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Hadronic total cross sections through soft gluon summation in impact parameter space
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The Bloch-Nordsieck model for the parton distribution of hadrons in impact parameter space, constructed
using soft gluon summation, is investigated in detail. Its dependence upon the infrared structure of the strong
coupling constantas is discussed, both for finite as well as singular, but integrable,as . The formalism is
applied to the prediction of total proton-proton and proton-antiproton cross sections, where screening, due to
soft gluon emission from the initial valence quarks, becomes evident.@S0556-2821~99!01719-1#

PACS number~s!: 13.60.Hb
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I. INTRODUCTION

In this paper we address some phenomenological impl
tions of the infrared behavior of the strong coupling const
as @1#. In particular, we examine some models for the to
proton-proton and proton-antiproton cross sections and s
the dependence of the rise with energy of the cross sec
upon the smallkt behavior ofas , through the mechanism o
soft gluon summation. In a previous paper@2#, soft gluon
summation techniques have been applied to develop a m
for the impact parameter distribution of partons in hadro
collisions. According to this model, the distribution in im
pact parameter space (b distribution! is the Fourier transform
of the transverse momentum distribution of the colliding p
ton pair, and is obtained by using the Bloch-Norsdieck te
nique for soft gluon summation, developed some time ag
describe hadronic transverse momentum distributions@3–6#.
This model for theb distribution of partons is used in th
context of eikonal models for total cross sections, and
particular in the context of the eikonal mini-jet mode
where the rise with energy is driven by the jet cross sec
calculated from QCD. In order to make full use of QCD f
this particular problem, it is necessary that not only the
ergy dependence be derived from QCD, but also theb de-
pendence, at least for what concerns the hard part of
cross section: it may otherwise be possible to obscure
difficulties of QCD inspired models through various para
eters which are still present in it. One of the difficulties
that the QCD cross section rises too fast with energy to
able to accomodate both the early rise~aroundAs510– 20
GeV! and the high energy behavior atAs>200– 300 GeV
and beyond. In some mini-jet models the too abrupt rise
the mini-jet cross section is softened by modifying the sm
x behavior of the parton densities. Our alternative propo
discussed in detail in this paper, is to regulate the rise of
cross section through soft gluon emission.

In Sec. II we present a brief description of the eikon
mini-jet model. In Secs. III–VI we shall analyze the structu
of the Block-Nordsieck model for theb distribution of par-
0556-2821/99/60~11!/114020~11!/$15.00 60 1140
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tons, first recalling the main features of the model, and th
studying, analytically as well as numerically, its behav
employing various phenomenological models for thekt→0
behavior of the strong coupling constantas . In all cases, we
shall compare our results with those from a model in wh
the matter distribution of partons is obtained from the el
tromagnetic form factor of the colliding hadrons. In the la
two sections, Secs. VII and VIII, we shall study the pred
tions of the Bloch-Nordsieck model for total cross sectio
and shall compare our results for proton-proton and prot
antiproton collisions with other models and present data
will be shown that the model, with a singular but otherwi
integrable behavior ofas , is flexible enough to accomodat
both the early rise with energy as well as present data fr
the Tevatron.

II. EIKONAL MINI-JET MODEL FOR TOTAL CROSS
SECTIONS

Ever since the first observation of the rise of proto
proton total cross section, the suggestion was advanced
such rise was due to the increasing~with energy! number of
hard collisions taking place among the hadron constitue
@7#. This ansatz was subsequently quantified by the mini
model, which proposes to calculate the total inelastic cr
section from the jet cross section obtained from QCD@8,9#.
The unitarized version of the mini-jet model is represen
by the eikonalized minijet model@10–12#, in which the total
cross section is given by

s tot52E d2bW @12e2n(b,s)/2# ~1!

with

n~b,s!5A~b!@sso f t1s jet# ~2!

andA(b) a function which represents the impact parame
distribution of partons in the collision. In its most intuitiv
©1999 The American Physical Society20-1
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A. GRAU, G. PANCHERI, AND Y. N. SRIVASTAVA PHYSICAL REVIEW D60 114020
formulation, the overlap is obtained from the Fourier tran
form of the electromagnetic form factorsF1 and F2 of the
colliding hadrons, i.e.

