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Bounds on heavy-to-heavy mesonic form factors

Cheng-Wei Chiang* and Adam K. Leibovich†
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We provide upper and lower bounds on the form factors forB→D,D* by utilizing inclusive heavy quark
effective theory sum rules. These bounds are calculated to leading order inLQCD/mQ andas . TheO(as

2b0)
corrections to the bounds at zero recoil are also presented. We compare our bounds with some of the form
factor models used in the literature. All the models we investigate fail to fall within the bounds for the
combination of form factors (v221)/(4v)uvhA21hA3u2. @S0556-2821~99!05221-2#

PACS number~s!: 11.55.Hx
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I. INTRODUCTION

Currently, heavy-to-heavy form factors are mainly d
rived from models. These models are used to compute b
semileptonic decaysB→D (* )en and, using factorization
nonleptonic decaysB→D (* )p. These models are then ofte
used in Monte Carlo simulations to predict production ra
and energy spectra, which in turn feeds into studies of ba
grounds and efficiencies in many experimental settings.
incorrect energy spectrum prediction could result in incorr
backgrounds and efficiencies, leading to errors in experim
tal numbers. Therefore constraining the models is very
portant. Model independent information on the form facto
can be obtained from the heavy quark effective the
~HQET!. HQET @1–3# vastly simplifies the nonperturbativ
calculation of form factors by relating all of them in th
infinite mass limit to a single universal Isgur-Wise functio
j, which describes the nonperturbative physics of the li
degrees of freedom in the heavy mesons. This function
normalized to unity at zero recoil, where the heavy meson
the final state has the same velocity as the initial one. No
theless, HQET does not predict the explicit form of t
Isgur-Wise function.

Since it is not possible to calculate heavy-to-heavy fo
factors from first principles, the next best thing to do is
theoretically bound them.1 A set of model independen
bounds on form factors has been derived@5,6#, and can serve
as a consistency condition for phenomenological mod
Bounds to O(1/mQ) at arbitrary momentum transfer ha
been presented in@6,7# for heavy-to-heavy and heavy-to
light form factors. However, as noted in@6–8#, the lower
bound is sensitive to perturbative corrections, and the lead
order in as correction should be included to provide mo
reliable bounds. Therefore, in this work we present an an
sis of the leading QCD corrections on the bounds of in
vidual heavy-to-heavy, more specificallyB→D (* )l n̄, form
factors. The information of these bounds will help us rule o
unrealistic models, and may in turn be applied to cert
decay amplitudes that are of interest.

*Email address: chengwei@andrew.cmu.edu
†Email address: adaml@cmuhep2.phys.cmu.edu
1See, however,@4# for model independent parametrizations of t

form factors.
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This paper is organized as follows. In Sec. II, we revie
the derivation of the sum rules used to obtain the mod
independent bounds on form factors defined in Sec. III. S
tion III also gives the proper combinations of structure fun
tions used later for the bounds on each of the form factors
Sec. IV, we perform the tree level nonperturbative expans
and first order QCD perturbative calculation to eliminate t
leading uncertainty in the bounds. Section V provides
bounds on individual form factors explicitly with the struc
ture functions given in the Appendix, and discusses vari
influences of the parameters appearing in the expansio
the bounds. Some popular form factor models are compa
with our bounds in Sec. VI. OrderaS

2b0 corrections to the
bounds at zero recoil are computed in Sec. VII. The conc
sion of our work is summarized in Sec. VIII. The Append
lists the perturbative corrections to the structure function

II. REVIEW OF SUM RULES

The sum rules are derived by relating the inclusive de
rate, calculated using the operator product expansion~OPE!
and perturbative QCD, to the sum of exclusive decay ra
In the following, we follow @6,8# in the derivation of the
bounds.

First, consider the time ordered product of two curre
betweenB mesons in the momentum space:

Tmn5
i

2MB
E d4xe2 iq•x^B~v !uT@Jm†~x!Jn~0!#uB~v !&

52gmnT11vmvnT21 i emnabqavbT31qmqnT4

1~qmvn1vmqn!T5 , ~1!

whereJm is a b→c axial vector or vector current. The tim
ordered product can be expressed as a sum over hadron
partonic intermediate states. The sum over hadronic st
includes the matrix element^HuJuB&, whereH5D,D* is the
final state heavy meson of interest. After inserting a co
plete set of states and contracting with four-vectorsam* an ,
one obtains
©1999 The American Physical Society02-1
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T~e!5
1

2MB
(
X

~2p!3d3~pW X1qW !
u^Xua•JuB&u2

EX2EH2e

1
1

2MB
(
X

~2p!3d3~pW X2qW !
u^Bua•JuX&u2

e1EX1EH22MB
,

~2!

where T(e)[am* Tmnan , e5MB2EH2v•q, and the sum
over X includes the usuald3p/2EX for each particle in the
stateX. We choose to work in the rest frame of theB meson,
p5MBv, with the z axis pointing in the direction ofqW . We
will hold q3 fixed while analytically continuingv•q to the
complex plane.EH5AMH

2 1q3
2 is the H meson energy.

