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QCD condensate contributions to the effective quark potential in a covariant gauge
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We discuss QCD condensate contributions to the gluon propagator both in the fixed-point gauge and in
covariant gauges for the external QCD vacuum gluon fields with the conclusion that a covariant gauge is
essential to obtain a gauge-invariant QCD vacuum energy density difference and to retain the unitarity of the
quark scattering amplitude. The gauge-invariant QCD condensate contributions to the effective one-gluon
exchange potential are evaluated by using the effective gluon propagator, which produces a gauge-independent
quark scattering amplitudS0556-282(199)01321-1

PACS numbegs): 12.39.Pn, 12.38.Aw, 12.38.Lg

I. INTRODUCTION As a step towards a universal parametrization of what is
known from gauge independent, first principles nonperturba-
The QCD inspired one-gluon exchange potential model idive studies, the main purpose of this paper is to give a quark
successful in its description of the baryon spectrum and thgotential including nonperturbative effects by calculating the
static properties of hadrori4,2]. However, nonperturbative Operator product expansid®PB coefficients of gluon and
effects in the strong interaction of quarks need further studyguark condensates in a gauge independent way. More spe-
ing. On one hand, a wealth of information concerning thecifically, the aim of this work is twofold(i) to discuss QCD
quarkonia spectroscopy provides an important observationgondensate contributions to the gluon propagator (@ndo
window to the phenomenology of strong interactions. On theevaluate the nonperturbative corrections to the one-gluon ex-
other hand, the heavy quark potential is an appropriate placghange quark potential in covariant gauges. This is then a
to investigate QCD nonperturbative effects in quark interachatural continuation of the work done in R¢L4]. We use
tions [3]. Although analytic studies of nonperturbative ef- here the nonperturbative gluon propagator, allowing for the
fects in QCD are limited by the absence of a systemati®resence of the ghost condensate which appears in covariant
procedure to account for confinement, there have appearé&fuges.
some techniques to deal with nonperturbative QCD effects In Sec. Il, we discuss the nonperturbative gluon propaga-
on quark interactions. Well known examples are QCD sundor both in the fixed-point gauge and in covariant gauges. In
rules[4], renormalong5—7], and lattice simulationg8—10. Sec. Ill, we present our main results of the gauge-invariant
The results obtained by different methods complement anfluark potential with the nonperturbative corrections of QCD
check each other to a certain extent. Recently, much progre¥ygcuum condensates. The brief summary in Sec. IV contains
has been achieved both in lattice simulati¢@sl0] and in @ partial comparison of the obtained quark potential with
renormalons analys[$,7]. Some attemptl1-14 have also lattice and renormalons results, and some possible applica-
been made to incorporate nonperturbative effects in th&ons of the obtained quark potential.
guark potential in the inspiration of QCD sum rulg4].
However, the results in Reff11-13, which were obtained
in a gauge dependent way, have doubtful physical meaning.
Nonperturbative effects were phenomenologically consid-
ered in Refs[11-13 by employing the vacuum condensate  In this section, we discuss the nonperturbative gluon
to modify the free gluon propagator in the fixed-point gauge;propagator in the fixed-point gauge and in covariant gauges
i.e., the nonlocal two-quark and two-gluon vacuum expectafor the external QCD vacuum gluon fieldsonperturbative
tion values(VEVs) were calculated in the fixed-point gauge ones. Recently, the OPE of the gluon propagator in QCD
[15]. Although this gauge is extremely simple for many low- has been extensively studiti7—22.
est order expansionf46], it violates translational invariance, In QCD sum rules for gauge invariant currents, the back-
and could in principle conflict with the covariant gauge usedground field method is used, where the fixed-point gauge is
to formulate QCD. In particular, an explick dependence generally employed for nonperturbative gluon fields, i.e.,
(here and henceforth, we have specified the perturbative
gauge dependence &slependenden the transverse portion
of the nonperturbative gluon propagator results in a
&-dependent quark-quark scattering amplitude. The effective
quark potential obtained from &dependent amplitude is of But, for perturbative gluon fields, a covariant gauge is usu-
courseé-dependent too. ally adopted, i.e.,

