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Chiral baryon in the coherent pair approximation
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We reexamine the work of Goekeet al., who considered a chiral model for the nucleon based on the linear
sigma model with scalar-isoscalar scalar-isovector mesons coupled to quarks, and solved it using the coherent-
pair approximation. In this way the quantum pion field can be treated in a nonperturbative fashion. In this work
we review this model and the coherent pair approximation, correcting several errors in the earlier work. We
minimize the expectation value of the chiral Hamiltonian in the ansatz coherent-pair ground-state configura-
tion, and solve the resulting equations for nucleon quantum numbers. We calculate the canonical set of nucleon
observables and compare it with the Hedgehog model and experiment. Using the corrected equations yields
slightly different values for nucleon observables, but does not correct the large virial deviation in thep-nucleon
coupling. Our results therefore do not significantly alter the conclusions of Goekeet al.
@S0556-2821~99!03219-1#

PACS number~s!: 12.39.Fe, 11.30.Rd, 14.20.Dh
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I. INTRODUCTION

It is widely believed that quantum chromodynami
~QCD! is the fundamental theory underlying strong intera
tion. Regrettably, reliable first-principles calculations of ha
ronic structure and reactions based on QCD are still so
time off. Nevertheless, simpler QCD-motivated phenome
logical models have been proposed which preserve the
portant property of chiral symmetry but sacrifice confin
ment. Familiar examples include Skyrme-Witten models@1#
and hybrid chiral-soliton models such as those of Goe
Harvey, Grümmer, and Urbano@2# ~GHGU!, Kahana and
Ripka @3#, Birse and Banerjee@4#, Birse@5#, Fiolhais, Goeke,
Grümmer, and Urbano@6#, and others~see Ref.@7#!.

Such approaches, in particular Ref.@4#, argue that spon-
taneous symmetry breaking of the QCD Lagrangian gi
rise to an effective chiral Lagrangian of the Gell-Mann
Lévy sigma-model form involving explicit quark, scala
isoscalar meson~sigma,s!, and pseudoscalar-isovector m
son ~pion, pW ! degrees of freedom. There is no long
confinement in the model, and nucleons appear as bo
states of a three-quark system. The bound states of the m
have been solved in mean field using the ‘‘hedgehog’’
satz, which assumes a configuration-space-isospin cor
tion for the pion field,pW 5 r̂p, and for the quarks. One draw
back to this ansatz is that it breaks both rotational and iso
invariance ~although the ‘‘grand spin’’KW 5 IW1JW remains
conserved! requiring some projection onto physical states
the end. Considerable attention has been given to the p
lem of projection in the calculation of observables@8#.

In spite of this drawback, the model is quite successfu
predicting baryon properties. Constraining the pion mass
decay constant with experimental values, the model cont
but two additional free parameters~which can be written in
0556-2821/99/60~11!/114022~10!/$15.00 60 1140
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terms of the effective quark and sigma masses!, yet the
model makes quite respectable predictions for a host of h
ronic properties@mass, magnetic moments, sigma commu
tor, pion-nucleon coupling constant (gpNN), and axial vector
coupling constant (gA), as well as weak and electromagne
form factors#.

Another criticism of this approach, however, is the a
proximate treatment of the pion, whose very light mass
gues for a quantum, as opposed to mean-field, treatm
However, treating light strongly coupled fields is in gene
difficult as perturbative methods are unreliable. In part
address such issues, the coherent-pair approximation wa
veloped by Bolsterli@9# and used by GHGU to treat pions a
true quantum fields nonperturbatively. Besides the nonp
turbative inclusion of quantum pionic degrees of freedo
another advantage is that one need not invoke a hedge
ansatz for the pion field. Specifically, the permutation sy
metry of the quarks induces the space-isospin correlation
the pion field. The results reported by GHGU, however, w
somewhat dissappointing when compared to the general
hedgehog ansatz approach@6# with the principal problem
being an apparent lack of self-consistency in the pionic s
tor. We find this approach promising, and in this work revi
the hybrid chiral model of Goekeet al., correcting several
errors in the hope that better self-consistency and a m
favorable phenomenology will result. Following the groun
breaking work of GHGU, we minimize the chiral Hami
tonian with respect to the coherent-pair Fock-space an
ground-state configuration, then calculate nucleon proper
and compare with other chiral models.

