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In this paper we show a procedure to construct cosmological models which, according to a covariant
criterion, can be seen as ex&ebnlineaj perturbations of the standard Friedmann-LéneaRobertson-Walker
(FLRW) cosmological models. The special properties of this procedure will allow us to select some of the
characteristics of the models and also to study in depth their main geometrical and physical features. In
particular, the models are conformally stationary, which means that they are compatible with the existence of
isotropic radiation, and the observers that would measure this isotropy are rotating. Moreover, these models
have two arbitrary functionone of them is a complex functiprvhich control their main properties, and in
general they do not have any isometry. We study two examples, focusing on the case when the underlying
FLRW models are flat dust models. In these examples we compare our results with those of the linearized
theory of perturbations about a FLRW backgrouf®0556-282(199)08320-4

PACS numbg(s): 98.80.Hw, 04.20-q

[. INTRODUCTION Then, other related gauge-invariant quantities must be used.
The particular method we employ in this work is a com-
The standard picture of the universe is based on the welbination of different transformations of spacetimes: we will

known cosmological principle(see [1,2] for recent ac- start from the static FLRW models, then we will make a
counts, which states that the universe is homogeneous andeneralized Kerr-Schild transformation, and finally, we will
isotropic. This principle implies that the geometry of space-apply to the result a conformal transformation. This proce-
time is of the Robertson-Walker type and therefore the modelure provides the necessary tools to control some properties
els that describe the dynamics are Friedmann-Leeval of the final spacetimes and facilitates the study of the physi-
Robertson-Walker (FLRW) solutions of Einstein's cal properties. As we will see, choosing adequately the pa-
equations. However, as astronomical and astrophysical ohameters of these transformations we will find stationary cos-
servations indicate, the cosmological principle should bengjogical models, that is, we find cosmological models that
considered as an approximation valid only to a certain exyoy the existence of isotropic radiatiésee[7,8]), and this
tent. In order to get a precise description of the universe We,jiation can represent the cosmic microwave background
need to consider that there are inhomogeneities as well Fdiation (CMBR). The models have not, in general, any

anisotropies in the distribution of the energy-matter contenf i - :
. SO . . illing symmetry and they have two arbitrary functions, one
of the universe. Taking into account these considerations, th g sy y y y

stuy of pertbatons o FLRW modsls s been an mpor ', S50 e confornalfctor, it plys e
tant subject of research for a long tir(eee 3] for a review,

and even today important developments on this issue allttfat would qbserve the CMBR |sc_)tropﬁthe m_ot|o_n of thesg
appearing in the literature observers will be shear free, but in general it will be rotating

The aim of this paper is to contribute to the study of @nd nongeodesjcThe other function is a complex function

cosmological models that aoseto the FLRW standard that will control other properties, as for instance, the rotation
models, but instead of using approximate methods we wilPf the preferred observers and the Petrov type.

use exact techniques, dealing in this way with models that In order to give a meaning to the tertose toFLRW we

are exact solutions of the Einsteimonlineaj equations. This are going to use a covariant criterion. This criterion is a
kind of approach has two obvious advantages: first, we cageneralization of that given i{i9,10], where the characteriza-
study gravitational nonlinear effects in a cosmological scetion of when a perfect-fluid spacetime is close to a FLRW
nario, and second, the fact that the models are exact solutiomgsodel is introduced. Here, we give the generalization for
allows us to compute and study any physical quantity. Inarbitrary cosmological models, since our models will not be
contrast, in the linearized theory of perturbations, in order tdn general of the perfect-fluid type. This criterion is formu-
avoid spurious gauge mode solutions it is necessary to fix thiated in terms of the well-known hydrodynamical formalism
gauge freedom in the map between the background and pentroduced by Ehler$l11] and popularized by Ellis and col-
turbed spacetime&see[4,5]), but for some physical quanti- laborators(see, e.g.[12—14)). We do not enter here in de-
ties, as for instance the spatial variation of the energy dentails about this formalism, they can be consulted in the ref-
sity, the results are difficult to interpretsee [5] for a  erences just given.

extensive discussion An alternative is to use a gauge-  Then, the criterion we are going to use to say that a given
invariant approach6,5], but not all the physical quantities cosmological model is close to a FLRW model is the follow-
are gauge invariant, only those which in the backgroundng: “A cosmological model is said to belose to FLRWn
spacetime vanish, or are constant scalars, or linear combinaeme open domain of the spacetime if and only if there are
tions (with constant coefficieniof Kroneckerd’s (see[4]).  observers, moving with a unit velocity (uu,=—1), such
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that for some suitable small positive constarthe following
inequalities hold in that domatih:
Kinematical variables Expansiond, shearo,,, rotation
w,p and acceleratioa?;
|0 ap |wap) | |D 46|
) €, 9 €, 7< €, 02

Matter variables Energy densityo, isotropic pressure,
heat flowg?® and anisotropic pressuié,,,:

| D0l | Dap| l9?| |15
€ €
2 ) e 0

Weyl tensor variablesElectric E,, and magneticH 5
parts:

|Eab|

|Hab| .
o2 €.

02

Where for any spatialorthogonal tou) tensorA® " .. we
have defined the following scalar:

|A2 L |=(hae - .hbd. . .Aa"'b,_,AC"'d...)l/Z,

which vanishes if and only iA* ... vanisheswherehy,,
=(,pt UaU, denotes the orthogonal projector wp. More-
over, we have used the derivatiie, defined as follows
DA ... =h°...hS - h9V4AP " . Obviously, we
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general case, since although andII,;, are assumed to be
small, their derivatives could not be small. A remaining open
issue is finding the minimum set of inequalities that charac-
terizes when a cosmological model étosed toa FLRW
model.