II. NONPERTURBATIVE GLUON PROPAGATORS
IN DIFFERENT GAUGES

x,BL(x)=0. (1)
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1
5(0/9#B3(0)a"B3(0)[0) =4S+ 10R, (10

In the fixed-point gauge, the nonlocal two-gluon VEV can beand

written as[4,23]

1
(0[BJL(x)B3(y)[0)= 7X*y*(0]G},Gy,[0)+ - -

pu=ov
5ab
= Xp 7 (2 v vIao,
x(0|G2|0)+ - - -, ()
where
(0/G?0)=(0|G,G5|0). (4

Obviously, the expansiof8) violates translational invariance

since the right hand sid&kRHS) of Eq. (3) is a function ofxy
instead of k—vy).

To obtain the correct nonperturbative gluon propagator, it

is essential to obtain the expansion (f| BZ(X)BS(y)|0>

with translational invariance. The basic requirements for

translational invariance were studied befp2d]. According
to these requirements and the Lorentz gauge condition

aMB‘;(x)=0, (5
the nonlocal two-gluon VEV can be expressed as
(0[B},(x)B3(y)[0)=(0|B},(0)B(0)|0)

__ O
2(N2-1)
(0)3,B5(0)[0)+---,  (6)

(X=y)P(x=y)”
x(0[4,B
where

gMV
(NC

g,uv
4 (N2 1)

(0[B}(0)B? (0]0)==,

<0|B (0)Bg(0)[0)

(0|B?0) (7
and

<0|a »(0)9,B%(0)[0)

R
= SgMVng+§(nggUM+gngV0') . (8)

Contracting Eq(8) with g??g*#”, g**g“”, andg”’g’* leads
to

%<o|a”B;(0)a(,Bi(0)|o>= 165+ 4R, 9)

%<o|avsg(0)aﬂsi(0)|o>=4s+ 10R, (11)

respectively. According to the Lorentz gauge conditi6j
(10) means

R=-_S.

5 (12

Furthermore, using the definition of the gluon field
strength and by only retaining the contribution of the vacuum
intermediate statf25], one can easily find that

(0]G2,(0)G?,(0)|0)

~[(0]4,B3(0)4,B%(0)|0)+(0|4,B3(0)4,B2(0)|0)]
—[(0],B3(0)4,B%(0)|0)+(0]3,B%(0)3,B2(0)|0)]
magN, 22
+ M5‘—,11)[9,309,w—(.ll,wf.llpp](0|B |0) (13
which results in
5(0|G?|0) 5N mas
S~ - 0/B2|0)2. 14

In addition, combining Eq(11) with Egs.(9) and(12), one
can get

5(0/(9,B5—3,B7)0)

288 (15
Comparing Eqs(14) and(15) leads to
as(0|B2]0)2~0 (16)

provided that the approximation of the vacuum dominance in
intermediate states is accepted, and that the equality of
(0|(9,B%—3,B%2|0) and the Abelian part of0]G2|0) has
been used20]. The dimension-two condensate|B?|0) is
not gauge invariant. According to our estimate of its value,
this term (maybe due to a spontaneous gauge symmetry
breaking is very small and can be omitted as compared with
the gauge-invariant gluon condensai@ G2|0). We will
show in the following discussion that the vanish of the con-
densate(0|B?|0) is essential to retain the gauge invariance
of the vacuum energy density difference.

Therefore, by considering Eq12), Eq. (6) can also be
rewritten as
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5 — 97 aN(0|G?|0)
0[B2(x)B5(y)|0)= — —5 V((qq),(G2))=| ——° 10~
2 6 mag(NZ—1)mi(0|qsq0
X| (Y20, £ (V) 0-Y), 4, SmedNe—1)my{0laa|0)
f Nc
+o (17) ><J g1
with manifest translational invariance. This result was used q?<—pu? (2m)* (qP+ie)?’

before by Bagamet al.[22] without looking at the condensate
(0|B2|0). Now let us focus our attention on discussing the
vacuum energy density difference and the quark scatterin
amplitude, which are related to the nonperturbative gluo
propagator.