For completeness and ease of comparison the organ
tion of this paper closely follows that of GHGU. We prese
the starting Lagrangian and the major intermediate resu
refer the reader to the original paper for details, and n
©1999 The American Physical Society22-1
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where our results differ from those of GHGU. Where app
priate, we will give the corresponding GHGU equation re
erences. We present the background theory in Sec. II, a s
mary of the coherent-pair approximation results in Sec.
the variational equations in Sec. IV, the derived nucle
properties in Sec. V, the numerical results in Sec. VI, and
summary and conclusions in Sec. VII. We find that the c
rected equations do not significantly alter the results or
nally reported by GHGU, and the problems with se
consistency in the pionic sector persist. When compared w
the hedgehog model, the coherent-pair approximation sh
systematically smaller mesonic contributions to the nucle
observables and the energy densities, which is probably
lated to the poor pionic self-consistency.

II. CHIRAL QUARK-MESON MODEL

We begin with the chiral model Lagrangian of Gell-Man
and Lévy @10# but with explicit quark degrees of freedom
~Discussion of how such a form may be argued from QC
are given in Refs.@1# and@5#.! After chiral symmetry break-
ing, inducing a pion mass, the Lagrangian can be writ
@GHGU, Eq.~2.1!# as

L~x!5 i ĉ̄]” ĉ1 1
2 ~]mŝ]mŝ1]mpŴ •]mpŴ !

1gĉ̄~ ŝ1 ig5tW•pW !ĉ2U~ ŝ,pŴ !, ~1!

with

U~ ŝ,p̂ !5
l2

4
~ ŝ21pŴ 22n2!22 f pmp

2 ŝ, ~2!

where the carat denotes a quantum field,f p is the pion decay
constant,mp is the pion mass, andn, g, andl are constants
to be determined. In the standard scenario spontaneous
metry breaking generates masses for the quark and s
fields and the linear sigma term, which breaks the ch
symmetry and generates the small pion mass which woul
zero otherwise as the Goldstone boson of the theory.
vacuum then has a unique nonvanishing scalar field expe
tion value:

]U

]pŴ
50⇒pW 050,

]U

]ŝ
50⇒s05 f p . ~3!

Then the three undetermined constants in the original
grangian can be written in terms of the three effect
masses:mq52gs0 , ms

25l2(3s0
22n2), and mp

2 5l2(s0
2

2n2).
We take the experimental valuesf p593 MeV and mp

5139.6 MeV, leavingg andms as the only free parameter
which must be determined. The additional parameters in
duced by the coherent-pair approximation are constraine
minimization.

Introducing the conjugate momenta, one formally co
verts the Lagrangian density to a Hamiltonian dens
@GHGU, Eq.~2.10!# into
11402
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Ĥ~r !5 1
2 $P̂s~r !21@¹ŝ~r !#21PŴ p~r !21@¹pŴ ~r !#2%

1U~ ŝ,pŴ !1ĉ†~r !~2 ia¹W !ĉ~r !

2gĉ†~r !@bŝ~r !1 ibg5tW•pŴ #ĉ~r !, ~4!

whereaW and b are the usual Dirac matrices. In the abo
expressionĉ, ŝ, andpŴ are quantized field operators, wit
the appropriate static angular momentum expansi
@GHGU, Eqs.~2.11!, ~2.17!, and~2.13!#,

ŝ~r !5E d3k

@~2p!32vs~k!#1/2@ ĉ†~k!e2 ik•r1 ĉ~k!e1 ik•r #,

~5!

p̂~r !5F 2

pG1/2E
0

`

dk k2F 1

2vp~k!G
1/2

(
lmw

j l~kr !Ylm* ~V r !

3@ âlm
1w†~k!1~2 !m1wâl 2m

12w~k!#, ~6!

ĉ~r !5 (
n jmw

~^r un jmw&d̂n jm
~1/2!w1^r un̄ jmw&d̂n jm

1/2w†!, ~7!

where un jmw& and un̄ jmw& form a complete set of quark
and antiquark spinors with angular momentum quant
numbers and spin-isospin quantum numbersj, m, andw, re-
spectively. The notation is slightly altered from that
GHGU in that isospin labels appear as superscripts and
labels appear as subscripts. The corresponding conju
momentum fields have the expansions@GHGU, Eqs.~2.14!
and ~2.18!#

P̂s~r !5 i E
0

`

d3kF vs~k!

2~2p!3G1/2

@ ĉ†~k!e2 ikW•rW2 ĉ~k!e1 ikW•rW#,

~8!

P̂p~r !5 i F 2

p G1/2E
0

`

dk k2Fvp~k!

2 G1/2

(
lmw

j l~kr !Ylm* @ âlm
1w†~k!

2~2 !m1wâl 2m
12w~k!#. ~9!