There are two cuts in the complexe plane, 0,e,`, corre-
sponding to the decay processb→c, and2`,e,22EH ,
corresponding to twob quarks and ac̄ quark in the final
state. The second cut will not be important for our disc
sion.

The integral overe of the time ordered product,T(e),
times a weight function,enWD(e), can be computed pertur
batively in QCD @6,8#. For simplicity, we pick the weight
function WD(e)5u(D2e), which corresponds to summin
over all hadronic resonances up to the excitation energD
with equal weight. Relating the integral with the hard cuto
to the exclusive states requires local duality at the scaleD. D
must be chosen large enough so that the structure func
can be calculated perturbatively.

Taking the zeroth moment ofT(e),

1

2p i EC
deu~D2e!T~e!

5(
X

u~EX2EM2D!~2p!3d3~qW 1pW X!
u^Xua•JuB&u2

2MB

>
u^H~v8!ua•JuB~v !&u2

4MBEH
~3!

gives an upper bound on the matrix element.
The first moment ofT(e) gives

1

2p i EC
deeu~D2e!T~e!

5 (
XÞH

u~D2EX1EH!~EX2EH!~2p!3d3~pW X1qW !

3
u^Xua•JuB&u2

4MBEX

>~E12EH! (
XÞH

u~D2EX1EH!

3~2p!3d3~pW X1qW !
u^Xua•JuB&u2

4MBEX
, ~4!
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whereE1 denotes the first excited state that is more mass
than theH meson. Here the validity of the inequality relie
on the assumption that multiparticle final states with le
energy thanE1 contribute negligibly. This assumption is tru
in large Nc , and is also confirmed by current experimen
data.

A lower bound can be formed by combining Eqs.~3! and
~4! to be

u^H~v8!ua•JuB~v !&u2

4MBEH
>

1

2p i EC
deu~D2e!T~e!

3S 12
e

E12EH
D . ~5!

Therefore, we find the bounds

1

2p i EC
deu~D2e!T~e!S 12

e

E12EH
D

<
u^H~v8!ua•JuB~v !&u2

4MBEH

<
1

2p i EC
deu~D2e!T~e!. ~6!

As emphasized in@8#, the upper bound is essentially mod
independent while the lower bound relies on the assump
about the final state spectrum. These bounds can be use
the decays at arbitrary momentum transferq2 and are good
for both heavy mesons and baryons.„For baryons, a spin
sum@MH /(2J11)#(S,S8 needs to be included in front of th
bounded factor.!

Since 1/(E12EH);1/LQCD, the lower bounds will be
limited to first order in 1/mQ . The upper bounds, on th
other hand, can be calculated to order 1/mQ

2 without addi-
tional HQET parameters.

III. HADRONIC SIDE

The hadronic matrix elements for the semi-leptonic dec
of a B meson into a pseudoscalar mesonD or a vector meson
D* may be parametrized as

^D~v8!uVmuB~v !&

AMDMB

5h1~v!~v1v8!m1h2~v!~v2v8!m,

^D* ~v8,«!uVmuB~p!&

AMD* MB

5 ihV~v!emnab«n* va8vb ,

^D* ~v8,«!uAmuB~v !&

AMD* MB

5hA1
~v!~v11!«* m

2@hA2
~v!vm1hA3

~v!v8m#v•«* .

~7!

v8 is the velocity of the final state meson, and the varia
v5v•v8 is a measure of the recoil. One may relatev to the
momentum transferq2 by v5(MB

21MH
2 2q2)/(2MBMH).

Therefore, with a proper choice of the currentJm and the
2-2
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BOUNDS ON HEAVY-TO-HEAVY MESONIC FORM FACTORS PHYSICAL REVIEW D60 116002
four vector am, one may readily select the form factor o
interest and the corresponding bounds. In the heavy qu
symmetry limit, these form factors satisfy the relations@1,2#

h1~v!5hV~v!5hA1
~v!5hA3

~v!5j~v!,

h2~v!5hA2
~v!50. ~8!

To boundhA1
~or hV), one may chooseJm5Am ~or Vm)

andam5(0,1,0,0). Then the factor to be bounded is

~v11!2

4v
uhA1

~v!u2 or S v221

4v
uhV~v!u2D

and the sum rule used to bound isT1OPE5T1hadronic. The
corresponding first excited state more massive thanD* that
contributes to the sum rule is theJP511 state, i.e.D1, since
scalars do not contribute toT1.

For h1 , one may take Jm5Vm and am5(1
1ED /MD,0,0,2q3 /MD). Then the factor to be bounded
@(v11)2/v#uh1(v)u2, and the combination of structur
functions used in the bounds is

T~e!522~11v!T11~11v!2T21~MB2MD2e!2

3~11v!2T412~MB2MD2e!~11v!2T5 . ~9!

Sinceam5vm1v8m, the first excited resonance that can co
tribute in this case isD1, due to theemnab structure of the
D* form factor.

