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Neutrino oscillations in a predictive SUSY GUT
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Department of Physics and Astronomy, Northwestern University, Evanston, Illinois 60208

S. Raby and K. Tobe
Department of Physics, The Ohio State University, 174 W. 18th Ave., Columbus, Ohio 43210
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In this paper we present a predictive SO~10! supersymmetric grand unified theory with the family symmetry
U~2!3U~1! which has several nice features. We are able to fit fermion masses and mixing angles, including
recent neutrino data, with nine parameters in the charged fermion sector and four in the neutrino sector. The
family symmetry plays a preeminent role.~i! The model is ‘‘natural’’—we include all terms allowed by the
symmetry. It restricts the number of arbitrary parameters and enforces many zeros in the effective mass
matrices.~ii ! Family symmetry breaking from U~2!3U~1!→U~1!→ nothing generates the family hierarchy. It
also constrains squark and slepton mass matrices, thus ameliorating flavor violation resulting from squark and
slepton loop contributions.~iii ! It naturally gives large anglenm2nt mixing describing atmospheric neutrino
oscillation data and small anglene2ns mixing, consistent with the small mixing angle Mikheyev-Smirnov-
Wolfenstein~MSW! solution to solar neutrino data.~iv! Finally, in this paper we assume minimal family
symmetry-breaking vacuum expectation values~VEV’s!. As a result we cannot obtain a three neutrino solution
to both atmospheric and solar neutrino oscillations. In addition, the solution discussed here cannot fit liquid
scintillation neutrino detector~LSND! data even though this solution requires a sterile neutrinons . It is
important to note, however, that with nonminimal family symmetry-breaking VEV’s, a three neutrino solution
is possible with the small mixing angle MSW solution to solar neutrino data and large anglenm2nt mixing
describing atmospheric neutrino oscillation data. In the four neutrino case, nonminimal family VEV’s may also
permit a solution for LSND. The results with nonminimal family breaking are still under investigation and will
be reported in a future paper.@S0556-2821~99!00619-0#

PACS number~s!: 14.60.Pq, 12.15.Ff
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I. INTRODUCTION

Solar @1#, atmospheric@2#, and accelerator@3# neutrino
data strongly suggest that neutrinos have small masses
nonvanishing mixing angles. This hypothesis is also c
strained by reactor@4# based experiments. In the near futu
many more experiments will test the hypothesis of neutr
masses. In addition, a neutrino mass necessarily implies
physics beyond the standard model. Thus there is grea
citement, both experimental and theoretical, in this field.

Phenomenological neutrino mass models@5# are designed
to reproduce the best fits to all or some of the neutrino d
These models are only constrained by how much of the n
trino data one wants to fit. Three neutrino models with th
active neutrinos (ne , nm andnt) are consistent with sola
@1# and atmospheric@2# neutrino oscillations, while four neu
trino models, including a sterile~or electroweak singlet! neu-
trino (ns), are consistent with solar, atmospheric, and liqu
scintillation neutrino detector~LSND! @3# neutrino experi-
ments. There are also six neutrino models, with three ac
and three sterile neutrinos, motivated by complete fam
symmetry@6#.

It is important to address the theoretical question; to w
extent can this new data on neutrino masses and mi
angles constrain the physics beyond the standard mode

*On leave of absence from Faculty of Mathematics and Phys
Comenius Univ., Bratislava, Slovakia.
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particular, theories of fermion masses. Since any numbe
sterile neutrinos may mix with the three active neutrino
even in a grand unified theory, it may always be possible
fit neutrino data without ever constraining the charged f
mion sector of the theory. This would be an unfortunate c
cumstance. It is the purpose of this paper, however, to sh
that in any ‘‘predictive’’ theory of charged fermion masse
the neutrino sector is severely constrained.

By a ‘‘predictive’’ model of fermion masses we mean th
following.

The Lagrangian is ‘‘natural’’ containing all terms consi
tent with the symmetries and particle content of the theo

In addition there are necessarily grand unified the
~GUT! gauge symmetries as well as family symmetr
which restrict the form of the Yukawa matrices@7–9#;
thereby greatly reducing the number of arbitrary paramet

In supersymmetric~SUSY! theories, these same famil
symmetries can usefully constrain the form of soft SUS
breaking squark and slepton masses as well@7–9#; thus ame-
liorating the problem of large flavor violation in SUSY
theory @10#.

