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Somewhere in the universe: Where is the information stored when histories decohere?

J. J. Halliwell
Theory Group, Blackett Laboratory, Imperial College, London SW7 2BZ, United Kingdom
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In the context of the decoherent histories approach to quantum theory, we investigate the idea that decoher-
ence is connected with the storage of information about the decohering system somewhere in the universe. The
known connection between decoherence and the existence of records is extended from the case of pure initial
states to mixed states, where it is shown that records may still exist but are necessarily imperfect. We formulate
an information-theoretic conjecture about decoherence due to an environment; the number of bits required to
describe a set of decoherent histories is approximately equal to the number of bits of information thrown away
to the environment in the coarse-graining process. This idea is verified in a simple model consisting of a
particle coupled to an environment that can store only one bit of information. We explore the decoherence and
information storage in the quantum Brownian motion model, in which a particle trajectory is decohered as a
result of coupling to an environment of harmonic oscillators in a thermal state. It is shown that the variables
that the environment naturally measures and stores information about are nonlocal functions of time, which are
essentially the Fourier components of the functionx(t) ~describing the particle trajectory!. In particular, the
records storing the information about the Fourier modes are the positions and momenta of the environmental
oscillators at the final time. We show that it is possible to achieve decoherence even if there is only one
oscillator in the environment. The information count of the histories and records in the environment adds up
according to our conjecture. These results give quantitative content to the idea that decoherence is related to
‘‘information lost.’’ Some implications of these ideas for quantum cosmology are discussed.
@S0556-2821~99!07320-8#

PACS number~s!: 03.65.Bz, 98.80.Hw
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I. INTRODUCTION

The notion of decoherence plays an important role in d
cussions of the foundations of quantum theory, particula
in investigations of the emergence of classical behav
@1–4#. Decoherence typically arises as a result of a coa
graining scheme—dividing the system into subsystem
environment, for example, and then tracing out the envir
ment. Decoherence is then often regarded as a kind of
eralized measurement process: the environment produ
the decoherence ‘‘measures’’ the decohering subsystem,
‘‘stores information’’ about it. Indeed, it can be argued th
the physical significance of decoherence is that it ensures
storage of information about the decohering system’s pr
erties somewhere in the universe@2,5#.

These appealing ideas are frequently mentioned in the
erature, and some general theorems supporting them
@2,5#. However, it is probably fair to say that, despite t
concrete mathematical grip we now have on the notion
information, there is still considerable scope for their dev
opment and implementation in physically interesting mode
This paper will focus on precisely these issues, through
particular questions. First, when a system decoheres as
sult of coupling to an environment, how, in practice, can
system’s history be reconstructed by examining the envir
ment? That is, which properties of the environment carry
information about the decohered system? Second, how is
amountof information stored by the environment related
the nature or degree of decoherence of the system?

We will address these issues in the context of the de
herent histories approach to quantum theory@6,2,7–10#.
0556-2821/99/60~10!/105031~17!/$15.00 60 1050
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~Other approaches to decoherence, such as Zurek’s ‘‘ei
lection’’ approach@11,4#, related density matrix approache
@3#, or quantum state diffusion@12,13#, may be equally use-
ful for analyzing these issues, but will not be explored her!
In the decoherent histories approach, probabilities are
signed to histories via the formula

p~a1 ,a2 ,...!5Tr~CaI rCaI
† ! ~1.1!

whereCaI denotes a time-ordered string of projectors int
spersed with unitary evolution,

CaI 5Pan
e2~ i /\!H~ tn2tn21!Pan21

. . . e2~ i /\!H~ t22t1!Pa1

~1.2!

andaI denotes the stringa1 ,a2 ,...,an . Of particular interest
are sets of histories which satisfy the condition of decoh
ence, which is that the decoherence functional

D~aI ,aI 8!5Tr~CaI rCaI 8
†

! ~1.3!

is zero whenaI ÞaI 8. Decoherence implies the weaker co
dition that ReD(aI ,aI 8)50 for aI ÞaI 8, and this is equivalent
to the requirement that the above probabilities satisfy
probability sum rules.

But for us the stronger condition of decoherence is
more interesting one since it is related to the existence
records. In particular, if the initial state is pure, there exis
set of records at the final timetn which are perfectly corre-
lated with the alternativesa1 ...an at timest1 ...tn @2#. This
follows because, with a pure initial stateuC&, the decoher-
ence condition implies that the statesCaI uC& are an orthogo-
©1999 The American Physical Society31-1
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nal set. It is therefore possible to introduce a projection
eratorRbI ~which is generally not unique! such that

RbI CaI uC&5daI bI CaI uC& ~1.4!

It follows that the extended histories characterized by
chainRbI CaI uC& are decoherent, and one can assign a pr
ability to the historiesaI and the recordsbI , given by

p~a1 ,a2 ,...,an ;b1 ,b2 ...bn!5Tr~Rb1b2 ...bn
CaI rCaI

† !.
~1.5!

This probability is then zero unlessak5bk for all k, in
which case it is equal to the original probabili
p(a1 ,...,an). Hence either thea’s or the b’s can be com-
pletely summed out of Eq.~1.5! without changing the prob
ability, so the probability for the histories can be entire
replaced by the probability for the records at a fixed mom
of time at the end of the history:

p~aI !5Tr„RaI r~ tn!…5Tr~CaI rCaI
† !. ~1.6!

Conversely, the existence of recordsb1 ,...,bn at some final
time perfectly correlated with earlier alternativesa1 ,...,an
at t1 ,...,tn implies decoherence of the histories. This may
seen from the relation

D~aI ,aI 8!5 (
b1 ...bn

Tr~Rb1 ...bn
CaI rCaI 8

†
!. ~1.7!

Since eachbk is perfectly correlated with a unique altern
tive ak at time tk , the summand on the right-hand side
zero unlessak5ak8 ~although note that, as we shall see lat
a perfect correlation of this type is generally possible o
for a pure initial state!.

There is, therefore, a very general connection betw
decoherence and the existence of records. From this poi
view, the decoherent histories approach is very much c
cerned with reconstructing possible past histories of the
verse from records at the present time, and then using t
reconstructed pasts to understand the correlations amon
present records@14#.

The above results on the existence of records are v
general, but they do not give any idea as to how one
actually identify the records in a given physical situatio
How, for example, can one identify the records in the mu
studied quantum Brownian motion model, in which a lar
bath of oscillators in a thermal state decohere a sequenc
particle positions? In that model, the environment in so
sense ‘‘measures’’ the particle, so we expect the record
be stored in the environment. Is it in practice possible
examine the environment at the final time and explicitly
construct the past history of the particle? Little clue as
how one should do this is provided by the formal resu
above. One main aim of this paper, as indicated at the be
ning of this section, is therefore to show how to actually fi
the records in the quantum Brownian motion model.

The second issue we will address, again as indicated,
cerns theamountof information stored in the records. Sinc
the environment is thought of as measuring and storing
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formation about the system, we expect there to be a qua
tative connection between the amount of information sto
and the degree or nature of the decoherence of the decoh
system. What is the relevant measure of the degree
‘‘amount’’ of decoherence and how is it related to th
amount of information stored about the histories?

Thinking of decoherence via an environment as a gen
alized measurement process, it is not difficult to see that
relevant measure of the amount of decoherence is, loo
speaking, the precision or width to within which the dec
herent histories are defined, or equivalently, the numbe
histories in the decoherent set.~This issue, is, incidently,
distinct from the question of the degree ofapproximatede-
coherence, discussed below and elsewhere@15,16#.! To be
more precise, a given set of histories requires a certain n
ber of bits of information to describe it. In the general a
count of histories and records given above, suppose tha
alternativesak run overA values. These could, for example
be projections onto ranges of position that partition thex axis
into A different bins. Sincek51, . . . ,n, there are therefore
An different histories, requiring log2 An bits of information to
describe them. Clearly if these histories are decoherent,
records they are correlated with must be able to store at l
log2 An bits. For many practical instances of decoheren
most of this information is stored in the decohering enviro
ment, hence the environment Hilbert space must have
information storage capacity large enough to accommod
the information.

However, not all of this information needs to be stored
the environment. This is because there can be a cer
amount of decoherence of histories even without coupling
an environment. For example, the decoherence functio
equation~1.3! is automatically diagonal in the final alterna
tives an ~because of the cyclic property of the trace and
exclusive property of the projectors!. These alternatives do
not require records since they exist at the final time. Mo
generally, for a system Hilbert space of dimensionDs , since
decoherence requires that the statesCaI uC& must be orthogo-
nal, there can in principle be a decoherent set of as man
Ds histories, without having to appeal to an environme
~To reach this upper limit, however, requires that the ope
tors projected onto at each time are carefully chosen
possibly not physically interesting.! Hence, most generally
the records consist of final projections onto both the dis
guished system and the environment. Furthermore, it is t
clear that what the environment stores information abou
the enhancementin the number of histories in a decohere
set when the system is coupled to an environment.

