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Effects of extra space-time dimensions on the Fermi constant
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Effects of Kaluza-Klein excitations associated with extra dimensions with large radius compactifications on
the Fermi constant are explored. It is shown that the current precision determinations of the Fermi constant, of
the fine structure constant, and of theW andZ mass put stringent constraints on the compactification radius.
The analysis excludes one extra space-time dimension below;1.6 TeV, and excludes 2, 3, and 4 extra space
dimensions opening simultaneously below;3.5 TeV, 5.7 TeV, and 7.8 TeV at the 90% C.L. The implica-
tions of these results for future collider experiments are discussed.@S0556-2821~99!05821-X#

PACS number~s!: 11.10.Kk, 12.15.Lk
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Kaluza-Klein theories have a long and rich history@1,2#.
The TeV scale strings provide a new impetus for study
these theories in the context of low energy phenomenolo
Until recently much of string phenomenology has been c
ducted in the framework of the weakly coupled hetero
string where a rigid relationship exists between the str
scale (M str) and the Planck scaleMPlanck @3#, i.e., M str
;gstrMPlanck whereMPlanck5(8pGN)21/2, and whereGN is
Newton’s constant and numerically MPlanck51.2
31019 GeV. However, recently the advent of string dua
ties has opened the new possibility which relates the str
coupling regime of one string theory to the weak coupli
limit of another. Thus it is conjectured that the strong
coupled SO~32! heterotic string compactified to four dimen
sions is equivalent to a weakly coupled type I string comp
tified on four dimensions. In this context the string scale c
be very different@4,5#. While one is very far from generatin
realistic TeV string models the generic features of models
this type with low values of the string scales can nonethe
be studied@6–8#. Here we adopt the picture that matter r
sides inD5d14 dimensions while gravity propagates in th
10 dimensional bulk. In the context of type I strings one m
conjecture that matter resides on ap-brane (p5d13) with
compactification ofd dimensions occurring internal to th
brane while the compactification of the remaining (62d)
dimensions occurs in directions transverse to thep-brane.
We focus on thed compactifications internal to the brane a
the compactifications transverse to the brane will not conc
us here. We shall work within the framework of an effecti
field theory, which is a valid approximation in the domain
energy investigated below. The main motivation of this p
per is to analyze the effects of the Kaluza-Klein excitatio
associated with the extra dimensions on the Fermi cons
GF which is one of the most accurately determined quanti
in particle physics@9#. In our analysis we shall assume tha
numberd of extra dimensions open at a low scale—ea
associated with a common radius of compactificationR
5MR

21 .
We consider the 5D case first. Our starting point is

minimal supersymmetric standard model~MSSM! Lagrang-
ian in 5D and we exhibit here a few terms to define notat
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FMNFMN2~DMHi !

†~DMHi !2c̄
1

i
GMDMc

2V~Hi !1•••, ~1!

whereM, N are the five dimensional indices that run ov
values 0,1,2,3,5,Hi ( i 51,2) stand for two Higgs hypermul
tiplets which contain the MSSM Higgs boson,DM5]M
2 ig (5)AM , whereg(5) are the gauge coupling constants a
the SU(3)3SU(2)3U(1) indices are suppressed, an
V(Hi) is the Higgs potential. This theory is constructed
haveN51 supersymmetry in 5D. We compactify this theo
on S1/Z2 with the radius of compactificationR. In our analy-
sis we assume that the gauge fields and the Higgs fields
in the five dimensional bulk while the quarks and leptons
confined to a four dimensional wall, i.e, at aZ2 fixed point
@10#. After compactification the resulting spectrum contai
massless modes withN51 supersymmetry in 4D, which pre
cisely form the spectrum of MSSM in 4D, and massi
Kaluza-Klein modes which formN52 multiplets in 4D. The
modes in 4D can be further labeled as even or odd under
action of Z2. The MSSM spectrum and their Kaluza-Klei
excitations are even underZ2 while the remainingN51
massive set of Kaluza-Klein fields are odd. We carry ou
spontaneous breaking of the electroweak symmetry in
which gives electroweak masses to theW and Z gauge
bosons and to their Kaluza-Klein modes in addition to t
compactification masses, i.e., Kaluza-Klein modes h
masses (mi

21n2MR
2), n51,2,3, . . . , `, where mi

2 arise
from electroweak symmetry breaking andn2R2 arise from
compactification of the fifth dimension. In 4D a rescaling
coupling constants is needed, i.e.,gi