Here ĉ(k) destroys as quantum with momentumkW and fre-
quency vs(k)5(k21ms

2)1/2, and âtlm
1/w(k) destroys a pion

with momentumkW and correspondingvp5(k21mp
2 )1/2 in

isospin-angular momentum state$ lm;tw%. For convenience
one constructs the configuration space pion field functi
needed for the subsequent variational treatment by defin
the alternative basis operators

b̂lm
1w5E dk k2j l~k!âlm

1w~k!, ~10!

wherej l(k) is the variational function. Taking this over t
configuration space defines the pion field function@GHGU,
Eq. ~3.11!#
2-2
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CHIRAL BARYON IN THE COHERENT PAIR APPROXIMATION PHYSICAL REVIEW D60 114022
f l~r !5
1

2p E
0

`

dk k2
j l~k!

@vp~k!#1/2 j l~r !. ~11!

In the following only thel 51 value is used, and the angul
momentum label will be dropped.

III. GROUND-STATE CONFIGURATION ANSATZ

The ansatz Fock state for the nucleon is taken to
@GHGU, Eq.~4.23!#

uNT3Jz&5@a~ un& ^ uP0
0&)T3Jz

1b~ un& ^ uP1
1&)T3Jz

1g~ ud& ^ uP1
1&)T3Jz

] uS&, ~12!

whereuS& is the coherent sigma field state with the prope
@GHGU, Eq. ~3.7!#. ^Suŝ(r )uS&5s(r ), and uP0

0& (uP1m
1w&)

are pion coherent-pair states to be determined. The nor
ization of the nucleon state requiresa21b21g251. The
permutation symmetric form of the SU~2!3SU~2!3SU~2!
quark wave functions imply that the source terms in the p
field equations will induce an angular momentum-isos
correlation for the pion field. Thus, since the pion is an
ovector, the only allowed angular momentum of the pi
will be l 51, so in the treatment to follow only thel 51 term
of the pion field expressions Eqs.~6! and~9! is retained. We
remark at this point that the different treatments of the sig
~classical! and pion~quantum! fields introduce chiral viola-
tions of an uncontrolled nature which can only be tested b
full quantum treatment.

One constructs a pionic coherent-pair state with quan
numbers of the vacuum as follows@9#. Consider the scalar
isoscalar coherent state

uP0
0&5(

n

f n

~2n!!
@ b̂1

1†:b̂1
1†#nu0&, ~13!

where the double-dot notation refers to spin-isospin~i.e.,
$m,w%! scalar contractions. A coherent state with sp
11402
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isospin5$11%, uP1m
1w&, is constructed by operation o

(2)m1wb̂12m
12w upon uP0

0&. Sequential such operations appr
priately contracted are assumed to close, yielding a re
rence relation forf n , namely,

~2 !m1wb̂12m
12wuP00&5auP1m

1w&. ~14!

A contracted second application gives

(
m,w

b̂1m
1wuP1m

1w&5L̃buP0
0&, ~15!

where the spin-isospin multiplicity isL̃5(2L11)(2T11)
59, and where closure is forced by associating the vacu
quantum number multipion state uniquely withuP0

0&. The
coherence is determined by the parameterx, defined by

~ b̂1
1†:b̂1

1†!uP&5xuP&. ~16!

Here uP& can be eitheruP0
0& or uP1

1& and x5L̃ab59ab
serves as a~as yet free! coherence parameter and the symb
b1

1†:b1
1† indicates the coupling to a scalar-isoscalar. Insert

these into Eqs.~13! and~16!, we obtain the recursion relatio
@GHGU, Eq.~4.11!#

f n115
x~2n11!

~ L̃12n!
f n , ~17!

which can be solved to give@GHGU, Eq.~4.12!#

f n5
xn~2n21!!! ~ L̃22!!!

~ L̃2212n!!!
f 0 , ~18!

wheref 0 is given by the normalization ofuP0
0&. Thea andb

parameters can be expressed as functions ofx from the nor-
malization ofuP1

1&. We obtained values for the functionf 0 ,
a(x) andc(x) ~b is determined froma! different from those
of GHGU. We find
tor
a~x!5
1

3 F ~105145x21x4!sinhx2~105110x2!x coshx

2~1516x2!sinhx1~151x2!x coshx G1/2

, ~19!

c~x!5
1

3 F11
2~9451420x2115x4!sinhx1~9451105x21x4!x coshx

~105145x21x4!sinhx2~105110x2!x coshx G1/2

, ~20!

and

f 0
225~ L̃22!!!2 x̄21]y

x̄21 cosh~x!, ~21!

with y5x2 and

x̄5
~2L̃11!