(22)

fhich is & dependent. The renormalization pojuf is used
M QCD to divide the momentum range into a perturbative
and a nonperturbative regions. As pointed out by Jackiw
[27], any gauge dependence of the effective potential for a
particular operator makes a physical interpretation question-
The vacuum energy density differentibe effective po- able. This problem can be avoided in covariant gauges. Ac-
tential of Coleman and Weinbefg6]) is defined as the per- tually, Lavelle and Schadefl?7] got a gauge invariant
turbative contribution to the difference between the energywacuum energy density difference by taking into account the
densities of the physical and bare vacua. The condensa@host condensate contribution in covariant gauges. With our
contribution to the vacuum energy differen?] is of in-  estimate of{0|B2|0) given in Eq.(16), the vacuum energy
terest because it can tell us something about the energy ddensity difference obtained in Reffl7] is gauge invariant
pendence on the condensates of the QCD vacuum. In ordeven if there exists a spontaneous gauge symmetry breaking.
to calculate QCD condensate contributions to the vacuum

A. & dependence of the vacuum energy density difference

energy density difference, we need quark condensate contri- B. Unitarity of the quark scattering amplitude
E:ﬁgt]%rtf 1t_|;116éyqg:gkbseegxzr:grsgs)é(?[r;(;]the gluon vacuum po It is well known that thet dependence of the perturbative
gluon propagator does not carry through to the quark scatter-
- (N2— 1) 7rax <0|aqu|0> 4 ing amplitude. However, it is quite another story to prove
2<qq>:2 ¢ 2S 3+ E—Emy —1 this for the nonperturbative gluon propagator. In the fixed-
f 2Ngg? 9° point gauge, the QCD condensate contribution to leading or-
(18 der in a4 to the gluon propagator can easily be obtained as
and
1
_ D, () =i] — SArgh (@) +A 2 (23
4masm(0]q:qs0) | q q

-y

: NG @ 9

where

respectively, withg, ,(q)=g,,—0,9d,/g* The form of the ) —
gluon condensate contribution depends on the choice of the 5 _ Nemag(0|G*0) (36+6)+> 4masmi(0]d9s|0)

gauge for the external QCD gluon fields. In the fixed-point 12(N2-1)g* T Ng2(g?—m?)
gauge, the contribution to the quark self-energj/23] (24)
7a(0|G?0)mi(q*—med) 2
2<G2>: S (20) Nc'”'as<0|G |O> 2
Nc(g%—m?)3 A=~ (186+12£). (25
C(q f) 12(N§— 1)q4
and, by employing Eq3), the gluon condensate contribution L . - .
to the gluon polarization can be obtained as T_he gl_uon vacuum pqlar|zat|0n used n d(_envmg m) IS
given in Eq.(21). Notice that the longitudinal term in Eq.
2, Nmag(0|G?0) (21) is both nonzero ang dependent. Hence, the unitarity in
ﬁ )= % the non-Abelian coupling amplitude cannot be satisfied,
12(Ng—1)q which stimulates us to try to use a covariant gauge for the

external QCD vacuum gluon fields. At least, by introducing
12+ 1_8) 9.9 vll 1) the covariant gauge for the gluon VEV, the difficulty of two

§) g? potentially conflicting gauge conditions for the gluon VEV
and the perturbative gluon fields in QCD can be avoided.