(5)/ApR5gi where gi

are the gauge coupling constants in four dimensions.
interactions of the fermions to zero modes and to Kalu
Klein modes after rescaling is given by

Lint5gi j
mS Am i1A2(

n51

`

Am i
n D , ~2!

whereAm i are the zero modes andAm i
n are the Kaluza-Klein

modes.
©1999 The American Physical Society04-1
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The Fermi constant is very accurately known from t
weak interaction processes. Its current experimental va
obtained from the muon lifetime including the complete tw
loop quantum electromagnetic contributions is@9#

GF51.16637~1!31025 GeV22 ~3!

where the number in the parenthesis is the error. We c
pare now the experimental result onGF of Eq. ~3! with the
predictions ofGF of Eq. ~3! in the standard model~SM!. In
the on-shell schemeGF

SM is given by@11#

GF
SM5

pa

A2MW
2 sin2 uW~12Dr !

~4!

where sin2 uW5(12MW
2 /MZ

2) in the on-shell scheme. Th
fine structure constanta ~at Q250) is very accurately
known, i.e.,a215137.0359, andDr is the radiative correc-
tion and is determined to be@12# Dr 50.034970.0019
60.0007 where the first error comes from the error in
mass of the top quark (mt517565 GeV) and the second
error comes from the uncertainty ofa(MZ). With the above
one can use the measured values ofMW andMZ to derive the
value of GF

(SM) . The currently measured values ofMW and
MZ are MW580.3960.06 GeV @13# and MZ591.1867
60.0020 GeV @12#. Using the above determinations on
finds that the standard model prediction ofGF is in excellent
accord with experiment. Thus we conclude that the contri
tion of the Kaluza-Klein modes must fall in the error cor
dors of the standard model to be consistent with current
periment. Since the fine structure constant andMZ are very
accurately known most of the error in the evaluation ofGF

SM

arises from the errors in the measurement of theW mass and
in the evaluation of the radiative correctionDr . To exhibit
the relative contribution of the errors from these sources
GF we find that

DGF /GFuSM.A4~1/sin2 uW22!2~dMW /MW!21~dDr !2.
~5!

The quantity 2(1/sin2 uW22);5 is accidentally large and
thus the error inMW dominates the error in the standa
model contribution to the Fermi constant. Using the abo
analysis we find that GF

SM5(1.1677560.0049)
31025 GeV22. We note that while the error in the mea
surement of theW mass is less than 0.1% it gets enlarged
around 0.5% due to the enhancement factor of 5. Even so
error corridor ofGF

SM is very narrow and places a stron
constraint on new physics. Thus we use this corridor to c
strain the Kaluza-Klein contributions to the Fermi consta
In our analysis we shall assume that the radiative correct
from the Kaluza-Klein states toDr are small. This assump
tion will turn out to bea posteriori justified in view of the
largeness of the limits on masses of the Kaluza-Klein~KK !
excitations obtained in this analysis. Under the above
sumption we then require thatGF

KK be limited by the error in
DGF

SM, i.e.,

DGF
KK/GF

SM<60.8231022 ~90% C.L.!. ~6!
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For the case of one extra dimension, after compactifi
tion and integration over theW boson and its Kaluza-Klein
excitations we obtain the effective Fermi constant to lead
order inMW /MR to be

GF
eff.GF

SMS 11
p2

3

MW
2

MR
2 D . ~7!

Defining DGF
KK5GF

eff2GF
SM, identifying GF

eff with the ex-
perimental value of the Fermi constant, and using Eq.~6! we
find MR.1.6 TeV (90% C.L.). This limit onMR is stron-
ger than for the case when one has just an extraW recur-
rence. Thus if one had an extraW recurrence with a mas
MW8 , the analysis above will give a limitMW8
.905 GeV. The stronger limit for the Kaluza-Klein case
due to an enhancement factor ofp/A3. This factor arises in
part due to summation over the tower of Kaluza-Klein sta
and in part due to the coupling of the 4D fermions to t
Kaluza-Klein gauge bosons being stronger by a factor ofA2
relative to the couplings of the fermions to the zero mo
gauge bosons as can be seen from Eq.~2!. The current ex-
perimental limit on the recurrence of aW is MW8
.720 GeV given by the analysis at the Fermilab Tevatr
pp̄ collider data with the DO” detector@14#. Thus our result
on MR is much stronger than the current experimental lim
on MW8 .

