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Connection between inclusive semileptonic decays of bound and free heavy quarks
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A relativistic constituent quark model, formulated on the light front, is used to derive a new parton approxi-
mation for the inclusive semileptonic decay width of theB meson. A simple connection between the decay rate
of a free heavy quark and the one of a heavy quark bound in a meson or in a baryon is established. The main
features of the new approach are the treatment of theb quark as an on-mass-shell particle and the inclusion of
the effects arising from theb quark transverse motion in theB meson. In a way conceptually similar to the
deep-inelastic scattering case, theB meson inclusive width is expressed as the integral of the freeb quark
partial width multiplied by a bound-state factor related to theb-quark distribution function in theB meson. The
nonperturbative meson structure is described through various quark-model wave functions, constructed via the
Hamiltonian light front formalism, using as input both relativistic and nonrelativistic potential models. A link
between spectroscopic quark models andB-meson decay physics is obtained in this way. Our predictions for
the B→Xcln l andB→Xuln l decays are used to extract the CKM parametersuVcbu and uVubu from available
inclusive data. After averaging over the various quark models adopted and including leading-order perturbative
QCD corrections, we obtainuVcbu5(43.060.7exp61.8th)31023 and uVubu5(3.8360.48exp60.14th)31023,
implying uVub /Vcbu50.08960.011exp60.005th , in nice agreement with existing predictions.
@S0556-2821~99!02621-1#

PACS number~s!: 13.20.He, 12.15.Hh, 12.39.Ki, 14.65.Fy
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I. INTRODUCTION

The investigation of inclusive semileptonicB-meson de-
cays can provide relevant information on the Cabibb
Kobayashi-Maskawa~CKM! parametersuVcbu and uVubu as
well as on the internal nonperturbative structure of theB
meson. In particular, a precise knowledge ofVub is essential
for the description ofCP violation within the standard mode
and indeed its determination is one of the main goals of
b-flavored phenomenology.

As far as the theoretical point of view is concerned, t
QCD-based operator product expansion~OPE! is widely rec-
ognized as a consistent dynamical approach for investiga
inclusive heavy-flavor decays@1#. It is also well known@2,3#
that an adequate description of the end-point region of
lepton spectrum requires a partial resummation of the m
singular terms of the OPE. In this way, the phenomenon
the Fermi motionof the heavy quark inside the hadron, a
ready introduced into phenomenological models in aad hoc
way a long time ago@4#, emerges naturally in the OPE ap
proach. The final result is conceptually similar to t
leading-twist term of deep-inelastic lepton-nucleon scatter
case. In particular, the effects of Fermi motion are enco
in a heavy-quark distribution function, whose first two m
ments can be expressed in terms of the matrix element
the heavy-quark kinetic operator. However, the first few m
ments do not exhaust the information hidden in the hea
quark distribution function, which cannot be calculated y
from first principles; therefore, a particular functional form
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chosen in practice~see Refs.@2,3#!, introducing consequently
a model dependence. In this respect, the use of phenom
logical models, like the constituent quark model, could be
great interest as a complementary approach to the OPE
summation method.

Until now, two main phenomenological approaches ha
been applied to the description of the nonperturbative str
interaction effects in inclusive heavy-flavor decays: t
Altaelli-Cabibbo-Corbo`-Maiani-Martinelli ~ACCMM! model
@4# and theexclusivevariant based on the one-by-one sum
mation of various final resonant channels@5–8#. The impact
of the Fermi motion in the parton model has also been
dressed in Refs.@9–11#, where the effects due to the intern
motion of theb quark inside theB meson have been encode
in a model-dependent quark distribution function. In Ref.@9#
the latter has been related to the fragmentation function
heavy-quarks into heavy mesons, while in Refs.@10,11# the
bound-state effects have been incorporated via the follow
distribution function:

F~x![E dpW'uc~x,p'
2 !u2, ~1!

whereuc(x,p'
2 )u2 is the probability to find theb-quark car-

rying a light-front ~LF! fraction x5pb
1/PB

1 of the B-meson
momentum and a transverse relative momentum squ
p'

2 ([upW'u2). In Ref. @11# the model wave function
c(x,p'

2 ) has been constructed via the Hamiltonian LF fo
©1999 The American Physical Society24-1
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malism~see Refs.@12,13#! using as input the canonical wav
functions corresponding to various quark potential mode

The important feature of the approach of Refs.@10,11# is
the treatment of theb quark as a virtual particle with mas
mb

25x2MB
2 , whereMB is the B-meson mass, while the ef

fects due to the transverse motion of theb quark are ne-
glected everywhere except in the calculation of the distri
tion functionF(x) in Eq. ~1!. The final expressions obtaine
for the semileptonic branching ratios and the lepton ene
distributions clearly exhibit a close analogy with the dee
inelastic lepton-nucleon scattering case.