By using the above self-energies, we obtain the conden- In covariant gauges, by using the nonlocal two-gluon
sate contributions to the vacuum energy density in the fixedVEV given in Eq.(17), the lowest-dimension gluon conden-

point gauge as sate contribution to the gluon propagator can be written as

X

(36+¢)g,,,(q)—
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a2 | (25—3¢) ma(0|G?|0) P
Gl (@ =i 24qz 9u(®) {3 LA i) LS
3¢2 0|G?|0
_ 3 7Tas< 8| | ) e (26)
8q @ ®) ©

There is also a longitudinal term in the gluon polarization of
Eq. (26), i.e., the Slavnov-Taylor identitig$STI) [28] is not 5 f l | K
fulfilled here. This problem can be fixed by allowing for the

presence of the ghost condensate. In R&9), Lavelle and
Schaden got a transverse gluon vacuum polarization by tak-
ing into account mixing with equation of motion conden- @ () o)

sates. Their result for the gluon vacuum polarization in co-

variant gauges with the corrections of gluon and ghost FIG. 1. The Feynman diagrams for the contributions of the non-
condensates as depicted in Fig&)+1(c) is perturbative corrections to perturbative quark-quark potential in the
one-gluon exchange approximation with the lowest dimensional

gluon, ghost, and quark condensates.

N.mag(68+3€)

(%)= -
TN

9,.,{0l(4,B5—d,B7)0), o : .
After the above detailed discussion on the nonperturbative

(27) gluon propagator, we can now stress our main reason for
deriving the quark interaction potential from the quark scat-
where condensate terms which vanish due to the equation ¢€¢ring amplitude in covariant gauges for the external QCD
motion are not shown. It is noteworthy that leading mixedvacuum gluon fields. First, one can obtain a gauge invariant
condensate contributions to the gluon polarizaii@ have vacuum energy density difference in covariant gauges. How-
also been taken into accoufthe diagrams for the mixed ever, the¢ dependence of Eq21) in the fixed-point gauge
condensate contributions are not shown in Fig. 1, see Rebrings about the explici§ dependence in the vacuum energy
[19]). Although the vacuum polarizatioi27) is transverse, it  density difference as shown in EQ2), which raises doubts
is also explicitly ¢ dependent. To obtain a gauge invariantabout its physical validity. Second, the transverse portion of
effective gluon propagator, Lavel[@0] investigated the ef- the nonperturbative gluon propagators in covariant gauges is
fects of the(0|G2|0) condensate on the effective gluon & independent. In contrast to this, the expligitlependence
propagator in quark interactions by using the pinch techniquén the transverse portion of the nonperturbative gluon propa-
(PT) in the context of QCD29,3( (see diagrams in Ref. gator in the fixed-point gauge results in a quark scattering
[20] for the PT). The effective gluon propagator was finally amplitude with doubtful physical meaning. All of this moti-

obtained as vates us to employ the nonperturbative gluon propagator in
covariant gauges to derive the effective quark interaction po-
T - 1 34NC7TC¥5<O|GZ|O> tentlal.
G, (=i ——=+ 2 6
q 9(N:—1)q

IlI. QCD CONDENSATE CONTRIBUTIONS TO THE
4 QUARK INTERACTION POTENTIALS

ag —
m(0 0
N Z 1(0[9ay|0)

1 +1 m? )
g?=mi 2 (q°-mp)

To derive the quark-quark interaction potential from the
nonperturbative gluon propagator, we write down a proper
9.9, scattering amplitude between two quarks as

]g,ﬁy(q)—f wt

. — a ’ Y )\a i
(28 M=(=ig)*(py) ¥ 5 ¥(P1)G L) ¥(P2) ¥ 5 ¥(P))
Here, following Ref.[20], we have identified(0|(d,B2 9
—d,B%)?|0) with the Abelian part of0|G?/0). The ghost =~ . . .
condensate is necessary in order to achieve a gauge invariaffth 9=P17P1= P2~ P2 and the spln_ora//(pi) beu_ng the
form of the gluon propagator. The fact that the ghost conSolution of free quarks. We then obtain the effective poten-

densate contribution to the gluon propaga8) is not ex- tial in momentum space 'by qarrying out th(nT Breit-Fermi ex-
plicit is due to the following two reasoné) gluon and ghost Pansion with the approximatiog,=0. Applying the three-

equations of motion andi) pinch techniquePT) (see Ref. dimensional Fourier transformation to convert the potential

