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Remarks on the neutrino oscillation formula
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We show that the neutrino oscillation formula recently derived in the quantum field theory framework holds
true despite the arbitrariness in the mass parameter for the flavor fields. This formula is exact and exhibits new
features with respect to the usual Pontecorvo formula, which is however valid in the relativistic limit.
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In view of the great theoretical and experimental interestigate in detail how to derive oscillations formulas reflecting
[1] several papers have been recently devoted to the quantureal experimental situations on the basis of the field theory.
field theoretical approach to neutrino mixing and oscillations Motivated by such a necessity, in the present paper we
[2-5]. In particular, the study of the generator of the Pon-consider the arguments of Rg5] and we show that, even by
tecorvo mixing transformationg6] has shown3] that the ~ applying the more general mass parametrization there
Hilbert space where the mixedlavor field operators are adopted, the mass arbitrariness disappears from the exact os-
defined is unitarily inequivalent, in the infinite volume limit, Cillation formula as derived in Ref4]. Actually, the oscil-
to the Hilbert space for the originglinmixed field opera- 'ation formula considered in Ref5] is the approximate one
tors. Such a finding leads to a novel understanding of field"hich was derived in Refi3], and not its exact form ob-

mixing and to a new, exact oscillation formuld], which tanjrehd in thel Green sffgncgongorTf;:lsm thR@ﬁ].l basis of
reduces to the Pontecorvo one in the relativistic limit. e conclusions of Ref5] about the unphysical basis o

As a matter of fact, the problem of the definition and of the analysis of Ref$3,4] are thus W'ed out. Qn the contrary,
the physical interpretation of the state space for the flavof "< though .the problem_ of the Interpretation O.f the flavor
) : . o ) . gpace may still be the object of discussion, the field theoret-
fields is a controversial one and it is the object of still open

. : ) ical formalism derived in Refs[3,4] appears to be sound
discussion§2-5. On the other hand, the discoveiy] that and, what is most interesting, it leads to the oscillation for-

the Pontecorvo field mixing transformation is a nonunitarily ., ;1a which is experimentally testable.
implementable transformation rests on firm mathematical | the present paper we also shortly comment on the
grounds, so that it cannot be ignored in any discussion on thghysical meaning of the mass arbitrariness which has been
field mixing problems. In a recent papid it has been thus introduced by the authors §5] without explicit justification.
considered the degree of arbitrariness involved in the CONMfhese comments are also useful in order to C|arify the phys|-
struction of the flavor states starting from the results of Refs¢al meaning of the more general transformations usd8lin
[3,4] [denoted by the authors of Re] as the Blasone- and of the particular choice adopted in the BV formalism.
Vitiello (BV) formalism|. To be definite, let us consider an oversimplified model
By using a more general mass parametrization than theith two (Dirac) fermion fields with a mixed mass terns:
one adopted in the BV formalism, the conclusion of the au-=p (i —m,) Ve+;ﬂ(i/9—mu) V,L—me,;(jevﬁfjﬂe)- The
thors of Ref.[5] has been that, since the mass arbitrarinesgbove Lagrangian is sufficient in order to describe the single-
shows up in the oscillation probability, the conclusionsparticle evolution of a mixed state, i.e., neutrino oscillations
drawn in Refs.[3] are unphysical. In particular, they con- [4], and can be fully diagonalized by the transformation
clude that the procedure adopted in Ré&f} by choosing a

specific mass parametrization has no physical basis. They ve(X) = v1(X)C0SO+ vo(X)sin g,
then examine the structure of the neutrino propagator. How- _ (1)
ever, although the physical poles of the propagator are v, (X) = —v(X)sin 6+ v,(X)cosb,

shown to coincide with the eigenvalues of the mass matrix in . . B 2 2
the Lagrangian and appear not to be affected by the mad¥nere ¢ is the mixing angle andn,=m cos 6+msin 6,

parametrization arbitrariness, they are not able to escape thg«~ M sin? g+m, cos 6, Mg, =(M;—my)sinfcose. v,
arbitrariness difficulty in the oscillation formula. Thus they @nd 2 therefore are noninteracting, free fields, anticommut-

are finally forced to admit that it is still necessary to inves-iN9 With each other at any space-time point. They are
explicitly — given by  »(x)=(1/\V) Sy [up e (1)
+Vr,k'iﬂrj.kyi(t)]elk.x, |: 1,2, W|th ark i(t):eilwitarkyi(o),