The aim of this paper is to generalize the work of Re
@9–11# by developing a more refined expression for the
clusive semileptonic decay width.1 The new features are th
treatment of theb quark as an on-mass-shell particle wi
massmb @as is required in the Hamiltonian light front~LF!
formalism# and the full inclusion of the effects due to th
b-quark transverse momenta. Our main result is the der
tion of a new parton formula for the differential inclusiv
width, which is similar to the one derived by Bjorkenet al.
@15# in the case of infinitely heavyb andc quarks, viz.

dGSL

dq2dq0

5
dGSL

(free)

dq2
v~q2,q0!, ~2!

where dGSL
(free)/dq2 is the free-quark differential decay ra

and the functionv(q2,q0) incorporates the effects of th
Fermi motion of the heavy quark expressed in terms of
b-quark distribution functionuc(x,p'

2 )u2. In Eq. ~2! q5pl

1pn l
is the four-momentum of the lepton pair, andq0 is the

dilepton energy in theB-meson rest frame. The structure
Eq. ~2! suggests that in the limit of heavy quarks with infini
mass~i.e., mb→` andmc→`) one has

E dq0v~q2,q0!51, ~3!

which means that the total inclusive width of the hadron
the same as the total inclusive width at the free quark le
The corrections to the free-quark decay picture are ma
due to the difference between the quark massmb and the
meson massMB as well as to theprimordial motion of theb
quark inside theB meson. These nonperturbative correctio
vanish in the heavy-quark limitmb→`, but at finite values
of the b-quark mass a new parton description of inclus
semileptonic decays, based on the constituent quark mo
is derived.

The plan of the paper is as follows. Section II contain
brief discussion of the kinematics relevant to inclusive se
leptonic B-meson decays. In Sec. III we derive our ma
result, Eq.~2!, for the differential inclusive semileptonic de
cay rate. In Sec. IV we compute the semileptonic branch
ratio for the processesB→Xcln l and B→Xul n l , paying
particular attention to the extraction ofuVcbu and uVubu from
available inclusive data. The dependence upon the qu

1A preview of our approach can be found in Ref.@14#.
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model parameters will be estimated through the use of
ferent meson wave functions, either obtained in a pheno
enological way ~as in Ref. @10#! or constructed via the
Hamiltonian LF formalism from quark potential models~as
in Ref. @11#!. Finally, our conclusions are summarized
Sec. V.

II. KINEMATICS

The inclusive semileptonic widthGSL for the decay pro-
cessB→Xq8l n̄ l , wherel 5e,m, or t andXq8 is any possible
hadronic state containing a charm quark (q85c) or a light
quark (q85u), can be written in terms of the contractio
among the leptonic tensorLab and the hadronic oneWab
@1#:

GSL5
1

~2p!3

GF
2 uVbq8u

2

MB
E d4qE dt lL

abWab , ~4!

whered4q52puqW udq2dq0 , dt l5upW l udV l /(16p2Aq2) is the
leptonic phase space,dV l is the solid angle of the charge
lepton l, upW l u5Aq2F l /2 is its momentum in the dilepton
center-of-mass frame andF l[A122l11l2

2 , with l6

[(ml
26mn l

2 )/q2. The tensorsLab and Wab in Eq. ~4! are

explicitly given by

Lab52@pl
apn l

b 1pl
bpn l

a 2gab~pl•pn l
!1 i eabgdplgpn ld

#,

~5!

Wab5~2p!3(
n
E )

i 51

n
dpW i

~2p!32Ei

d4S PB2q2(
i 51

n

pi D
3^Bu j a

1~0!un&^nu j b~0!uB&, ~6!

respectively. The summation in Eq.~6! includes all possible
final hadronic states,j a(0) is the weak current mediating th
decayb→q8 and PB is the B-meson four-momentum. The
hadronic tensor~6! is function of the two invariantsq2

5q•q and q0[(q•PB)/MB , where the latter is related to
the invariant massMX of the final hadronic system byq0

5(MB
21q22MX

2)/2MB . In what follows we will consider
the B-meson rest frame.