Similarly, a convenient choice to isolateh2 is to choose
Jm5Vm andam5(12ED /MD,0,0,q3 /MD). Thus,

T~e!522~12v!T11~12v!2T21~MB1MD2e!2

3~12v!2T412~MB1MD2e!~12v!2T5 ~10!

bounds@(v21)2/v#uh2(v)u2. D1 would be the first excited
resonance for the same reason as in the case ofh1 .

It is impossible to single outhA2
andhA3

individually by

any choice ofam. One good choice is to takeJm5Am and
am5(ED /MD,0,0,2q3 /MD). Then

T~e!52T11v2T21~MBv2MD* 2e!2T4

12v~MBv2MD* 2e!T5 ~11!

is the combination for bounding@(v221)/4v#uvhA2
(v)

1hA3
(v)u2. The first excited resonance that would contr

ute in this case would be the unobservedD0* .
11600
rk

-

-

IV. PARTONIC SIDE

As a result of the heavy quark masses appearing in
problem, both the strong coupling constantas(mQ) (;0.3
at 2 GeV) andLQCD/mQ will be good expansion param
eters. Sincev is never very far from 1, expanding inv21 is
also possible. We will keep terms up to orderas(w21),
dropping terms of orderas(w21)2, as

2 , LQCD
2 /mQ

2 and
asLQCD/mQ .

The structure functions can be decomposed as

Ti
f ull5Ti

1/m1Ti
as , ~12!

FIG. 1. Upper and lower bounds on (v11)2uhA1
(v)u2/(4v).

The thick solid ~dotted! curves are the upper and lower boun
including perturbative corrections for HQET parameter set~A! de-
scribed in the text, andD51 GeV (2 GeV). The dashed curves a
the bounds without perturbative corrections, also for HQET para

eter set~A!. The thin solid curves show the dependence onL̄ and
l1, using parameter sets~B! and ~C!, with D51 GeV.

FIG. 2. Upper and lower bounds on (v221)uhV(v)u2/(4v).
The thick solid ~dotted! curves are the bounds with perturbativ
corrections for HQET parameter set ~A!, and D
51 GeV (2 GeV). The dashed curves are the bounds without
turbative corrections, also for HQET parameter set~A!. The thin

solid curves show the dependence onL̄ and l1, using parameter
sets~B! and ~C!, with D51 GeV.
2-3
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where the termTi
1/m contains the tree andLQCD/mQ contri-

butions to the structure function, which has previously be
calculated@9–11#. For these nonperturbative corrections, w
keep the fullv dependence.

The leading orderas corrections consist of bremsstra
lung radiation of a gluon from the heavy quarks and one lo
virtual corrections. We expand to first order inv21, defin-
ing

Ti
as5

as

p
@Ui1~v21!Vi #. ~13!

The final results for the functionsUi andVi are presented in
the Appendix. The perturbative corrections toT1 were pre-
viously calculated in@12,8#, and agree with the results foun
here.

We define the moments of the structure functions as

1

2p i E deenTi5I i
(n)1Ai

(n) , ~14!

where

I i
(n)5

1

2p i E deenTi
1/m ,

Ai
(n)5

1

2p i E deen
as

p
@Ui1~v21!Vi #.

~15!

The moments ofTi
1/m can be found in@5,6#. The moments for

the perturbative corrections can be straightforwardly
tained from the functions in the Appendix. One thing to
noted is that the integration variablee in the bounds was
defined in terms of hadronic variables. So when relating
the partonic computations, the corresponding integra
variable should be changed to the one defined by part
variables, namely,ep5mb2mc2v•q. The relation between
them iseh5ep1d, with d5Ec2EH1MB2mb and Ec be-
ing the energy of thec quark. We can now use these defin
tions to calculate the bounds on the form factors.

V. BOUNDS ON INDIVIDUAL FORM FACTORS

To form the bounds, one just takes the proper moment
the structure functions to form the combination required
the sum rules given in Sec. III. Corrections of ord
LQCD

2 /mQ
2 , as

2 , asLQCD/mQ , and as(v21)2 should be
small and have been neglected. To this order, theLQCD/mQ

corrections will depend on 3 HQET parametersL̄, l1 and
l2. From the measured mass difference,MB* 2MB , a very
accurate value ofl2 can be determined,l250.12 GeV2. It
11600
n

p

-

o
n
ic

of

is very difficult to measure the parametersL̄ and l1 indi-
vidually, but a certain linear combination is much better d
termined@13#. We will use three different parameter sets
show the dependence onL̄ and l1: ~A! L̄50.4 GeV and
l1520.2 GeV2, ~B! L̄50.3 GeV andl1520.1 GeV2,
and ~C! L̄50.5 GeV andl1520.3 GeV2.

The sum rule for bounding (v11)2uhA1
(v)u2/(4v) uses

T1 with the axial-axial current. The upper bound is simp
the zeroth moment ofT1, which is, by Eq.~6!,

~v11!2

4v
uhA1

~v!u2<I 1
(0)AA1A1

(0)AA. ~16!