*Email address: m.blasone@ic.ac.uk Bii(t)y=e"I'g} i(0), andw;=k?+m?. Here and in the
TEmail address: vitiello@physics.unisa.it following we uset=x,, when no misunderstanding arises.
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The vacuum for they; and3; operators is denoted H9), ,:

@y |0)12= By 10)1,=0. The anticommutation relations are
the usual onegsee Ref[3]). The orthonormality and com-

: rtos . rt,,s _ rt.,s
pleteness relations are, Uy =V Vg =0, Uy Vg

.t s _ r rt r rt _
=V Ui =0, 2 (U UV v ) =1

The fields v and v,
form [we use ¢,j)=(e,1),(x,2)]:
vo(X) =Gy () ;(X)Gy(t)

1 :
=—= > [uj el ,(D+V BT (D] (2
\/v k,r

Go(t):eXF{ 0f d* (1) o) =) v (X)) |, (3)

are thus completely determined
through Eq.(1), which can be rewritten in the following
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where G ,(t) is the generator of the mixing transformations

(1) (see Ref[3] for a discussion of its propertigs
Equation(2) gives an expansion of the flavor fields and

v, in the same basis af; andv,. In the BV formalism the

flavor annihilation operators are then identified with

( o 4(1) )_G_l(t)( aie (1) )G © "
APN(S ) A R U AAT(3) A

The BV flavor
=G, (1)|0),-

The explicit expression of the flavor annihilation opera-
tors is[we choosek=(0,0/k|)]:

vacuum is defined as|O(t))e ,

ape(t) Co sgl Ul 0 So€'IVil\ [ ag (1)
(1) =5/ Uy Cy spe' |V 0 oL oD
glav || 0 s e sdud | ®
B (1) —s0€'|Vi 0 =S| Uyl Cy )

where c,=cos6, s,=sind, e'=(—1)", and|U,|=u}u} ,
=v v o IVid=€uliv = — €Uy 1. We have

wk,1+ my 1/2

Uy =

12/ 4y M,
2(1)kY2
k|

(0 1+ M) (wy o+ my)

2(1)k’1

1+

: (6)

1/2

wk,2+ m, 1/2
2wk12

o K
( : ()

Wt My) (o 1+my)

|Ul?+ V[ ?=1. (8)

It has been recently noticd®], however, that expanding
the flavor fields in the same basis as fliiee) fields with
definite masses is actually a special choice, and that a more

general possibility exists.

In other words, in the expansion E(2) one could use
eigenfunctions with arbitrary masses,, and therefore not

whereu, andv, are the helicity eigenfunctions with mass
..+ We denote by a tilde the generalized flavor operators
introduced in Ref[5] in order to distinguish them from the
ones defined in Eq4). The expansion E(9) is more gen-
eral than the one in E@2) since the latter corresponds to the
particular choiceue=my, ©,=m.

The relation between the flavor and the mass operators is

now
aj (1) ) ( aj (t)

- =Kt
<:3r—Tk,U(t)> o) :Brjk,j(t)

with (o,j)=(e,1),(u,2) and where&K, ,(t) is the generator
of the transformatiorfl) and can be written as

Ko, u(D)=1,()Gy(1), 11

Ko u(t),  (10)

()= ]k_[r exp: [ (UEj) s a7 (1)

+Br—k,j(t)aL,j(t)]} (12

necessarily the same as the masses which appear in the L4t &5 =(xs—x;)/2 and cok,=|k|/u,, cotg=|k|/m;.

grangian. On this basis, the authors of Hé&f. have gener-
alized the BV transformatiofd) by writing the flavor fields

as

1 - - )
v, (X)= N ; [uf yak o () +Vy BT (1)1 X, (9)

For ue=m;, u,=m, one had ,(t)=1.
The explicit matrix form of the flavor operators|is]