The integral over the leptonic phase space in Eq.~4! is
given by

E dt lL
ab5

1

4p

upW l u

Aq2
^Lab&, ~7!

with

^Lab&5
1

4pE dV l Lab

5
2

3 H ~11l1!~qaqb2gabq2!1
3

2
l2gabq2J , ~8!

wherel1[l122l2
2 andl2[l12l2

2 .
4-2
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CONNECTION BETWEEN INCLUSIVE SEMILEPTONIC . . . PHYSICAL REVIEW D 60 114024
Introducing the dimensionless kinematical variablest
[q2/mb

2 ands[MX
2/mb

2 , the semileptonic width~4! can be
cast into the form

GSL5
GF

2mb
5

~4p!3 uVbq8u
2E

tmin

tmax
dtF l ~ t !E

smin

smax
ds

uqW u
mb

^Lab&Wab

MB
2

,

~9!

where

2uqW u
mb

[a~ t,s!5
1

x0
A~11x0

2t2x0
2s!224x0

2t ~10!

andx0[mb /MB . In Eq. ~9! the limits of integrations in the
t-s plane are given bysmin5z2/x0

2, smax5(12x0At)2/x0
2, tmin

5ml
2/mb

2 , and tmax5(12z)2/x0
2 , where z[M thr /MB , with

M thr being the lowest mass of the final hadronic state (M thr
5MD in case of theb→c transition andM thr5Mp for the
b→u transition!.

Before closing this section we note that the right-ha
side of Eq. ~9! is expressed in terms of an integral ov
physical spectral densities and phase space, both depen
on meson masses. As it will be shown in the next section
our parton picture the heavy-quark massmb emerges as the
relevant parameter.

III. LIGHT FRONT CONSTITUENT QUARK MODEL
APPROXIMATION FOR Wµn

In this section we apply the constituent quark model to
treatment of semileptonic beauty decays,B→Xqln l , in close
analogy with the parton approximation in deep-inelas
lepton-nucleon scattering. Our approach is based on~i! the
hypothesis of quark-hadron duality, which assumes t
when a sufficient number of exclusive hadronic decay mo
is summed up, the decay probability into hadrons equals
one of its partons, and~ii ! the dominance of the valenc
component in theB-meson wave function. Following thi
assumption, the hadronic tensorWab is given through the
optical theorem by the imaginary part of the quark box d
gram describing the forward scattering amplitude@9–11#:

Wab5E
0

1dx

x E dpW'wab
(bq8)~pb ,pq8!d@~pb2q!2

2mq8
2

#u~«q8!uc~x,p'
2 !u2, ~11!

where pb[(pb
1 ,pb

2 ,pW')5@xMB ,(mb
21p'

2 )/xMB ,pW'# with

pb
25pb

2pb
12p'

2 5mb
2 and the quark tensorwab

(bq8)(pb ,pq8) is
defined analogously to the lepton tensor in Eq.~5!:

wab
(bq8)~pb ,pq8!54@pq8apbb1pq8bpba2gab~pq8•pb!

1 i eabgdpq8
g pb

d#. ~12!

Equation~11! corresponds to the average of the free-qu
decay distribution over the motion of the heavy quark, d
scribed by the distribution functionuc(x,p'

2 )u2, whose nor-
11402
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malization is given by*0
1dx*dpW'uc(x,p'

2 )u251. In Eq.~11!
the functionu(«q8), where «q8 is the q8-quark energy, is
inserted for consistency with the use of the valence LF w
function c(x,p'

2 ), while thed function, expressing the de
cay of theb-quark to aq8-quark, can be rewritten as

d@~pb2q!22mq8
2

#5
x

x0

mb

q1d~p'
2 2p'

* 2!, ~13!

whereq1 is the LFplus component of the dilepton momen
tum, q15q01uqW u, and

p'
* 25mb

2F x

x0

mb

q1 ~11t2r!2S x

x0

mb

q1D 2

t21G , ~14!

with r[mq8
2 /mb

2 being the quark mass ratio squared.
We now substitute Eq.~11! into ~9! and use the fact tha

the contraction of theaveragedlepton tensor̂ Lab& and the

quark tensorwab
bq8 does not depend onx ands and, therefore,

can be taken out of the integral overx in Eq. ~11!; the ex-
plicit expression for the tensor contraction is given in t
Appendix @see Eqs.~A6!–~A9!#. The differential decay rate
becomes

d2GSL

dtds
5

GF
2mb

5

~4p!3uVbq8u
2

uqW u
mb

F l~ t !