AFF~b!5
1

~2p!2E d2qW eib•qF1~q!F2~q!. ~3!

The model which uses this overlap function, hereafter ca
the form factor~FF! model, although attractive, is of cours
not parameter free, as it depends on the scale param
characterizing the form factors.

The two cross sectionsso f t and s jet are respectively a
non-perturbative term and a function of energy obtained
integrating the QCD jet cross section from a minimumpt
value, ptmin , to the maximum kinematically allowed. Thi
quantity increases with energy at fixedptmin , depending
upon various QCD controlled quantities like the parton d
sities, in particular, and very strongly, upon the small x b
havior of the gluon densities. In fact, the kinematic low
limit in the x integration for the jet cross section is given
xmin54ptmin

2 /s, and it can be as low as 1026 at Fermilab
Tevatron energies. With such small x values, the jet cr
section grows much too rapidly ass increases and so doe
the eikonalized cross section. In order to apply the mini
model to data, a screening effect is obtained either using
much less dangerous limitAxmin or softening the small-x
singularity with a cutoff parameter. In this way, the abo
model can reproduce the energy rise, but with some fur
modifications, notably inA(b). In particular, in order to ob-
tain reasonable agreement with the data it is also necessa
modify the simple form factor model, by allowing for differ
ent values of the scale parameters for the low and high
ergy region.

Our approach is different. We believe that the functi
A(b) is not a constant in energy and for the hard part of
collisions we have proposed a model in which soft glu
emission is responsible for the b distribution of the collidi
partons. Since the overall soft gluon emission summatio
energy dependent, we expect such model can modify
complement the mini-jet model description of total cross s
tions.

III. BLOCH-NORDSIECK FORMALISM IN IMPACT
PARAMETER SPACE

The Bloch-Nordsieck distribution depends upon the en
gies of the colliding quarks and gluons and is thus, althou
mildly, energy dependent. In this section we shall recap
late the main features of this model, whose general struc
was derived in Ref.@2#. As described, our proposed impa
parameter space distribution for a pair of partons i and
given by

ABN5
e2h(b;M ,L)

2pE bdbe2h(b;M ,L)

~4!

where
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h~b;M ,L!5
2ci j

p
E

0

Mdkt

kt

as~kt
2!ln

M1AM22kt
2

M2AM22kt
2

3@12J0~ktb!# ~5!

with ci j 54/3 for a quark-antiquark pair. In Eqs.~4! and ~5!
the hadronic scale M accounts for the maximum energy
lowed to each single soft gluon emitted in the collision. Th
quantity depends upon the energy of the colliding parton p
and, through this, upon the energy of the initial collidin
hadrons. The main point of our model is that soft glu
emission destroys the collinearity of the colliding parton
Let us distinguish now between valence partons and glu
or sea quarks. In first approximation, gluons and sea qu
can be considered as having the same non-collinearity as
initial valence quarks which emit them during the hadron
collision ~a different case will be that of the photons, whic
we shall discuss in a different paper!. To leading order we
can now assume that the impact parameter distribution o
type of parton pairs is the same as that of the valence qua
This approximation is in the same spirit as the one for wh
the impact parameter distribution in the form factor mode
given by the Fourier transform of the electromagnetic fo
factors, i.e. matter distribution follows charge distribution

In the calculation of total cross sections with the eikon
ized mini-jet model, the distribution~4! appears convoluted
with parton densities and jet cross sections. In Ref.@2#, we
proposed to write the average number of collisions at imp
parameterb as

n~b,s!5nso f t~b,s!1(
i , j ,

E dx1

x1
E dx2

x2
f i~x1! f j~x2!