In this paper, we demonstrate that these same family s
metries greatly restrict the form of neutrino masses and m
ing. Hence neutrino data can greatly constrain any pred
tive theory of fermion masses.

We show this in the context of a particular SO~10! SUSY
GUT which fits charged fermion masses and mixing ang
well. SUSY GUT’s are very attractive. They successfu
predict the unification of gauge couplings observed at

s,
©1999 The American Physical Society01-1
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CERN e1e2 collider LEP @11,12#. In SO~10! one family

$q, ū, d̄, l , ē, n̄% fits into the 16-dimensional spinor represe
tation of the group@13#. Thus up, down, charged lepton an
Dirac neutrino mass matrices are related.

Of course, the last comment leads to the generic prob
for any GUT description of neutrino masses. Atmosphe
neutrino data@2# requires large mixing betweennm andnx ,
wherenx is any neutrino species, other thanne @2,4#. Solar
neutrino data as well can have a large mixing angle solut
Thus lepton mass matrices must give large mixing angle
sharp contrast to quark mass matrices which give sm
Cabibbo-Kobayashi-Maskawa mixing angles.

We consider an SO~10!3U~2!3U~1! model of fermion
masses. This theory is a modification of the SO~10!3U~2!
model of Barbieri, Hall, Raby, and Romanino~BHRR! @9#.
The modifications only affect the results for neutrinos. Alte
nate descriptions of neutrinos in the context of U~2! family
symmetry can be found in recent articles@14#. In Sec. II, we
give the superspace potential and the resulting quark
lepton Yukawa matrices. We then give the results
charged fermion masses and mixing angles. In Sec. III,
describe the neutrino sector; giving our fits for solar a
atmospheric neutrino oscillations and predictions for fut
experiments. A brief summary of our results follows.

Atmospheric neutrino oscillations are predominantly d
scribed by maximalnm2nt mixing; while solar neutrino os-
cillations are given by small-angle Mikheyev-Smirno
Wolfenstein ~MSW! ne2ns mixing. We are not able to
accommodate LSND. However, this result assumes mini
family symmetry-breaking vacuum expectation valu
~VEV’s!. By allowing for more general U~2!3U~1! breaking
VEV’s we are able to obtain a three neutrino fit to atm
spheric and solar neutrino data. In a future paper we re
on this three neutrino solution in more detail. We also a
lyze the case of general family symmetry breaking with
ther one or two sterile neutrinos. It is important to determ
how robust is the null LSND result. Our detailed conclusio
are in Sec. IV.

II. AN SO „10…3U„2…3U„1… MODEL

The three families of fermions are contained in 16a , a
51,2; and 163 wherea is a U~2! family index.@Note U~2! 5

FIG. 1. Diagrams generating the Yukawa matrices.
11300
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SU~2! 3 U~1!8 where the U~1!8 charge is11 (21) for each
upper~lower! SU~2! index.# At the tree level, the third fam-
ily of fermions couples to 10~a Higgs field! with coupling
l16310 163 in the superspace potential. The Higgs field a
163 have zero charge under both U~1!’s, while 16a has
charge21 and thus does not couple to the Higgs field at t
level.1

Three superfields (fa,Sa b5Sb a,Aab52Aba) are intro-
duced to spontaneously break U~2!3U~1! and to generate
Yukawa terms giving mass to the first and second gen
tions. The fields (fa,Sa b,Aab) are SO~10! singlets with U~1!
charges$0,1,2%, respectively. The vacuum expectation valu
~VEV’s! (f2;S2 2;eM0

2/^45&) break U~2!3U~1! to Ũ(1)
and (A1 2;e8M0) completely. In this model, second gener
tion masses are of ordere, while first generation masses a
of ordere82/e.

The superspace potential for the charged fermion secto
this theory, including the heavy Froggatt-Nielsen states@15#,
is given by

W.16310 163116a10xa

1x̄a~Mxa1fax1Sabxb1Aab16b!