2
, ]y5

]

]y
5S 1

2xD ]

]x
, ~22!

which should be contrasted with GHGU@Eqs.~4.13!, ~4.21!, and~4.22!#. In addition we found that we needed another fac
for the uP1

1& matrix element of the four-pion term~implied summation over repeated indices!,
2-3
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^P1
1ub̂a

† b̂b
† b̂bb̂auP1

1&581d~x!2, ~23!

where greek subscripts include both spin and isospin, andd(x) is given by

d~x!5
1

9 F ~756013465x21165x41x6!sinhx2~75601945x2118x4!x coshx

~105145x21x4!sinhx2~105110x2!x coshx G1/2

. ~24!
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IV. FIELD EQUATIONS

The total energy of the baryon is given by

EB5K BT3JzU E
0

`

d3r :Ĥ~r !:UBT3JzL , ~25!

whereB5N or D. The field equations are obtained by min
mizing the total energy of the baryon with respect to var
tions of the fields,$u(r ),w(r ),s(r ),f(r )%, as well as the
Fock-space parameters$a,b,g% subject to the normalization
conditions. The total energy of the system is written as

EB54pE
0

`

dr r 2EB~r !. ~26!

We find the following result for the energy density whic
differs from GHGU, Eq.~5.3!. The differences can be trace
to different results for coherent-pair matrix elements. W
ing the quark Dirac spinor as

c~1/2!m
~1/2!w~rW !5S u~r !

v~r !sW • r̂ Dx~1/2! mj~1/2! w, ~27!

the energy density is given by

EB~r !5
1

2 S ds

dr D 2

1
l2

4
@s2~r !2n2#22mp

2 f ps~r !

13Fu~r !S dv
dr

1
2

r
v~r ! D2v~r !

du

dr

1gs~r !@u2~r !2v2~r !#G
1~Np1x!F S df

dr D 2

1
2

r 2 f2~r !G
1~Np2x!fp

2~r !2ad~a1b!u~r !v~r !f~r !

1l2$x212xNp181@a2a2c21~b21g2!d2#%f4~r !

1l2~Np1x!@s2~r !2n2#f2~r !, ~28!

whereNp is the average pion number@GHGU, Eq.~5.12!#

Np59@a2a21~b21g2!c2#, ~29!

and whered takes the following values for nucleon or del
quantum numbers:

dN5~5b14&g!/), ~30!
11402
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dD5~2&b15g!/). ~31!

The functionfp(r ) is obtained fromf(r ) by the double
folding

fp~r !5E
0

`

v~r ,r 8!f~r 8!r 82dr8, ~32!

with

v~r ,r 8!5
2

p E
0

`

dk k2v~k! j 1~kr ! j 1~kr8!. ~33!

For fixeda, b, andg, the stationary functional variations ar
expressed by

dF E
0

`

dr r 2$EB~r !23«@u2~r !1v2~r !#22kffp~r !%G50,

~34!

where the Lagrangian parameterk enforces the pion normal
ization condition

8pE
0

`

f~r !fp~r !r 2dr51, ~35!

and the Lagrangian parameter« fixes the quark normaliza
tion

4pE
0

`

dr r 2@u2~r !1v2~r !#51. ~36!

Minimizing the Hamiltonian yields the four nonlinea
coupled differential equations

du

dr
52~gs1«!v~r !2

2

3
ad~a1b!gf~r !u~r !,

dv
dr

52
2

r
v~r !2@gs~r !2«#u~r !1

2

3
ad~a1b!gf~r !v~r !,

d2s

dr2 52
2

r

ds

dr
2mp

2 f p13g@u2~r !2v2~r !#

12l2~Np1x!f2~r !s~r !1l2@s2~r !2n2#s~r !,
2-4
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d2f

dr2 52
2

r

df

dr
1

2

r 2 f~r !1
1

2 S 12
x

Np
Dmp

2 f~r !

1
l2

2 S 11
x

Np
D @s2~r !2n2#f~r !1

l2

Np
$x212Npx

181@a2a2c21~b21g2!d2#%f3~r !

2
a

Np
~a1b!gdu~r !v~r !2

k

Np
fp~r !, ~37!

with eigenvalues« andk. These consist of two quark equa
tions for u andv wheres(r ) andf(r ) appear as potentials
and two Klein-Gordon equations withu(r )v(r ) and @u2(r )
2v2(r )# as source terms. The boundary conditions are,
r→0,

v5
ds

dr
5f5

du

dr
50, ~38!

and, forr→`,

@r ~g fp2«!1/21~g fp1«!(21/2)#u~r !2r ~g fp1«!1/2v~r !