3E dzE dpt
2ABN~b,qmax!

ds

dpt
2dz

~6!

where f i are the quark densities in the colliding hadron
qmax is the maximum transverse momentum allowed by
nematics to a single gluon emitted by the initialqq̄ pair, z

5 ŝjet /(sx1x2), andds/dpt
2dz is the differential cross sec

tion for process

qq̄→ jet jet1X ~7!

for a givenpt of the produced jets with c.m. energyAŝjet.
The jet pair in process~7! is the one produced through an
subprocess initiated by the valence quark-antipark pair, t
it could be gluon jets, or quark jets. In Fig. 1 we show som
typical subprocesses which contribute to Eq.~7!. For high
energy and lowpt , most of the jets are produced throug
scattering of gluons emitted by a valence quark pair wh
continues undetected after emission. In principle, an ex
calculation of this model forn(b,s) would require to know
A(b,qmax) for each subenergyŝ of the quark-antiquark pair
because for process~7!
0-2
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HADRONIC TOTAL CROSS SECTIONS THROUGH SOFT . . . PHYSICAL REVIEW D60 114020
qmax~ ŝ!5
Aŝ

2 S 12
ŝjet

ŝ
D ~8!

and then one would need to calculaten(b,s) for each s
value, through convolution for all parton densities and
subprocesses. This procedure is at present unpractical fo
problem, since theb-parameter dependence applies to
initial valence pair. What is available, through various p
rametrizations, is parton densities afterQ2 evolution, for all
type of partons, whereas the above formulation would
quire to apply corrections and evolution in expressio
which depend upon the impact variableb. In any case, before
recommending to embarque in such a time-consuming i
gration, one can study the properties of the proposed mo
adopting some approximations, which allow for phenome

FIG. 1. Two typical subprocesses contributing to the rise of
total proton-proton cross section.
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logical calculations. The approximation described in@2# is

n~b,s!5nso f t1ABNs jet~s,ptmin! ~9!

whereABN is the functionABN(b,^qmax&) evaluated at the
valueM5^qmax&, obtained by averaging over all parton de
sities and jet subprocesses. In the next section we s
evaluate^qmax& for different energies of the colliding had
rons and for differentptmin values.

e

FIG. 2. The maximum value kinematically allowed for th
transverse momentum of the single gluon, averaged over dens
~GRV-LO parametrization! and for differentptmin values, as a func-
tion of the c.m. energy of the colliding protons.
IV. THE SCALE DEPENDENCE: qmax

Using the expression

M[^qmax~s!&5As

2

(
i , j

E dx1

x1
f i /a~x1!E dx2

x2
f j /b~x2!Ax1x2E dz~12z!

(
i , j

E dx1

x1
f i /a~x1!E dx2

x2
f j /b~x2!E ~dz!

~10!
by
nt

ork

am-
with zmin54ptmin
2 /(sx1x2), one can plot the quantityM as a

function ofAs for different values ofptmin . This is shown in
Fig. 2, where we have used Glu¨ck-Reya-Vogt~GRV! leading
order~LO! @13# parton densities for proton proton collision

One sees that, forAs'502104 GeV, the range of values
for M is between 0.5 and 4 GeV forptmin5122 GeV. For
these typical values, one can now calculateh(b;M ,L) and
subsequentlyA(b,M ). Our point of interest in this paper i
also to relate the rate of rise of the total cross section with
behavior ofas in the infrared region. The stronger the si
gularity askt→0, the largerh(b;M ,L), the fasterABN goes
e

to zero and the stronger will be the suppression produced
soft gluon emission. We shall now quantify this stateme
with numerical calculations.

V. as DEPENDENCE IN THE FUNCTION h„b;M ,L…

We start by showing how the b-dependence ofh(b;M ,L)
varies according to the behavior ofas in the very low kt
region. Because of the many uncertainties we shall w
with the one-loop expression foras and shall use two differ-
ent models, each of them characterized by a set of par
0-3
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A. GRAU, G. PANCHERI, AND Y. N. SRIVASTAVA PHYSICAL REVIEW D60 114020
eters, i.e. the frozenas model used in@14,15# where

as~kt
2!5

12p

3322Nf

1

ln@~kt
21a2L2!/L2#

~11!