The variablel used for regularizing infrared divergences
the kinematic region away from zero recoil disappears in
final result. The first moment ofT1 is needed for the lower
bound, which is

~v11!2

4v
uhA1

~v!u2>I 1
(0)AA1A1

(0)AA

2
1

ED1
2ED*

~ I 1
(1)AA1A1

(1)AA!.

~17!

The upper and lower bounds are shown in Fig. 1.2 For this
section, the dotted curves are the bounds without pertu
tive corrections using set~A! above, while the solid and
dashed curves represent the bounds including the pertu
tive corrections withD51 GeV andD52 GeV, respec-
tively. We have shown the bounds in the kinematic rang
<v&1.25, where the higher order correctionas(v21)2

should be negligible. The thin solid curves use the ot
HQET parameter sets~B! and ~C!.

A similar set of bounds for (v221)uhV(v)u2/(4v) can
be obtained readily by changingAA ~axial-axial currents! to
VV ~vector-vector currents! in the above formulas. The
bounds in this case are shown in Fig. 2. The tree le
bounds go to zero at zero recoil because of thev21 factor.

The bounds on the other form factors involve higher m
ments of T4 and T5. For h1 the upper bound is (v
11)2uh1(v)u2/v<h1

upper, where

2For all the figures in this section we takemb54.8 GeV, mc

51.4 GeV, as50.3 ~corresponding to a scale of about 2 GeV

andl250.12 GeV2. The values ofL̄ andl1 are discussed in the
text.
2-4
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h1
upper5~11v!2H 2

2

11v
I 1

(0)VV1I 2
(0)VV1I 4

(2)VV22~MB2MD!I 4
(1)VV1~MB2MD!2I 4

~0!VV12~MB2MD!I 5
(0)VV22I 5

(1)VV

2
2

11v
A1

(0)VV1A2
(0)VV1A4

(2)VV22~MB2MD!A4
(1)VV1~MB2MD!2A4

(0)VV12~MB2MD!A5
(0)VV22A5

(1)VVJ .

~18!

The lower bound is (v11)2uh1(v)u2/v>h1
lower , where

h1
lower5h1

upper2
~11v!2

MD1
2MD

H 2
2

11v
I 1

(1)VV1I 2
(1)VV1I 4

(3)VV22~MB2MD!I 4
(2)VV1~MB2MD!2I 4

(1)VV12~MB2MD!I 5
(1)VV

22I 5
(2)VV2

2

11v
A1

(1)VV1A2
(1)VV1A4

(3)VV22~MB2MD!A4
(2)VV1~MB2MD!2A4

(1)VV12~MB2MD!A5
(1)VV

22A5
(2)VVJ . ~19!
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They are plotted in Fig. 3. The perturbative physics pus
the bounds up from the tree level bounds in the region n
the maximal momentum transfer while drags them down
large recoil. ChangingD from 1 GeV to 2 GeV only slightly
loosens both bounds.

Without explicitly writing out the bounds on (v
21)2uh2(v)u2/v, we simply state that they can be obtain
from Eq. ~18! and ~19! by ~1! replacing each (11v) factor
by (12v) and~2! substitutingMB2MD by MB1MD . The
bounds on this form factor are shown in Fig. 4. Notice tha

FIG. 3. Upper and lower bounds on (v11)2uh1(v)u2/v, The
thick solid ~dotted! curves are the bounds with perturbative corre
tions for HQET parameter set~A!, and D51GeV (2 GeV). The
dashed curves are the bounds without perturbative corrections,
for HQET parameter set~A!. The thin solid curves show the depe

dence onL̄ and l1, using parameter sets~B! and ~C!, with D
51 GeV.
11600
s
ar
t

this case, both the upper and lower bounds at the tree l
are identically zero. The perturbative corrections push b
bounds away from zero. We still plot these negative low
bounding curves for reference even though the real lo
bounds should be zero since the factors we are bounding
all positive definite. UsingD52GeV in the calculation wid-
ens the upper bound by more than a factor of 2.

Similarly, the upper bound for the combinatio
vhA2

1hA3
is (v221)uvhA2

(v)1hA3
(v)u2/(4v)<hA3

upper,

where

-

lso

FIG. 4. Upper and lower bounds on (v21)2uh2(v)u2/v. The
thick solid ~dotted! curves are the bounds with perturbative corre
tions for HQET parameter set~A!, andD51 GeV (2 GeV). The
dashed curves are the bounds without perturbative corrections,
for HQET parameter set~A!. The thin solid curves show the depen

dence onL̄ and l1, using parameter sets~B! and ~C!, with D
51 GeV.
2-5
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hA3

upper52I 1
(0)AA1v2I 2

(0)AA1~MBv2MD* !2I 4
(0)AA22v~MBv2MD* !I 4

(1)AA1v2I 4
(2)AA12v~MBv2MD* !I 5

(0)AA

22v2I 5
(1)AA2A1

(0)AA1v2A2
(0)AA1~MBv2MD* !2A4

(0)AA22v~MBv2MD* !A4
(1)AA1v2A4

(2)AA

12v~MBv2MD* !A5
(0)AA22v2A5

(1)AA, ~20!