Another independent constraint onMR can be obtained
from atomic parity experiments. The atomic parity violatio
arise from the Z exchange and the low energy effective
teraction governing the violation is @15# LPV

SM

5(GF
SM/A2)( iC1i ēgmg5eq̄ig

mqi . In SM the measured
quantity isQW

SM52@(2Z1N)C1u1(Z12N)C1d# whereZ is
the number of protons andN is the number of neutron in the
atomic nucleus being considered. The exchange of
Kaluza-Klein Z bosons contribute an additional interactio
i.e.,

LPV
KK5~DGF

KK/A2!(
i

C1i ēgmg5eq̄ig
mqi . ~8!

The most accurate atomic parity experiment is for cesi
which gives

QW
exp~Cs!5272.4160.2560.80 ~9!

while the standard model gives

QW
SM~Cs!5273.1260.06. ~10!

The above result givesDQW
exp2QM

SM50.7160.84 where we
have added the errors in quadrature. We define the Kalu
Klein contribution to QW by DQW

KK5(DGF
KK/GF

SM)QW
(SM)

and require thatDQW
KK be limited by DQW , i.e., DQW

KK

<DQW . This leads to a constraint onMR of MR
.1.4 TeV ~90% C.L.! which is less strong than the limi
obtained from the analysis ofGF but still quite impressive.
4-2
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EFFECTS OF EXTRA SPACE-TIME DIMENSIONS ON . . . PHYSICAL REVIEW D60 116004
The current accuracy of the experimental determinations
other electroweak quantities produce less stringent c
straints onMR .

The above analysis can be extended tod extra dimen-
sions. We consider here only compacifications with comm
compactification radiusR and Z2 type orbifolding. Integra-
tion on theW boson and its Kaluza-Klein excitations simila
to the 5D case gives the following result for the sum of t
standard model and Kaluza-Klein mode contributions

GF
eff5GF

SMKdS MW
2

MR
2 D ~11!

whereKd is the Kaluza-Klein dressing of the Fermi consta

Kd~c!511 (
p51

d

~2p dCp!Cp~c!. ~12!

Here dCp5d!/ p!(d2p)!, Cp(c)5(kW p
@c/(c1kW p

2)# where

kW p5(k1 ,k2 , . . . ,kp), and ki run over the positive integer
1,2, . . . ,̀ . We can expressKd(c) in terms of the Jacob
function

Kd~c!5E
0

`

dte2tXu3S i t

cp D Cd

~13!

where u3(z) for complex z (Im z.0) is defined byu3(z)
5(k52`

` exp(ipk2z). For the case of more than one ext
dimension both the sum of Eq.~12! and the integral of Eq.
~13! diverge. To obtain a convergent result the lower limit
the integral must be replaced by a cutoff. The physical ori
of the cutoff is a truncation of the sum over the Kaluza-Kle
states when their masses exceed the string scale. With
cutoff we obtain the following approximate expressions
DGF

KK/GF
SM

DGF
KK/GF

SM.F2p2

3
12p lnS M str

MR
D G S MW

MR
D 2

, d52,

~14!

DGF
KK/GF

SM.S d

d22D pd/2

G~11d/2! S M str

MR
D d22S MW

MR
D 2

,

d>3. ~15!

Numerically we find that the approximation of Eq.~15!
agrees with the exact result of Eq.~12! to 2–3 % while the
approximation of Eq.~14! is good only to about 10% be
cause of the slow convergence of the log function in t
case. The quantitiesMR andM str are not completely arbitrary
but are constrained by the unification of the gauge couplin
Thus in a TeV scale unification the gauge coupling evolut
is given by@7,8#

a i~MZ!215aU
211

bi

2p
lnS MR

MZ
D2

bi
KK

2p
lnS M str

MR
D1D i .

~16!
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HereaU is the effective grand unification theory~GUT! cou-
pling constant, bi5(23,1,33/5) for SU(3)C3SU(2)L
3U(1)Y describe the evolution of the gauge couplings fro
the scaleQ to the scaleMR , bi

KK5(26,23,3/5) are thebi

minus the contribution from the fermion sector which has
Kaluza-Klein excitations, andD i are the corrections arising
from the Kaluza-Klein states. The requirement thata i(MZ)
be compatible with the CERNe1e2 collider LEP data leads
to constraints onMR and M str. For a givend and MR the
unification ofa1 anda2 thus fixes the ratioM str/MR . Thus
for a givend and MR , one usesa1 anda2 to computeaU
and M str/MR . Inserting these values fori 53 in Eq. ~16!
gives a3(MZ) within the current error bars. In Ref.@8# an
extension to include two additional multipletsF1 and F2

with SU(3)C3SU(2)L3U(1)Y quantum numbers (1,1
12) for F1 and (1,1,22) for F2 was proposed with a mas
scaleMF in the rangeMEW<MF<MR . Inclusion of this
multiplet improves the agreement ofa3 with experiment but
otherwise does not affect our analysis in any substantial w