1The use of such a basis considerably simplifies calculations with
respect to the original choice of R¢8].
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~ k Kk . Kk ) Kk
ark,e(t) Cﬁpei SGP:z |C97\ei ISQ)\EZ a'rk,l(t)
’&Lvu(t) TSoPu1 CoPuz TIShu1 1CeN,o ajo(t)
’B"—Tk’e(t) |C0)\ei_ |Sg)\:2 Cgpei_ Sgpsz Br—Tkvl(t) ( 3)
I —iSgh1 ICehn  —Sppu1 Coppo rt
Bk WD) " " 2 z eat)
T
wherec,=cos6, s,=sind and operators and the vacuum for mixed fermions are defined

self-consistently, and the Hilbert space for mixed neutrinos

K o —ancX@ Xbo it s _ ot s can thus be constructed. Such a Hilbert space, however, has
8;s=COS———O;s=Uy Ur p=V_} 2V p> 14 o o . ' ’
Panrs 2 s TkatkbT T-kat-kb (4 built in the arbitrariness related with the mass parameters

Mo, o=¢6,u. According to the authors of Reff5], such an
. . . Xa= Xb arbitrariness also shows up in the final expression of the
iNK,8,s=i sin Ss=Ul v p=v U, 15 O » P .
aprs 2 st Tkal-kb T-katkb 19 oscillation probability, which is a nonacceptable result since

the theory arbitrary parameters should have no effects on
observable quantities. The full construction, although math-
ematically consistent, would then be questionable from a
physical point of view. Now we show that the analysis of
Ref.[5] is not complete, that the exact oscillation probabili-
ties are independent of the arbitrary mass parameters and
therefore the conclusion of Rgf5] is ruled out.

The main point is that the authors of R¢B] miss to
compute the full oscillation probability whose exact form is
presented in Ref4] and it is there obtained in the Green’s
function formalism. In fact, the statement of RE5] that the
oscillation formula “seems not to be correct” since it is
~ . based on the one neutrino state, which does depend.on

ay (1) ] ay (1) andu,, is not correct: as we show below, it is possible to

73rjk () =J,.7(0 Br—Tk,U(t) (1), (16) calculate the oscillation probabilities by using the arbitrary
’ mass formalism of Sec. Il, getting a result which is indepen-
dent of the arbitrary masses. and u,, and coincides with

u0=TT e i3, &b ol 0870 the one of Ref[4]
,r a,)

Along the lines of Ref[4], let us consider the propagator

with a,b=1,2g, . Sincep¥,=|U,| andirk,=€"|V,], etc.,
the operatorg13) reduce to the ones in Eq&) when u,
=m; andp,=m,.?

The generalization of the BV flavor vacuum, which is
annihilated by the flavor operators given by Et0), is now
written as [5] [0(t))e =Ky h(1)|0)1,. For we=m; and
u,=my, this state reduces to the BV flavor vacuum
|0(t))e,,, defined above.

For the considerations which follow, it is also useful to
report here the relation, given in Ré¢g], between the gen-
eral flavor operators of Eq10) and the BV ones:

for the flavor fields, which has to be defined on the proper
+,3rk,g(t)ark,g(t)])- (17) (_flavor) vacuum. Notipe that here we perform the computa-
tions in the generalized BV formalism of Ref5]. The

In the formal framework given above the annihilation propagators are then given by

10(Yo)Ye, (18)

GedX,Y) éwuyw_ I (TUJMZWH T[vu(X) ve(y)]
“epun 0

Geu(x,y)  Gu(x,y) Tve(X) v, (Y)] Tr, () v, ()]

where the state used is the one defined beforé E). These  propagators clearlglo dependn the arbitrary parametegs,
and u,, which are present irﬁ)(yo)>e,u. However, the
propagator is not a measurable quantity: on the contrary, the
oscillation probability, which can be defined in terms of it, is
2In performing such an identification, one should take into ac-measurable and should not be affected by any arbitrary pa-
count that the operators for antiparticles differ for a minus sign,rameters.
related to the different spinor bases used in the expang®rend Let us then consider the case of an initial
(9). Such a sign difference is however irrelevant in what follows. electron neutrino which evolvegoscillates in time.
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The two relevant propagators arfd] iG_((t,x;0y)

= ,u{(0]ve(t,X) 76 (0y)|0)e,,, iG o (1,x0y)
= ¢, (01v,(t,X) ve(0y)[0)¢ ,, , where[0) ,=[0 (t=0)) ¢, .