The plan of this paper is the following. In Sec. Il, we
describe the techniques used to construct the models and
give the expression of the line element, studying the main
geometrical properties that follow from the procedure and
the spacetimes used in the process. In Sec. Il we focus on
the main physical properties of these models. As we have
said before, the models are conformally stationary, then we
consider the unit timelike vector field proportional to the
conformal Killing vector field, which correspond to the unit
velocity of the observers that would measure isotropic radia-
tion. We study the kinematics of these observers and their
consequences on the properties of our cosmological models.
Afterwards, we decompose the energy-momentum tensor
with respect to these preferred observers and study the dif-
ferent quantities. Moreover, we study two particular ex-
amples of interest focusing on the case of a dust FLRW
background. The comparison with the results of the linear-
ized theory is also made. Finally, in Sec. IV we discuss the
results obtained and the possible extensions of this work. In
the Appendix we give some useful formulas for the basis
associated with the different metrics that appear in this paper.

are assuming in this criterion that the model is neither 31 CONSTRUCTION AND GEOMETRICAL PROPERTIES

vacuum spacetime nor the observers under consideration aré
expansion free. Note that all the quantities compared with
are dimensionless quantities, they have been formed by di- |n this section we are going to give the explicit form of
viding by the expansior and the energy densitg, which  the line element of our models and also to study some of
we have assumed to be nonvanishing. The form of the quanheir geometrical properties. The procedure we are going to
tities compared witte is such that all of them can be taken as fo|low is based on the use of the generalized Kerr-Schild
first-order terms in the theory of linear perturbations Of(GKS) and conformal transformations. Broadly speaking,
FLRW cosmological models, because they have a vanishingien a spacetime\(;,g), a GKS transformation is any
background value that makes them gauge invariant. In thq ansformation of the forny—g’ = g+ 2HI®|, such thaH is

case,e would correspond with the parameter or function . ; . :
controlling the strength of the perturbation. In the modelsa scalar and is a null vector fieldgeneral properties of this

. oM : transformation can be found, for instance,[#6—1§). On
that we are going to present in this work, we will be able to . .
control the value of the quantities compared wéthy means the other hand, as is well known, a conformal transformation
. . r_ 2 .

of a function, in such a way that when this function is equalIS any transformation of the forg—g'=®"g, where® is
to zero we recover the FLRW models. This is also what2Y Scalarsee, €.9.[19,20). _ _
happens with much of the cosmological models known in the The& manner in which these transformations will be ap-
literature (see[15] for a wide review of models containing plied in this paper and the kind of spacetimes that we obtain
FLRW cosmologies are represented in Fig. 1. We start from the static FLRW

Note also that the conditions given in this criterion aremodels ¥/4,9), then a GKS transformation is applied, in
sufficient but not necessary, in some circumstances some #fhich we takel to be geodesic and shear free, such that the
them can be a consequence of the rest of the conditions: Féinal spacetimes\(,,g) are perfect-fluid stationary space-
instance, when there are equations of state relating the mattémes. Finally, we make a conformal transformation, obtain-
variables, or in the perfect-ﬂuid case, in which the |nequal|ty|ng in this way Conforma”y Stationary Spacetimé&(é)_ In
for the acceleration follows from the conservation equauonsfact, the global transformation, from/,g) to (V,.4), can

for the energy-momentum tensdky, (see[l_l—_l:ﬂ) and the o seen as a GKS transformation applied to conformally flat
inequalities for the pressure. However, this is not true in thespacetimes

There are several reasons for considering the GKS trans-
formation as the tool to find the exact perturbations of the
FLRW models. First, as it has been shown in the plentiful

OF THE MODELS

Throughout this paper we use units in whichk@=c=1.
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Static FLRW
models (V,, g)

GKS transformation

(H,D

Stationary GKS
models (\74

Conformally-stationary
GKS models (V,, 8)

' 8) Conformal transformation
@ =R(x")

FIG. 1. Scheme followed in the construction of the cosmologi-
cal models. Given the initial spacetinfia our case the static FLRW
models, the GSK transformation is determined by the functién
and the null vector field, and the conformal transformation by
means of the conformal factdb.

literature on the KS and GKS transformatidnthey allow

one to integrate Einstein’s equations in cases of low symme-

try and to obtain large families of solutions. Moreover, in
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on the conformal factor, that in the limi—0 becomes a
function of t only. On one hand, this allows us to choose
widely the conformal factor, and on the other hand, this re-
striction ensures that we can always recover the FLRW
spacetimes by taking the limid — 0.

Now, let us carry out the procedure just outlingsee the
scheme in Fig. 1 The starting point is the static FLRW
models, that is, those FLRW spacetimes without expansion
(#=0). The line element can be written in the following
way:

ds?=—dt?+a?(dy?+32dS?), 1)
wherea is an arbitrary constant arklis the curvature pa-
rameter of the hypersurfacgs=constant (k=0,1,—1 for
flat, closed and open models, respectiyely, =2, (x) sat-
isfies the differential equatiob  +kS§=1 (,=d/dx), o
alternatively it can be given by

siny fork=1,
X fork=0,
sinhy fork=-1,

Ek:

most cases the properties of this transformation provide

simple ways of studying the final spacetimes. The secon@nd ds? is the line element of the unit two-dimensional
important reason is a theorem, shown first by Xanthopoulogphere, which, using complex stereographic coordinates

[21] for the vacuum to vacuum GKS transformation, which
states that given two spacetimeg,(g) and (V4,g) related

by a GKS transformation, and such that the null vector field

of the transformatiom is geodesic, the equations for the ten-

sor HI®]1, obtained from the Einstein equations for the met-

{g,?}, can be written as follows:

Adgdé

(1+¢&€)2

2

ric g, coincide with the linearized Einstein equations for @These spacetimes have a perfect-fluid energy-momentum

traceless perturbation, the initial spacetinvg (g) being the

background spacetime. In fact, it can be shown that the Eing (2,

stein tensor of the final spacetimé§b is linear inH and its

tensor, T,,=(Q + p)UUp+ PYap, Where the fluid velocity
1), energy density, and pressur@ are given

by

derivatives, provided is geodesic. As a consequence, the
proximity of these spacetimes to the FLRW models, in the
sense explained in the Introduction, is controlled through the
function H. Finally, it is also important to point out that the

GKS transformation preserves the volume four form, which

> =—3p.

e 2

a

is a useful property with which to study quantities defined

through integration.