To be precise, return to the set ofAn histories described
above. Since, as stated there is automatic decoherence o
A final alternatives, it is theAn21 alternatives at then21
earlier times that typically do not decohere without an en
ronment, and thus it is the records of theseAn21 alternatives
that is stored in the environment. If the labels of the reco
living in the environmentbI run over a total ofB values, we
expect that a necessary condition for decoherence is

B>An21. ~1.8!
1-2
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This effectively mean that there must be at least one reg
for each distinct history. IfB,An21, each history cannot be
uniquely correlated with a record labelbk , since there are
not enough records, hence there will be no decoherence~in
the pure state case!. Therefore, the amount of informatio
stored in the environment places an upper limit on the nu
ber of histories in the decoherent set. Differently put,
environmental information storage capacity limits the p
missible amount of fine graining of the system histories c
sistent with decoherence.

The notion of the information of histories used here
clearly the simplest one imaginable, but is actually suffici
for present purposes. The general question of the assign
of information ~or entropy! to histories, and its relation to
information storage in the environment, is a very interest
one@17,18,19#, but we will not go into it here. The possibl
difficulty is that a Shannon-like information measure r
quires probabilities for histories, but here we would like
discuss the logically prior issue of decoherence, hence
existence of probabilities for histories cannot be assumed
any reasonable assignment of information to histories, h
ever, the value log2 An will typically arise as the maximum
information, when the probabilities for the histories are
equal, so here we are covering the worst possible case.
is actually appropriate to many of the system-environm
models studied in the literature, such as the quantum Bro
ian motion model, where decoherence typically arises fo
fixed environment initial state with a wide class of syste
initial states. Decoherence is due in these models to the
system-environment dynamics and to the environmental
tial state. It does not depend very much on the system in
state, hence it is appropriate to consider decoherence
information storage for a variety of initial states.

Some comments on the nomenclature ‘‘information los
and ‘‘records’’ are in order. If the environment starts out in
pure state, and its Hilbert space has dimensionDe , then its
maximum information storage capacity is log2 De bits. Hence
we would say that the ‘‘information lost’’ to the environme
is log2 De bits, and we would also say that the records ha
De different possible states~i.e.,B5De , in the notation used
above!. If, on the other hand, the environment is in a mix
state, the ‘‘information lost’’ to the environment can b
greater than log2 De, since it also includes pre-existing un
certainty ~or ‘‘information loss’’! in the environment state
But the records accessible by projections onto the envir
ment still haveDe different possible states, and in fact th
number ofdistinguishableenvironment states is often dimin
ished in the presence of a mixed state. This will be discus
in more detail later in the paper, but to be clear, the con
ture we will explore is that in the case of both pure a
mixed states, the amount of decoherence is related to
‘‘information lost’’ to the environment, whether or not tha
information is accessible through projections onto the en
ronment.

Note also that the above observation about the connec
between the information of histories and the size of the
vironment also ignores the usual requirement of effect
irreversibility of practical information storage. To store o
bit in an effectively irreversible fashion typically requires f
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more than one bit. Here we are not particularly concern
with practical information storage~although that is ulti-
mately an interesting issue to pursue!, rather the more fun-
damental question of the connection between decohere
and maximum information storage.

The above arguments imply that in a system-environm
situation, if we throw awayN bits of information by tracing
out an environment of dimension 2N, we could, in principle,
find an enhancement in the number of histories in a deco
ent set by up to 2N. This means, for example, that if w
throw away just one bit, by coupling to a two-state syste
and then tracing it out, we could increase the number
decoherent histories by a factor of 2. We will indeed produ
such an example. Crudely speaking, tracing out anyth
ought to decohere something.

Another striking example is in the quantum Brownia
motion model@20#. Conventional wisdom dictates that a
environment of a large number of oscillators is required
decohere histories of position of a single point particle@3#.
We will show, however, that even with an environment
just oneoscillator, decoherence of certain variables desc
ing the particle may be obtained. The variables in quest
are defined nonlocally in time, and are essentially the Fou
modes of the particle’s trajectory. This result then points
way towards showing how the system’s history may be
covered from the oscillator states of a many oscillator en
ronment. This simple example also sheds some light on
question of recurrences and how it affects decoherence.

In addition to the issues of explicitly identifying th
records, and of finding a concrete connection between de
herence and information storage, a third issue of relevanc
the question of approximate versus exact decoherence
most realistic situations, decoherence is only approximate
reasonable conjecture is that an approximately decoheren
of histories is in some sense close to an exactly decohe
set, although it is generally difficult to find such exactly d
coherent sets explicitly@21#. Since decoherence is related
the existence of records, one can imagine that the natur
exact versus approximate decoherence could be better un
stood by examining the nature of the records. To be m
precise, since records exist at a fixed moment of time at
end of the histories, they are described by projections at
one time and they are therefore trivially decoherent. If the
records are exactly correlated with a set of alternatives in
past, those alternatives would then be exactly decoher
The extent to which these alternatives are then ‘‘close’’ to
certain approximately decoherent set of interest could t
be assessed. Approximate decoherence, may, for exampl
approximate correlation of past alternatives with an exac
decoherent set of records. We will have somewhat less to
about this issue than the other two, but some comments
be made on the basis of the models examined, and it wil
taken up in more detail elsewhere.

In assessing the extent to which an environment ‘‘m
sures’’ or stores information about a system it is interact
with, two different approaches suggest themselves.

The first, and simpler, approach is to examine expl
models of the measurement process, in which the system
interest is coupled to a measuring device specifically
1-3
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J. J. HALLIWELL PHYSICAL REVIEW D 60 105031
signed to become correlated with the system in a partic
way. In this way one can explicitly see the information tran
fer from system to apparatus. However, one can then
regard the apparatus as an environment for the system.
apparatus states can then be traced out to produce dec
ence of certain system alternatives. One can then investi
the connection between the decoherence of the system
the extent to which information about it is stored elsewhe

The second approach is to do things the other way rou
That is, to start with a system coupled to an environmen
a more general way, which produces decoherence but
obviously corresponds to a particular type of measurem
We can then ask whether, when decoherence occurs, in
mation about the system is in some sense stored in the e
ronment. In this paper, we will address these issues in
models.

We begin in Sec. II with a general discussion of records
the case, not previously covered, in which the initial state
mixed. It is argued that recordlike projectors still exist, b
their correlation with past alternatives is necessarily imp
fect. Records in the case of decoherence by conservation
also discussed.

Section III concerns a model corresponding to the m
surement process which can also be used as an environm
It is a model for position measurements which determ
whether a particle has passed through a series of spatia
gionsR1 ,R2 ,... at aseries of timest1 ,t2 ,... . Themeasuring
device consists of a series of two-state systems localize
the regionsR1 ,R2 ,..., with delta functions in time, so the
detectors are only on momentarily. The coupling causes
two-state system to flip from one state to the other. Henc
the end of the history, one can discover whether the part
was inR1 at t1 , in R2 at t2 , etc., by examining the state o
the two-state systems. We thus obtain a very simple mode
the measurement process. We then trace out the meas
devices and look for decoherence of the system alone.
tories in which the position is specified to be in or not
R1 ,R2 , etc., at timest1 ,t2 are found to be exactly decohe
ent. We thus find verification of our conjecture: the numb
of bits required to describe a decoherent set of historie
equal to the number of bits of information about the syst
stored in the environment.

In Sec. IV we consider the quantum Brownian moti
model in detail. It is first observed that classically, the
sponse of each environmental oscillator in interacting w
the particle trajectory is to shift its final position and mome
tum by an amount proportional to the Fourier modes of
trajectory. Essentially the same story is shown to persis
the quantum case—the shifted position and momentum
the oscillators are the records storing information about
Fourier modes. The information storage is essentially per
for a pure initial state for the environment, but imperfect
the case of a mixed state. It is also seen that the set of Fo
modes, in contrast to the particle trajectories, are in so
sense the natural variables in which to discuss decohere
An elementary way of counting the number of histories in
decoherent set is introduced, and this number is show
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approximately coincide with the number of different possib
record states in the environment, in agreement with the c
jecture.

Section V contains a discussion, including the implic
tions of some of these ideas for quantum cosmology.