1x̄a~M 8xa145 16a!1x̄~M 9x145 163!, ~1!

where M5M0(11a X1b Y). X, Y are SO~10! breaking
VEV’s in the adjoint representation withX corresponding to
the U~1! in SO~10! which preserves SU~5!, Y is standard
weak hypercharge anda,b are arbitrary parameters. Th
field 45 is assumed to obtain a vacuum expectation va
~VEV! in the B2L direction. Note, this theory differs from
BHRR @9# in that the fieldsfa and Sa b are now SO~10!
singlets@rather than SO~10! adjoints# and the SO~10! adjoint
quantum numbers of these fields, necessary for accept
masses and mixing angles, has been made explicit in the
45 with U~1! charge 1.2 This theory thus requires muc
fewer SO~10! adjoint representations. Moreover our neutri
mass solution depends heavily on this change.

The effective mass parametersM0 ,M 8,M 9 are SO~10!
invariants. The scales are assumed to satisfyM0;M 8;M 9
@^f2&;^S2 2&@^A1 2& where M0 may be of order of the
GUT scale. In the effective theory belowM0 , the Froggatt-
Nielsen states$x, x̄, xa, x̄a , xa , x̄a% may be integrated out
resulting in the effective Yukawa matrices for up quark

1There are in fact three additional U~1!’s implicit in the super-
space potential@Eq. ~1!#. These are a Peccei-Quinn symmetry

which all 16s have charge11, all 16̄’s have charge21, and 10 has
charge22; a flavon symmetry in which (fa, Sa b, Aa b) and M

have charge11 and x̄b has charge21; and anR symmetry in
which all chiral superfields have charge11. The family symmetries
of the theory may be realized as either global or local symmetr
For the purposes of this paper, it is not necessary to specify w
one. However, if it is realized locally, as might be expected fro
string theory, then not all of the U~1!’s are anomaly free. We would
then need to specify the complete set of anomaly free U~1!’s.

2This change~see BHRR@9#! is the reason for the additional U~1!.
1-2
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NEUTRINO OSCILLATIONS IN A PREDICTIVE SUSY GUT PHYSICAL REVIEW D60 113001
down quarks, charged leptons, and the Dirac neutr
Yukawa matrix given by~see Fig. 1!

Yu5S 0 e8r 0

2e8r er r eTū

0 r eTQ 1
D l, ~2!

Yd5S 0 e8 0

2e8 e rseTd̄

0 r eTQ 1
D j,

Ye5S 0 2e8 0

e8 3e r eTē

0 rseTL 1
D j,

Yn5S 0 2ve8 0

ve8 3ve
1

2
vr eTn̄

0 rseTL 1

D l,

with

v5
2 s

2 s21
~3!

and

Tf5~Baryon#2Lepton#! for f 5$Q,ū,d̄,L,ē,n̄%. ~4!

In our notation, fermion doublets are on the left and s
glets are on the right. Note, we have assumed that the H
doublets of the minimal supersymmetric standard mo
~MSSM! are contained in the 10 such thatl 10.l Hu
1j Hd . We can then consider two important limits — ca
~1! l5j ~no Higgs mixing! with large tanb, and case~2!
l@j or small tanb.

Results for charged fermion masses and mixing angles

We have performed a globalx2 analysis, incorporating
two- ~one-! loop renormalization group~RG! running of di-
mensionless~dimensionful! parameters fromMG to MZ in
the MSSM, one-loop radiative threshold corrections atMZ ,
and three-loop QCD~one-loop QED! RG running below
MZ .3 Electroweak symmetry breaking is obtained se
consistently from the effective potential at one loop, with
one-loop threshold corrections included. This analysis is p

3The predicted values of the low-energy observables are hig
correlated. Thus a globalx2 analysis is necessary in order to test t
accuracy of the fit. We note that fermion masses and mixing an
are the precision electroweak data which constrain any theory
yond the standard model. It is important to know how well a the
beyond the standard model fits this data, even though in some c
this data still has large theoretical uncertainties.
11300
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formed using the code of Blazeket al. @16#.4 In this paper,
we just present the results for one set of soft SUSY break
parametersm0 , M1/2 with all other parameters varied to ob
tain the best fit solution. In Table I we give the 20 obse
ables which enter thex2 function, their experimental value
and the uncertaintys ~in parentheses!.5 In most casess is
determined by the one standard deviation experimental

ly

es
e-
y
ses

4We assume universal scalar massm0 for squarks and sleptons a
MG . We have not considered the flavor violating effects of U~2!
breaking scalar masses in this paper.