3
^Lab&wab

(bq8)

MB
2

p

x0

mb

q1E
x1

min[1,x2]

dxuc~x,p'
* 2!u2,

~15!

where the integration limits follow from the conditionp'
* 2

>0, viz.,

x1,25x0

q1

q̃6
5x0

q01uqW u

q̃06uq̃W u
~16!

with q̃0 (q̃W ) being the energy~three-momentum! of the lep-
ton pair in theb-quark rest frame, viz.

2q̃0

mb
511t2r,

2uq̃W u
mb

[ã~ t,r!5A~11t2r!224t.

~17!

To proceed further we do not need the explicit expression

the contraction̂ Lab&wab
(bq8) , which any way can be easily

calculated using Eqs.~8! and~12! @see Eqs.~A6! and~A9! in
the Appendix#. Instead we note that the same contracti
appears in the differential semileptonic decay width of a f
b quark into aq8 quark

dGSL
(free)~ t !

dt
5

GF
2mb

5

~4p!3 uVbq8u
2

uq̃W u
mb

F l~ t !
^Lab&wab

(bq8)

mb
4

. ~18!
4-3
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Using Eq.~18! we can express the contraction^Lab&wab
bq8

throughdGSL
(free)/dt. Then, from Eq.~15! we obtain our main

result for the semileptonic decay width of theB meson

dGSL

dt
5

dGSL
(free)~ t !

dt E
smin

smax
dsv~ t,s!, ~19!

where the bound-state functionv(t,s) is defined as

v~ t,s!5mb
2x0

pmb

q1

uqW u

uq̃W u
E

x1

min[1,x2]

dxuc~x,p'
* 2!u2. ~20!

In Eq. ~19! the region of integration over the final invaria
hadron mass is characterized by aquark threshold M thr

(0)

5mc , defined through the conditionx15min@1,x2# in Eq.
~20!, which differs from the hadronic threshold~i.e., MD for
q85c or Mp for q85u).2 Explicitly one gets smin5r
5(mc /mb)

2 and smax5x0
2(12x0At)2. Moreover, since the in-

equalityt<(12Ar)2 follows from Eq.~17!, the bound-state
factor ~20! as well as the structure functions~A8! are iden-
tically vanishing forq2>(mb2mq8)

2.
To sum up, the inclusive semileptonic decay width, E

~19!, is expressed as an integral of two factors. The first
is the parton differential decay rate~18! of a free heavy
quark, which sets the overall scale for the decay rates
does not depend on the spectator quark. The second fa
@Eq. ~20!#, which incorporates the nonperturbative corre
tions to the free-quark result~now depending on the specta
tor quark!, is given by an integral over the distribution fun
tion of the b quark. In the heavy-quark limit,mb→`, the
b-quark distribution in theB-meson becomes a delta functio
peaked atx51 @more preciselyd(x21)•d(pW')], which im-
plies that the functionv(t,s) goes tod(s2r) for mb→`,
leading to the sum rule~3!. At finite values of theb-quark
mass our result forGSL exhibits anmb dependence of the
following general form: GSL}mb

5@11c/mb1O(1/mb
2)#,

wherec is a nonvanishing coefficient depending on the p
ticular quark model adopted. However, the massmb is the
constituent mass of theb quark, which may differ from the
pole quark massmb commonly appearing in the OPE of th
B-meson decay rate~see Refs.@1# and @16#!. Assumingmb
5mb2c/51O(1/mb), the well-known result@1# of the ab-
sence of the 1/mb corrections to the free-quark decay may
recovered. The above argument is completely analogou
that used to eliminate the 1/mb corrections from the tota
width in the ACCMM model@17#.