50,

~212mpr 1mp
2 r 2!f~r !1r ~11mpr !f8~r !50, ~39!

rs8~r !1@s~r !2 f p#~11msr !50,

which has one sign in the first equation different fro
GHGU, Eq.~5.18!. The field equations are solved for fixe
coherence parameterx and fixed Fock-space paramete
$a,b,g%. Then the expectation value of the energy is mi
mized with respect to$a,b,g% by diagonalization of the ‘‘en-
ergy matrix,’’

FHaa

Hab

Hag

Hab

Hbb

Hbg

Hag

Hbg

Hgg

GFa
b
g
G5EFa

b
g
G . ~40!

Each H entry of the matrix is related to a correspondi
density,E(r ), as follows:

Hab54pE
0

`

r 2Eab~r !dr, ~41!

and analogously for the other entries. TheEab(r ) functions
for a nucleon are

Eaa~r !5E0~r !118a2fp
2~r !19a2l2~2x19c2!f4~r !

19a2l2@s2~r !2n2#f2~r !, ~42!

Ebb~r !5E0~r !118c2fp
2~r !19l2~2xc219d2!f4~r !

19c2l2@s2~r !2n2#f2~r !, ~43!

Eab~r !522g~a1b!f~r !u~r !v~r !
5

)
, ~44!
11402
r

,
-

Eag~r !522g~a1b!f~r !u~r !v~r !4A2

3
, ~45!

Egg~r !5Ebb~r !, ~46!

Ebg~r !50. ~47!

The Eab(r ) functions for a delta are the same, except for

Eab~r !522g~a1b!f~r !u~r !v~r !
2&

)
,

Eag~r !522g~a1b!f~r !u~r !v~r !
5

)
,

which expresses the difference in thed terms @Eqs. ~32!–
~33!# appropriate to nucleon and delta respectively.

In the above expressions,E0(r ) is given by

E0~r !5
1

2 Fds

dr G2

1
l2

4
@s2~r !2n2#22mp

2 f ps~r !1U0

1l2x2f4~r !13gs~r !@u2~r !2v2~r !#

13Fu~r !S dv
dr

1
2

r
v~r ! D2v~r !

du

dr G2xmp
2 f2~r !

1l2x@s2~r !2n2#f2~r !, ~48!

whereU05mp
2 @ f p

2 2mp
2 /(4l2)#. This can be rewritten as

E0~r !5
1

2
@s8~r !#21l2x2f~r !413gs~r !@u~r !22v~r !2#

1
l2

4
@s~r !22 f p

2 #21
mp

2

2
@s~r !22 f p

2 #

2mp
2 f p@s~r !2 f p#1l2x@s~r !22 f p

2 #f~r !2

22xmp
2 f~r !2, ~49!

which shows an explicit rapid decay asr→`.
We solve this set of equations in the same iterative m

ner as GHGU. The iteration procedure is implemented
follows. For fixed values ofx and a, b, and g, the above
differential equations with the corresponding boundary c
ditions are solved by using the same numerical pack
~COLSYS @11#! as used in the original GHGU paper. Then t
energy matrix is diagonalized and the minimum eigenvec
chosen. These solutions are then mixed with the previ
solution and repeated until self-consistency is achieved.
procedure is started with an initial guess. We used the
called ‘‘chiral circle’’ meson field forms@4#, but we found
that the actual starting point does not matter, provided
iterations converge.

V. NUCLEON PROPERTIES

In this section we review the several nucleon observab
which will be calculated from the solutions arising from th
2-5
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procedure described in Sec. IV, noting differences fr
GHGU where they occur. From the electromagnetic curr
operator

Ĵem
m 5 c̄̂~ 1

6 1 1
2 t3!ĉ1e3abf̂a]mf̂b , ~50!

one derives the charge and magnetic moment densities
the neutron and proton;

rp~r !

4pe
5a2~u21v2!1b2F1

3
~u21v2!1

4

3
ffpG

1g2F4

3
~u21v2!2

2

3
ffpG , ~51!

rn~r !

4pe
5b2F2

3
~u21v2!2

4

3
ffpG

1g2F2
1

3
~u21v2!1

2

3
ffpG , ~52!

mp~r !

4pe
5

ruv
81

~54a212b21g2132&bg!

1
x

729a2 ~9a21x!~4b21g2!f2, ~53!

mn~r !