This paper builds very much on the connection betwe
decoherence and records in the decoherent histories
proach, especially as put forward by Gell-Mann and Har
@2,5#, although as stated above, it is likely that other a
proaches to decoherence may be amenable to a similar a
sis. It is also partly inspired by some of the ‘‘it from bit’
ideas initiated by Wheeler@22# and explored in detail by
Caves@23#, Wooters@24#, Zurek @4,25,26#, and others@27#.
One particular motivation is the recent remark by Zurek@27#,
that information-theoretic ideas have not been exploited
the degree that they might. Indeed, before the advent of
decoherent histories approach, it was Zurek who first spe
out the connection between decoherence and informa
storage in the environment@25,28#. Some recent papers o
the assignment of information to histories by Hartle a
Brun @19#, Gell-Mann and Hartle@5#, and Isham and Linden
@17# have also been influential. Finally, it should be not
that there has recently been a surge of interest in the sub
of quantuminformation but these interesting developmen
are not very closely related to the present work, since we
interested in the case in which the information stored by
environment is essentially classical.

II. RECORDS IN THE CASE OF MIXED INITIAL STATES

The connection between decoherence and records
been demonstrated only in the case of a pure initial state@2#.
Yet many situations in which decoherence is studied, suc
the quantum Brownian motion model, involve a thermal st
for the environment@20,15#, hence the overall initial state i
mixed. In this situation, the connection between decohere
and records needs to be examined more carefully. There
two issues. First of all, to determine whether records s
exist in this case, that is, whether it is still possible to ad
record projector at the end of the chain and preserve de
herence. Secondly, to work out the degree of correlation
tween the records and the histories.

A. Mixed initial states

We start from the observation that a mixed state can
ways be regarded as the reduced density operator of a
state defined on an enlarged Hilbert space. Take, for
ample, a mixed density operator of the form

r5(
n

pnun&^nu. ~2.1!

Suppose we enlarge the original Hilbert spaceH to H^ H̃,
where H̃ is an exact copy ofH. Now on H^ H̃, we may
define the pure state

uC&5(
n

pn
1/2un& ^ uñ& ~2.2!
1-4
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and it is readily seen that

r5TrH̃~ uC&^Cu!. ~2.3!

Of course, there are many different ways of regarding find
a pure state which reduces to a given mixed state in this w
but this way is sufficient for illustrative purposes.

On the enlarged Hilbert space, the decoherence functi
may be written

D~aI ,aI 8!5Tr~CaI ^ 1uC&^CuCaI 8
†

^ 1! ~2.4!

where the trace is overH^ H̃. When there is decoherenc
the argument showing the existence of records may now
repeated: there exist records at the final time perfectly co
lated with the alternativesaI . The records exist, however, o
the enlarged Hilbert space. The probability of both t
records and the histories is

p~aI ,bI !5Tr~R̃bI CaI ^ 1uC&^CuCaI
†

^ 1! ~2.5!

whereR̃bI is defined onH^ H̃. It will generally not be pos-
sible to express this joint probability in terms of states a
projections onH alone. The projector on the enlarged H
bert space will generally be a sum of projectors of the fo
R^ Q, whereR acts onH andQ acts onH̃, and part of the
records will be contained in the projectorQ on H̃.

Nevertheless, the existence of this joint probability dis
bution, in which the addition of the records projectorR̃bI
does not disturb the decoherence of the histories, permit
to deduce the existence of an analogous formula onH. For
suppose we coarse grain the record projector in such a
that all componentsQ acting onH̃ are replaced by the iden
tity. The decoherence of the histories is preserved si
coarse graining preserves decoherence. This implies tha
may write down a joint probability distribution of the form

p~aI ,bI !5Tr~RbI CaI rCaI
† ! ~2.6!

where everything is now defined on the original Hilbe
spaceH, andRbI is a projection operator. Hence, given d
coherence in the case of a mixed initial state, we can alw
add an extra projectorRbI at the end of the chain withou
affecting decoherence.

A less general, but perhaps more explicit discussion
be given by an appeal to the particular situations in wh
decoherence occurs. In the most physically interesting si
tions, the type of variables that decohere, and that are co
lated with records, is primarily determined by the underlyi
Hamiltonian, and not by the initial state. The initial sta
affects only the degree of decoherence and correlation. S
pose we first take as an initial state one of the pure state
which the mixed initial state of interest is diagonal@i.e., one
of the statesun&^nu in the notation~2.1!#. Because the vari-
ables that decohere depend only on the Hamiltonian we
pect there to besomedegree of decoherence for this sta
and record projectors may therefore be added at the en
the histories, without affecting decoherence. Now supp
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we go from this pure initial state to the mixed state. Sin
this is a coarse graining, the extended histories including
recordscontinue to be decoherent. This implies that a for-
mula of type~2.6! will exist and satisfy the probability sum
rules.

The interpretation of the extra projector in Eq.~2.6! as an
exact record makes sense only on the enlarged Hilbert sp
On coarse graining to the original Hilbert space, the corre
tion betweenaI and the reduced set of recordsbI will gener-
ally be imperfect because we have thrown away some of
information. This can be explicitly shown as follows. Co
sider the conditional probability of the recordsbI given the
past alternativesaI . This is given by

p~bI uaI !5
p~aI ,bI !

p~aI !
5Tr„RbI reff~aI !… ~2.7!

where

reff~aI !5
CaI rCaI

†

Tr~CaI rCaI
† !

. ~2.8!

A perfect correlation between the records and the past a
natives is assured only ifp(bI uaI )51, which is possible only
if reff(aI ) is pure. If reff(aI ) is mixed, p(bI uaI ),1, and the
correlation is imperfect.

To see whenreff(aI ) is pure, insert the diagonal form forr
in Eq. ~2.8!:

CaI rCaI
†5(

n
pnCaI un&^nuCaI

† . ~2.9!

reff(aI ) is therefore pure if and only if just one of the terms
the sum on the right-hand side is nonzero. This can o
come about if eachaI picks out a single value ofn, so that,
for fixed aI ,

CaI un&50 ~2.10!

except for just one value ofn corresponding toaI . ~The con-
verse need not be true, i.e., the value ofn for which CaI un& is
nonzero may correspond to many values ofaI .) The interest-
ing case, however, is that in which the fact that the init
state is mixed is essential for decoherence; i.e., there is
decoherence for the constituent pure initial states. In this c
the statesCaI un& are generally not orthogonal:

^nuCaI 8
† CaI un&Þ0 ~2.11!

for aI 8ÞaI . This is incompatabile with Eq.~2.10!. Hence,
reff(aI ) can only be pure when there is decoherence for ev
constituent pure component of the mixed initial state, and
addition, the~rather special! condition ~2.10! is satisfied.

We therefore conclude the following:when decoherence
relies on the impurity of the initial state, there are no recor
that are perfectly correlated with the past alternatives. When
there is decoherence for the constituent pure componen
the initial state, it will generally still be true that there are n
perfect records, except for the special types of histories
which the condition~2.10! is satisfied.
1-5
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Physically, the decay in quality of the records is no s
prise. We assign a mixed state when the system is subje
fluctuations which are genuinely beyond our control so
average over them. For example, all systems are subje
scattering by microwave background radiation, and the s
tered photons may subsequently disappear beyond the
zon and so are truly lost. This means that the records th
selves are in a mixed state, so suffer inescapable fluctuat
and can therefore not be perfectly correlated with anythi
However, although exact records are impossible, we m
reasonably expect to find final alternatives which are co
lated with a past alternative to a good approximation. Inde
we will find this to be the case in the particular models
investigate.

The above arguments also illustrate why mixed init
states tend to give better decoherence than pure ones~e.g., in
the quantum Brownian motion model the decoherence
proves with increasing temperature of the thermal state of
environment!. By better decoherence, we mean that m
histories decohere, or equivalently, that the histories may
described more finely without encountering interference
fects. Earlier we put forward the idea that the amount
decoherence is related to the amount of information ab
the histories stored somewhere in the universe. The m
information stored the better the decoherence. Since a m
state may be regarded as the reduced density operator
pure state on an enlarged Hilbert space, it clearly represe
compared to a pure state, an enhanced ability to store in
mation, since there is quite simply more Hilbert space av
able. Some of that information is inaccessible from the or
nal Hilbert space, but that does not matter for the purpose
decoherence, which depends only on the storage of infor
tion somewhere.

B. Records in the case of decoherence by conservation

So far we have discussed decoherence arising from in
action with an environment, and the associated informa
storage. However, decoherence of histories seemingly
rather different nature comes about when the alternat
characterizing the histories are exactly conserved@29#. This
is an elementary property of the decoherence functional—
projectors commute with the unitary evolution operators,
may all be moved up to the final time, where thePak

’s act on

thePa
k8
’s, and thus give diagonality of the decoherence fu

tional. A more general notion which also gives decohere
is determinismin the quantum theory. An example is hist
ries of projections onto large cells of phase space. Th
projections have the property that under unitary evolut
they evolve~approximately! into another projection of iden
tical type, except that the center of the phase space ce
shifted according to the classical equations of motion@8#.
This approximate determinism also guarantees~approximate!
decoherence, for similar reasons to the case of exact con
vation. These mechanisms are important in showing
emergent classicality of hydrodynamic variables@30–33#.