5The Jarlskog parameterJ5Im(VudVub* VcbVcd* ) is a measure ofCP
violation. We testJ by a comparison to the experimental valu

extracted from the well-knownK0-K̄0 mixing observableeK

5(2.2660.02)31023. The largest uncertainty in such a compa

son, however, comes in the value of the QCD bag constantB̂K . We

thus exchange the Jarlskog parameterJ for B̂K in the list of low-

energy data we are fitting. Our theoretical value ofB̂K is defined
as that value needed to agree witheK for a set of fermion masse
and mixing angles derived from the GUT scale. We test this th

retical value against the ‘‘experimental’’ value ofB̂K . This value,
together with its error estimate, is obtained from recent lattice c
culations@17#.

TABLE I. Charged fermion masses and mixing angles. Init
parameters: large tanb case~l5j!, (1/aG,MG,e3)5(24.52, 3.05
31016 GeV,2 4.08%), (l, r , s, e, r, e8)5~0.79, 12.4, 0.84,
0.011, 0.043, 0.0031!, (Fs,Fe,Fr)5~0.73, 21.21, 3.72!rad,
@m0, M1/2, A0, m(MZ)] 5~1000, 300,21437, 110! GeV, @(mHd

/
m0)2, (mHu

/m0)2,tanb]5~2.22, 1.65, 53.7!.

Observable Data(s) Theory
~masses! ~GeV!

MZ 91.187~0.091! 91.17
MW 80.388~0.080! 80.40
Gm3105 1.1664~0.0012! 1.166
aEM

21 137.04~0.14! 137.0
as(MZ) 0.1190~0.003! 0.1174
rnew3103 21.20 ~1.3! 10.320

Mt 173.8~5.0! 175.0
mb(Mb) 4.260~0.11! 4.328
Mb2Mc 3.400~0.2! 3.421
ms 0.180~0.050! 0.148
md /ms 0.050~0.015! 0.0589
Q22 0.00203~0.00020! 0.00201
M t 1.777~0.0018! 1.776
Mm 0.10566~0.00011! 0.1057
Me3103 0.5110~0.00051! 0.5110
Vus 0.2205~0.0026! 0.2205
Vcb 0.03920~0.0030! 0.0403
Vub /Vcb 0.0800~0.02! 0.0691

B̂K
0.860~0.08! 0.8703

B(b→sg)3104 3.000~0.47! 2.995

TOTAL x2 3.39
1-3
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T. BLAŽEK, S. RABY, AND K. TOBE PHYSICAL REVIEW D60 113001
certainty, however in some cases the theoretical uncerta
(;0.1%! inherent in our renormalization-group running a
one-loop threshold corrections dominates.

For large tanb6 there are six real Yukawa parameters a
three complex phases. We take the complex phases t
Fr , Fe, and Fs . With 13 fermion mass observable
~charged fermion masses and mixing angles@B̂K replacing
eK as a ‘‘measure ofCP violation’’ #! we have four predic-
tions. For low tanb, lÞj, we have one less prediction
From Table I it is clear that this theory fits the low-ener
data quite well.7 Note, fits withl@j and small tanb fit just
as well.

Finally, the squark, slepton, Higgs, and gaugino spectr
of our theory is consistent with all available data. The lig
est chargino and neutralino are higgsino-like with the mas
close to their respective experimental limits. As an exam
of the additional predictions of this theory consider theCP-
violating mixing angles which may soon be observed aB
factories. For the selected fit we find

~sin 2a,sin 2b,sing!5~0.74, 0.54, 0.99! ~5!

or equivalently the Wolfenstein parameters

~r,h!5~20.04, 0.31!. ~6!