4pe
5

ruv
81 S 236a228b21

1

2
g2232&bg D

3
x

729a2 ~9a21x!~4b21g2!f2, ~54!

which differ from GHGU@Eqs.~6.6! and~6.7!# for the mag-
netic moment densities. The axial-vector to vector coupl
ratio is given by@GHGU, Eq.~6.9!#

gA

gV
52K NJz5

1

2
T35

1

2 U E d3r :F1

2
c̄̂g5g3t0ĉ1ŝ]zŝp̂0

2f̂0]zŝG :UNJz5
1

2
T35

1

2L , ~55!

from which we find

gA

gV
54pE

0

`

dr r 2F S 5

3
a21

5

27
b21

25

27
g21

32&

27
bg D

3~u22v2/3!1
8

3)
ab~a1b!

ds

dr
fG , ~56!

which differs with GHGU@Eq. ~6.10!# in the first term. Fi-
nally, thepNN coupling constant can be calculated from t
pion field or the pion source term. Using the pion field for
one has
11402
t

for

g

,

gpNN

2MN
54pmp

2 2

3)
ab~a1b!E

0

`

dr r 3f~r !, ~57!

which is in agreement with GHGU, Eq.~6.15!. Using the
pion source term, one can obtain an alternative form of
pNN coupling constant,

gpNN

2MN
54pE

0

`

dr r 3gS 10

9
a21

10

81
b21

50

81
g2

1
64&

81
bg Du~r !v~r !

24pl2abE
0

`

dr r 3F 2

3)
~a1b!@s2~r !2 f p

2 #f~r !

1
4

)
~a2b12b2a1ac2!f3~r !G , ~58!

which differs from GHGU, Eq.~6.14!, by a factor of 3 in the
last term.

The s-term was not calculated in GHGU, but is an im
portant quantity in that it measures the degree of chiral sy
metry breaking. For the linear sigma model considered h
this quantity is given by

spN54p f pmp
2 E

0

`

dr r 2@s~r !2 f p#. ~59!

For a review of this quantity, see Ref.@12#.

VI. NUMERICAL RESULTS

As mentioned earlier, the chiral quark model of th
nucleon has two free parameters once the pion mass and

FIG. 1. Dependence of chiral nucleon and delta mass with
spect to the coherence parameterx, using g55 and ms

5700 MeV.
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decay constant are fixed at their experimental values.
can choose the free parameters to be thes mass and the
meson-quark coupling constant,g. For comparison with
GHGU and to illustrate the systematics of the model, for
results to follow, we fix these two parameters toms

5700 MeV andg55.00.
First consider the coherence parameter. Figure 1 sh

the baryon~nucleon and delta! energy as the coherence p
rameter is varied. As was similarly shown in GHGU’s Fig.
there is a clear minimum in the region ofx51 with a corre-
spondingNp50.43. Table I shows the various energy co
tributions to the baryon mass. Table II gives the values of
derived parameters determined by the minimization pro
dure. The values found are in good agreement with t
found by GHGU~self-consistent case! even though a differ-
ent coherence dependence@which shows up in thed-term
term in Eq.~29!# was used. This is expected, however, sin
the fourth-power pion self-interaction energy makes a re
tively small contribution to the total energy. The nucleo
delta mass difference is found to be about 150 MeV. Fig
2 shows the quark wave functions and the meson fields
thex51 case, and Fig. 3 shows the pion field and its deriv
kinetic-energy density function,fp(r ). All of these quanti-
ties are little changed from those reported by GHGU. W
have examined the fate of the initial ‘‘chiral circle,’’ wher
the sum of the squares of the meson fields is constant.
the self-consistent coherent-pair model we find a 40% do

TABLE I. Energy contributions to coherent-pair nucleon usi
g55 andms5700 Mev. ~All values are in MeV.! Self-consistent
solution evaluated using a coherent parameter valuex51. The de-
tails of this solution are discussed in the test.

Quantity Nucleon Delta

Quark eigenerergy 150 219
Quark kinetic energy 1124 975
Sigma kinetic energy 304 268
Pion kinetic energy 236 185
Quark-meson interaction energy 2675 2318
Meson interaction energy 84 114
Baryon mass 1073 1224
Nucleon-delta mass difference 140

TABLE II. Numerical values of various parameters for th
coherent-pair nuclon with a coherence parameter ofx51 and g
55, and ms5700 MeV after self-consistent minimization.~N/A
means ‘‘not available.’’!