As discussed in4], there are four distinct transition ampli-
tudes which can be defined from the above propagators. In
the present generalized case, we have to use the wave func-

tionsu, andv,,, instead ol; andv; which were used if4].

This is in line with the above discussion: the choice of the
basis in which we expand the flavor fields determines th

relevant annihilators and then the vacuum.
The amplitudes are then obtained as

PLdk,=iu Godk,t) 1 up o={af (1), a1 (0)}, (19

Pk ) =ivT Gk, 1) Youl o= {8 o), 2l o(0)}, (20

PLe(k)=iui!, Gro(k,) YU o={aj (1), 2 o(0)}, (2D
Pk =ivy Gra(k,)y0up ={B (1), ale(0)}.
(22)
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Py, (ki) =[{af ,(1), all(0)} [+ {87} (1), all(0)}]?
(26

=sin2(20)[|uk|zsin2(wk’+wk’lt)

i

eI'hus, we have proven that the generalized formalism of Ref.
[5] leads to the same exact result of Ref]. The above
formula is still valid in the more general case: the probabili-
ties for oscillating neutrinos do not depend on any arbitrary
mass parameters.

Although already discussed in detail in R¢#], some
comments about the oscillation formulé®5),(26) may be
useful, in order to better clarify why the cancellation of the
unphysical parameters occurs in E¢23),(24). In order to
make clearer the physical reasoning of adopting the equal
time vacua in the computation of the amplitudes, we remark
that the quantities in Eq$25),(26) are nothing but the ex-
pectation valuegon the electron neutrino state at tireof
the charge operator®,=a’a,—B!8, (c=€,u and we
have suppressed the momentum and spin indices for simplic-

Wyt w1

+|Vk|23in2 2

The explicit form of these amplitudes is rather complicatedty). we have indeed

Notice that all of them involve the arbitrary parametgis.

However, it can be verified that the following sum rule for

the squared moduli is still validiP,(k,t)[>+ |75 (k,t)|2
+|PLe(k, )+ P (k) [P=1.

Moreover, through somewhat long direct calculation or by 0(1)|Q4|0(t))e ,=0, (re()](Qet+Q,)|ve(t))=1,
employing the linear relation Eq16) [cf. also the second 2 0]Q[0(0)e.s (e(OI(Qet Qulve(t)) (
relation in(2.31) of Ref.[5]] as well as the charge conjuga-

tion relation betweeny, , andB", ,, we obtain

[{af o(1), a1 (0)} 2+ [{B Ty (1), 2l 0)}]2

=[{ap (1), @ o(0) 2+ [{ B (1), @l o(0)}2, (23)
g (1), 2t (02 + [{BT\ (1), 2 (0)}2
=[{af (0, (O} 2+ BT (D, al(0}2 (29

which is the announced result. In fact in Rp£] the prob-
abilities for oscillating neutrinos were found to be

P, (K ={af (1), aio(0)H2+ {8k (1), i (0} 2
(25

=1- sin2(20)[ Uy sin2<—wk'2; wk’lt)

O R0)
+|Vk|zsin2(—k’22 k’lt”,

Swith respect to the ones defined in RE4], we omit here an

Q, (D) =(ve(D)]|Qq|ve()) = [{es(1),al(0)}|?

+{BL(1),al(0)}]?, 27)

28)

where| v(t))=exd —iHt]a!|0),, .