When we choose the conformal factbrto be a function
of the proper timé of the fundamental observers in the static
FLRW spacetimes\(,,g), namelyR(t), the metricR?g is
the metric of the FLRW model$see, e.g.[22]). Then, in

that particular case the final result is a metric of the farm
=0 rwt2HL®L, whereL=RI is a geodesic and shear-

For k=1, the line elemen(fl) represents the Einstein static
universe, fork=0 the Minkowski flat spacetime, and fér

—1 a negative curvature model that we will call here the
anti-Einstein universe. As we can see from E), the
energy-momentum content of the anti-Einstein universe does
not satisfy the usual energy conditigi®)]. It is important to
remark that applying a conformal transformation to these
spacetimes we obtain all the FLRW models, the conformal
factor being the usual scale factor, that is to say, a function of

free null vector field, and therefore, the global procedure can only (see, e.g.[22)).

be seen as a GKS transformation of the FLRW modilat
is what is done for some particular vector fidldn Refs.
[17,23). In this case, the termL®L satisfies the equa-
tions for a traceless perturbation in a FLRW background.

The first step of our procedursee Fig. 1is to perform
the most general GKS transformation

gab‘)aab:gab'i'ZHlalb: (3

However, in order to get more general models containing
the FLRW spacetimes, we can consider the only restrictionwhich leads from the initial spacetimgd) to stationary

°The Kerr-Schild transformation is obviously a GKS transforma-
tion with the Minkowski spacetime as the initial one.

perfect-fluid spacetimes. Hereafter we will use a tilde to de-
note objects associated with the spacetiniég,§). In this
transformation is taken to be the most general geodesic and
shear-free null vector field for the metri¢$), and it can be
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shown that it has the same properties with respect to the new

metrics(3). The case with a nonrotatidgvas given in[24],

whereas the rotating case was treatefl?] (see alsd18]).

Here we present an unified treatment for both cases.
The expression for is the following:

— dt —
|=—— (1+0Q)——(1-0Q)d
Son| (a0 g - A-00)dk

+

, (4)

sz_((_zdg+ QOdé)
1+ &€

where () is a complex function of the coordinaté;,g,g}
such that it satisfies the following two complex partial dif-
ferential equations:

(1+£6Q0Q —E0%=(3,Q) ,, (5)

_ Q
(1+§§)Qg+§9=—2ﬁ9(2—k) (6)

X
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1+ 2aptan (y2ap) fork=1,
1/p? for k=0,
1—2ap tanh }(\2ap) fork=—1.

Hp= C)

As we have said before, the cage-p was solved in24],
where the result was given in a different form, and the case
p# p was solved if22]. As we can see from these expres-
sions, the functiorH depends only on the expansion lof
[—1/12(p+p)=1/2V ]?].

We can compute for both cases the expressign afhich
is also a spin coefficient, using the NP basis constructed in
the Appendix. Taking into account Eq&),(6) we find the
following result:

1 X
— =X forQ#0
2a
p= s (10
_— Zkx forQ=0.
J2a 2«

Once we have found the possible functios expres-

This system of partial differential equations comes from thesions (8),(9),(10) determine the functiod, and hence we

shear-free and geodesic characterl,ofnd the nondepen-
dence on the coordinates a consequence of imposing the
stationary character on the GKS spacetirt®s The multi-
plicative factor ofl was chosen so that it is affinely param-
etrized (°V,12=0).

Then, from Egs(3),(1),(4) the line element of these sta-

tionary spacetimes is
425dgd§)
— |+
(1+&€)?

22"_(5d§+ adé)
1+&¢

a’H
(1+00)?

d§2=—dt2+az(dxz+

2

— dt _
+00)—~(1-QQ)dx+

@)

have determined completely the line eleméht As is clear,

in order to find() we need to solve the system of partial
differential equationg5),(6). As it can be shown(5),(6) is a
quasilinear system that can be solved compldi28} (more
details are given if18]), in such a way thaf) is given
implicitly by the following equation:

e TRO—¢ (1-£6)3, Q- E+£Q2 %

1+ ¢e "R’ (1+£6)3,Q

(11)

where G(z,,2,) is any analytic complex function of two
complex variablegz;,z,}. In the case&=0,1 we must im-
posed, G#0, otherwise we would obtain a vanishing func-

tion H, which means that the transformati®) is the iden-
tity. On the other hand, it turns out that in the nonrotating

On the other hand, from part of the Einstein equations wWease p=p) Egs. (5),(6) can be solved explicitly. The ex-

get partial differential equations for the functiéh(the rest

pression fo) can be written as follows:

of Einstein’s equations determine completely the energy-

momentum conteitA remarkable feature of these equations
is the fact that when we write them in an adequate Newman-

PenrosegNP) basis(see the basis in the Appendithey can

Z

Q=(B+J1+B>U, U= \/%,

(12

be solved without introducing a coordinate system. The so- _ )
lution depends on whethéhas rotation or not, equivalently, WhereB andZ are real and complex functions, respectively,

on whether the complex divergenpeof | (the definition of
this quantity can be found for, instance, [i20]) is real or
not. We can write the expression found fdrin the follow-
ing form:

2mp+wH, when p=p,

8

m(p+p)  when p#p,

wherem andw are arbitrary constants, armdl, is given by

whose expressions are

1

B= ——={c(1+£6)3—[(1— £€)cose
Vzz ‘

Z

+(E+Esing]y

Z=2¢£c0sdp—(1—&?)sing,

wherec and ¢ are arbitrary constants.
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As we have already said, we have performed the GKS éab: R%g.p=R?gap+ 2H(RI) (RIp) (17)
transformation in such a way that the final metr@gg are of
the perfect-fluid type. Then, the energy-momentum tensofyhere we use a hat to denote objects associated with the final

has the formT ,p= (@ +P)UsUa+ PYas. Where spacetimes \(,,g). Then, we can see Eql7) as a GKS
transformation in which the seed spacetimes are conformal
T= 1 J - 3k (13) to the metricq1), which include the FLRW spacetimes, and