while the lower bound is (v221)uvhA2
(v)1hA3

(v)u2/(4v)>hA3

lower , where

hA3

lower5hA3

upper2
1

MD
0*
2MD*

$2I 1
(1)AA1v2I 2

(1)AA1~MBv2MD* !2I 4
(1)AA22v~MBv2MD* !I 4

(2)AA1v2I 4
(3)AA

12v~MBv2MD* !I 5
(1)AA22v2I 5

(2)AA2A1
(1)AA1v2A2

(1)AA1~MBv2MD* !2A4
(1)AA22v~MBv2MD* !A4

(2)AA

1v2A4
(3)AA12v~MBv2MD* !A5

(1)AA22v2A5
(2)AA%. ~21!
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Figure 5 shows these bounds. The perturbative correct
drive the lower bound negative. Again, these lower bound
curves are plotted for reference purposes only.~The lower
bound with D52 GeV is below the range plotted in th
graph.!

At O(LQCD/mQ), the upper bounds will not depend upo
l1 and l2. However, since 1/(MD12MD);1/LQCD they
will affect the lower bounds. It is possible to obtain the upp
bounds to orderO(LQCD

2 /mQ
2 ), since at this order there ar

no new parameters in the OPE. These corrections o
slightly modify the above upper bounds, so we do not sh
them here.

VI. COMPARISON WITH MODELS

We choose from the literature the following common
used form factor models for comparison with our bounds

~1! Isgur-Scora-Grinstein-Wise~ISGW2! Model @14,15#,

FIG. 5. Upper and lower bounds on (v221)uvhA2
(v)

1hA3
(v)u2/(4v). The thick solid~dotted! curves are the bound

with perturbative corrections for HQET parameter set~A!, andD
51 GeV (2 GeV). The dashed curves are the bounds without
turbative corrections, also for HQET parameter set~A!. The thin

solid curves show the dependence onL̄ and l1, using parameter
sets~B! and ~C!, with D51 GeV.
11600
ns
g

r

ly
w

~2! light-front model@16,17#,
~3! Bauer-Stech-Wirbel~BSW! II model @18–20#,
~4! Neubert-Stech~NS! model @21#,
~5! COQM Model @22#.
The ISGW2 model is the updated version of the origin

ISGW model which incorporates the constraints of hea
quark symmetry and relativistic corrections. The BSW
model, derived from the BSW I model by improving the po
structure of form factors, is considered with updated p
masses@23#. The NS model was proposed as a simplifi
alternative to the NRSX model@24# which specifies the
Isgur-Wise function by several strong assumptions such
the pole structure and the condition for the derivative of
single-pole form factor. The form factors are then obtain
by employing the heavy quark symmetry relations. T
COQM model uses a covariant oscillator quark model
calculate the Isgur-Wise function, and then uses heavy qu
symmetry to relate it to the form factors.

Figures 6–10 are plots for the different form factors fro

r-

FIG. 6. The model values of (v11)2uhA1
(v)u2/(4v) along

with the corresponding bounds for comparison. The thick solid lin
are the upper and lower bounds. The thin solid curve is the ISG
model. The long dashed curve is the LF model, and the short da
curve is the BSW II model. The dot-dashed curve is the NS mo
The dotted curve is the COQM model.
2-6
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the models and the bounding curves. In plotting these
ures, we usedmb54.8 GeV, mc51.4 GeV, as50.3 ~cor-
responding to a scale of about 2 GeV),l250.12 GeV2,
D51 GeV and current PDG data on heavy meson mas
As mentioned above, whilel2 can be measured from th
mass differenceMB* 2MB to a high accuracy,l1 andL̄ are
not easy to obtain experimentally. Here we pick the para
eter set ~A! discussed above,L̄50.4 GeV, l15

20.2 GeV2. This uncertainty inl1 and L̄ will slightly
modify our bounds to the order and kinematic range we
working, as seen from Figs. 1–5.

Figure 6 shows the model values of (v
11)2uhA1

(v)u2/(4v) along with the corresponding bound
for comparison. The first three models have curves fall
within or close to the perturbative bounds, while the NS a
COQM models have curves slightly off the bounds near z
recoil because they are models designed for the Isgur-W
function without taking into account the perturbative corre
tions. The COQM model, however, has a curve which fa

FIG. 7. The model values of (v221)uvhA2
1hA3

u2/(4v) along
with the corresponding bounds for comparison. The curves are
beled the same as in Fig. 6.

FIG. 8. The model values of (v221)uhVu2/(4v) along with the
corresponding bounds for comparison. The curves are labeled
same as in Fig. 6.
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far below the lower bound at largev.
In Fig. 7, the ISGW2 and NS models lie above the upp

bound for (v221)uvhA2
1hA3

u2/(4v) at large recoil, while

the other models are closer to our bounds. ForD51 GeV
they are above our bounds for most of the kinematic range
we take D52 GeV, however, they would be within ou
bounds.~ISGW2 and NS would still be too large.!