[20]). The quark condensate contribution term differs fromin Mmomentum space to coordinate space, we finally obtain
that in Eq.(23) due to the fact that the next-to-leading-order the total effective potential between quarks as

term in the full coefficient of theqq) component of the OGEP -
nonperturbative two-quark VEY23] is retained. Uga(X)=Ugq ™ (X)+Ugq(x), (30
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where UQS™(x) is the perturbative one-gluon-exchangetive quark-quark interaction due to the quark, gluon, and

quark potential ghost condensates, can be expressed as
ay a 2
UOGEP(X):cS(t))\l)\Za 1 ((m1+m2) . AN R
ad 4 S| x| mmp| 2mim, Uga(X) = 8(t) ——mar Ag|X[2+ (AL+2Cy) x|
_,_2_’ - )5(_’)4_ |5|2 ! o —1 COL B0 1y -1 I
=010 X = — = - - —mg|x
39102 X Amymal X +2C_4[X| +22f (Cy’+C x|~ he },
(71-X) (02 X) = (01 0) - 2
X = (Tl'X 0'2'X —(01-02 - T 5.4
|x[? 4mym,|x|?
where
m2 > ml > - >
X2+ —|o1+| 2+ —|0o,|-(xXp){, (31 .
M M2 17Nc<0|62|0>( . |p|2) -
3= )
and Ujr(x), the nonperturbative correction to the perturba- 108Nz-1) My My
|
17N(0|G?l0)[ 1 1\? 17NL0|G?0 - -
LR >(_+_) R L PP
72N2-1) \Mi M/ 432m;m,(N2-1)
17N(0|G?|0 m,)\ - m\ -] - -
o180 [( = al+(2+—1 72| (XXP), (34)
144m1m2( NC - 1) ml m2
|p|? (0[qq¢/0)
C,=|1+ ) & Nom, (35
1 (0lasaf O) (M +my)2  Spp 4. my) - mp) - - -
Ca AN MM, 45 m; m;m, 3 3o o2t|| 2t m, ot 2t m,/ 72 Py (36)
- 2 (0[g;qs|0)| 1 0|2 m¢(my+m,)? m me . .
C(()f):_< |asqs|0) Il |pl N f(mMy 2) _ £ St f o100, (37)
Nc mg 2mf mim, 16rn§m§ 24m1m2 1Zn1m2
|
and tained by taking the color generators for an antiquark as
-\T e,
_ ) ‘
U (Olararlo) { (my + M) U220 = Ugg() hana - rzuay (39
c M 8mym; However, in this case, if the quark and antiquark have the
S, 1 same flavor, the annihilation mechanism should also be taken

010 into account. The condensate contributions to this mecha-

+ +
6m;m,  6m;m, nism can be sketched in Fig.(as for leading mixed conden-

3 m,)\ - sate contributions and digrams for the PT, see Ré&f20).
- 24m;m, (2+ m_1 o1 The to_taqu-pair annihilat_ion potentiql can be_ obta@ned by
summing up the contributions of all diagrams including non-
1 .. perturbative ones in Fig. 2 and the corresponding perturba-
+ ( 2+ —2) ool (XXp) 1, (38  tive one

ann(total __pann ann(NP
U Mo = U0 + U g ™) (40)

with S;,=3(0-N) (- N) —q- a5 andn=x/|x]. i, o o .
For heavy quarkonium systems, where the potential conwhereU (x), the perturbative ggair-annihilation potential
cept is applicable, the quark-antiquark interaction can be obin coordinate representation, is
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employing the nonperturbative gluon propagator, with the
\/ \}/ validity of the unitarity of the quark scattering amplitude
from which the quark potential is derived.
/'\ /\ In the fixed-point gauge, some uncertainties in the non-
perturbative calculation such as three-point fermionic Green

(a)

function G 4(p’,p,q) are unavoidabl¢31]. To overcome
this, one can complete the calculation in covariant gauges

[32]. Of course, it is not enough to judge whether the result
in any gauge for the external QCD vacuum gluon fields is
better than the one in others only by calculating gauge-
dependent objects such as quark-gluspoint Green func-
tions. However, we should accept the fact that the expficit

dependence of the energy density difference in the fixed-
point gauge is incompatible with the physical meaning of a
gauge invariant object. In the context of the OPE, the fixed-
point gauge is very convenient. But, as we have seen here,
one should be very careful in using this gauge.