IV. NUMERICAL RESULTS

After having described the theoretical tools involved
the calculation of the inclusive rate, we now focus on t

2Note that thequark thresholdM thr
(0)5mc differs also from the

parameterMth , which was introduced in Refs.@10,11# with the aim
of separating the exclusiveD and D* channels from the hadron
continuum.
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practical way for the extraction of the CKM parametersuVcbu
anduVubu from available inclusive data. The nonperturbati
ingredient in Eq.~20! is the meson wave functionc(x,p'

2 ).
In what follows, we will adopt both a phenomenological a
satz and the wave functions corresponding to various qu
potential models. As for the phenomenological wave fun
tion, we use the exponential ansa¨tz introduced in Ref.@10#,
which reads as

c~x,p'
2 !5

N
A~12x!

expH 2
l0

2 F12x

j0
1

j0

12x S 11
p'

2

msp
2 D G J ,

~21!

wheremsp is the mass of the spectator quark in theB meson,
j0[msp /MB , N is a normalization constant andl0.1 is an
adjustable parameter obtained in Ref.@10# from a fit of the
experimental data on the differential decay rate of the exc
sive processB→D* ln l . In what follows we will refer to the
phenomenological ansatz~21! as the quark modelA. The
other models considered (B to E) are based on LF-type me
son wave functions, which can be written in terms of t
radial wave functionw(p2) corresponding to a particula
quark potential model as@11#

cLF~x,p'
2 !5A M0

4x~12x! F12S mb
22msp

2

M0
2 D 2Gw~p2!

A4p
,

~22!

where M0[Amb
21p21Amsp

2 1p25@(p'
2 1mb

2)/x
1(p'

2 1msp
2 )/(12x)#1/2 is the free mass andp2[p'

2 1pz
2 ,

with pz5(x21/2)M01(msp
2 2mb

2)/2M0. In particular,
modelsB2E correspond to the radial wave functionsw(p2)
of the potential models of Refs.@18,6,19,20#, respectively.
The main difference among the various quark models lies
the behavior ofw(p2) at high values of the internal momen
tum p. ModelsB andC correspond to a soft Gaussian ansa
which takes into account mainly the effects of the confin
ment scale, whereas the functionsw(p2) corresponding to
modelsD andE exhibit high momentum components gene
ated by the effective one-gluon exchange part of the in
quark potential. In case of modelsA, D, andE the distribu-
tion function F(x) @Eq. ~1!# has been already calculated
Ref. @11#. It turns out that the modelsA2D yield quite simi-
lar results forF(x), whereas modelE predicts a remarkably
broader x distribution. In terms of the mean valuêx&
[*0

1dxxF(x) and the variances2[*0
1dx(x2^x&)2F(x),

one getŝ x&.0.90 andAs2.0.06 for modelsA2D, while
in case of modelE @the Godfrey-Isgur~GI! potential model#
one haŝ x&.0.87 andAs2.0.09.3 Such a striking differ-
ence is directly related to the larger mean value of the in
nal momentum characterizing the GI model with respect
the others casesA2D. The values of the constituent quar

3Note that̂ x& does not generally coincide with the location of th
maximum ofF(x) as well as with the value ofx0.
4-4
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CONNECTION BETWEEN INCLUSIVE SEMILEPTONIC . . . PHYSICAL REVIEW D 60 114024
masses as well as the mean value^p2&[*0
`dpp4uw(p2)u2 for

the different quark models considered in this paper are
lected in Table I.

We have calculated Eqs.~19!,~20! in case of the decay
procesessB→Xcln l and B→Xuln l adopting the five quark
modelsA to E @in all these models the physical mass of theB
meson,MB55.279 GeV, has been taken from the rece
Particle Data Group~PDG! publication@22##. We have also
considered that perturbative QCD corrections lead appr
mately to an additional multiplicative factorJLO

pert in Eq. ~19!,
which typically reduces the semileptonic decay width.
leading order the correction associated with the running c
pling constantas is well known @23# and for theb→c (b
→u) transition we will consider in what follows the valu
JLO

pert50.90 (0.85). Our results for the branching rat
GSL /GB

(exp), whereGB
(exp) is the experimentalB-meson width

(GB
(exp)51/tB

(exp) with tB
(exp)51.5760.04 ps @21#!, are col-

lected in Table II for the processB→Xcln l with the branch-
ing ratio being given in units of 1022(uVcbu/0.040)2(tB

(exp)/
1.57 ps). It can be seen that the nonperturbative effe
mocked up in theb-quark distribution functionuc(x,p'

2 )u2,
are mainly related both to the broadening of thex distribu-
tion, generated by the high-momentum components of
B-meson wave function~see modelE), and to the quark
mass ratioAr5mq8 /mb ~see Table I!. The values predicted
for the semileptonic branching ratioGSL /GB

(exp) exhibit a

TABLE I. The values of the constituent quark masses~in GeV!
and of the average internal momentum squared^p2& ~in GeV2) for
the quark modelsA2E ~see text!. The value of theB meson mass
is MB55.279 GeV@22#.