Only the ISGW2 model predicts a curve near our boun
for (v221)uhVu2/(4v), shown in Fig. 8; the rest are to
small. The light-front and BSW II models will be betwee
our bounds when the scale is set atD52 GeV, but the NS
and COQM models still fall below the lower bound.

As shown in Fig. 9, the ISGW2 model agrees with o
bounds for (v11)2uh1u2/v very well. For the same reaso
as in Fig. 6, the NS and COQM models start from the po
tion predicted by heavy quark symmetry at zero recoil, wi
out perturbative corrections. The light-front, NS, and COQ
models stay below the lower bound, and the BSW II mo
starts above the bounds atv51, then cross the bounds an

a-

he

FIG. 9. The model values of (v11)2uh1u2/v along with the
corresponding bounds for comparison. The curves are labeled
same as in Fig. 6.

FIG. 10. The model values of (v21)2uh2u2/v along with the
corresponding bounds for comparison. The curves are labeled
same as in Fig. 6.
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enter the region under the lower bound. At large recoil,
ISGW2, BSW II, and NS model predictions would lie with
the bounds for most of the kinematic range with a larg
value forD.

Figure 10 shows the curves for (v21)2uh2u2/v, where
most models are consistent with our bounds within the ki
matic range of interest. The curve for the COQM model
zero, since it uses heavy quark symmetry, which gi
h2(w)50 in the infinite mass limit.

The scale we choose to plot these diagrams isD
51 GeV, since this gives tighter bounds. Had we cho
2 GeV as our working scale, the bounds would be much
stringent and thus would accommodate the models wh
originally fell slightly outside our bounds in these diagram

VII. ORDER as
2b0 CORRECTIONS AT ZERO RECOIL

By using the techniques introduced in Ref.@25#, we can
calculate theas

2b0 contribution to the structure functions
Typically, these corrections are about 90% of the fullas

2

rate, so they can be used as a rough estimate of the next
corrections. TheO(as

2b0) correction to the structure func

tions,T
i

as
2b0 , can be related to theO(as) correction,Ti

as(l),
calculated with a gluon massl, as@25#

T
i

as
2b052b0

as
(V)~D!

4p E
0

`dl2

l2 S Ti
as~l!2

D2

l21D2
Ti

as~0!D ,

~22!

whereas
(V) is the strong coupling constant evaluated in t

‘‘V scheme’’ @26#, and is related to the modified minima
subtraction (MS̄) coupling constantās by

TABLE I. Orderas andas
2b0 corrections to the moments of th

structure functions at zero recoil, evaluated forD51,2 GeV. For
this table,as50.3, andnf54.

D51 GeV D52 GeV
O(as) O(as

2b0) O(as) O(as
2b0)

A1
(0)AA -0.071 0.016 -0.059 0.005

A1
(1)AA 0.0053 0.0040 0.024 0.018

A2
(0)AA -0.13 0.21 -0.042 0.22

A2
(1)AA 0.086 0.057 0.21 0.15

A4
(0)AA -0.015 0.003 -0.013 -0.0004

A4
(1)AA 0.0023 0.0014 0.0054 0.0036

A5
(0)AA 0.032 -0.033 0.015 -0.034

A5
(1)AA -0.017 -0.011 -0.041 -0.029

A1
(0)VV 0.0063 0.0042 0.015 0.011

A1
(1)VV 0.0038 0.0022 0.017 0.011

A2
(0)VV 0.26 0.13 0.32 0.24

A2
(1)VV 0.062 0.042 0.14 0.10

A4
(0)VV -0.0060 0.0012 -0.0048 0.0002

A4
(1)VV 0.0014 0.0009 0.0032 0.0022

A5
(0)VV -0.022 -0.024 -0.034 -0.037

A5
(1)VV -0.012 -0.008 -0.029 -0.021
11600
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as
(V)~m!5ās~m!1

5

3

ās~m!2

4p
b01•••. ~23!

We numerically calculate these corrections at zero recoil
analogy to Eq.~14!, we write the corrections to the momen
of the structure as

1

2p i E deenTi5I i
(n)1Ai

(n) , ~24!

whereAi
(n) now contains both theO(as) and theO(as

2b0)
contributions to thenth moment of thei th structure function
at zero recoil. The results for theAi

(n)’s for the zeroth and
first moments are presented in Table I, forD51,2 GeV. The
O(as

2b0) contributions are often large, especially forD
51 GeV. This may be an indication that we need to go
largerD to get a reliable perturbative expansion.

If we look at the actual combination of structure functio
that appear in our bounds, the situation is more promis
The O(as

2b0) corrections to the upper and lower bounds
the form factors at zero recoil are shown in Table II forD
51 GeV. In this case, theO(as

2b0) corrections tend to be
rather small, so it seems that the perturbative expansion
the bounds is under control.