The result of our analysis on the lower limit on ext
dimensions under the constraints of unification of gauge c
plings and under the constraint of Eq.~6! is given in Fig. 1.
For the case of one extra dimension the analysis of Fig
shows that the constraint of Eq.~6! puts a lower limit onMR
of 1.6 TeV. This is the same result that we got previou

FIG. 1. Plot of the ratio (DGF
KK/GF

SM) as a function of the com-
mon scale of extra dimension. The curves correspond to the
d51 ~solid!, d52 ~dot-dashed!, d53 ~long dashed!, and d54
~dashed!. The horizontal solid line corresponds to the 2s error on
DGF

SM/GF
SM while the horizontal dotted line is what the 2s error

will be if the error in theW boson measurements decreased b
factor of 2.
4-3



fi-
ig

n
t
3
E

ei

r

gh
n-
on
of
ty
ler
un
lin
s

r
n

d
e
ou
ns

er

N

on
oop
d,
the
sen-
or

vere
our
n-

uire
ults

re
pre-

top
uce
ore
ne
ght
n.

nce
ors
d
of

PRAN NATH AND MASAHIRO YAMAGUCHI PHYSICAL REVIEW D 60 116004
from Eqs.~6! and ~7!. This is because in this case the uni
cation of the gauge coupling constant constraint gives a h
value of M str/MR so the finite sum on the Kaluza-Klei
states simulates to a very good approximation the sum on
infinite tower of Kaluza-Klein states. For the case of 2,
and 4 extra dimensions the analysis of Fig. 1 shows that
~6! produces a lower limit onMR of 3.5 TeV, 5.7 TeV, and
7.8 TeV. In these cases the truncation of the Kaluza-Kl
tower is rather severe as one goes to higher values ofd, e.g.,
M str/MR.7.6 for d52 and this ratio becomes smaller fo
larger values ofd ~and further the ratioM str/MR must be
progressively fine tuned more severely as one goes to hi
values ofd). The specific nature of the cutoff imposed i
troduces an uncertainty in the accuracy of the predicti
which isO(1%) for d51 and gets larger for larger values
d up to O(10%) for d54. The largeness of the uncertain
for larger values ofd arises due to the progressively smal
number of Kaluza-Klein states that are retained in the tr
cation procedure under the unification of the gauge coup
constants constraint. As pointed out earlier the analysi
very sensitive to the error in the measurement of theW boson
mass. Thus if this error onMW were to decrease by a facto
of 2, which is not an unlikely possibility, then the limit o
MR for d51 will increase to 2.1 TeV, and the limits ford
52, d53, andd54 will increase to 4.4 TeV, 7.1 TeV, an
9.5 TeV as can be seen by the intercepts of the dotted lin
Fig. 1. These results may be contrasted with the previ
limits of ;300 GeV from an analysis of contact interactio
@7#. Thus none of the Kaluza-Klein excitations of theW or Z
boson will become visible at the Tevatron. Howev
th

L.
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Kaluza-Klein excitations may still be accessible at the CER
Large Hadron Collider~LHC! @16#.

One may ask to what extent our limits are dependent
the assumption of an underlying supersymmetry. Since l
corrections toDr from the Kaluza-Klein states are ignore
which turns out to be a reasonable assumption in view of
largeness of the masses of the Kaluza-Klein states, the es
tial constraint from supersymmetry arises via the cutoff. F
the 5D case this constraint is rather mild but does get se
as one goes to a larger number of extra dimensions. Thus
conclusion is that the 5D limit is essentially model indepe
dent but the limits deduced for the 6D–8D cases do req
the underlying supersymmetric framework and the res
here are thus more model dependent.

Finally we note that the limits on extra dimensions a
constrained severely by the errors in the standard model
dictions of GF which are dominated by the error in theW
mass measurement and subdominated by the error in the
mass measurement. Thus if future experiments further red
the errors in these measurements, then one will obtain m
stringent bounds on the radius of compactification, or if o
sees a deviation from the standard model prediction it mi
be a smoking gun signal for a TeV scale compactificatio
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