Ji—H &’ e= 5(1_'*):_3'0' the null vector field of the transformation R(x®)l. This
vector field is also geodesic and shear free in the final space-
As we can seell (U%U,=—1) can only be defined when times, for any conformal transformation preserves these

1-H>0. As is obvious, this condition depends on theProperties. _ .
choice of the functior2 [more precisely, it depends on the  The line element of these spacetimes can be obtained by
choice of the functiorG in Eq. (11)] and the constantm,w.  Substituting expressior(d),(4) or Eq.(7) in Eqg. (17), which
It is possible that in some cases this condition is automatiYi€lds to the following result:
cally fulfilled, but in some other cases it would imply that we o
can only define this vector field in the region determined by 5 5 ) 42§d§d§ H
the inequality -H>0 (see[22] for more details ds’=R* —dt*+dy*+ (1+ £8)2 +(l+Qf_2)2
The nonvanishing kinematical quantities associated with
U are the acceleratioa?® and the rotation,;, . Using the NP
basis constructed in the Appendiand the associate differ- X
ential operators their expressions are

(1+0Q0Q) dt—(1-QQ)dy

2
_ _ 2%, _
~ [ eH L V2(p—p)H~ + % (0de+0de) | |, (18)
Wap=— mV[amb] +cC.C. —ﬁm[amb] , 1+ &€
14 - L
(149 where we have eliminated the constarity absorbing it into
= the conformal factoR and rescaling.
~ DH . SH - ; . .
a=_ va— m?+c.c./, (15) Now, we are going to study the main geometrical proper-
V2(1—H) 1-H ties of the final spacetimed/,g) that follow from this con-

struction and the properties of the spacetimes involaes:

where c.c. stands for complex conjugation. Itis intergsting tq:ig. 1. In the next section we will discuss the main physical
note that from Eq(14) we can deduce that the rotatien,, consequences of these properties.

of U vanishes if and only if so does the rotatipr- p of I2. First of all, these models have no symmetry in general,
On the other hand, the vector fie@ dt is the timelike that is, there are in general no Killing vector fields. As we

Killing vector field. In general there are no more Killing have pointed out above, in general the only Killing vector

vectors(see[22]), although there are special cagspecial  field in the {7,,9) spacetimes i dt, which is now a con-

forms of the complex functio)) in which there is an ad-  formal Killing vector field with a timelike character when

ditional Killing vector. With regard to the algebraic structure 1 — 4> (this condition depends oft and m,w). There-

of these spacetimes, they are in general Petrov type-Il unleggre the spacetime is conformally stationary in the region

the following condition holds: 1—H>0, or in the whole spacetime in the case that this

5 A2 B A2 2 condition holds everywhere.
QkQ*+Q7)Q 1, =[3(QQ ,, — Q7 +kQAHQ 5y With regard to the algebraic structure of the spacetimes
_kQ(492x+ kQ2)1Q L (16 (\74,{;), we have to take into consideration the fact that the

Weyl tensor is conformally invariant, and therefore, the final
In that case the Petrov type is D and the fluid velocity doespacetimes will have the same algebraic structure, that is,
not lie in the preferred two-space spanned by the two multhey will be Petrov type-Il in general, and type-D when con-
tiple null principal directions of the Weyl tensor. As it can be dition (16) is fulfilled. Again, the Case,:;immy type-D.
checked, the functiof given in Eq.(12) satisfies this equa- Moreover, the null vector fielfl= RT=Rl is the null multiple
tion and, therefore, all the spacetimes in this case ) are  eigenvector of the Weyl tensor.
Petrov type-D. Depending on the form we take for the conformal factor,
Now, we are going to carry out the second step of thesome special features can appé¢see Sec. I). The most
procedure(see Fig. 1, that is, we are going to make a con- simple case is when we take the conformal facoto be a
formal transformatiorg— g=®2g. To that end, in what fol-  function of the coordinaté, namelyR(t). In that case, Eq.
lows we consider to be any arbitrary functioR(x®) such  (17) is a GKS transformation in which the seed spacetimes
that in the limitH— 0 [which can be done by taking in Eq. are now the FLRW spacetimeR(t)! being the null, geode-
(8) the limit m,w— 0] becomes a function df only. Then, sic, and shear-free vector field of the transformation. Within
the complete transformation from the seed spacetithe®  this special case, the particular subcase definekl-by and
the perturbedFLRW ones looks as follows: the choice in Eq(11) of G(z;,2,) =2z, +i/(y/2c), c being
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an arbitrary real constant, was already given[#8,17, Therefore, the models here obtained can be considered as
where the models were interpreted as the Kerr metrics in mhomogeneous exact perturbations of the FLRW cosmologi-
cosmological backgroun(t is important to note that these cal models, compatible with the existence of isotropic radia-
models are special particular cases of our moddéiore-  tion (see[28] for a different study of the rotation-free case
over, although the techniques used in these papers allowdd our case, the observers who see the radiation isotropic are
one to find models containing only the closéd=1) FLRW  those moving along the world lines of the unit velocity field

models, the extension to the other casks Q,—1) can be (. Then, we can use these models to study a universe con-
done by reparametrizations or limiting proces¢ese[15],  taining an isotropic CMBR. As is well known, in this case
and references therginThe extension to the Kerr-Newman the changes in the redshift measured by the preferred observ-
case is given in25] (see[15] for more information. Finally,  ers are due only to the expansitsotropic contributionand

itis important to remark that all the solutions of the tyi&)  to the acceleratiofigravitational redshijt
previously known belong to this particular case in whikh

=R(t). A A A A
® A tdh=(36+a,e?)dl,
lll. PHYSICAL PROPERTIES OF THE MODELS
Aa - - - . _
In this section we are going to study the main physical\'\/her,ee !S a uAmt Spaf:?“ke vector r.epresentmg an orthqgo
L : L~ nal direction tou andd| is a proper distance element relative
characteristics and properties of the spacetinesd), con-

structed in the previous section. To that end, we are going tH? u (see[11,12,14, anq references thergirSince the mag-
consider the preferred unit timelike vector field of thesenitude of the acceleratid@?®| depends on the functidr, we

spacetimesy (ga,uU°=—1), which is given by Cﬁ:tcontrol the term corresponding to the gravitational red-
shift.
A B 1 From the expressions for the nonzero kinematical quanti-
ud=R ud= u?, (19)  ties(20)—(22), we can deduce other properties of these mod-
Rv1-H els. Looking at the expansiof20) of U, it follows that the