III. NEUTRINO MASSES AND MIXING ANGLES

The parameters in the Dirac Yukawa matrix for neutrin
@Eq. ~2!# mixing n2 n̄ are now fixed. Of course, neutrin
masses are much too large and we need to invoke the G
Mann–Ramond–Slansky–Yanagida@18# seesaw mecha
nism.

Since the16 of SO~10! contains the ‘‘right-handed’’ neu
trinos n̄, one possibility is to obtainn̄2 n̄ Majorana masses
via higher dimension operators of the form8

1

M
16 163 16 163 ,

1

M216 16316 16a fa, ~7!

1

M2 16 16a 16 16b Sa b.

The second possibility, which we follow, is to introduc

6We warn the reader that according to quite standard convent
the angleb is used in two inequivalent ways. tanb is the ratio of
Higgs VEV’s in the minimal supersymmetric standard model; wh
sin 2b refers to theCP-violating angle in the unitarity triangle, mea
sured inB decays. We hope that the reader can easily distingu
the two from the context.

7In a future paper we intend to explore the dependence of the
on the SUSY breaking parameters and also U~2! flavor violating
effects. Note also the strange quark massms(1 GeV);150 MeV is
small, consistent with recent lattice results.

8This possibility has been considered in the paper by Carone
Hall @14#.
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SO~10! singlet fields N and obtain effective mass term
n̄2N andN2N using only dimension-four operators in th
superspace potential. To do this, we add three new SO~10!
singlets$Na , a51,2; N3% with U~1! charges$21/2,11/2%.
These then contribute to the superspace potential

W.16~Naxa1N3 163!1 1
2 Na Nb Sa b1Na N3 fa, ~8!

where the field16 with U~1! charge21/2 is assumed to ge
a VEV in the ‘‘right-handed’’ neutrino direction. Note, thi
VEV is also needed to break the rank of SO~10!.

Finally, we allow for the possibility of adding a U~2!

doublet of SO~10! singletsN̄a or a U~2! singlet N̄3. They
enter the superspace potential as follows:

W.m8 Na N̄a1m3 N3N̄3 ~9!

The dimensionful parametersm8,m3 are assumed to be of th
order of the weak scale. The notation is suggestive of
similarity between these terms and them term in the Higgs
sector. In both cases, we are adding supersymmetric m
terms and in both cases, we need some mechanism to
these dimensionful parameters small compared to the Pla
scale.

We define the 333 matrix

m̃5S m8 0 0

0 m8 0

0 0 m3

D . ~10!

The matrixm̃ determines the number ofcoupledsterile neu-
trinos, i.e., there are four cases labeled by the numbe
neutrinos (Nn53,4,5,6): (Nn53) 3 active (m85m350);
(Nn54) 3 active11 sterile (m850; m3Þ0); (Nn55) 3
active12 sterile (m8Þ0; m350); (Nn56) 3 active13 ster-
ile (m8Þ0; m3Þ0). In this paper we consider the cas
Nn53 and 4@19#.

The generalized neutrino mass matrix is then given by9

~n N̄ n̄ N!,

S 0 0 m 0

0 0 0 m̃T

mT 0 0 V

0 m̃ VT MN

D , ~11!

where

m5Yn ^Hu
0&5 Yn

v

A2
sinb ~12!

and

ns

h

ts

nd9This is similar to the double seesaw mechanism suggested
Mohapatra and Valle@20#.
1-4
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NEUTRINO OSCILLATIONS IN A PREDICTIVE SUSY GUT PHYSICAL REVIEW D60 113001
V5S 0 e8V16 0

2e8V16 3eV16 0

0 r e ~12s! Tn̄V16 V168
D , ~13!

MN5S 0 0 0

0 S f

0 f 0
D .

V16,V168 are proportional to the VEV of16 ~with different
implicit Yukawa couplings! andS,f are up to couplings the
VEV’s of S22,f2, respectively.

Since bothV and MN are of order the GUT scale, th
statesn̄, N may be integrated out of the effective low-ener
theory. In this case, the effective neutrino mass matrix
given ~at MG) by10 ~the matrix is written in the (n,N̄) flavor
basis where charged lepton masses are diagonal!

mn5Ũe
TS m ~VT!21 MN V21 mT

2m ~VT!21 m̃

2m̃T V21 mT 0
D Ũe

~14!

with

Ũe5S Ue 0

0 1D , ~15!

e05Uee; n05Ue n.