In this way, the physically obvious fact is confirmed, that
the measure of the flavor oscillation probabilities at time
[Egs.(25),(26)] is given by the expectation value of the fla-
vor charges,Q,(t). On the other hand, the already estab-
lished result of Ref[4], by which the Green’s functions Eg.
(18) are well defined because of the use of the equal time
vacua, also confirms the above physical picture from a
more formal point of view, and it is strictly related to it. It
has been shown in Ref[4] that quantities like
eu{0(X°)| 7, (t,X) ve(0,y)|0(0))e,, simply vanish(in the infi-
nite volume limi, due to the unitary inequivalence of flavor
vacua at different timeéwve also notice that at finite volume
such a quantity does depend on the arbitrary parameters in-
troduced above

We further observe that Eg28) simply and consistently
expresses the conservation of the total charge. It is remark-
able that, according to the analysis performed in R&f.the
operator for the total charg@.+ Q,, is the Casimir operator
for the su(2) algebra associated with the mixing transforma-
tions Eq.(1), and consequently it commutes with the mixing
generator(3) [and (11)].

Finally, for the full understanding of the resy3),(24),
it is essential to remark that the charge operatQysare

(irrelevany phase factor. This is due to the different definition of the Invariant under the action of the Bogoliubov generator Eq.

flavor operators—see E).

17, i.e.,Q,=Q,, whereQ,=a'a,— BIB, . Besides the
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direct computations leading to Eq23),(24), such an invari- other ones being associated with the bare maggedt can
ance, together with Eq27), provides a strong and immedi- be showr{7] that the masseg,, dynamically acquire a con-
ate proof of the independence of the oscillation formula fromvenient mass shift term such that the asymptotic physical
the u, parameters. fields are associated with the physical magsand the arbi-

In Ref.[5] the flavor field wave functions,, andv, have trariness intrinsic to the bare mags, does not affect the
been introduced which satisfy the free Dirac equations withobservables.
arbitrary massu,, (c=e,u). Its introduction has not been  Therefore, in principle any one of thieparametrized Hil-
justified in Ref.[5]. Therefore a short comment about the bert spaces can be chosen to work withother words, the
physical meaning of such a procedure may be in order and lsare masses can be given any arbitrary valGénce, how-
can also be useful for a better understanding of the formalever, one is interested in observable quantities, in the LSZ
ism. Use of the wave functions, andv,, clearly represents formalism[7,8] the space one chooses to work with is the
a more general choice than the one made in the BV formalfree physical field spac@ssociated to the; operator fields,
ism [3], whereu,=m;, u,=m, has been used. in our casg This is the “particular” choice made in the BV

We observe that the mass parameger represents the formalism. In the generalized BV formalism instead, by
“bare” mass of the corresponding field and therefore it canmeans of the Bogoliubov transformation explicitly given by
be given any arbitrary value. Moreover, f6=0 the trans-  Eq. (13) written for §=0, one first moves to the operators
formation (10) reduces to the transformation generated bya;(¢, ), leaving the¢ value unspecifiedi.e., for arbitrary
I .(t) given by Eq.(12): now note that this is nothing but a mass parameter,) and then one considers the mixing prob-
Bogoliubov transformation which, at=0, relates unmixed lem. Of course, at the end of the computations observable
field operatorse; and, saya;(§, ;), of massesn; andu,,, quantities should not depend on the arbitrary parameters, as
respectively. In the language of the Lehmann-Symanzikindeed in this paper we have proven it happens to be.
Zimmermann (LSZ) formalism of quantum field theory Here we are not going to give more details on the multi-
(QFT) [7,8], the a; refer to physical(free) fields and the plicity of Hilbert spaces associated with arbitrary bare mass
a;(&,,)) to Heisenberdinteracting fields. In the infinite vol-  parameters. However, the above comment sheds some light
ume limit, the Hilbert spaces where the operateysand a; on the physical meaning of the particular choice made in
are respectively defined turn out to be unitarily inequivalentRefs.[3,4], and it also suggests to us why the result of the
spaces. Moreover, the transformation paramgjgracts as a computations presented in the present paper actually was to
label specifying Hilbert spaces unitarily inequivalent amongbe expected on a physical ground, in addition to being sup-
themselvegfor each(different) value of theu, mass param- ported by straightforward mathematics.
eter]. The crucial point is that the physically relevant space is This work was partially supported by MURST, INFN, and
the one associated with the observable physical masshe  ESF.
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