Model A B C D E

mb 4.800 4.880 5.200 5.237 4.977
mc 1.400 1.550 1.820 1.835 1.628
mu 0.300 0.330 0.330 0.337 0.220
MB2mb 0.479 0.399 0.079 0.042 0.302
mb2mc 3.400 3.330 3.380 3.402 3.349
mb2mu 4.500 4.550 4.870 4.900 4.757
mb /MB 0.909 0.924 0.985 0.992 0.943
mc /mb 0.292 0.318 0.350 0.350 0.327
mu /mb 0.063 0.068 0.063 0.064 0.044
^p2& 0.234 0.252 0.277 0.262 0.553

TABLE II. The branching ratioGSL /GB
(exp) for the inclusive pro-

cess B→Xcln l ~with l 5e,m) in units of 10223(uVcbu/
0.040)2(tB

(exp)/1.57 ps), calculated within the quark modelsA2E
and considering for the pQCD corrections an overall reduction
tor equal to 0.90@23#. The values ofuVcbu in units of 1023

3ABrSL
(exp)/10.43%A1.57 ps/tB

(exp), obtained within the various
quark models considered, are also reported.

Model A B C D E

GSL /GB
(exp) 10.1 9.2 9.0 9.1 8.0

uVcbu 40.7 42.6 43.1 42.8 45.6
11402
l-

t

i-

t
u-

ts,

e

model dependence of about610%. Finally, assuming the
experimental world average valueBrSL

(exp)(B→Xcene)
5(10.4360.24)% @22#, the CKM matrix elementuVcbu can
easily be obtained from the predicted values of theSL brang-
hing ratio and the corresponding results are reported in Ta
II. The average over the various quark-model predictio
yields

uVcbu5~43.060.7exp61.8th!31023

3A BrSL
(exp)

10.43%A1.57 ps

tB
(exp)

, ~23!

where the experimental errors of the branching ratio and
B-meson lifetime have been taken in quadrature. Our
prediction ~23! is consistent with the updated ‘‘experimen
tal’’ determination of uVcbu @24#,4 uVcbu incl5(39.860.9exp
64.0th)31023, as well as with the recent OPE analysis
Ref. @25#, uVcbu incl5(41.361.6exp62.0th)31023.

The other inclusive process we want to consider is
semileptonic decayB→Xuln l . The existence of theb
→uln l transition has been demonstrated few years ago
the CLEO@26,27# and ARGUS@28# Collaborations through
the observation of semileptonicB-meson decays with lepton
that are too energetic to originate from theb→cln l transi-
tion. Very recently, the CLEO Collaboration@29# has re-
ported the first signal for exclusive semileptonic decays
the B-meson into charmless final states. In Ref.@30# the
ALEPH Collaboration has announced a model-independ
measurement of the inclusiveb→uln l width, viz. Br(b
→uln l)5(0.1660.04)%. The most important application o
the analysis of the inclusive decayB→Xuln l is the extrac-
tion of the CKM parameteruVubu. Our results obtained for
the branching ratioGSL /GB

(exp) and for the CKM paramete
uVubu extracted adopting the ALEPH value for the expe
mental semileptonic branching ratio@i.e, BrSL

(exp)(B→Xuene)
5(0.1660.04)%], arereported in Table III. Using the val-

4The value quoted in Ref.@24# corresponds toBrSL
(exp)510.77

60.43% andtB
(exp)51.6060.03 ps. After correcting for the value

adopted in this paper, one getsuVcbu incl5(39.560.9exp64.0th)
31023.

-

TABLE III. The branching ratioGSL /GB
(exp) of the inclusive pro-

cess B→Xuln l ~with l 5e,m) in units 1022

3(uVubu/0.0032)2(tB
(exp)/1.57 ps), calculated within the quar

modelsA2E and considering for the pQCD corrections an over
reduction factor equal to 0.85@23#. The values ofuVubu in units of
10233ABrSL

(exp)/0.16%A1.57 ps/tB
(exp) and the values of the ratio

uVub /Vcbu, obtained within the various quark modelsA2E, are
also reported.