Ue is the 333 unitary matrix for left-handed leptons need
to diagonalizeYe @Eq. ~2!# and e0 , n0 (e, n) represent the
three families of left-handed leptons in the charged-we
~-mass! eigenstate basis.

The neutrino mass matrix is diagonalized by a unita
matrix U5Ua i ;

mn
diag5UT mn U, ~16!

wherea5$ne ,nm ,nt ,ns1
,ns2

,ns3
% is the flavor index andi

5$1, . . . ,6% is the neutrino mass eigenstate index.Ua i is
observable in neutrino oscillation experiments. In particu
the probability for the flavor statena with energyE to oscil-
late intonb after traveling a distanceL is given by

P~na→nb!5dab24 (
k , j

Ua kUb k* Ua j* Ub jsin2 D j k ,

~17!

whereD j k5dmjk
2 L/4E anddmjk

2 5mj
22mk

2 .

10In fact, at the GUT scaleMG we define an effective dimension
five supersymmetric neutrino mass operator where the Higgs V
is replaced by the Higgs doubletHu coupled to the entire lepton
doublet. This effective operator is then renormalized using one-l
renormalization-group equations toMZ . It is only then thatHu is
replaced by its VEV.
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In general, neutrino masses and mixing angles have m
new parameters so that one might expect to have little p
dictability. However, as we shall now see, the U~2!3U~1!
family symmetry of the theory provides a powerful co
straint on the form of the neutrino mass matrix. In particul
the matrix has many zeros and few arbitrary parameters.
fore discussing the four neutrino case, we show why th
neutrinos cannot work without changing the model.

A. Three neutrinos

Consider firstmn for three active neutrinos. We find~at
MG) in the (ne ,nm ,nt) basis

mn5m8 Ue
T S 0 0 0

0 b 1

0 1 0
D Ue ~18!

with

m85
l2v2sin2 bvf

2V16V168
'

mt
2vf

V16V168
, ~19!

b5v
SV168

fV16
12sr e,

where in the approximation form8 we use

mt~[mtop!'l
v

A2
sinb, ~20!

valid at the weak scale.
mn is given in terms of two independent paramete

$m8,b%. Note, this theory in principle solves two problem
associated with neutrino masses. It naturally has small m
ing betweenne2nm since the mixing angle comes pure
from diagonalizing the charged lepton mass matrix whi
like quarks, has small mixing angles. While, forb<1,
nm2nt mixing is large without fine tuning. Also note, in thi
theory one neutrino~predominantlyne) is massless.

Unfortunately this theory cannot simultaneously fit bo
solar and atmospheric neutrino data. This problem can
solved at the expense of adding a new family symme
breaking VEV11

^f1&5k^f2&. ~21!

We discuss this three neutrino solution in a future paper@19#.
With kÞ0 the massless eigenvalue in the neutrino mass
trix is now lifted. This allows us to obtain a small mas
difference between the first and second mass eigenva
which was unattainable before in the large mixing limit f
nm2nt . Hence, a good fit to both solar and atmosphe
neutrino data can now be found fork<0.2. In addition, note

V

p
11This additional VEV was necessary in the analysis of Caro

and Hall @14#.
1-5
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that this small value ofk moderately improves the global fit
to charged fermion masses and mixing angles@19#.

In the next section we discuss a four neutrino solution
both solar and atmospheric neutrino oscillations in the the
with k50.

B. Neutrino oscillations „3 active11 sterile…

In the four neutrino case the mass matrix~at MG) is given
by12

m8FUe
T S 0 0 0

0 b 1

0 1 0
D Ue 2Ue

TS 0

u c

c
D

2~0 u c c! Ue 0

G , ~22!

wherem8 andb are given in Eq.~19! and

u5s r e, ~23!

c5
A2m3 V16

v lvsinbf
'

m3 V16

v mtf
.