which depends upon the parameter set$L,a% and in which
as goes to a constant value askt goes to zero. An altogethe
different model is the singularas model, described in@2#
with

as~kt
2!5

12p

~3322Nf !

p

lnF11pS kt
2

L2D pG ~12!

which coincides with the usual one-loop expression for la
values ofk' , while going to a singular limit for smallk' . In
this model,as depends upon the parameter set$L,p%. The
singular expression of Eq.~12! is inspired by the Richardso
potential @16# used in quarkonium spectroscopy. The Ric
ardson potential can be connected to a singular 1/k'

2 behavior
of as in the infrared limit, a singularity which is not dange
ous in bound state problems, where the Schro¨dinger equation
selects only those solutions for which the momentum is fix
by the stability condition. For this problem, and as discus
in @2#, the expression we have chosen should be consid
as a toy model, in which the singular behavior ofas ~if any!
can be modulated through the singularity parameterp. One
should also notice that the singular limit of the above eq
tion is not an observable. Phenomenologically, one ne
measuresas in the k'→0 limit, since this limit corresponds
to emission of a very soft gluon, in which case summati
and hence integration overk' , is mandatory. In other words
what really matters is the integrability of the function, sin
observable quantitites~soft gluons are observed only as ove
all energy momentum imbalance carried away by soft p
ticles, but not measured individually! always involve an in-
tegration over the infrared region. In what follows we sh
always use the seta52,L50.2 GeV for the frozenas
model, whereas for the singular case, while we shall vary
singularity parameterp, we shall adopt the valueL50.1
GeV @17#.

Let us now examine the functionh(b;M ,L). This func-
tion does not allow for a closed form expression, and ne
to be numerically evaluated. Useful analytical approxim
tions can be found in the Appendix.

The dependence of the functionh(b;M ,L) upon the in-
frared behavior ofas is shown in Fig. 3, where we hav
plotted in the same graph the exactly integrated expres
for the functionh(b,M ,L) for the frozen case, Eq.~11!, and
for the singular case, Eq.~12!, for two values of the param
eter p. For each case, we have evaluatedh(b) for the two
valuesM51 and 4 GeV, which correspond to the interesti
rangeAs550– 104 GeV, for ptmin51 – 2 GeV~see Fig. 2!.
Although at very smallb (b<0.2 GeV21) the values are no
very different, at largerb values there is an increasing di
crepancy between the two formulations. The largeb region
below '10 GeV21 is the one which matters most for th
total cross-section analysis, where the figures then show
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the infrared behavior ofas plays an important role in the ris
of the cross section. In the next sections we shall study
difference in A(b) and then in the number of collisions
given the same jet cross section.

VI. THE OVERLAP FUNCTION A„b…

In this section, we shall calculate numericallye2h(b;M ,L)

and the normalizedA(b), for the two cases, frozen and sin
gular as . We show in Figs. 4,5 the normalized functio
A(b) for the frozen and singularas possibilities, using, for
the latter case, three different values of the parametep
which regulates the singularity. In both figures we also sh
the comparison with the functionA(b) in the form factor
model, according to which matter density in the proton
given by the electromagnetic form factor. With the usu
parametrization

Fproton~q!5S n2

q21n2D 2

n250.71 GeV2 ~13!

FIG. 3. Comparison between numerically integrated express
for h(b,M ,L) for singular and frozenas . M51 ~lower! and 4
GeV ~upper!.

FIG. 4. The overlap functionABN(b) for frozen as and com-
parison with the form factor model.
0-4
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HADRONIC TOTAL CROSS SECTIONS THROUGH SOFT . . . PHYSICAL REVIEW D60 114020
the overlap functionA(b) in the form factor model has th
expression

AFF~b!5
n2

96p
~nb!3K3~nb!. ~14!