Model A B C D E

GSL /GB
(exp) 0.109 0.108 0.121 0.123 0.102

uVubu 3.88 3.89 3.69 3.64 4.01
uVub /Vcbu 0.095 0.091 0.086 0.085 0.088
4-5
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ues ofuVcbu obtained in Table II, also our predictions for th
ratio uVub /Vcbu are reported in Table III. It can be seen th
the model dependence of the predicted branching rati
about610% as in case of the decay processB→Xcln l ~see
Table II!. Averaging our predictions over the various qua
models, one gets

uVubu5~3.8360.48exp60.14th!31023

3ABrSL
(exp)

0.16%
•A1.57 ps

tB
(exp) , ~24!

uVub /Vcbu50.08960.011exp60.005th . ~25!

Our result for uVub /Vcbu @Eq. ~25!# is consistent with the
model-independent value derived from the QCD-ba
heavy-quark expansion,uVub /Vcbu50.09860.013 @31#, and
with the value extracted from the measurement of the e
point region of the lepton spectrum,uVub /Vcbu50.08
60.01exp60.02th @27,28#, as well as with the result obtaine
from a LF analysis of the exclusive decaysB→Dln l andB
→p ln l , uVub /Vcbu50.08260.016 @13#. Furthermore, our
result foruVubu @Eq. ~24!# is consistent within the errors with
the value uVubu5(2.960.4)31023, obtained in Ref.@13#
from a LF analysis of the exclusive decayB→p ln l , and
with the finding uVubu5(3.260.4)31023, obtained in Ref.
@32# after averaging over the exclusiveB→p ln l and B
→r ln l decay modes, as well as with the resultuVubu5(3.3
60.220.4

10.360.5)31023 quoted in a recent CLEO report@33#.
Note that the larger uncertainty in our extracted value

uVubu @Eq. ~24!# is the experimental one, mainly because
the large error quoted by the ALEPH Collaboration@30#. An
interesting way to obtain a better determination ofuVubu has
been proposed recently in Ref.@34# and it is based on the
investigation of the recoil mass spectrum in theB→Xuln l
decays atMX<Mmax,MD . The suggested value forMmax is
1.5 GeV, chosen in order to avoid the leakage of the tai
the B→Xcln l transitions, which can occur because of t
finite resolution of the experiments. We have therefo
evaluated the partial branching ratio,GSL* /GB

(exp) , obtained by
cutting the integration overs in Eq. ~19! at the valuesmax

5(1.5 GeV/mb)2. The results forGSL* /GB
(exp) in units of

10223(uVubu/0.0032)2(tB
(exp)/1.57 ps) are 0.073, 0.064

0.074, 0.078, 0.060 in case of the quark modelsA2E, re-
spectively, which correspond to a fraction ofb→u decays
with MX<1.5 GeV equal to 67, 59, 61, 63, and 59 %
Their average is 0.07060.008 in comparison with the tota
~averaged! branching ratio of 0.11360.009 in the same units
~see Table III!, corresponding to a fraction of (6264)% of
b→u decays withMX<1.5 GeV. It follows that the mode
dependence is only slightly increased by cutting the integ
tion over the recoil massMX at Mmax51.5 GeV, at the price
of reducing the number ofB→Xuln l events by.40%, in
overall agreement with the findings of Ref.@34#.

V. CONCLUSIONS

In this paper we have derived a new parton formu
which establishes a simple connection between the de
11402
t
is

d

d-

f
f

f

e

-

,
ay

rate of a free heavy-quark and the one of a heavy-qu
bound in a hadron. The main features of our approach are
treatment of theb quark as an on-mass-shell particle and t
inclusion of the effects arising from theb-quark transverse
motion in theB meson. Our main result is Eq.~2!, or more
precisely Eqs.~19!, ~20!.

Another result of this paper is the determination of t
CKM parametersuVcbu and uVubu using the available experi
mental values for the branching ratio of the processesB
→Xcln l andB→Xuln l . Our results exhibit a model depen
dence related mainly to the uncertainties associated to
nonprecise knowledge of the primordialb-quark distribution
function and to the values of the constituent quark mas
These uncertainties lead to a final theoretical uncertainty
the extracted value of bothuVcbu and uVubu of about65%.
Including leading-order perturbative QCD corrections, w
have found uVcbu5(43.060.7exp61.8th)31023 and uVubu
5(3.8360.48exp60.14th)31023, which imply uVub /Vcbu
50.08960.011exp60.005th , in nice agreement with existing
predictions.