As we can see, it is privileged because it is the unit timelike?éfiegrzf:jagt?r:‘gr::gg(t:ﬁeo(f:(;'\r’]?grdmlé‘r??;’C'ts(’j%r;sgaegg;?el fegg[i?dmg
vector field proportional to.the conformaI.K|II|ng vector Eeld which reduces to the scale factor of the FLRW models in the
d/dt. In the same way as it happened with the vector field |imit 0. Moreover, from Eq(21) we can see that these
(13), u can be defined only in the region-H>0. models have, in general, rotation. The rotation vanishes only
From the results obtained in the previous seActlon, we dewhen the rotatior(14) of the stationary spacetimég) van-
duce that the nonzero kinematical quantitiesuofire the shes, that is, only when the rotation bfanishes »()ZE)-
expansiond, the rotatione,,, and the acceleratioa?, that  This kind of cosmological model, in which there is a shear-
is to say,U is shear free. The expression for these kinematifree and irrotational timelike congruence, has been studied

cal quantities is given by recently in connection with the study of the Newtonian limit
of general relativity in a cosmological contg:29] (see also

@=3R‘1ﬂa&aRE3R‘1R, (20) [30]). Following the naming of this work, the spacetimes
(V4,9) in which @, vanishes would beuasi-Newtonian

@ap=R®ap (21) cosmologiesand the preferred congruence would be a

Newtonian-liketimelike congruence. Later, we will study the
effect of the rotation on these cosmological models in two
examples. Finally, the expression for the accelerat2)

) . ~ ~ . . tells us that in general the world lines of the preferred ob-
respectively. The expressions faf and w,, are given in - garvers are not geodesics.

Egs.(14),(15). . ) . Now, we are going to study the energy-momentum con-
From these expressions we can deduce some interestiggn; of these cosmological models. To that end we need to
properties of the cosmological modélE8). The first impor-  compyte the energy-momentum tensor associated with the
tant physical feature of these models is a consequence of thgetrics(18). This calculation can be done by computing the
existence of the conformal timelike vector fieldt. Studies  ginstein tensor of the metri¢48) and using Einstein’s equa-

of kinetic theory in general relativit}7,8] led to the conclu- tionsG,,=T.,. A simple way to carry out this calculation is

sion that the spacetimes allowing the existence of isotropi
o : .- Yo use the well-known formulas for a conformal transforma-
radiation must be conformally stationary and the distribution,. .
tion (see, e.9.[19,20), which allow us to compute all the

function describing the radiatiofgas of photonsmust de- - ) ST
pend only on the first integral of the null geodesic equationduantities for the final spacetime¥(,9) in terms of the
which is defined by the conformal Killing vector fieldee

also[26]). This result led to the establishment of the well-

known Ehlers-Geren-Sachs theorg8). Recently, an exten-  3The scale factor is always fixed up to a general first integral of
sion of this result foralmostFLRW models has been given the velocity field, since given the expansiénthe scale factor is

in [27]. defined by R 1u?3,R=14.

a?=R Za®+ R DR, (22
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initial ones {/4,9) and the conformal factob. On the other @ap=0=H_,=0.
hand, in order to express the results of the calculationsandto o N
facilitate the study of the energy-momentum content, we ard his is in fact a consequence of the Ricci identities for the

going to decompose the energy-momentum tefisgrwith  velocity fieldu (see[12,13 for details on the Ricci identities
respect to the unit velocity (19) of the preferred observers. [0 @ unit timelike vector fieldl and the vanishing of the

This decomposition is standard and is as follows: shear. Furthermore, taking into account that when the rota-
tion vanishes we have=p, and since in this case the Petrov
Tap=0U Uy + ph,y+ 2a(aab)+ﬁab, type of our models is D, we deduce that the electric fat

becomes degenerate, that is, at least two of their eigenvalues
where ﬁabzéabJr aaab is the orthogonal projector and are equalsee[20] for details on t_he Petrov classification in
A A A a o ] terms of the electric and magnetic parts of the Weyl tensor
e, P, 0% [l are the energy density, isotropic pres- ginajly, we can also check that for a givenwe can choose
sure, heat flow, and anisotropic pressures relative,tee-  the constantn andw so that the electric and magnetic parts
spectively(see[11] for more details For a generic confor-  55sqciated withl satisfy the conditions of the criterion,
mal factor®=R(x?) they are given by showing that our models are closed to the FLRW cosmologi-
. . . . a cal models in the sense already explained.
0=00—3kR *H+3R™?(D*R)(D,R) — 2R™'"D*D,R, Now, in order to go deeply into the study of the cosmo-
(23 logical models obtained, let us consider some examples.
R R R Here, we will deal with the following two case§) The case
p=po+ kR ?H—3R *(D*R)(D4R) R=R(t), and (i) the caseR=R(7), where7 is the proper
4 p—1Maf saf time of u (19).
T3 RDDR+287DaR, @49 The case in whiclR=R(t), which is the most simple one,
has been the only one studied in the literature, and as we

9?=5D0+2R '™ DyR, (259 have pointed out before, only in some very special cases.
. The simple form of the conformal factor allows us to write
I,,= —2R*1’[)<af)b>R, (26)  the metric in the GKS form with the FLRW models as the

initial spacetimes, that ig= gr g+ 2HL®L (see Sec. Il for
where here the angled brackets on indices denote the symiore details
metric and trace-free part. Moreovery andp, are given by Taking into account this special form of the conformal
factor we can expand the expressi@g@3)—(26). After some

3 . 1 . . calculations we arrive at the following result:
QOZQ(RZ-I— K), Po=-— E(RZJF 2RR+k). (27)