In each figure, the various curves correspond to varying
scaleM as described in the previous section, so that th
include a range of energiesAs5502104 GeV for a range of
ptmin between 1 and 2 GeV. We see that the frozenas case
is more similar to the form factor model, especially at lo
medium energies, (50– 100 GeV!, when the proton is not ye
exhibiting the full QCD behavior. This is different from th
singular case, where the functionA(b) is always falling with
energy more than in the form factor model. The more sin
lar as as kt→0 ~larger p values!, the more concentrated a
small impact parameter is the overlap function and hence
less important the large b values. This will have as phys
consequence that as the c.m. energy increases, the
collinearity of the initial state due to soft gluon emissio
will accordingly increase. Clearly this will signify a muc
more noticeable effect of soft gluon straggling on the to
cross section. We shall now see this effect on the aver
number of collisionsn(b,s).

VII. AVERAGE NUMBER OF COLLISIONS

In the eikonalized mini-jet model, the quantity which co
tains the energy dependence of the total cross section, i
average number of collisionsn(b,s). At low c.m. energy of
the colliding particles, this number is dominated by con
bution from soft, non-perturbative type events, while t
QCD component, mini-jet like, slowly rises, reaching a co
parable size in the 200– 300 GeV region. As mentioned
the first section, one can approximate the average numb
collisions in the entire region as

n~b,s!5nso f t~b,s!1nhard~b,s! ~15!

with

nso f t~b,s!5AFF~b!sso f t~s! ~16!

FIG. 5. As in Fig. 4 for singularas , for various values of the
parameterp.
11402
e
y

-

e
al
on-

l
ge

the

-

-
n
of

and

nhard~b,s!5ABN~b;M ,L!s jet~s,ptmin!. ~17!

To study the b behavior, we shall introduce the soft term,
using the form factor model forA(b) described in the previ-
ous section, which is consistent with a low energy model
the proton in which only valence quarks play a role in t
scattering. In this model all the energy dependence co
from the cross-section term: we will parametrizesso f t so as
to reproduce, through the eikonal, the low energy behavio
the total proton-proton and proton anti-proton cross sectio
We found, as best fit to the low energy data with an eiko
formulation withnhard50

sso f t
pp 5471

46

E1.39 ~18!

and

sso f t
pp̄ 5471

129

E0.6611
357

E2.7 ~19!

whereE is the proton energy in the laboratory system in G
and the cross sections are inmb. For s jet we use GRV~LO!
densities to evaluate the proton-proton jet cross section
two different values ofptmin51.2 and 2 GeV, the latter be
ing the one for which the total cross section in the FF mo
passes through the CERN data points atAs5546 GeV. In a
subsequent section, when we shall try to fit the total cro
section data, we shall use otherptmin values. We can now
plot the entiren(b,s) as a function of b, for various values o
the center of mass energyAs, which corresponds to variou
values of the scale M, as described in the first section.
show this behavior for the frozen and singularas case in Fig.
6, for ptmin52 GeV.

For the frozenas model, shown in Fig. 6, the results ar
compared to a straightforward application of the form fac
model, i.e. with

nFF~b,s!5AFF~b!@sso f t1s jet#. ~20!

FIG. 6. The average number of collisions for the frozen a
singularas case in comparison with the FF model at various c.
energy values.
0-5
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We see that atAs5100 GeV, there is still no difference
betwen the two models. On the other hand, as the en
increases, the Bloch-Nordsieck~BN! model shows a stronge
suppression of the largeb contribution. For the singular case
in order to show variations with the singularity parameterp,
we plot in Fig. 7 the result for differentp values. Notice that
thep dependence is related to the values ofkt probed, i.e. by
theM values,which are smaller the smallerptmin is. Thus, for
ptmin52 GeV for instance, there is very little differenc
among the various curves, at any given energy. This refl
the fact that the upper integration limit in Eq.~5! is a rela-
tively largeM (3 – 4 GeV! value, so that the overall functio
is not very sensitive to the infrared region. It should be no
that for smallerptmin values, like the ones actually used f
fitting the total cross sections in the next section, the dep
dence uponp is much more noticeable. We show one su
case in Fig. 7.

The next figure, Fig. 8, shows a break down of the av
age number of collisions into the soft and the hard com
nent. In the present analysis we are not changing the
component, which appears as the dash-dotted curve, an
figure shows, at a given high@CERN Large Hadron Collider
~LHC!# energy, how the hard part would be different in t

FIG. 7. The average number of collisions for the singularas

case for different values of the singularity parameterp.