Quantity This work Goekeet al. @1#

Mass~GeV! 1.073 1.08
a 0.820 0.82
b 0.379 0.38
g 0.429 0.43
Pion eigenvaluek ~GeV! 20.173 N/A
Quark eigenvaluee ~GeV! 0.150 0.14
Np 0.43 N/A
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ward deviation at the location of the peak of the pion fie
compared to a 20% downward deviation for the hedgeh
model.

Next consider the nucleon physical properties. Table
shows the results for several nucleon observables comp
with the projected hedgehog model of Birse@5# and with
experiment. For those nucleon quantities calculated
GHGU, our results are nearly identical despite the diff
ences in several quantities noted previously.

FIG. 2. Quark wave functions and meson fields using a coh
ence parameter ofx51 with g55 andms5700 MeV.

FIG. 3. Pion field shown with kinetic-energy pion field functio
Fp(r ), using a coherence parameter ofx51 with g55 and ms

5700 MeV.
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TABLE III. Observables for the coherent-pair nucleon with a coherence parameter ofx51 and usingms5700 MeV andg55. Magnetic
moments are in nuclear magnetons. The charge radius is in fm. For comparison, the results from the projected hedgehog model o@5#
are also presented.

Coherent pair Hedgehog@5#

Quantity quark meson total quark meson total Expt.

^r 2&ch-proton(fm2) 0.533 0.023 0.556 0.39 0.16 0.55 0.70
^r 2&ch-neutron(fm2) 0.019 20.023 20.004 0.09 20.16 20.070 20.12
^m&proton 1.53 0.18 1.71 1.74 1.13 2.88 2.79
^m&neutron 21.13 20.18 21.31 21.16 21.13 22.29 21.91

gA

fV
1.07 0.39 1.46 1.11 0.75 1.86 1.25

gpNN

mp

2M
@Eq. ~59!# 0.25 0.93 1.0

gpNN

mp

2M
@Eq. ~60!# 1.11 0.24 1.35 1.16 0.379 1.53 1.0

Sigma term~MeV! 88.9 94.0 ;4565 @12#
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In comparing the predictions of the coherent-pair mo
to those of the hedgehog model, we find that the quark c
tributions to each observable are roughly similar; howev
the pion contributions are significantly smaller, a featu
consistently seen throughout. This is somewhat surpris
given the fact that both approaches attempt to solve
nucleon problem from the same starting model, albeit w
very different methods and resulting different model para
eters. Quantities such as the sigma commutator which
pend on the sigma field are quite similar to that of the hed
hog model, both giving a sigma commutator of roughly
MeV. The small pion contributions to the calculated obse
ables seems to be the coherent-pair approximation’s pri
pal phenomenological shortcoming.

Consider the nucleon charge radius squared. For
hedgehog model the pion’s contribution to the proto
charge radius squared is roughly 40% that of the qua
while for the coherent-pair approximation the pions con
bution is only 4% that of the quarks. The small pionic co
tribution is compensated for by a slightly larger quark co
tribution leaving the total proton charge radius squared v
close to that calculated in the hedgehog model, but still ab
20% that of the experimental value.

The situation is similar for the magnetic moments. T
quark contribution to the magnetic moments is about
same for both models, but for the hedgehog model the p
make a contribution to the proton magnetic moment which
65% that of the quarks, while for the coherent-pair appro
mation the pionic contribution is only 12% that of th
quarks. The smaller pionic contribution to the magnetic m
ments results in magnetic moments roughly 60% that of
empirical values.

For the case of the axial vector coupling constant,
again find that the quark contributions in the two models
similar, but the mesonic contribution in the coherent-p
model is only half that of the hedgehog model. In this ca
this actually helps in that the hedgehog model predicts
large a value for this quantity.

Finally we consider thepNN coupling constant calcu
11402
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lated in two ways first using the pion field itself@Eq. ~59!#,
and, second, using the pion source term@Eq. ~60!#. In the
hedgehog model Birse found that both methods gave roug
the same value, but in the coherent-pair approximation
two methods give very different results. This large differen
in the two, supposedly equivalent, ways of calculatinggpNN
was noted already by Fiolhaiset al. @6#, who studied the
generalized projected hedgehog model and compared
other models including GHGU. In Fiolhaiset al. the differ-
ence ingpNN calculated from the pion field and the pio
source terms along with the value expected from
Goldberger-Treiman relation provide a virial measure of h
well the self-consistency condition in the pion sector is m
The Fiolhaiset al. relation for the fractional virial deviation
is

D5
gpNN2gpNN8

gpNN
av 12

~1.08!gpNN
GT 2gpNN

av

~1.08!gpNN
GT 1gpNN

av , ~60!

wheregpNN is the source-calculated value@Eq. ~60!#, gpNN8
is the field-calculated value@Eq. ~59!#, gpNN

av is the average
of these two, andgpNN

GT is the value expected from th
Goldberger-Treiman relation:

gpNN
GT 5

MN

f p

gA

gV
. ~61!