TABLE II. Bound on form factors at zero recoil, evaluated wi
D51 GeV.

Tree level O(as) O(as
2b0)

Upper
~v11!2

4v
uhA1

u2
1 -0.071 0.016

Lower
~v11!2

4v
uhA1

u2
1 -0.084 0.006

Upper
v221

4v
uvhA2

1hA3
u2

0 0.011 0.007

Lower
v221

4v
uvhA2

1hA3
u2

0 -0.005 -0.001

Upper
v221

4v
uhVu2

0 0.006 0.004

Lower
v221

4v
uhVu2

0 -0.003 -0.001

Upper
~v11!2

v
uh1u2

4 0.20 -0.05

Lower
~v11!2

v
uh1u2

4 0.19 -0.06

Upper
~v21!2

v
uh2u2

0 0 0

Lower
~v21!2

v
uh2u2

0 0 0
2-8
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VIII. DISCUSSION

As discussed earlier, our bounds on the form factors
derived to orderLQCD/mQ and contain leading perturbativ
QCD corrections. They are constructed to be model indep
dent and can be used to test various model predictions fo
form factors. Furthermore, they may be used to bound in
sive or exclusive decay rates. The validity of the low
bounds requires the extra assumption of negligible multip
ticle production in the decays. This assumption is rat
mild, since it is true in the largeNc limit and is supported by
current experimental data. The upper bound is rigorou
valid without this extra assumption. Therefore, any sign
cant deviation of the phenomenological form factor beyo
the upper bound indicates the need for some modificatio
the model. In general, our bounds are stricter and more
curate near zero recoil.

The bounds become much less stringent whenD is in-
creased. Therefore, we should use the smallest value ofD for
which there is a reasonable perturbative expansion. We
11600
re

n-
he
-

r
r-
r

ly
-
d
of
c-

so

observed that theO(as
2b0) corrections to the bounds at zer

recoil are small forD51 GeV, which in turn suggests that
perturbative expansion in this problem seems to work w
provided that theO(as

2b0) corrections dominate in the com
pleteO(as

2) corrections.
Among the models we considered in this work, t

ISGW2, LF, and BSW II models ‘‘pass’’ most of the qual
fications withD52 GeV. For smaller values ofD, ISGW2
seems to do the best. However, all models fail, over ess
tially the whole kinematic range, for the form factor comb
nation (v221)uvhA2

1hA3
u2/4v, and thus the models shoul

be modified to satisfy this bound.
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APPENDIX: RADIATIVE CORRECTIONS TO THE STRUCTURE FUNCTIONS

The structure functions from perturbative corrections are written in the formTi
JJ5(as /p)@Ui

JJ1(v21)Vi
JJ# for the i th

structure function and currentJ. mb is the mass of theb quark,mc is the mass of thec quark,z[mc /mb , v5v•v8, andl is
the mass of the gluon used for infrared regularization. We have takenl→0 wherever possible:

U1
VV5

e~e12mbz!@2e214mbez1mb
2~322z13z2!#

9mb
2~e1mbz!3

, ~A1!

V1
VV52F4

3
1

11z

12z
log~z!Gd~e!1

z

45mb~e1mbz!5~e12mbz!
@10e6158mbe5z2mb

2e4~15118z2133z2!

1mb
3e3z~35294z1151z2!12mb

4e2z2~1352110z147z2!18mb
5ez3~45231z15z2!180mb

6~12z!z4#, ~A2!

U2
VV52F 8

3z
1

4~11z!

3~12z!z
log~z!Gd~e!2

2

45mb
2~e1mbz!5

@e623mbe5~122z!1mb
2e4~28213z113z2!

22mb
3e3~23259z111z226z3!22mb

4e2z~63296z110z222z3!24mb
5ez2~27234z12z2!240mb

6~12z!z3#,

~A3!

V2
VV5F2~19262z119z2!

27~12z!2z
2

4~123z19z223z3!

9~12z!3z
log~z!1

16

9z
logS l

mb
D Gd~e!2

2

315mbz~e1mbz!7~e12mbz!

3@7e8z21e7mb~280147z3!1e6mb
2z~25202196z226z21131z3!1e5mb

3z2~1044421216z2186z21209z3!

12e4mb
4z3~1206021537z2233z21109z3!12e3mb

5z4~1596021905z2277z2170z3!

14e2mb
6z5~60612550z296z2110z3!18emb

7z6~1306264z217z2!156mb
8z7~3312z!#1

16Ae22l2

9e2z

1
8l2Ae22l2

9e4z
, ~A4!
2-9



CHENG-WEI CHIANG AND ADAM K. LEIBOVICH PHYSICAL REVIEW D 60 116002
U4
VV5F 2

3mb
2~12z!z

1
2

3mb
2~12z!2z

log~z!Gd~e!

1
2@4e41mbe3~11116z!1mb

2e2z~21126z!12mb
3ez2~9110z!120mb

4z3#

45mb
2~e1mbz!5

, ~A5!

V4
VV52F2~22z15z2!