- 3
o= QFLRW+_2(R,27_ kK)H
As we can see, these terms of the density and pressure have R
the same dependence on the scale factor as the density and
pressure qf the FLRW models have, and in the likhit>0 + \/5& 2—H DH—Z(p-}—;)H
they coincide. R?2(1-H
With regard to the covariant criterion exposed in the in-

troduction, we can check, by studying the dependence of the N 2 R2_RR H?2 29
derivative D,R on the functionH, that given ae we can RZ( 7 '")1—H’
always choose the constants contained in the fundidm
andw) so that the kinematical variabl€é®0)—(22) and the R 1
matter variable$23)—(26) associated with the fluid velocity p= pFLRW_E(R,ZPL 2RR .- K)H
U satisfy the corresponding inequalities.
On the other hand, as is well-known the energy- V2R . (5H—4 o
momentum tensor determines part of the Riemann curvature +? R—ZT mDH+4(p+p)H

tensor, the Ricci tensdithrough Einstein’s equatiopsThe
other part of the curvature tensor is described by the Weyl 5

- . . 2 H
tensorC,p.q.- Their components can be decomposed with +—(RZT—RRTT)—, (29)
respect to a given unit timelike vector fidldle consider here 2 "1-H

the preferred timelike vector field given in Eq.(19)] into ~

the electricE,, and magnetid ., parts(see, e.9.[12,13), aa:i{z(RZ “RR,)H+ 2R DH}- 2

which are spacelike symmetric and trace-free tensors. In our R? 7 ’ ' 1-H

case, these tensors are in general nonzero, but when the ro- _

tation &)ab vanishes, we can show that the magnetic part +R_’T oH m.+c.c (30)
vanishes, R2|Ji—H & "
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- 4 (R, — .2
Map=7 51| = DH+ (p+p)H b=

RN

n (Ri_ RR”)%] (aio— rﬁ(arﬁb)) z;nd therefore, in this case it depends only on the proper time

When we introduce Ed32) in expression$28)—(31), we
realize that these quantities evolve according to two different
powers ofr. There are terms that evolve like the background
terms @ rw and Pr gy, that is, like 772, and the other
terms evolve like 7~ 3B N] |n the case of the
energy-density parameté), from expression$33),(28), we
obtain the following relationship:

LR SH
R? [ V1-H

wherer is the proper time of the initial FLRW model, which

is related to the conformal timeby dr=R(t)dt. On the

other hand, the termgg ryw @and pg rw are the energy den-
sity and the pressure of the initial FLRW spacetimes:

Q/(aﬁ'lb)"r‘C.C.} , (31

. 30 (1+ )7
O=—=1+yH2+ ——
6? y RovV2(1—H)

~ ) (1+3y)/[3(1+ )]
p

3 1 2—H)DH
QFLRWZQ(R,ZT_F K), Prrw= — Q(R,Zﬁ'ZRR,TT‘F k), L( )

which have the same form 427) but changingfﬁ‘Va by —2(p+p)(1—-H)H]
u?V,. Moreover, as is obviou® g ryw and pg gy do not
depend on the functioHl. R

Now, let us study some properties of these quantitieswherery,=r5y/1—H. This expression shows how terms con-
First of all, from their expression&8)—(31), we can see tainingH will become importantfor 3y>—1) as the mod-
explicitly how these models are close to the FLRW modelsels evolve. Furthermore, if we restrict ourselves to the case
in the sense exposed in the introduction. In particular, we canf a dust FLRW backgroundy=0), corresponding to the
see how the functiokl (or the constant parametarsandw  well-known Einstein—de Sitter univerd®1], we can get
that it containg controls the magnitude of the quantities in from Eq. (34) the following equation:
the left-hand side of the inequalities of our criterion.

On the other hand, in the static limiR(.=0), we recover - - 7\
obviously the GKS model§7). We can also check that we Q;—12(9;0—1)<T) : (35

cannot impose the energy-momentum terfl'sg,rto be of the 70

perfect-fluid type with respect to, otherwise either we get which shows how the density parameter deviates from the
the stationary model&7) or the acceleratioa® and rotation  unity in a matter-dominated stage of the universe. Here the

w4, would vanish, which implies that our models are exactlySubscripts denote the proper time at which the density pa-
FLRW models. rameter is evaluated.

In what follows, and in order to study the evolution, we 1O finish this example, we are going to see what is the
are going to consider only those models in which the initialoehavior of the rotation and the acceleration of the preferred

FLRW spacetime is flatk=0) and has an equation of state Observers. This can be studied by using expressions
p=yo [we will considerye (—1,1) ande>0 in order that  (21),(22), from which we can get the following relations:

they satisfy the dominant energy conditjomhich implies

70

. (39

. . ~ ~ ~ 1+3y)/[3(1
that their scalar factor grows as a power of the proper tine |wapl (14 7y) 70 ond 7| 330+ )]
X abl 12T 0 L ,
that is ) 2R, N 5
7\ 213(1+ )] i i A /
R(7)=Rg| — , (32 |a3|2 (1+y)27(2) 5 > 2(1+39)/3(1+ 7)] 1
70 _ — |aa|2 — +—H2
0 4R§ 70 9

whereR, and ry are arbitrary constants. Now, it is important

to notice that the proper time of the fundamental observers in (1+ 'y);'o HDH [ 7|73/
the FLRW background and that of the preferred observers in W Ji-H Ar_ (36)
the final spacetimes are related (spoosing the same origin 0 0
= rJ1=H, As we can see, both kinematical quantities will become im-

portant as the models evolve. Moreover, in the case of the

- rotation we find the following relation:
and, therefore, both parametersand r, trace properly the

evolution of the quantities in the final spacetimatong the
world lines of the preferred observerdloreover, from Eq.