The factor of 1.08 accounts for the effects of explicit chir
symmetry breaking. Using the coherent-pair approximat
results of GHGU, Table III of Fiolhaiset al. reports a frac-
tional virial violation of 173%. This should be compare
with 51% for the mean-field hedgehog model of Birse a
Bannerjee, and 6% for the generalized projected hedge
model of Fiolhaiset al.Using the values in Table III, we find
a fractional virial violation of 149% which is a little bette
2-8
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CHIRAL BARYON IN THE COHERENT PAIR APPROXIMATION PHYSICAL REVIEW D60 114022
than that previously reported, but still shows a clear a
substantial problem with self-consistency in the pion sec

One must question why this should be so. That the t
models should give such different pionic contributions is
bit puzzling, as the starting model is the same and both
ploy a self-consistent mean-field type approach which m
mizes the energy. In comparing the quark wave functio
and meson field solutions in the two models one finds,
surprisingly, that the quark wave functions and sigma fi
are nearly identical in the two models, but, though the p
field function in the coherent-pair approximation is smal
by a factor of about 2 from that found in the hedgeh
model, this cannot be the source of the discrepancy since
pion field in the coherent-pair approximation is normaliz
but the magnitude of the pion field~treated as a classica
field! in the hedgehog model is determined by the sou
terms. The magnitude of the pionic contribution to any qu
tity in the coherent-pair approximation is determined by
Fock space coefficients$a,b,g% and by the various coheren
functions$a,b,c,d%. With the minimized solution aroundx
;1.0 the mean number of pions in the coherent-pair appr
mation case isNp50.43, which apparently yields the sma
pionic contributions to the various baryon observables
comparison of the magnitude of the pion field resulting fro
the hedgehog model with the normalized field arising in
coherent-pair model would imply an effective number
pions about three times greater in the hedgehog mode
preliminary search of the parameter space to see if s
other parameter set may correct this deficiency was not
cessful. We have examined the model up to a cohere
parameter ofx52.25. Larger coherence parameters do
deed give rise to greater pionic contributions to the vario
nucleon observables, but at the expense of greater ener

FIG. 4. Comparison of kinetic-energy densities for the hedge
model and the coherent-pair approximation using a coherence
rameter ofx51 with g55 andms5700 MeV.
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well. While the issue is being investigated further, we s
pect the problem with self-consistency as revealed in
large fractional virial violation to be the principal difficulty

Another useful comparison is shown in Figs. 4 and
where the energy densities for various terms are shown
both the hedgehog model and the coherent-pair approxi
tion. Again there is a systematically smaller contribution
each term in the coherent-pair model than in the hedge
model. Yet the total energies of both solutions are roug
the same~1070 and 1120 MeV, respectively!.

VII. SUMMARY AND CONCLUSIONS

In this work we reexamined a linear sigma model of t
nucleon using quarks and sigma and pion mesons as
fundamental degrees of freedom. To solve this model
have employed the coherent-pair approximation followi
the work of Goekeet al., correcting several errors. W
solved the model using a Fock space ansatz, treating
sigma field as a classical field and treating the pions as qu
tum fields using the coherent-pair approximation of Bolste
@9#. We neglect vacuum effects and center-of-mass cor
tions. Despite the several corrections to the work of Goe
et al., the numerical solutions we find are very close to tho
presented in their original paper, as are all the calcula
nucleon observables. We find that the calculated nucleon
servables are reasonably close to experiment, but, in the
of electromagnetic quantities such as charge radii or m
netic moments, the pionic contributions seem too small wh
compared to that of other chiral nucleon models such as
Hedgehog model of Birse and co-workers@4,5#. The origin
of this difference is not fully understood, but probably aris

g
a-

FIG. 5. Comparison of quark-meson interaction energy dens
for the hedgehog model and the coherent-pair approximation u
a coherence parameter ofx51 with g55 andms5700 MeV.
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from the lack of self-consistency in pionic sector using t
approach as was noted previously by Fiolhaiset al. There-
fore, at this stage we must concur with the rather disappo
ing conclusion of Goekeet al., namely, that a better descrip
tion of the pionic sector is required before a mo
satisfactory nucleon phenomenology can be expected in
model.
.
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