In the analysis of neutrino masses and mixing angles
use the fits for charged fermion masses as input. Thus
parameteru is fixed. We then look for the best fit to solar an
atmospheric neutrino oscillations. For this we use the la
Super-Kamiokande data for atmospheric neutrino osc
tions @2# and the best fits to solar neutrino data including
possibility of ‘‘just so’’ vacuum oscillations or both larg
and small angle MSW oscillations@1#. Our best fit is found
in Tables II and III. It is obtained in the following way.

For atmospheric neutrino oscillations we have evalua
the probabilities @P(nm→nm), P(nm→nx) with x
5$e,t,s%] as a function of x[ ln@(L/km)/(E/GeV)#. In or-
der to smooth out the oscillations we have averaged the
sult over a bin size,Dx50.5. In Fig. 2~a! we have compared
the results of our model with a two neutrino oscillatio
model. We see that our result is in good agreement with
values ofdmatm

2 and sin2 2uatm as given.
An approximate formula for the effective atmosphe

mixing angle is defined by

12This expression defines the effective dimension-five neutr
mass operator atMG which is then renormalized toMZ in order to
make contact with data.

TABLE II. Fit to atmospheric and solar neutrino oscilla
tions. Initial parameters:~four neutrinos w/large tanb), m8
57.1131022 eV, b520.521,c50.278,Fb53.40 rad.

Observable Computed value

dmatm
2 3.231023 eV2

sin2 2uatm 1.08
dmsol

2 4.231026 eV2

sin2 2usol 3.031023
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P~nm→nm![12 ‘sin2 2uatm‘sin2S ‘ dmatm
2 ‘L

4E D ~24!

with

‘sin2 2uatm‘ '4@ iUm4i2~12iUm4i2!

1iUm3i2~12iUm3i22iUm4i2!# ~25!

using the approximate relation

‘ dmatm
2 ‘ 5dm43

2 'dm42
2 'dm41

2 'dm32
2 'dm31

2 . ~26!

Note, ‘sin2 2uatm‘ may be greater than one. This is consiste
with the definition above and also with Super-Kamiokan
data where the best fit occurs for sin2 2uatm51.05. We obtain
a good fit to the data.

In Fig. 2~b! we see, however, that although the atm
spheric neutrino deficit is predominantly due to the maxim
mixing betweennm2nt , there is nevertheless a significa
~;10% effect! oscillation of nm2ns . This effect may be
observable at Super-Kamiokande. It would appear as a d
cit of neutrinos in the ratio of experimental to theoretic
muon ~single ring events! plus tau ~multiring events! as a
function of L/E.

The oscillationsnm→nt or ns may also be visible at long
baseline neutrino experiments. For example at K2K@21#, the
mean neutrino energyE51.4 GeV and distanceL5250 km
corresponds to a value of x52.3 in Fig. 2~b! and hence
P(nm→nt);0.4 andP(nm→ns);0.1. At Minos @22# low-
energy beams with hybrid emulsion detectors are also be
considered. These experiments can first test the hypothes
muon neutrino oscillations by looking for muon neutrino d
appearance@for x52.3 we haveP(nm→nm);0.5]. Verify-
ing oscillations into sterile neutrinos is, however, much mo
difficult. For example at K2K, if only quasielastic muon ne
trino interactions~single ring events at SuperK! are used,
then this cannot be tested. Minos, on the other hand, ma
able to verify the oscillations into sterile neutrinos by usi
the ratio of neutral current to charged current measurem
@22# ~the so-called T test!.

For solar neutrinos we plot, in Figs. 3~a! and 3~b!, the
probabilities @P(ne→ne),P(ne→nx) with x5$m,t, s%] for
neutrinos produced at the center of the sun to propagat
the surface~and then without change to earth!, as a function

o

TABLE III. Neutrino masses and mixings. Mass eigenvalu
~eV!: 0.0, 0.002, 0.04, 0.07. Magnitude of neutrino mixing mat
Ua i , i 51, . . . ,4 labels mass eigenstates,a5$e,m,t,s% labels fla-
vor eigenstates.