FIG. 8. Soft and hard component of n~b,s! in the three models
described in the text.
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three models, i.e. in general more peaked at small b for
Bloch-Nordsieck model, and in particular falling faster th
stronger the singularity ofas . At lower energies, where the
mini-jet contribution is less important, these discrepanc
would be much reduced. So, in this picture, while keepin
similar b distribution at low energy, we quantitatively e
hance small b collisions at high energy, though QCD s
gluon emission. The change in theb distribution introduced
in the hard component by the different models forA(b) is
responsible for the changed shape ofn(b,s) between the
form factor and the other two models. The direct comparis
among the three models is shown in Fig. 9 where the aver
number of collisions atAs514 TeV is plotted for a choice
of the various parameters as indicated. Apart from
change in shape, it can be noticed that the frozenas case
corresponds to a behavior intermediate between the form
tor model, and the singularas case. We also see from thi
figure that the range of values of theb parameter most im-
portant to the total cross-section calculation changes in
different models.

VIII. TOTAL CROSS SECTIONS

Before attempting the last relevant phenomenological
ercise for the calculation of the total proton-proton a
proton-antiproton cross section, we shall first show how
integrand in Eq.~1! changes with energy and which values
b are most relevant for the calculation of the total cross s
tion in the various models forA(b) we have just described
We must stress that this is not an optimization of the ma
parameters from which this model depends, rather an e
cise to show how the Bloch-Nordsieck model for the impa
parameter distribution affects the total cross-section beha
in the eikonalized minijet model and how the behavior ofas
in the infrared region is related to the rise of the total cro
section. This is done in Fig. 10. The figure shows how mu
the integrand of Eq.~1! is peaked at differentb-values as the
energy increases, but also as the model forA(b) changes.
And it indicates that the rise with energy of the area un
the curve, i.e. the cross section, at the same energy sh
for the more singularas behavior.

FIG. 9. The average number of collisions in the form fac
model and the Bloch-Nordsieck model, at LHC energy.
0-6
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HADRONIC TOTAL CROSS SECTIONS THROUGH SOFT . . . PHYSICAL REVIEW D60 114020
Finally in Fig. 11 we show the comparison of this mod
with proton-proton and proton-antiproton data. For proto
proton, we only show data up to ISR energies, since
existing data points in the TeV range are extrapolations fr
cosmic ray data@18# from p-air collisions and are partly
model dependent@19#. For the proton-antiproton data, w
have plotted all the data points published so far from
CERN Super Proton Synchrotron (Spp̄S) @20# and Fermilab
@21# experiments. This introduces a larger band of unc
tainty that it is usually shown, but the purpose of this pape
to indicate the potentiality of the Bloch-Nordsieck mod

FIG. 10. The integrand of the eikonal formulation fors tot , for
ptmin52 GeV in the three different models described in the text,
a range of c.m. energy values 100,1000,10000 GeV.
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rather than to do a best parameter fit, and we have opted
a comparison of our results with the full experimental p
ture.

We have studied three different formulations of the eik
nal mini-jet model, one for the form factor model and tw
for the soft gluon summation model. To choose the para
eters of the mini-jet description, we have selected thoseptmin

values which would ensure that the curve can reach the h
energy points: for the form factor model this can be acco
plished withptmin52 GeV but, as often stressed, with su
value it is not possible to fit the early rise of the data.
lower value ofptmin would on the other hand give curve
which rise too much at higher energy and miss the poin
Going to the soft gluon summation model, it must be notic
that since this model has an energy dependence in th
behavior in addition to the one in the jet cross section~com-
mon to all the models!, one can expect that a smallerptmin
could be used, thus allowing for the earlier rise. In fact, t
high energy data, for the frozenas model, can be met with
ptmin51.6 GeV. Although with this value, the cross sectio
starts rising sooner than in the form factor model, still it
impossible to fit both the early rise as well as the high ene
points. This model depends not only uponptmin value, but
also on the scalea which regulates the infrared behavior o
as : the smallera, the more singular the behavior and th
easier to fit the early rise. Finally, we show the results for
singularas case, with a particular choice of the parametep
which regulates the singularity ofas . We can choose now a
rather small value ofptmin to reproduce the early rise, sinc
at higher energy the increased soft gluon emission redu
drastically the large-b contribution to the cross section a
does not let it rise as much as in the other models. O