9mb
2~12z!3z

1
2~122z13z2!

3mb
2~12z!4z

log~z!Gd~e!2
4z

315mb~e1mbz!7
@14e51mbe4~77162z!1mb

2e3z~1251129z!

1mb
3e2z2~1351143z!1mb

4e~323228z!z3156mb
5z4#, ~A6!

U5
VV5F 325z

3mb~12z!z
1

123z2

3mb~12z!2z
log~z!Gd~e!2

1

45mb
2~e1mbz!5

@2e522mbe4~225z!1mb
2e3~57222z121z2!

1mb
3e2z~147246z123z2!12mb

4ez2~63218z15z2!120mb
5~32z!z3#, ~A7!

V5
VV5F2

13293z169z2225z3

27mb~12z!3z
1

5214z142z2230z319z4

9mb~12z!4z
log~z!2

8

9mbz
logS l

mb
D Gd~e!2

8Ae22l2

9e2mbz
2

4l2Ae22l2

9e4mbz

1
2

315mbz~e1mbz!7~e12mbz!
@140e712e6mbz~63027z1z2!17e5mb

2z2~757216z13z2!

1e4mb
3z3~123392388z185z2!1e3mb

4z4~163452580z1131z2!1e2mb
5z5~127152436z151z2!

12emb
6z6~29632149z27z2!128mb

7z7~371z!#. ~A8!

U1
AA52F16

3
1

2~11z!

12z
log~z!Gd~e!1

e~e12mbz!@2e214embz1mb
2~312z13z2!#

9mb
2~e1mbz!3

, ~A9!

V1
AA5F4~11252z111z2!

27~12z!2
2

723z145z229z3

9~12z!3
log~z!1

16

9
logS l

mb
D Gd~e!1

1

45mb~e1mbz!5
@10e5z22e4mb~40219z2!

2e3mb
2z~415138z257z2!2e2mb

3z2~7351110z237z2!24emb
4z3~125122z25z2!240mb

5z4~41z!#1
16Ae22l2

9e2

1
8l2Ae22l2

9e4
, ~A10!

U2
AA52F4

z
1

4~11z!

3z~12z!
log~z!Gd~e!2

2

45mb
2~e1mbz!5

@e623e5mb~122z!1e4mb
2~28217z113z2!

22e3mb
3~23253z119z226z3!22e2mb

4z~75278z120z222z3!24emb
5z2~39228z14z2!240mb

6~12z!z3#,

~A11!
116002-10
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V2
AA5F2~432110z143z2!

27~12z!2z
2

4~123z29z213z3!

9~12z!3z
log~z!1

16

9z
logS l

mb
D Gd~e!2

2

315mbz~e1mbz!7~e12mbz!

3@7e8z21e7mb~280147z3!1e6mb
2z~25202196z12z21131z3!1e5mb

3z2~1044421048z118z21209z3!

12e4mb
4z3~1231221069z129z21109z3!12e3mb

5z4~1702821077z113z2170z3!14e2mb
6z5

3~66012316z230z2110z3!18emb
7z6~1282258z213z2!156mb

8z7~3312z!#1
16Ae22l2

9e2z
1

8l2Ae22l2

9e4z
,

~A12!

U4
AA52F 2~113z!

3mb
2z~12z!2

2
2~125z!

3mb
2z~12z!3

log~z!Gd~e!

1
2@4e41e3mb~11116z!1e2mb

2z~45126z!12emb
3z2~33110z!120mb

4z3#

45mb
2~e1mbz!5

, ~A13!

V4
AA5F2~6219z246z2111z3!

9mb
2z~12z!4

2
2~127z125z223z3!

3mb
2z~12z!5

log~z!Gd~e!2
4z

315mb~e1mbz!7
@14e51e4mb~77162z!

1e3mb
2z~3771129z!1e2mb

3z2~6991143z!1emb
4~275228z!z3156mb

5z4#, ~A14!

U5
AA5F 725z

3mb~12z!z
1

~114z23z2!

3mb~12z!2z
log~z!Gd~e!1

1

45mb
2~e1mbz!5

@22e512e4mb~225z!2e3mb
2~57210z121z2!

2e2mb
3z~195210z123z2!22emb

4z2~11126z15z2!220mb
5~32z!z3#, ~A15!

V5
AA52F ~612225z181z2225z3!

27mb~12z!3z
2

~5226z190z2242z319z4!

9mb~12z!4z
log~z!1

8

9mbz
logS l

mb
D Gd~e!2

8Ae22l2

9e2mbz

2
4l2Ae22l2

9e4mbz
1

2

315mbz~e1mbz!7~e12mbz!
@140e712e6mbz~63027z1z2!17e5mb

2z2~75724z13z2!

1e4mb
3z3~12843180z185z2!1e3mb

4z4~184811248z1131z2!1e2mb
5z5~14875132z151z2!

12emb
6z6~28672137z27z2!128mb

7z7~371z!#. ~A16!
l.

s.

s.

s.

D

s.

.
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