In these cases it is natural to again ask for the connec
with the existence of records, but the answer is almost triv
Records do not need to exist in a separate environment.
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existence of records is essentially the question of whe
there exist alternatives at the final moment of time which
perfectly correlated with the alternatives describing the h
tories at earlier times. Clearly the answer is yes in this ca
histories of exactly conserved quantities may always be
pressed as projections at the final moment of time, since
projectors may quite simply be moved to the final time wit
out changing anything. Each alternative at each time is,
sense, its own record. A similar story applies in the case
approximate determinism.

III. A TWO-STATE ENVIRONMENT

In the Introduction, it was argued that decoherence is
lated to information storage in the environment, and that
number of histories in the decoherent set is related to
amount of information about the histories stored in the en
ronment. Taken to the extreme, this means that even an
vironment consisting of a two-state system could potentia
lead to decoherence of certain system alternatives. In
section, we will consider exactly such an environment, a
show that it provides an instructive model of decoheren
and information storage with exactly the expected propert

The system in question is taken to be a point parti
coupled to a two-state system environment via a coup
localized to a region of space and which, for simplicity, a
only at a single moment of time,t5t1 . The two-state system
has statesu0&, u1&, with associated raising and lowering op
erators,a, a†, where

au0&50, au1&5u0&, a†u0&5u1&, a†u1&50.
~3.1!

The Hamiltonian is

H~ t !5H01ld~ t2t1!~a1a†!Y~x! ~3.2!

whereH05p2/2m. Here,Y(x) is a window function equal
to 1 in the interval@a,b# and zero outside it. Therefore, a
though we regard the two-state system as an environme
is also a very simple model of the measurement of positi
If the two-state system is started out in the stateu0&, it will
flip to u1& if the particle is in@a,b# at time t1 , and remain in
u0& otherwise. Hence by examining the state of the envir
ment at any time aftert1 , we may recover one bit of infor-
mation about the particle at timet1 .

We assume that the initial state of the composite system

uC0&5uc& ^ u0&. ~3.3!

It is convenient to introduce the eigenstates ofa1a†, which
are

u6&5
1

&
~ u0&6u1&). ~3.4!

These we write asus&, wheres561, and we also have

u0&5
1

&
(

s
us&, u1&5

1

&
(

s
sus&. ~3.5!
1-6
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The initial state may now be written

uC0&5
1

&
(

s
uc& ^ us&. ~3.6!

Now consider unitary evolution from 0 tot, where 0,t1
,t. Since the product form~3.3! is preserved up tot1 , there
is no loss of generality in lettingt1→0, and

uC&5T expS 2
i

\ E
0

t

dt8H~ t8! D uC0&

5
1

&
(

s
expS 2

i

\
Ht D

3expS 2
i

\
slY~ x̂! D uc& ^ us& ~3.7!

~where T denotes time ordering!. The probability that the
environment is then found in the stateu1& is given by

^Cu~1S^ u1&^1u!uC&5E
a

b

dx sin2S l

\ D uc~x!u2. ~3.8!

This is the correct result of standard quantum measurem
theory if we choose the couplingl to be l5p\/2, so we
now adopt this value. With this value ofl, the second expo
nential in Eq.~3.7! may be written

expS 2
i

2
psY~ x̂! D5@12Y~ x̂!#2 isY~ x̂! ~3.9!

sinceY is a window function, and thereforeY25Y. It fol-
lows thatY( x̂) is also a projection operator onto the regi
@a,b#, which we will denote byPy , and we will denote its
negation 12Y( x̂) by Pn .

Now consider a history in which the system is hit by
projectorPa1

at the initial time, and then a second project

Pa2
, at time t, both of these projectors acting only on th
, i
b
ar

th

10503
nt

r

particle, not the environment. Both will be projections on
ranges of position, described more below. The decohere
functional may be written

D~a1 ,a2ua18 ,a2!5^Ca
18a2

uCa1a2
& ~3.10!

where

uCa1a2
&5Pa2

^ 1ET expS 2
i

\ E
0

t

dt8H~ t8! D Pa1
^ 1Euc& ^ u0&

5
1

&
(

s
Pa2

^ 1Ee2~ i /\!Ht~Pn2 isPy!Pa1
uc& ^ us&,

~3.11!

where the second line follows from Eq.~3.7! and Eq.~3.9!.
Summing overs and using Eq.~3.5!, we obtain

uCa1a2
&5~Pa2

e2~ i /\!HtPnPa1
uc&) ^ u0&

2 i ~Pa2
e2~ i /\!HtPyPa1

uc&) ^ u1&. ~3.12!

In this expression the projectorsPy and Pn have come en-
tirely from the dynamics of the environment. It is therefo
reasonably clear that exact decoherence and a pe
system-environment correlation is obtained if we choose
system projectorsPa1

to coincide withPy andPn . We have

PnPa1
50, unless a15n, and PyPa1

50 unless a15y.
Therefore,

uCa1a2
&5H (Pa2

e2~ i /\!HtPnuc&) ^ u0&, if a15n,

2 i (Pa2
e2( i /\)HtPyuc&) ^ u1&, if a15y,

~3.13!

from which the decoherence is easily seen. In these exp
sions the projectorPa2

can be onto anything, since decohe
ence in the final alternatives is always automatic.

An interesting alternative form of the decoherence fun
tional is its path integral form, derived directly from Eq
~3.7!, which is
D~aI ,aI 8!5(
s
E

aI
Dx expS i

\
S@x~ t !#1

p i

2
sY„x~ t1!…Dc~x0!E

aI 8
Dy expS 2

i

\
S@y~ t !#2

p i

2
sY„y~ t1!…Dc* ~y0!

5E
aI
DxE

aI 8
Dy expS i

\
S@x~ t !#2

i

\
S@y~ t !# D cosS p

2
@Y„x~ t1!…2Y„y~ t1!…# Dc~x0!c* ~y0!. ~3.14!
exist
jec-
ty
The cosine term plays the role of an influence functional
that it summarizes the effect of the environment. It may
seen that it destroys interference between histories p
tioned according to whether they are in the region@a,b# at
time t1 , since it is equal to 1 ifx(t1) and y(t1) are both
either inside or outside the region@a,b#, and is zero if one is
inside and the other outside.

Since the initial state of the whole system is pure,
n
e
ti-

e

existence of exact decoherence means that there must
records at the final time. That is, we can add another pro
tor Rb at the final time and construct the probabili
p(a1 ,a2 ,b) whereb is perfectly correlated witha1 . It is
trivial to identify the records—they are clearly the statesu0&,
u1& of the environment. The record projectorsRb are

R051S^ u0&^0u, R151S^ u1&^1u. ~3.15!
1-7
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From Eq.~3.13! it is clear that

RbuCa1a2
&5uCa1a2

&

when a15y and b51, or a15n and b50, with
RbuCa1a2

&50 otherwise. There is therefore a perfect cor

lation between the records and the past alternativesa1 . Es-
sentially the same conclusions holds with different choi
of pure initial state. The main difference is that the form
the record projectors change.

Turn now to the case in which the environment is in
mixed initial state. First, we introduce a convenient notat
in which Eq.~3.12! is written

uCa1a2
&5uc̄a1a2

& ^ u0&1uca1a2
& ^ u1&. ~3.16!

The joint probability of the histories and the records may
written

p~a1 ,a2 ,b!5Tr~RbuCa1a2
&^Ca1a2

u! ~3.17!

where

uCa1a2
&^Ca1a2

u5uc̄a1a2
&^c̄a1a2

u ^ u0&^0u1uca1a2
&

3^ca1a2
u ^ u1&^1u1off-diagonal terms.

~3.18!

The off-diagonal terms are irrelevant to both the discuss
of correlations and decoherence, since they make no co
bution. Equation~3.18! is the case in which the environme
initial state is the pure stateu0&, and it shows very clearly the
perfect correlation that exists between the system histo
and the environment states. In particular, different sys
histories can be completely distinguished by projecting o
the two orthogonal environment states. If the initial sta
instead wereu1&, then the result would be similar to Eq
~3.18!, but with the u0&’s and u1&’s interchanged. It follows
that if we take the environment initial state to be the mix
state

r15au0&^0u1bu1&^1u ~3.19!

then the joint probability of the histories and the records

p~a1 ,a2 ,b!5Tr@Rb~ uc̄a1a2
&^c̄a1a2

u ^ r11uca1a2
&

3^ca1a2
u ^ r2!# ~3.20!

where

r25bu0&^0u1au1&^1u. ~3.21!