In conclusion, we point out that ourLF approach can be
applied to the investigation of lepton energy spectra and
inclusive processes other than semileptonic decays, suc
e.g., the nonleptonic branching ratios both for external a
internal types of decays@10,11#. Another field of application
is the calculation of the lifetime of theBc meson and the
theoretical estimation of the inclusiveb→sg width.
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APPENDIX

Let us remind that the dimensionless tensorWab in Eq.
~6! can be decomposed into five different Lorentz covarian
involving therefore five structure functions,W1(q2,q0) to
W5(q2,q0): viz,

Wab52gabW1~q2,q0!1vavbW2~q2,q0!

2 i eabgdugvdW3~q2,q0!1~vaub1uavb!W4~q2,q0!

1uaubW5~q2,q0!, ~A1!

wherev[PB /MB is the four-velocity of theB meson and
u[q/MB . Note that the terms proportional toua or ub in
Eq. ~8! do not contribute to the differential decay rate if th
lepton masses can be neglected. Therefore, forl 5e or m
only W1(q2,q0), W2(q2,q0), and W3(q2,q0) are actually
relevant. The dimensionless structure functionsWi(q

2,q0)
are functions of the two invariantsq2 andq0[v•q.
4-6
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All the inclusive observables can be expressed in term
the structure functionsWi(q

2,q0) ( i 51,5). Thus, the con-
traction ^Lab&Wab /MB

2 in Eq. ~9! is given by

^Lab&Wab

MB
2

5
4

3
x0

2F~ t,s!, ~A2!

where

F~ t,s![3t~11l122l2!W1~ t,s!1F ~11l1!
uqW u2

mb
2

1
3

2
l2tGW2~ t,s!1

3

2
l2t@~11x0

2t2x0
2s!W4~ t,s!

1x0
2tW5~ t,s!#. ~A3!

We have derived our basic result~19!,~20! without calcu-
lating explicitly the structure functionsWi(t,s) in our LF
parton approximation~11!. However, since we have in min
also more general applications, such as, e.g., the calcula
of the lepton energy spectrum, we now present our LF f
mulas for the functionsWi(t,s). To this end, after averagin
over the azimutal anglew of the transverse momentumpW' ,

the quark tensorwab
bq8(pb ,pq8) can be cast into the form

E dw

2p
wab

(bq8)~pb ,pq8!5mb
2$2gabw11vavbw2

2 i eabgdvgudw31~vaub

1vbua!w41uaubw5%, ~A4!

which implies (i 51,5)

Wi~ t,s!5mb
2 p

r Ex1

min[1,x2]

dxwi~ t,s;x!uc~x,p'
2 !u2, ~A5!

wherer[x0q1/mb . Note that the contraction̂Lab&wab
bq8 of

the lepton and quark tensors is given in terms of the fu
tions wi by

^Lab&wab
bq8

mb
4

5
4

3
F̃~ t,r!, ~A6!
d.
.

11402
of

on
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where

F̃~ t,r![3t~11l122l2!w11F ~11l1!
uqW u2

mb
2

1
3

2
l2tGw2

1
3

2
l2t@~11x0

2t2x0
2s!w41x0

2tw5#. ~A7!

The calculation of the functionswi(t,s;x) is straightforward
and leads to

w1~ t,s;x!52@~j21/2!z02j2t#,

w2~ t,s;x!5
8

a2~ t,s! F3j2t223jtz01t1
1

2
z0

2G ,
w3~ t,s;x!52

2

x0a~ t,s!
@z022jt#,

w4~ t,s;x!5
4

x0
2a2~ t,s!

H Fx2
x0

2

r
~z02jt !2

x0a~ t,s!

2 G
3~z022jt !1@jz02j2t21#~11x0

2t2x0
2s!J ,

w5~ t,s;x!5
4

x0
4a2~ t,s!

H Fx2
x0

2

r
~z02jt !GFx2x0

2 j

x
~z02jt !

2x0a~ t,s!G22x0
2@jz02j2t21#J , ~A8!

where j[x/r , z0[11t2r and the quantitya(t,s) is de-
fined by Eq.~10!. Using Eq.~A8! it can be easily verified
that

F̃~ t,r!5~11l1!@~12r!21~11r!t22t2#

23l2t~11r2t !. ~A9!

Using Eqs.~18!, ~A6!, and~A9! one obtains the well-known
result

dGSL
(free)~ t !

dt
5

GF
2mb

5

48p3 uVbq8u
2

uq̃W u
mb

F l~ t !$~11l1!@~12r!2

1~11r!t22t2#23l2t~11r2t !%. ~A10!
d.
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