Lattice QCD, which is becoming more and more success-
ful, can include nonperturbative effects by means of the Wil-
son loop. An OPE based parameterization of the lattice re-
sults would be highly welcome phenomenologically. Since a
lot of lattice results on the interquark potential have been
L obtained recently{9], and in order to make the gauge-
(01-V) invariant quark potential achieved here more convincing, we

make a partial comparison with what has been obtained from
lattice calculations. Let us look into the spin dependent piece
~0q- 0,V? 5()2)] (41)  of the nonperturbative corrections. The spin dependeDi
3 correction due to the quark condensate provides a piece of
the spin dependent term proportional toxLin lattice simu-
and lations, a result given by Bali, Schilling, and Wachter in Ref.
[9]. With the phenomenological value of the quark conden-
amn(NPY mvs[ N, 17(0|G?0) sates in QCD sum rule§33], the momentum-dependent
( 1)

FIG. 2. The Feynman diagrams for the contributions of the non-
perturbative corrections to perturbatige-pair annihilation poten-
tial in the one-gluon exchange approximation with the lowest di-
mensional gluon, ghost, and quark condensates.

o > -
U x 5t——)\—)\T21—T-T
qq (X)=6(1) 41 cmz( 17 N2)( 17 T2)

X1 (0,4 05)2 1 162 S(X) 4
g g I - =
e 3m? m?2

X(ay-V)—

U

aq 2 72m? (MD) result proportional to the M| piece both in our po-
tential and in that of lattice simulatiof8] not only have the
1 mf<0|aqu|o> . s an same _sign, but also are c_ompgtible in magnitude. Although
N 5 (8m— qqn(X) there is not a formal relationship between the results of the
c T (4m°—mj) present work and those of lattice simulations, they reflect the
(42)  same nonperturbative effects of QCD to some degree. Very
recently, evidence of an unexpect&d/q? power correction
to the gluon condensate has been obtained in the lattice study
of Ref. [34]. In the case of the static potential in position
In this paper, we discussed the condensate contributiorgpace, such a2/g? correction results in a term proportional
to the gluon propagator which is then used to derive thdo the quark separatiofx|. Akhoury and Zakharoy7] dis-
nonperturbative contributions to the quark potentials. Tocuss nonperturbative corrections to the Coulomb-like poten-
help the reader to understand what is new in this paper, wtal of heavy quarks at short distances by considering the
summarize some important points. standard framework provided by infrared renormalons. They
(1) We estimated the value @D|B2|0)? in the approxi- found that the leading correction at short distances is linear
mation of the vacuum dominance in intermediate states anih |x|. In our modified potential, the linear correction which
found that this non-gauge-invariant condensate can be omiappears due to the quark and gluon condensates is consistent
ted as compared with the gauge-invariant gluon condensatgith both the lattice simulations results and renormalons cal-
contribution, which is of crucial importance for having gauge culations.
invariant vacuum energy density differendés]. There are many possible applications of the obtained
(2) We gave a detailed discussion about the nonperturbaguark potentials, for instance, in the study of the nonpertur-
tive gluon propagator and showed that it is essential to adogiative effect in the spectra @f 4 andY, especially to im-
covariant gauges in order to obtain a gauge invariant vacuurprove the spin splitting for these systems. As an extension of
energy density difference and to retain the unitarity of thethis work, we will verify whether the potentials obtained
quark scattering amplitude. here can be used to improve the hadronic spectra and had-
(3) The gauge-invariant nonperturbative contributions toronic properties ofl/ s andY families by including pertur-
the one-gluon exchange quark potentials were obtained blyative closed-loop contributions in the same ordewgfas

IV. SUMMARY AND DISCUSSION
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