0.998 0.0204 0.0392 0.0529
0.0689 0.291 0.567 0.767
0.31731023 0.145 0.771 0.620
0.28431023 0.946 0.287 0.154
1-6
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of the neutrino energyEn ~MeV!.13 We compare our mode
to a two neutrino oscillation model with the given param
eters. We see that the solar neutrino deficit is predomina
due to the small mixing angle MSW solution forne2ns
oscillations. The results are summarized in Tables II and

A naive definition of the effective solar mixing angle
given by

sin2 2u12[4iUe1i2iUe2i2. ~27!

13For this calculation we assume that electron (ne) and neutron
(nn) number densities at a distancer from the center of the sun ar
given by (ne ,nn)5(4.6,2.2)31011exp@210.5(r /R)# eV3 where R
is a solar radius. We also use an analytic approximation neces
to account for both large and small oscillation scales. For the
tails, see the forthcoming paper@19#.

FIG. 2. ~a! Probability P(nm→nm) for atmospheric neutrinos
For this analysis, we neglect the matter effects.~b! Probabilities
P(nm→nx) (x5e, t, ands) for atmospheric neutrinos.
11300
ly

I.

In Fig. 3~a! we see that the naive definition of sin2 2u12 un-
derestimates the value of the effective two neutrino mix
angle. Thus we see that our model reproduces the neu
results for dmsol

2 5dm12
2 54.231026 eV2 but instead is

equivalent to a two neutrino mixing angle sin2 2usol53
31023 instead of sin2 2u1251.631023. Our result is consis-
tent with the fits of Bahcallet al. @1#.

In addition, whereas the oscillationne2ns dominates we
see in Fig. 3~b! that there is a significant~;8% effect! for
ne2nm . This result may be observable at SNO@23# with
thresholdE>5 MeV for which P(ne→nm);0.05.

We note that, even though we have four neutrinos, we
not able to simultaneously fit atmospheric, solar, and LSN
data, i.e. it is not possible to get‘ ‘ dmne2nm

2 ’’ large enough

to be consistent with LSND. We have also checked tha
troducing the new parameterk @Eq. ~21!# does not help.

Finally let us discuss whether the parameters neces
for the fit make sense. We have three arbitrary parame

ry
e-

FIG. 3. ~a! ProbabilityP(ne→ne) for solar neutrinos.~b! Prob-
abilities P(ne→nx) (x5m, t, ands) for solar neutrinos.
1-7
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We have takenb complex, while any phases form8 andc are
unobservable. A large mixing angle fornm2nt oscillations
is obtained withubu;0.5. This does not require any fin
tuning; it is consistent withS V168 /f V16;1 which is per-
fectly natural @see Eq.~19!#. The parameterc @Eq. ~23!#
'0.28' m3 V16/v mt f impliesm3'0.41 (f/V16) mt . Thus
in order to have a light sterile neutrino we need the para
eterm3;70 GeV forf;V16. Considering that the standar
m parameter~see the parameter list in the captions to Table!
with value m570 GeV andm3 @Eq. ~9!# may have similar
origins, both generated once SUSY is spontaneously bro
we feel that it is natural to have a light sterile neutrin
Lastly consider the overall scale of symmetry breaking, i
the seesaw scale. We havem85731022 eV ~Table II!
' mt

2 v f/V16V168 . Thus we findV16V168 /f ; mt
2 v/m8 ;6

31014 GeV. This is perfectly reasonable for^16&;^f2&
;MG once the implicit Yukawa couplings are taken in
account.

IV. CONCLUSION

We have presented the results of a predict
SO~10!3U~2!3U~1! model of fermion masses. We fi
D

nt

.

.

ys

11300
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e

charged fermion masses and mixing angles as well as
trino masses and mixing. The model ‘‘naturally’’ gives sma
mixing angles for charged fermions and forne→nsterileoscil-
lations ~small-angle MSW solution to the solar neutrin
problem! and the large mixing angle fornm→nt oscillations
~atmospheric muon neutrino deficit!. The model presented
here may be one of a large class of models which fit char
fermion masses. The most important conclusion from
work is that predictive theories of charged fermion mas
~including GUT and family symmetry! strongly constrain the
neutrino sector of the theory. These theories can thus
predictive in the neutrino sector and neutrino data w
strongly constrain any predictive theory of fermion masse
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