As described in Sec. II, in the mixed state case the jo
probability equation~3.20! must necessarily indicate les
than perfect correlations between the records and the a
nativesa1 in the past. We can now see this in a differe
way. The point is that the record projector needs to be abl
unambiguously distinguish between the different enviro
ment states the past alternatives are perfectly correlated w
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This is possible in the pure state case, where the alterna
a1 are perfectly correlated with the pair of orthogonal pu
statesu0&, u1&, and orthogonal pure states are completely d
tinguishable. In the mixed state case, the alternativesa1 be-
come correlated with the two mixed statesr1 ,r2 . These two
states arenot perfectly distinguishable. There is no proje
tion operator that can unambiguously decide whether the
vironment is in stater1 or r2 .

The model therefore illustrates the generally expected
tures. We can look at the environment and explicitly find t
records. An environment consisting of a two-state syst
leads to a decoherent set of system histories enlarged
factor of 2 compared to the set that decoherence without
environment. Clearly if we attempted to consider more th
two alternativesa1 , we would not expect decoherence. D
coherence is preserved as we go to a mixed state~since there
is decoherence for each consituent pure state!, and we see
that the reason the records are imperfectly correlated w
past alternatives is due to the impossibility of complete
distinguishing between the mixed environment states the
tem alternatives are correlated with.

This model can clearly be extended to more elabor
histories involving an arbitrary number of alternatives
each moment of time, and to an arbitrary number of tim
but the essential ideas have been established in this sim
model. It is also perhaps of interest to consider a sligh
more realistic model of position samplings involving a gen
inely irreversible detector model that does not involve a de
function in time. This has been considered in Ref.@34#.

IV. DECOHERENCE AND INFORMATION STORAGE IN
THE QUANTUM BROWNIAN MOTION MODEL

In this section we consider the question of how decoh
ence is related to storage of information by the environm
in the quantum Brownian motion model. We begin with
brief review of the model. Although standard mater
@20,35,36,15,2#, it is presented at some length in parts sin
it will be necessary to consider a modified version of t
standard account later on in this section.

A. The quantum Brownian motion model

We are concerned with the class of quantum Brown
models consisting of a particle of large massM moving in a
potential V(x) and linearly coupled to a bath of harmon
oscillators. The total system is therefore described by
action

ST@x~ t !,qn~ t !#5E dtF1

2
Mẋ22V~x!G

1(
n
E dtF1

2
mnq̇n

22
1

2
mnvn

2qn
22cnqnxG .

~4.1!

The decoherence functional has the form
1-8
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D~aI ,aI 8!5E
aI
DxE

aI 8
DyE DqnDr n

3expS i

\
ST@x~ t !,qn~ t !#2

i

\
ST@y~ t !,r n~ t !# D

3r0„x~0!,y~0!…r0
env

„qn~0!,r n~0!…, ~4.2!

where we have assumed a factored initial state. We
make the standard assumption that the environment in
state is thermal

r0
env~qn ,r n!5)

n
exp@2A~qn

21r n
2!1Bqnr n# ~4.3!

where

A5
mnvn

2\
coth~\vnb!, B5

mnvn

\ sinh~\vnb!
, ~4.4!
10503
ill
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andb51/kT. If the coarse grainingaI , aI 8 does not involve
the environment, it may be integrated out, with the result

D~aI ,aI 8!5E
aI
DxE

aI 8
Dy

3expS i

\
S@x#2

i

\
S@y# DF@x~ t !,y~ t !#r~x0 ,y0!

~4.5!

where

S@x#5E dtF1

2
Mẋ22V~x!G ~4.6!

and F@x(t),y(t)# is the Feynman-Vernon influence func
tional,
tor in an
F@x~ t !,y~ t !#5)
n
E DqnDr nr0

env
„qn~0!,r n~0!…

3expS i

\ E dtF1

2
mnq̇n

22
1

2
mnvn

2qn
22cnqnxG D

3expS 2
i

\ E dtF1

2
mnṙ n

22
1

2
mnvn

2r n
22cnr nyG D . ~4.7!

The sum is over all paths for which meet,qn5r n , at the final time and then there is an integral overqn .
This expression may be evaluated by first using the standard path integral for the propagator of a harmonic oscilla

external field,

g~qn9 ,tuqn8,0!5E Dqn expS i

\ E dtF1

2
mnq̇n

22
1

2
mnvn

2qn
22cnqnxG D , ~4.8!
nal
al
where the sum is over all pathsqn(t) from qn(0)5qn8 to
qn(t)5qn9 . The result is

g~qn9 ,tuqn8,0!5expS i

\
~aqn9

21aqn8
21bq9q82c@x#q9

2d@x#qn82 f @x# ! D ~4.9!

where

a5
mvn cosvnt

2 sinvnt
, ~4.10!

b52
mvn

sinvnt
, ~4.11!
c@x~ t !#5
cn

sinvnt E0

t

dtx~ t !sinvnt,

~4.12!

d@x~ t !#5
cn

sinvnt E0

t

dtx~ t !sinvn~t2t !,

~4.13!

f @x~ t !#5
cn

2

mnvn sinvnt E0

t

dt

3E
0

t

dsx~ t !x~s!sin„vn~t2t !…

3sinvns. ~4.14!

Using these expressions, the initial state is folded in, the fi
values ofqn5r n traced over, and the influence function
obtained is then normally written in the form
1-9
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F@x~ t !,y~ t !#5expS i

\
W@x~ t !,y~ t !# D ~4.15!

where,W@x(t),y(t)# is influence functional phase, and h
the form

W@x~ t !,y~ t !#52E
0

t

dsE
0

s

ds8@x~s!2y~s!#h~s2s8!

3@x~s8!1y~s8!#1
i

2 E0

t

dsE
0

t

ds8

3@x~s!2y~s!#n~s2s8!@x~s8!2y~s8!#.

~4.16!

„In the imaginary part, the symmetry ofn(s2s8) has been
used to write the two integrals over the same range,@0,t#,
and this will be exploited below.… The kernelsh(s) andn(s)
are defined by

h~s!52(
n

cn
2

2mnvn
sinvns ~4.17!

and

n~s!5(
n

cn
2

2mnvn
coth~ 1

2 \vnb!cosvns. ~4.18!

They are commonly rewritten

n~s!5E
0

` dv

p
I ~v!cothS \v

2kTD cosvs, ~4.19!

h~s!5
d

ds
g~s!, ~4.20!

where

g~s!5E
0

` dv

p

I ~v!

v
cosvs ~4.21!

and I (v) is the spectral density

I ~v!5(
n

d~v2vn!
pcn

2

2mnvn
. ~4.22!

Typically, the spectral density is chosen to have
Ohmic form

I ~v!5Mgv expS 2
v2

L2D . ~4.23!

Here,L is a cutoff, which will generally be taken to be ver
large. We then find that

g~s!5Mg
L

2p1/2exp~2 1
4 L2s2! ~4.24!

and thus whenL is very large,
10503
e

g~s!'Mgd~s!. ~4.25!

The noise kernelh(s) is nonlocal for largeL, except in the
so-called Fokker-Planck limit,kT@\L, in which case one
has

n~s!5
2MgkT

\
d~s!. ~4.26!

Decoherence of histories of positions typically aris
when there is essentially a continuum of oscillators at h
temperatures. For in this case,

uF@x~ t !,y~ t !#u5expS 2
2MgkT

\2 E dt~x2y!2D
~4.27!

in the decoherence functional equation~4.5!, hence the con-
tribution from widely differing pathsx(t), y(t) is strongly
suppressed. It will be useful for what follows to spell out
more detail what this means. Suppose that the coarse g
ing of the position histories is chosen so that the histories
specified at each moment of time up to a widths. This
means that for pairs of histories to be ‘‘distinct’’ in Eq
~4.27!, x and y must differ by at leasts. The decoherence
condition, that Eq.~4.27! be very small, is then a lower limi
on the value ofs. If the time scale of the entire history ist,
the condition is s2@\2/(2MgkTt) Hence, decoherenc
supplies a lower limit on the precision to within which th
histories of positions may be used in an essentially class
way, without suffering interference effects. We can discu
the number of decoherent histories in the set by confining
particle’s motion to a region of sizeL. Formally, this is of
course achieved by putting the system in a box, with
accompanying complications. However, it is sufficient f
our purposes to restrict the particle’s motion in a more
proximate way, by supposing that the potentialV(x) be-
comes very large outside the region, or by restricting to p
ticle initial states that have negligible support outside
region during the time interval of interest. We can then s
that for decoherence to orders satisfying the above condi
tion, the number of histories in the decoherent set is of or
L/s.