(32), the expansior® in this case is

=\ ~203(1+)]
) , (37)

|£"ab|;:|‘:’ab|;0< =~
)
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which shows the fact that the rotation decays sloffer y  quantity, several approachgsee [6]) use some gauge-
> —1/3) than the expansiof83). invariant variables related directly with the dimensionless
The second example we are going to consider here, theéensity contrast.In the covariant and gauge-invariant ap-
case wherR=R(7), is an example of a different choice of Proach to the linearized perturbations of a FLRW cosmologi-
the conformal factor. It has the special feature that alway§al model[5], one of the most used quantities is tt@mov-
the scale factor and expansion associated with the preferrd@d fractional density gradien{see[5,14] and references

observers only depend on the proper timeand the same therein, which in our notation isRe ~*D,0=¢,. In all
happens with théackgroundermsg, andp, in the energy ~ these approaches, the solution of the evolution equation has

density and pressur@3),(24). two different modes, a growing mode which evolves like
In this case the explicit calculation of the quantit{gs)— 732 and a decaying mode which evolves like'. In our

(26) is more invo!ved. Here, for the sake_of brevity, we only case, if we consider the quantiy— 1, which gives the in-

give the expression for the energy density: formation about the deviation of the density parameter from

the unity(its value in a dust FLRW modglfrom expressions
(35),(39), we can see that two differences appear: first, there
are not decaying terms and second, there are two growing
termsl[in the first casdé35) there is only ong the usual term
proportional tor>? (that is, proportional to the scale factor
and another term proportional td’3. On the other hand, we
_ ) can compute in our models the comoving fractional density
B R*+2RR [(HVZ(I=H)+3DH)>+56H8H], (39 gradient Ia . As_ we can see Abelov_v, this quantity is not a
2(1-H)R? linear combination of powers af, which is a consequence of
the fact that our study is nonperturbative, in contrast with the
where7 is the proper time of the fluid velocity of the  form of the solutions in the linearized theory, which come
stationary spacetime&/¢,g). The relation betweer and 7 from the linearized dynamical equatlons.AAfter some calcu-
is R"}(7)d7=d7, that is, 7 is a function ofr only and vice ~1tions, we get the following expression fgt,:
versa. If we consider, like in the previous example, the par-

. 3k R

e=eo—;H+2§[m[<2—3H>DH—(p+F>H]

_ __H SH SH
DDH—(p+p)DH=2(p—p)*—7+

+7 —
1=H  (1-H)?

ticular case in whictk=0 andR(7) is a power ofr [like in = _ - S— R LT
ing li A2 1+ Q4( 7/ 70) M3+ Qa( 7/ 79) 23
Eqg. (32)], apart from the terms evolving like the powers 171 7o 2\ Tl To
7= (5+3/[83(1+y)] i - N ~ o~
(background termsand 7 , Which also ap P71 70) Y34 Pya(7179) 23, (40)

peared in this previous example, we find terms evolving like

7 43N] Therefore, for ordinary matter, terms evolving where the form of the object®;, Q,, Pia, Psa, Psa.

with this new power ofr are the slowest terms going to zero, andP,, can be obtained from the expressions for the energy
and hence, for large enough values of the proper firtieey density(28),(38). In the case of the first example we fir_1d that
will dominate. With regard to the kinematical quantities, in Q2= P4a=0. In general, the scala@, andQ, are functions
the case of the rotation the relatid87) remains valid, ©0f p andp only, and thereforeQ;=Q,=0. On the other

whereas in the case of the acceleration, the quafafty/ 6 hap;j, the one-formsPy, (1=1,...,4) satisfy |P|.a|'
has the same dependence othat in the previous example —Y dp|P1a|=0. Moreover, whenH—0, all these objects
(36), but with different coefficients. tend to zero likeH. As we can see, the scalar associated with

Considering now the case in which the underlying FLRWthis quantity(40), that is| |, has the following asymptotic
model is the Einstein—de Sitter universg=(0), the analo- behavior:
gous equation to Eq35) is

il Pl 2]
— ~\ 1/3 Wal — |P1a (A_) )
- - F.(p,
Q;—lz(Q;o—l)[ Fa(p.p) _(;) o
Fi(p,p)+Falp,p) \ 70 - _
£ _) 213 |l — K, K=0.
20p,p T
— —(7) ] (39  The first equation shows how this quantity becomes singular
Fi(p,p)+F2alp,p) \ 70

at 7=0, like in the linearized theory. However, the typical
where the explicit expression of the functiohg andF, can  behavior of a decaying mode in the linearized theory is of the
be obtained from Eq.398).

We finish this section by comparing the results obtained
in these two examples with the solutions in the linearized “The dimensionless density contrast is usually defined oy (
theory about a dust flat-FLRW backgrou(’mﬁe, eg[6]) In — Qb)/Qb1 Wheregp ande are the energy density of the perturbed
particular we focus on the solutions for the energy-densityand background spacetimes, respectively. However, this quantity is,
perturbations. In order to study the perturbations of thisin general, gauge dependent.
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type 7~ 1. The second equation, whekeis |Pz,|/|Q,| in the U becomes the fluid velocity of the resulting FLRW space-
first example andP4a|/|Q2| in the second example, shows times. However, we could try to give such a description, for

how the growth of ;M is bounded, contrary to what happens instance, by means of the kinetic theory, or u_si_ng a consis-
in the linearized theory, where the growing mode, whichtent thermodynamical sche_me, or we can divide the total
energy-momentum tensor in several components and then

interpret each of them separately.

On the other hand, the procedure shown in this paper is an
example of how we can get exact cosmological models
which can describe deviations from the standard FLRW
models. This procedure can be generalized in different ways.
IV. CONCLUSIONS AND DISCUSSION Within the scheme presented here, we could relax the condi-
tion of obtaining perfect-fluid solutions in the first step of the

In this paper we have congtructepl c_osmologlcal rm(]lelf)rocedure(the GKS transformation, see Fig), lthough it
which according to the covariant criterion exposed in the!

) . ; ) is possible that in such a case the remaining system of equa-
introduction can be seen as ex@obnlineaj perturbations of b gsy q

. tions could not be integrated completely. On the other hand,
thg standard FLRW cosmological models. The advantages ere are other procedures similar to the GKS transformation,
this approach are, on one hand, that we can study any phy

| ity without having th bl fint tati Which can be exploited in order to get exact families of cos-
cal quantity without naving the problems ot interpretation mological models with general propertiesee, e.g.[16,32).

