5 TeV for d
52, MR.5.7 TeV ford53 andMR.7.8 TeV ford54.

IV. SIZES OF KALUZA-KLEIN EFFECTS ON „Gµ22…

We discuss now the prospects for the observation of
Kaluza-Klein contributions in thegm experiment. For this
purpose we review first the current situation onam . The
current experimental value of am is @1#: am

exp
6-2
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511659230(84)310210, where the quantity in the parenthe
sis is the uncertainty while the corresponding uncertainty
the theoretical determinations is significantly smaller. T
most recent standard model prediction foram is
am

theory(SM)511659162.8(6.5)310210. This result includes
a5 QED contributions@8#, the hadronic vacuum polarizatio
@9# and light by light hadronic contributions@10#, and the
standard model electroweak contributions@11#. Essentially
all of the uncertainty in the standard model result arises fr
the hadronic contributions which include the hadron
vacuum polarization@9#, and the light by light hadronic con
tribution @10#. The total standard model electroweak cont
bution up to two loops @11# is given by am

EW(SM)
515.1(0.4)310210.

The newgm Brookhaven experiment E821@12# will be
able to reduce the current experimental uncertainty by a
tor of 20 to a level of 4310210. With this sensitivity the new
gm experiment will be able to test the standard model el
troweak contribution even with the current level of unce
tainty in the hadronic contributions. In fact the experime
will be able to probeam to a level of;8310210 ~where we
have combined the experimental error and the hadronic e
in quadrature!. Further, it is expected that the uncertainty
the hadronic error may reduce even more by perhaps
much as a factor of 2 from the data from the ongoing a
future precision low energy experiments at VEPP-2
DAFNE and BEPC. Of course a further reduction of t
hadronic error will sharpen the ability of the Brookhav
experiment to probe new physics.

In the analysis ofam
KK we impose the gauge coupling un

fication to constrain the ratioMstr /MR the details of which
are discussed in Ref.@5#. The results are displayed in Fig. 1
The analysis exhibits a sharp dependence of the contribu
of the Kaluza-Klein excitations toam

KK on the number of
extra space time dimensions. The sharp dependenced
arises from the summation over the number of Kaluza-Kl
states because of the combinatorics factors. As discusse
ready there is a partial cancelation between theW and Z
Kaluza-Klein exchange contribution and the photon
Kaluza-Klein exchange contribution after a redefinition
the Fermi constant is taken into account. As discussed ab
and in Ref.@5# the analysis of the Kaluza-Klein mode co
tribution to GF gives strong constraints onMR . Figure 1
shows that with these constraints onMR the newgm experi-
ment will not come even close to exploring the extra dime
sions, i.e., the total Kaluza-Klein contribution falls more th
1–2 orders of magnitude below the sensitivity that will
achievable in the newgm experiment.

In the above we assumed that all the quark-lepton gen
tions lie on the 4-dimensional wall. We discuss now a vari
of the model considered above where the first quark-lep
generation lies on the wall while the second quark-lep
generation lives in the bulk. In this case the first quark-lep
generation will have no couplings with the Kaluza-Kle
modes while the second generation will have such couplin
In this model the processm→en̄enm receives no Kaluza-
Klein correction at the tree level and thusGF is uncorrected
at this level. Similarly in this case the atomic parity violatin
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interactions receive no Kaluza-Klein corrections. Con
quently there are no constraints arising at the tree level fr
the experimental accuracy ofGF and from the atomic parity
experiments onMR , although corrections at the loop leve
can arise which are, however, expected to be much sm
than what one would otherwise expect. Other experime
bounds as those arising from contact interactions using L
data are also evaded in this model. Further, one would
expect here a significant suppression of the production of
Kaluza-Klein excitations of theW and theZ boson at thep̄p
colliders due to the dominance of the first generation in
quark content ofp( p̄). However, Kaluza-Klein corrections to
gm22 in this model are not suppressed. The analysis h
shows that the newgm experiment will be able to probe two
extra dimensions up to scalesMR;0.65 TeV, three extra
dimensions up to scalesMR;1 TeV, and four extra dimen-
sions up to scalesMR;1.4 TeV. We note that the scale
which can be explored well exceed the mass bound on
Kaluza-Klein modes of the quarks inferred from the four
generation quark searches which gives a lower limit of 1
GeV @13#.

FIG. 1. Plot of sum of the photonic Kaluza-Klein exchan
contribution and theW andZ Kaluza-Klein exchange contribution
to am as a function of the common scale of extra dimension wh
the GF constraint is included. The curves correspond to the c
d51 ~solid!, d52 ~dot-dashed!, d53 ~long dashed!, and d54
~dashed!. The horizontal solid line corresponds to the 1s limit to
which the Brookhaven experiment E821 will be able to probeam .
The vertical lines correspond to theGF constraints, which are de
duced to beMR.1.6 TeV for d51 in Ref. @5# ~shown by the
vertical dashed line! andMR.2.5 TeV ford51 in Ref.@7# ~shown
by the vertical dot-dashed line! and the allowed region lies to th
right of these vertical lines. The constraints onMR for d.1 are
even more severe.
6-3
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V. CONCLUSION

In this paper we have investigated the effects of Kalu
Klein excitations arising from extra dimensions with lar
radius compactifications ongm22. These effects consist o
the photonic Kaluza-Klein exchange contribution and of
W and Z exchange contribution. For the case of one ex
dimension the Kaluza-Klein contribution toam is finite.
However, a cutoff is necessary for the case ofd extra dimen-
sions,d>2. We have derived approximate relations for t
Kaluza-Klein contributions for these cases@see Eqs.~6, ~7!,
~10!–~12!#. For d52 these approximate relations are acc
rate toO(10%) while ford>3 the relations are accurate
O(122 %). We have given a quantitative analysis of t
contributions of the Kaluza-Klein excitations ofg, W andZ
under the constraints of the unification of the gauge coup
constants. Our analysis shows that for the case when al
quark-lepton generations lie on the 4D wall, inclusion of t
constraints onMR arising from the analysis of Kaluza-Klei
mode contributions toGF lead to effects ongm22 which are
too small to be observable by the newgm experiment. We
also considered a model where the first generation live
ath

gh
ui

,

m-

.

11600
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the bulk and the second generation lies on the wall. In t
case effects from extra dimensionsd>2 may become visible
in the Brookhaven experiment. Furthermore, a muon colli
may be able to explore these extra dimensions directly.
course a fundamental string model will have to justify su
an assignment of generations between the bulk and the w

After completion of this work there appeared a paper@14#
where an analysis of the effects of Kaluza-Klein excitatio
of the photon ongm22 is given, but the effects of the
Kaluza-Klein excitations for theW and Z bosons are not
considered. However, the main point of this paper is to co
pute the one-loop Kaluza-Klein graviton corrections tog
22.
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