Under more general conditions, the oscillatory and non
cal nature of the noise kernelh(s) in W makes decoherenc
of positions at a series of times less obvious. This is
unrelated to the presence of recurrences in the master e
tion. Take, for example, the case of zero temperature and
a finite number of oscillators. An arbitrary initial densit
operator might initially tend towards diagonality in positio
but over long periods of time, the correlations ‘‘lost’’ to th
environment will eventually come back, and the density m
trix will become off diagonal. In terms of the decoheren
functional, a set of decoherent histories defined in terms
projections onto position at a sequence of times might l
decoherence if the projections are spread out over a ti
scale comparable to the recurrence time. This is why i
necessary, at least for decoherence of position, to take
1-10
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essentially infinite environment. We will see below, ho
ever, how this conclusion may be modified.

B. Decoherence of the Fourier modes

According to the general discussion in the Introductio
the decoherence of histories of positions in the quan
Brownian motion model means that there ought to ex
records about the trajectoriesx(t) somewhere in the environ
ment. We will now show how this comes about. Importa
clues can be found from studying the classical equation
motion of the environment of oscillators. These are

mnq̈n1mnvn
2qn52cnx~ t !. ~4.28!

The solution to this equation, with fixedpn(0), qn(0) is

qn~t!5qn~0!cosvnt1
pn~0!

mnvn
sinvnt

2
cn

mnvn
E

0

t

dtx~ t !sinvn~t2t !, ~4.29!

pn~t!5pn~0!cosvnt2mnvnqn~0!sinvnt

2cnE
0

t

dtx~ t !cosvn~t2t !, ~4.30!

wherepn5mq̇n . From this solution, one can see that at t
final time t, the positions and momenta of the environme
of oscillators depend on the particle’s trajectoryx(t) via the
temporally nonlocal quantities
ci
r

c
e
ei
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t

Xn
s5E

0

t

dtx~ t !sinvn~t2t !, ~4.31!

Xn
c5E

0

t

dtx~ t !cosvn~t2t !. ~4.32!

Hence, classically, the final values ofpn and qn are corre-
lated with the variablesXn

s andXn
c—for given initial data for

the environment, measurement of the final data permits
determination ofXn

s andXn
c .

It now follows that, classically, theentire trajectory x(t)
for all t may be recovered by using an infinite number
oscillators, and by choosing the frequenciesvn appropri-
ately, sinceXn

s andXn
c are essentially the Fourier componen

of the functionx(t) in its expansion on the range@0,t#. This
is the key observation about how the environment stores
formation about the system: each oscillator measures a F
rier component of the trajectory. We will demonstrate th
essentially the same story persists in the quantum theory

First, however, since we expect the nonlocal functio
Xn

s , Xn
c to play a key role, let us explore their decoheren

properties. This is readily done in the decoherent histo
approach: the path integral form of the decoherence fu
tional above comfortably accommodates coarse grainings
volving variables defined nonlocally in time. We calcula
the decoherence functional by summing over paths in wh
the functionalsXn

s , Xn
c of x(t) are each constrained to lie i

small widths,Dn . This can be achieved by inserting windo
functionsYD , which are 1 inside a region of widthDn and
zero outside. Explicitly, the decoherence function has
form
D~aI ,aI 8!5E DxE Dy expS i

\
S@x~ t !#2

i

\
S@y~ t !#1

i

\
W@x~ t !,y~ t !# D r0„x~0!,y~0!…

3)
n

YDn
~Xn

s2X̄n
s!YDn

~Xn
c2X̄n

c!YDn
~Yn

s2Ȳn
s!YDn

~Yn
c2Ȳn

c!, ~4.33!
ion

os-
ey
t is
the
m-

e, at

ng
ly
whereYn
s andYn

c are defined in terms ofy(s) exactly as in

Eqs. ~4.31!, ~4.32!, andaI now denotes theX̄n
s and X̄n

c . To
see how well the variablesXn

s , Xn
c decohere, we rewrite the

influence functional in terms of them. Inserting the expli
form for n(s), Eq. ~4.18!, and expanding the facto
cosvn(s2s8), it is readily shown that

Im W5(
n

cn
2

4mnvn
cothS \vn

2kTD @~Xn
s2Yn

s!21~Xn
c2Yn

c!2#.

~4.34!

Since the part of decoherence the functional governing de
herence goes like exp(2Im W/\) there is clearly decoherenc
of the Fourier variables, provided that the widths of th
coarse graining are sufficiently large,
t

o-

r

Dn
2

cn
2

mn\vn
cothS \vn

2kTD@1. ~4.35!

Again this may be regarded as a lower limit on the precis
to within which the histories may be defined.

An interesting feature of these expressions is that the
cillatory functions of time are no longer present, since th
have been absorbed into the new nonlocal variables. I
therefore not necessary to take an infinity of oscillators in
environment to obtain decoherence, nor to take high te
peratures. In particular, there is a degree of decoherenc
any temperature, andeven if there is only one oscillator in
the environment.

This last result is perhaps surprising, but it is in keepi
with the idea put forward in the Introduction, which loose
speaking is that tracing outanythingcoupled to the system
1-11
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ought to produce decoherence ofsomething. The variables
that decohere are nonlocal in time, and this is how they
round the old problem of recurrences. Furthermore, the
complicated nature of the decoherence of the Fourier mo
provides a useful alternative view on decoherence of hi
ries of positions in the case of low temperatures, or fin
environments, where the oscillatory and nonlocal chara
of the noise kernels makes it difficult to get a clear picture
the decoherence of position histories. That is, we regard
Fourier modes as in some sense more fundamental, and
approximately reconstruct histories of positions from the
From now on we will work entirely with particle trajectorie
characterized by fixed values of the Fourier modes.

C. System-environment correlations

We turn now to the question of establishing the corre
tions between the environment and system in the quan
case, and the consequent decoherence. We have shown
classically, the final values ofqn andpn are correlated with
the Fourier components of the particle’s trajectory. This c
be established in the quantum theory by considering a p
ability in which, in addition to projecting onto the particle
trajectory at a series of times, we also consider projecti
onto the final state of the environment. In the quant
theory, one has to make a choice between projecting o
final values ofqn or pn , or onto both using phase spac
quasiprojectors. We first consider final states of the envir
ment characterized by fixed final values ofqn , denotedqn9 .
The general question is, given the probabilityp(aI ) for a
decoherent set of histories, under what conditions can
introduce a record projectorRbI onto ranges of oscillator po
sitions at the end of the history, so that the probabilities
histories are essentially undisturbed when the labelsbI are
suitably chosen?
10503
et
n-
s,
-
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We have shown that histories of the Fourier modes de
here as long as they are coarse grained to a widthD, defined
above. The probability for a set of histories plus recor
consisting of a projectionRbI onto rangess of value ofqn9 is

p~aI ,bI !5)
n
E dqn9Ys~qn92q̄n!E

aI
DxE

aI
Dy

3expS i

\
S@x#2

i

\
S@y# D

3F@x~ t !,y~ t !;$qn9%#r~x0 ,y0!, ~4.36!

where$qn% denotes the set of all oscillator coordinates.Ys is
again a window function of widths which implements the
projection onto a range ofqn9 , centered aroundq̄n ~which
correspond to record labelsbI ). aI denotes the paths of th
particle in configuration space specified by fixed values
the Fourier modes, as in Eq.~4.33!. The object
F@x(t),y(t);$qn9%# is a generalized influence functiona
given by the same path integral expression~4.7!, but with the
different boundary conditions that the final values ofqn and
r n are set to the valueqn9 ~rather than summed over!. Hence
integrating F@x(t),y(t);$qn9%# over all the qn9’s, which is
equivalent to lettings→` in Ys , yields the usual influence
functional, and hence the original probabilityp(aI ). The
question is therefore to determine the smallest value ofs for
which the probabilityp(aI ,bI ) is the same asp(aI ), that is,
the smallest value for which the integral ofqn9 over the range
s is essentially equivalent to integrating over an infin
range.

F@x(t),y(t);$qn9%# may be written in terms of the propa
gator equation~4.9!:
F@x~ t !,y~ t !;$qn9%#5)
n
E dqn8drn8r0

env~qn ,r n!g~qn9 ,tuqn8,0!g* ~qn9 ,tur n8,0!. ~4.37!

The integrals are Gaussians, and at some length, one obtains the result

F@x~ t !,y~ t !;$qn9%#5)
n

expF2AS qn92
d@x#

b D 2

2AS qn92
d@y#

b D 2

1BS qn92
d@x#

b D S qn92
d@y#

b D G
3expS 2

i

\
qn9@c@x#2c@y#1cosvnt~d@x#2d@y# !# D

3expS 2
i

2\mnvn
sinvnt cosvnt~d2@x#2d2@y# !2

i

\
~ f @x#2 f @y# ! D , ~4.38!

where the coefficientsA, B are given by Eq.~4.4!, andb, c@x#, andd@x# are given by Eqs.~4.10!–~4.14!. From these, and
comparing with Eq.~4.31!, we see that

d@x#

b
52

cn

mnvn
Xn

s[2X̃n
s . ~4.39!