:)h;;(osnosrpse g;:ntltéﬁisgayvii?htg?elIrr:g?n;id etf}ﬁgg)o;ngsrturp\n example of these procedures can be seen in the paper by
P y . gaug a Bonanog 32]. In this work, the author considers the follow-
on the other hand, the possibility of taking into account non- I c ab
X : ing transformation: gap—9gap—28(an)*+ {cal’s and g
linear effects. We have also seen how the special character- aby 9 (ab) | sacsb " \vhere 7., is a tensor(in general
istics of the method used here provided the necessary tools tg 9 e’ ab g

make an exhaustive study of the geometrical and physiczﬂonsymmetrlh:assomated with the initial spacetime and sub-

e e o
properties of these models. In this study we have considere![ Zt éOKtShfraCr?sr:‘glrtrIr?gtiocrfgé :0; ﬁ? :/v;a f:?;zaaz’ 'ta:?ig:jgfs
two particular examples, in which we have looked at some : b= "Tab/ 7L P

case of this transformation is studied in the case of a

Interesting quantltles, and also we 'have.been able to COMPA 1 owski background. It is shown that this transformation
our models with the results of the linearized theory, showmqqas some special properties similar to those of the GKS

the differences and similarities. transformation. In this sense, it could be interesting to stud
The models found in this work have some interesting., - X ' 9 y
it in the case of a FLRW background.

properties. Among them we can mention the fact that in gen- There are other models in cosmology that can be seen as

eral the.y hqve no K|II|ng vectqr field, but they have a CON” o xact perturbations of the FLRW models. For instance, the
formal timelike vector field, which means that the models are

. . . . . - perfect-fluid models given in33], which have also been
compatible with the existence of isotropic radiation. Further-Constructeol using the GKS transformatién that casd is
more, the motion of the observers that would “see” the ra- 9

L . L . eodesic but not shear fredn general, they only have one
diation as isotropic is in general rotating. Moreover, we hav%gq"mg vector field. but onr)?che gther hand i/hey ?/nclude only

two free functions in order to fix a particular model. On one . L

hand, the complex functio® Eg. (11), in which can control, scin:)el Ealrt'cg?rrl FLRW TOdeI{’W'thm.Jhg kt)hr(;:: (ilr?ssesll
for instance, the rotation of the preferred observers, and OE;OV\’m' Sz;kerese(rjlfs)fcanr?g deéslggfemp[rgg]l aen anyalogey ofe ﬂ‘?’ee i
the other hand we have the conformal faclarwhich plays equations of these models with those of the linearized theory

the role of a scale factorsee EQ.(20)] and controls the .~ : :
underlying FLRW modeIO[Apart fgoﬁn t)h]is freedom, we have ' given(see alsd15,36,37), and in[38] they are reobtained
' ’ by using approximation methods based on the Hamilton-

also the arbitrary constanta andw, which control the de- Jacobi approach to irrotational dust models
viation from the FLRW models. It is important to remark PP '
that we have seen that the quantities associated with the pre-

evolves liker??, goes to infinity. Note also that is for both
examples the quotient of two quantities of first orderHn
and thereforeK will be a zero-order quantity iH, or in
other words, in general it does not go to zero wikkdoes.

ferred observeréwith unit velocityu) satisfy the inequalities ACKNOWLEDGMENTS
of the criterion given in the introduction, provided the arbi- i )
trary constantsn andw are chosen properly for a given The author gratefully acknowledges financial support

With regard to the lacks of these cosmological models, wérom the Alexander von Humboldt Foundation.
can mention that although they are very general in the sense
that they do not possess any isometry, they are not so general
from the point of view of the Petrov classification, since they
are algebraically specighlthough they have a minimum de-
gree of degeneration given that their Petrov type is Il in |n this appendix we give a Newman-Penr¢bé) and an
general. With regard to the matter content, in the procedureprthonormal basissee[39,20) for each of the different
here described we have not introduced any description of thgpacetimes used in our construction. The NP basis will be
matter, we have just decomposed the energy-momentum tegdapted to the null vector fieldEq. (4) of the GKS trans-
sor like a general fluid with velocity, and then we have formation. First of all, we are going to consider the initial
seen how in the limiH—0 it reduces to a perfect fluid, and metrics (1). In that case the Newman-Penrose basis

APPENDIX: NEWMAN-PENROSE
AND ORTHONORMAL BASIS
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{I,k,m,a} is given byl Eq. (4) and Ta=12, ka=k2+HI2, mi=m2,
_m (1+QQ)E+(1_QQ)dX la=la, Ka=Ka—Hla, ma=mj,.
2 7 An orth | basi§t,v,8,,6,) is given b
— E(Qd§+9d§) , n orthonormal basigu,v,e;,e,} is given by
+&
~ (1-H)T+k . (1-H)T-k
[\/QQdXJrEk —(d¢— deg)} oo zaom
As is obvious,{R(t)l,R(t)k,R(t)m,R(t)m} is a Newman- Elzi(m+ m), ’ézzi_(m_rﬁ)'
Penrose basis for the FLRW metrics. An orthonormal basis V2 V2i

{u,v,e;,8} [u is the timelike vector field given in Ed2)]

for Eq. (1) can be constructed in the usual way It is clear that a NP basis for the final metrids), which we

call {I,k,m,m}, is given by{RI,Rk,Rm,Rm}. And in the

1 1 _
u=—=(+k), v=—7=(-k), e=—7=(m+m), oA A :
\/5( ) \/E( ), € \/5( ) same way, we have an orthonormal bdsis/,e; e} by tak
ing {Ru,Rv,Re;,Re,}.
Finally, we introduce me differential operators associated
\/_| —=(m-m), with the NP basigl,k,m,m} (see, e.g.[20)):

and obviously{R(t)u,R(t)v,R(t)e;,R(t)e,} is an orthonor- _ia ia . - —

mal basis for the FLRW metrics. D=1"Va, A=KW,, 6=m'V,, o=mV,.
From the NP basis given above we can construct a NP

basis for the metrics7), namely{T,k,m,m}, which is given ~ For a functionf that does not depend dnlike H, we have

by Af=-Df.
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