r

FIG. 11. Totalp-p and p̄p cross sections and
comparison with various models.
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‘results are compared with a multiparameter fit from a QC
inspired model@12#, which has recently been used to su
cessfully predict photon photon total cross sections@22#.
These results are not very different from the ones obtai
using the Regge-Pomeron exchange picture@23#, but the
model in @22# is closer in spirit to the one discussed he
with the energy rise due to the rise of the QCD jet cro
section.

The results of this figure shows that it is possible to ha
a rise in agreement both with the intermediate energy dat
well as with the Fermilab Tevatron data : this result is o
tained using a single eikonal function, usual QCD par
densities and minijet cross sections withptmin in the 122
GeV range. To follow the beginning of the rise, one need
rather lowptmin . In general such low values imply too fast
growth of the total cross section, in our case this fast gro
is tampered by the increasing number of soft gluon emiss
phenomena at smallkt .

IX. CONCLUSIONS

We have presented a detailed numerical analysis o
Bloch-Nordsieck approach to the impact parameter distri
tion of partons in the context of the eikonal mini-jet mod
for total hadronic cross sections. We have shown that
proposed soft gluon summation expression plays an im
tant role in softening the rise of the cross section due
mini-jets and have studied the role which the infrared beh
ior of as plays in it.
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APPENDIX: APPROXIMATE EXPRESSIONS
FOR h„b,M ,L…

In this section, we show some analytic approximations
the functionh(b,M ,L). Here we shall restrict our attentio
to values of M relevant to the total cross-section calculatio

FIG. 12. Comparison between the approximate and the ac
numerical integration forh(b,M ,L) for various values for M, in
the frozenas model.
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i.e. values in the few GeV range. Since as the total c
energy increases, M increases from 0.5 to 4 GeV, the reg
of b.1/M (b,1/M ) corresponds to values ofb larger
~smaller! than 2.5 GeV21, at low As, down to 0.2 GeV21

for the highestAs values. In other words, in the integration
small and large b values are an energy dependent conce
very smallAs, small b, i.e.b,1/M means values ofb less
than 2.5 GeV21, whereas at very high energy large b valu
meanb.0.2 GeV. We shall now start studyingh(b;ML)
in the frozenas case, and distinguish three cases :

~1! bM,1
~2! bM.1, baL,1
~3! bM.1, baL.1.

In order to obtain a closed form expression to better stu
the function, we shall adopt the following approximations

as~k,aL![ās5
12p

27 ln~a2!

as~k.aL!5
12p

27 ln
k2

L2

ln„@M1A~M22k2!#/@M2A~M22k2!#…'2 ln
2M

k
k'0

and

ln„@M1A~M22k2!#/@M2A~M22k2!#…' 2 ln
M

k

for k values not in the infrared region.

12J0~x!5
x2

4
x,1

12J0~x!51 x.1.

Then, one can break the integral from 0→M into various
intervals in which one can approximate the integrand a

al

FIG. 13. Comparison between the approximate and the ac
numerically computed expression forh(b,M ,L) for the singularas

model.
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perform the integration. According to the three cases indicated above, one then obtains the following approximate ex

bM,1 ~A1!

h~b,M ,L!5
2cF

p F ās

b2

2 E
0

aL

kdk ln
2M

k
1b̄

b2

4 E
aL

M

kdk

ln
M

k

ln
k

L

G
5

2cF

p H ās

b2L2a2

8 F112ln
2M

aL G1b̄
b2M2

8 H a2L2

M2 2112
L2

M2 ln
M

L F li S M2

L2 D2 li ~a2!G J J .