‘Similarly, we also see that
1-12
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c@x#1cosvntd@x#5cnXn
c . ~4.40!

Hence Eq.~4.38! may be rewritten

F@x~ t !,y~ t !;$qn9%#5)
n

exp@2A~qn91X̃n
s!22A~qn91Ỹn

s!21B~qn91X̃n
s!~qn91Ỹn

s!#expS 2
i

\
qn9cn~Xn

c2Yn
c! D

3expS 2
i

2\mnvn
sinvnt cosvnt~d2@x#2d2@y# !2

i

\
~ f @x#2 f @y# ! D . ~4.41!
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As expected from the classical analysis, the first exponen
in Eq. ~4.37! indicates that the oscillator coordinatesqn9 are

approximately correlated with the Fourier modes2X̃n
s .

To see more precisely the nature of the correlation, n
that the Gaussian in Eq.~4.41! may be rewritten

exp$2~2A2B!@qn91 1
2 ~X̃n

s1Ỹn
s!#22 1

4 ~2A1B!~X̃n
s2Ỹn

s!2%.
~4.42!

Clearly the second term in this exponential gives the de
herence of the Fourier modesX̃n

s @since this corresponds ex
actly to the usual imaginary part of the influence function
phase~4.16! when the oscillator coordinates are integrat
out#. The decoherence widthD̃ of these modes is

D̃[
cn

mnvn
D5~2A1B!21/25S tanhS \vn

2kTD D 21/2

~4.43!

@in agreement with the earlier analysis, Eq.~4.35!#. Hence a
projection onto a range ofqn9 of anywidth s can be added a
the end of the histories without affecting decoherence.
order to preserve the original probabilities for the histories
much as possible, however, the widths of the record projec-
tion needs to satisfy

s.~2A2B!21/25S cothS \vn

2kTD D 21/2

~4.44!

for the integral to be equivalent to an integral over an infin
range.

Generally the widths of the recordsqn9 will be greater

than the width D̃ of the decoherent histories of Fourie
modes,X̃n

s . The correlation between them must necessa
be imperfect, therefore, since the records alternatives, b
more coarsely defined, will not be able to completely dist
guish between different past history alternatives. Differen
10503
al

te

-

l

n
s

y
ng
-
,

fixing a record alternative does not uniquely fix a past hist
alternative, hence the conditional probability of the histor
given the records is less than one. Yet another way of put
it is to say that, in a suitably chosen counting technique@as
we did after Eq.~4.27!, for example#, the number of records
will be less than the number of decoherent histories. T
imperfection of the records in the mixed state case can in
be understood already at a classical level. For even cla
cally, the amount of correlation between the phase space
of the environment and the Fourier modes will be reduce
the environment is subject to thermal fluctuations.

In the case of a pure initial state for the environment,B

50, and therefores;D̃, and in this case we will have a
near-perfect correlation between the records and the histo
~as perfect as the degree of approximate decoherence, w
is generally extremely good!.

General expectations are therefore confirmed: records
ist in the case of a pure initial state, with an almost perf
correlation between the history alternatives and the reco
In the mixed state case, records continue to exist but with
imperfect correlation.

So far we have seen how projections onto ranges of
environmental coordinatesqn9 are correlated with the Fourie
modesXn

s describing the histories. This is, however, only
partial description of the histories, since the variablesXn

c ,
which are in some sense complementary toXn

s , also deco-
here. We expect these to be correlated with the environm
tal momenta.

To investigate projections onto more general types
records, such as this, at the final time, we need to consid
more general type of influence functional in which the pa
summed over to obtain the influence functional~4.37! are not
constrained to meet atqn9 , but may take different values
This allows arbitrary states to be attached at the final time
is straightforward to show that this more general influen
functional is given by
F@x~ t !,y~ t !;$qn9%,$r n9%#5)
n

exp@2A~qn91X̃n
s!22A~r n91Ỹn

s!21B~qn91X̃n
s!~r n91Ỹn

s!#expS 2
i

\
cn~qn9Xn

c2r n9Yn
c! D

3expS 2
i

2\mnvn
sinvnt cosvnt~d2@x#2d2@y# !2

i

\
~ f @x#2 f @y# ! D . ~4.45!
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This object is, in fact, essentially just the thermal initial sta
unitarily shifted in positions and momenta by the classi
equations of motion~4.29!, ~4.30! with vanishing initial po-
sitions and momenta:

F@x~ t !,y~ t !;$qn9%,$r n9%#5^qn9uU~2X̃n
s ,2cnXn

c!r0
env

3U†~2Ỹn
s ,2cnYn

c!ur n9&

~4.46!

~up to a possible phase!. Here,U(q,p) represents the unitar
displacement operator in positions and momenta. This re
is not surprising for a linear system.

Projections onto final momenta may be considered
Fourier transforming with respect to bothqn9 and r n9 . In the
zero temperature case, for whichB50, it is clear to see wha
is going on.F has the form of the pure state density opera
for a coherent state of spatial widthA21/2. Fourier transform
therefore leads to a state which has exactly the same fo
thus the discussion of decoherence and records is the sam
the previous case. The mixed state case will be similar.

Perhaps more useful and general is to combined the ab
two cases and consider quasiprojectors onto the final va
of the environmental phase space data. Using Eq.~4.46!, the
explicit decoherence functional for the situation involvin
any projectionRbI onto environment states at the final time

D~aI ,aI 8,bI !5E
aI
DxE

aI 8
Dy

3expS i

\
S@x#2

i

\
S@y# D r0~x0 ,y0!

3Tr„RbI U~2X̃n
s ,2cnXn

c!r0
env

3U†~2Ỹn
s ,2cnYn

c!…, ~4.47!

where the trace is over the environment Hilbert space. I
clear that decoherence and the probabilities for histories
not disturbed if the records projectorsRbI are taken to be
phase space quasiprojectors onto suitable large region
phase space, and the discussion is again very similar, so
not be spelled out in detail.

To summarize, the classical analysis shows that the F
rier modes of the particle trajectories are correlated with
final values of the phase space data of the environment a
final time. We have shown that essentially the same s
persists in the quantum theory. For the zero tempera
case, the record projectors need to be wide enough to
quantum fluctuations. For finite temperature, they need
addition to beat the thermal fluctuations, and the correla
between the records and the history alternatives is then
than perfect, in accordance with general expectations.

It is also worth noting that the discovered correlation
the final phase space data with the Fourier modes of
environment means that the environment effectively p
forms a so-called spectral measurement of the particle’s
jectory. Measurements of this type have previously been
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vestigated by Mensky in the context of the path integ
approach to continuous quantum measurement@37#.

D. Information count

We may now check that, as asserted at the beginnin
the paper, the amount of decoherence is related to
amount of information thrown away. That is, the number
histories in the decoherent set is approximately the sam
the number of states thrown away to the environment.
will consider the most general case considered above
which the system histories are characterized byXn

s , Xn
c , and

the records are phase space projectors onto the environ
tal oscillators.

Consider first the case of zero temperature. Since the v
ables we are dealing with are continuous and the Hilb
spaces infinite dimensional, we need to make some artifi
restrictions in order to do any counting. Hence, as earlie
this section, lets us restrict the dynamics of the distinguis
particle to a spatial region of sizeL. The Fourier variables
~4.31!, ~4.32!, are therefore restricted to a region of size
orderLt.

For decoherence, the widthsDn of the Fourier variables
must satisfy the inequality~4.35!, which for T50 readsDn

2

.mn\vn /cn
2. The histories of the two types of Fourier var

ables,Xn
s andXn

c are therefore each defined up to orderDn ,
satisfying this restriction, and there are of orderLt/Dn de-
coherent histories of the variablesXn

s and the same numbe
of the variablesXn

c . Hence, for each moden, the total num-
ber of historiesNd in the decoherent set is

Nd5S Lt

Dn
D 2

,
cn

2L2t2

m\vn
. ~4.48!

Now consider the environment states for each moden.
Each environment mode starts out centered aroundqn50
5pn , and as a result of interacting with the system, is d
placed inqn and pn by the amounts~4.29!, ~4.30!. ~A par-
tially classical analysis suffices since the system is line!
Sincex(t) is assumed to be restricted to a region of sizeL,
qn will range over a region with size of ordercnLt/mnvn ,
and pn will range over a region of sizecnLt. qn and pn
therefore range over a phase space volume of
cn

2L2t2/mnvn . The number of distinct environment state
for each moden, corresponding to this phase space volume
therefore given by

Ne5
cn

2L2t2

mn\vn
~4.49!

which coincides with Eq.~4.48!. This is therefore the desire
result: the number of distinct states of the environm
thrown away in the coarse-graining process is equal to
upper limit on the number of histories in the decoherent
of histories. Differently put, the record of each individu
history of the Fourier variables is stored in a single pha
space cell of an environment oscillator.
1-14
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In the case of a thermal environment withTÞ0, decoher-
ence is improved so that, from Eq.~4.35!, the number of
histories in the decoherent set has a larger upper limit:

Nd5S Lt

Dn
D 2

,
cn

2L2t2

m\vn
cothS \vn

2kTD . ~4.50!

The effect of thermal fluctuations on the environment sta
is, from one point of view, to reduce the number of dist
guishable states, since the elementary phase space cel
effectively increased in size from\ to \ coth(\vn/2kT) in a
thermal state. That is, the number of distinctaccessible
records in the environment is reduced. However, as
cussed in Sec. II, a mixed environment state can be rega
as a pure state on an enlarged environment Hilbert sp
much of which is inaccessible, and it is from the perspect
of this enlarged environment Hilbert space that we expec
understand the connection between decoherence and i
mation loss.

There are then a number of ways of understanding h
much information is stored in the enlarged Hilbert space.
example, we can regard the smearing of the environm
phase space cells from\ to \ coth(\vm/2kT) as meaning tha
the environment is actually in one of a numb
coth(\vn/2kT) of \-sized phase space cells, but the inform
tion as to exactly which of those cells it occupies is stored
the inaccessible part of the enlarged Hilbert space. This
dicates that the mixed state case, regarded as a pure sta
an enlarged Hilbert space, has its information storage ca
ity enhanced by a factor of coth(\vn/2kT) compared to the
T50 case. Hence Eq.~4.49!, the information storage capac
ity of one mode of the environment in theT50 case, is
multiplied by the factor, coth(\vn/2kT), and we obtain
agreement with Eq.~4.50!. That is, in the mixed initial state
case also, the number of histories in the decoherent s
approximately the same as the maximum number of st
storing information about the histories.

Another way of understanding the increased informat
storage in the mixed state case is to consider the von N
mann entropyS52Tr(r ln r) of the environment. Loosely
speaking, in going from a pure to a mixed state, the num
of states available for information storage is increased byeS.
It is well known that the entropy of a harmonic oscillator
a thermal state is of order ln(kT/\v), hence the information
storage enhancement factor is of orderkT/\vn , for largeT.
This agrees with the coth(\vn/2kT) factor deduced above in
the limit of high temperatures. It does not generally agree
lower temperatures, although this is not surprising sin
measures of uncertainty or information loss in quant
theory are dependent on the particular dynamical variable
interest.~Since a thermal state is diagonal in energy, the v
Neumann entropy may be regarded as a measure of un
tainty in energy, which will generally not be the same as
phase space uncertainty used above!. Nevertheless, these tw
arguments are sufficient for it to be seen that the degre
decoherence~4.50! may be related to information lost to th
environment in the mixed state case.
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E. Exact and approximate decoherence

Finally, we may make some elementary remarks ab
approximate decoherence. Inserting Eq.~4.46! in the expres-
sion for the joint probability of the histories and the record
we obtain the particularly simple expression

p~aI ,bI !5E
aI
DxE

aI
Dy

3expS i

\
S@x#2

i

\
S@y# D r0~x0 ,y0!

3Tr„RbI U~2X̃n
s ,2cnXn

c!r0
envU†~2Ỹn

s ,2cnYn
c!…,

~4.51!

where the trace is over the environment Hilbert space.
simplicitly take the environment initial state to be pure, so
is the ground state of the harmonic oscillatoru0&. The unitary
displacement operators then turn it into standard cohe
states.

The issue of exact decoherence or exact correlation of
records with the histories, is then the question of finding
coarse graining of the Fourier modesXn

s andXn
c , which ef-

fectively brings the coherent states

U~2X̃n
s ,2cnXn

c!u0&

into an orthogonal set of states. It is well known that giv
the coherent statesup,q,&, which are overcomplete, a com
plete set of states may be found by restrictingp,q to discrete
values lying on a regular lattice, and this is clearly imp
mentable by suitable coarse graining of the Fourier mo
@38#. The resulting states, however, are not orthogonal. T
orthogonalization process may not be straightforward
carry out. More significantly, it is by no means clear tha
coarse graining of the Fourier modes is possible which p
this orthogonalization process into effect. The issue of fin
ing an exactly decoherent set of histories which is close
the approximately decoherent sets discussed in this sec
therefore remains open.

V. SUMMARY AND DISCUSSION

We have obtained a number of results concerning the c
nection between decoherence, information loss and the e
tence of records. The existing basic result that we have v
much built on is the fact that decoherence with a pure ini
state implies the existence of records@2#, i.e., alternatives
that may be added to the end of the histories that are
fectly correlated with the past alternatives. Our main aim w
to explore the connection between decoherence andphysical
information storage in the case of decoherence due to
environment. The main results may broadly be summari
as follows.

~1! The discussion of records in the decoherent histo
approach has been extended to the case of mixed in
states, both in the general results of Sec. II, and the exp
models of Secs. III and IV.

~2! In the quantum Brownian motion model the recor
1-15
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carrying information about the distinguished particle’s t
jectory have been explicitly identified.

~3! We have formulated a concrete conjecture concern
the amount of decoherence and the information lost to
environment, and proved it in some important specific ca
This gives substance to the old idea that decoherence i
lated to information loss.

This last result also indicates how decoherence condit
in practical models can be interpreted. The commonly u
decoherence condition

expS 2
Im W@x~ t !,y~ t !#

\ D!1 ~5.1!

~whereW is the influence functional! is normally physically
interpreted as meaning that interference between trajecto
x(t), y(t) is very small, and therefore that probabilities m
be assigned to these histories. That is, the condition~5.1!
puts a lower limit on the degree to which the histories m
be fine grained without interference effects becoming sign
cant.

To assign probabilities, one requires only the condition
consistency, ReD(aI ,aI 8)50 for aI ÞaI 8, whereas the condi
tion ~5.1! corresponds to the stronger condition of~approxi-
mate! decoherence,D(aI ,aI 8)'0 for aI ÞaI 8, which surely
merits a stronger interpretation. The physical meaning of
coherence is that it implies the existence of records, as
cussed in Secs. I and II~and in Ref.@2#!. Consistency alone
does not guarantee this. The decoherence condition~5.1!
should therefore be thought of in terms of the records, ra
than just in terms of interference and the assignment of p
abilities. In this paper we have effectively shown thatthe
decoherence condition is a reflection of the information st
age capacity of the environment. That is, it is a lower limit
on the degree to which the histories may be fine grai
without the information storage capacity of the environm
being exceeded.

Some of the issues considered in this paper shed s
light on an old problem with decoherence in the context
quantum cosmology, which is how to choose the division
the universe into ‘‘system’’ and ‘‘environment.’’ On perus
ing the literature on decoherence via tracing out an envir
ment, one can find papers in which a matter field is tra
out to produce decoherence of the gravitational field in qu
tum cosmology@39#. On the other hand, one can find oth
a-
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papers in which the gravitational field is regarded as a de
hering environment for matter, since it is clearly the unive
sal environment@40#. Which is correct? One man’s system
another man’s environment, at least, from the point of vi
of published papers on the subject,

The case of decohering the gravitational field is an int
esting one, since the gravitational field is undeniably clas
cal in all physical situations that can be checked observat
ally, so there is a strong incentive to discover the mechan
by which it becomes classical from the assumed underly
quantum gravity theory. On the other hand, in a certain se
we neveractually measure the gravitational field itself. Wh
we actually measure are the changes of motion of matter
we interpret as being due to an underlying gravitational fie
From that point of view, nothing is really lost by tracing o
the gravitational field since it is never really actually o
served.

The ideas discussed in this paper perhaps offer some r
lution to the dilemma over the choice of ‘‘system’’ and ‘‘en
vironment.’’ As we have seen in a number of situation
decoherence is intimately connected with the existence
records at the final moment of time that are correlated w
alternatives in the past. Furthermore, as we saw in the an
sis of the quantum Brownian motion model, the records c
be stored in the decohering environment, and by inspec
them at the final time we can recover the past history of
system. What the decoherence of the quantum Brownian
ticle by a thermal environment means, therefore, is that
history of the Brownian particle may be recovered by exa
ining the thermal environment. Similarly, the decoherence
a gravitational field by a decohering matter field environm
means that we can recover the history of the gravitatio
field by examining the matter field at late times, which
indeed exactly what is done in cosmology. From a practi
point of view therefore, the significance of decoherence
that it ensures a correlation between present records and
events.
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