For bM.1, one distinguishes between two cases:b larger or smaller than 1/aL, so that the integral can now be divided
follows:

for
1

M
,b,

1

aL
~A2!

h~b,M ,L!5
2cF

p F ās

b2

2 E
0

aL

kdk ln
2M

k
1b̄

b2

4 E
aL

1/b

kdk

ln
M

k

ln
k

L

1b̄E
1/b

M dk

k

ln
M

k

ln
k

L

G
5

2cF

p F ās

b2L2a2

8 F112ln
2M

aL G1b̄
b2L2

8 H a22
1

b2L212 ln
M

L F li S 1

b2L2D2 li ~a2!G J

1b̄F ln
M

L
ln

ln
M

L

ln
1

bL

2 ln ~Mb!G G
or as

for
1

M
,

1

aL
,b ~A3!

h~b,M ,L!5
2cF

p F ās

b2

2 E
0

1/b

kdk ln
2M

k
12āsE

1/b

aLdk

k
ln

M

k
1b̄E

aL

M dk

k

ln
M

k

ln
k

L

G
5

2cF

p
F ās

8
@112 ln ~2Mb!#12āsH ln~Mb!ln~aLb!2

1

2
ln2~aLb!J 1b̄F ln

M

L
ln

ln
M

L

ln a
2 ln

M

aL
G G .

The last decomposition is the one to use to study the large b limit, whereas the first one corresponds to the small b
For the singularas case we adopt similar approximations, except that now

as~k,NpL!5b̄S L

k D 2p

as~k.NpL!5
b̄

lnS k2

L2D

114020-9
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whereNp5(1/p)1/2p is a number of order unity. For p51/2, indeedNp52 and the two regions, small and large k, coinci
with those in the frozenas case with a52. The expressions forh(b;M ,L) in this case become

b,
1

M
~A4!

h~b;M ,L!5
2cF

p F b̄
b2

2
~L!2pE

0

LNp dk

k2p21 ln
2M

k
1b̄

b2

4 E
LNp

M

kdk

ln
M

k

ln
k

L

G
5

2cF

p
F b̄~Np

2!12p

8~12p!
b2L2S 2ln

2M

LNp
1

1

12pD1
b̄

8
b2M2H Np

2L2

M2 211
L2

M22 ln
M

L F li S M2

L2 D2 li ~Np
2!G J G

and for thebM.1 case one will have the two possibilities,

for
1

M
,b,

1

NpL
~A5!

h~b,M ,L!5
2cF

p F b̄
b2

2
L2pE

0

NpL dk

k2p21 ln
2M

k
1b̄

b2

4 E
NpL

1/b

kdk

ln
M

k

ln
k

L

1b̄E
1/b

M dk

k

ln
M

k

ln
k

L

G
5

2cF

p F b̄
b2L2

8

~Np
2!12p

12p S 2 ln
2M

NpL
1

1

12pD1
b̄

8 H Np
2b2L22112 ln

M

L
b2L2F li S 1

b2L2D2 li ~Np
2!G J

1b̄F ln
M

L
ln

ln
M

L

ln
1

bL

2 ln~Mb!G G
and the other case

b.
1

NpL
.

1

M
~A6!

h~b,M ,L!5
2cF

p F b̄
b2L2p

2 E
0

1/b dk

k2p21 ln
2M

k
12b̄L2pE

1/b

NpL dk

k2p11 ln
M

k
1b̄E

NpL

M dk

k

ln
M

k

ln
k

L

G
5

2cF

p F b̄

8~12p!
~b2L2!pF2ln~2Mb!1

1

12pG1
b̄

2p
~b2L2!pF2 ln~Mb!2

1

pG1
b̄

2pNp
2pF22 ln

M

LNp
1

1

pG

1b̄ ln
M

L F ln

ln
M

L

lnNp
211

ln Np

ln
M

L

G G .

This approximation is reasonably accurate, as one can see from Figs. 12 and 13, where we have plotted both the ap
and the exact expressions from the above equations for the two different models foras .
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