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Cosmology versus holography
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The most radical version of the holographic principle asserts that all information about physical processes in
the world can be stored on its surface. This formulation is at odds with inflationary cosmology, which implies
that physical processes in our part of the universe do not depend on the boundary conditions. Also, there are
some indications that the radical version of the holographic theory in the context of cosmology may have
problems with unitarity and causality. Another formulation of the holographic principle, due to Fischler and
Susskind, implies that the entropy of matter inside the post-inflationary particle horizon must be smaller than
the area of the horizon. Their conjecture was very successful for a wide class of open and flat universes, but it
did not apply to closed universes. Bak and Rey proposed a different holographic bound on entropy which was
valid for closed universes of a certain type. However, as we will show, neither proposal applies to open, flat,
and closed universes with matter and a small negative cosmological constant. We will argue, in agreement with
Easther, Lowe, and Veneziano, that whenever the holographic constraint on the entropy inside the horizon is
valid, it follows from the Bekenstein-Hawking bound on the black hole entropy. These constraints do not allow
one to rule out closed universes and other universes which may experience gravitational collapse, and do not
impose any constraints on inflationary cosmology.@S0556-2821~99!03818-7#

PACS number~s!: 98.80.Cq
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I. INTRODUCTION

Recently a new set of ideas was put forward, which w
called ‘‘the holographic principle’’@1,2#. According to this
set of ideas, under certain conditions all the informat
about a physical system is coded on its boundary, imply
that the entropy of a system cannot exceed its boundary
in Planck units.

This principle was motivated by a well-known result
black hole theory: the total entropySm of matter inside a
black hole cannot be greater than the Bekenstein-Hawk
entropy, which is equal to a quarter of the area of the ev
horizon in Planck units,Sm<SBH5A/4 @3#. One can inter-
pret this result as a statement that all information about
interior of a black hole is stored on its horizon.

The main aim of the holographic principle is to exte
this statement to a broader class of situations. This princi
in its most radical form, would imply that our world is two
dimensional in a certain sense, because all the informa
about physical processes in the world is stored at its surf
This conjecture is very interesting, and physical implicatio
of its most radical version could be quite significant. The
has been a lot of activity related to the use of the holograp
principle in quantum gravity, string theory and M theory. F
example, there is a conjecture that the knowledge of a su
symmetric Yang-Mills theory at the boundary of an Anti-d
Sitter space may be sufficient to restore the informat
about supergravity/string theory in the bulk@4#.

However, if one tries to apply the holographic principle
cosmology, one immediately recognizes several proble
For example, a closed universe has finite size, but it does
have any boundary. What is the meaning of the holograp
principle in such a case? If the universe is infinite~open or
flat!, then it does not have boundaries either. In these ca
one may try to compare the entropy inside of a box of sizR
with its area, and then take the limit asR→`. But in this
limit the entropy is always larger than the area@5#.
0556-2821/99/60~10!/103509~7!/$15.00 60 1035
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Another possibility is to compare the area of a domain
the size of the particle horizon~the causally connected pa
of the universe! with the entropy of matter inside this do
main. But this is also problematic. The entropy produc
during reheating after inflation is proportional to the to
volume of inflationary universe. During inflation, the volum
inside the particle horizon grows ase3Ht, whereas the area o
the horizon grows ase2Ht. Clearly, the entropy become
much greater than the area of the horizon if the duration
inflation is sufficiently large. This means that an inflationa
universe is not two dimensional; information stored at
‘‘surface’’ is not rich enough to describe physical process
in its interior. In fact, one of the main advantages of inflati
is the possibility to study each domain of sizeH21 as an
independent part of the universe, due to the no-hair theo
for de Sitter space. This makes the events at the bounda
of an inflationary universe irrelevant for the description
local physics@6#. Thus, the most radical version of the hol
graphic principle seems to be at odds with inflationary c
mology.

One may try to formulate a weaker form of this principl
which may still be quite useful. For example, Fischler a
Susskind proposed to put constraints only on the part of
entropy which passed through the backward light cone@5#.
This formulation does not confront inflationary cosmolo
because it eliminates from the consideration most of the
tropy produced inside the light cone during the po
inflationary reheating of the universe. They further conce
trated on investigation of those situations whe
cosmological evolution is adiabatic. From the point of vie
of inflationary cosmology, this means that they conside
the evolution of the universe after reheating. The largest
main in which all of the entropy crossed the boundary wh
the evolution is adiabatic is bounded by the light cone em
ted after inflation and reheating. In what follows we wil
loosely call this light cone of sizeO(H21) ‘‘particle hori-
zon,’’ even though the true particle horizon, describing t
©1999 The American Physical Society09-1
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light cone emitted at the beginning of inflation, is expone
tially large.

Fischler and Susskind argued that in the case of adiab
evolution the total entropy of matter within the particle h
rizon must be smaller than the area of the horizon,S&A @5#.
This conjecture is rather nontrivial. Indeed, the origin of t
Bekenstein-Hawking constraint on the entropy of a bla
hole is the existence of theeventhorizon, which serves as
natural boundary for all processes inside a black hole.
there is no event horizon in a noninflationary universe, a
the idea to replace it by theparticle horizon requires some
justification. Also, the Bekenstein-Hawking constraint on t
entropy is valid even if the processes inside a black hole
nonadiabatic. Thus it would be desirable to investigate
proposal and find a way to apply it to the situations when
processes can be nonadiabatic.

Remarkably, Fischler and Susskind have shown that t
conjecture is valid for a flat universe with all possible equ
tions of state satisfying the condition 0<p<r. This result
suggests that there may be some deep reasons for the va
of holography. However, they also noticed that their vers
of the holographic principle is violated in a closed univer
One may consider this observation either as an indica
that closed universes are impossible or as a warning, sh
ing that the holographic principle may require additional ju
tification and/or reformulation. Indeed, this principle is no
rigid scheme but a theory in the making. It may be qu
successful in many respects, but one should not be surp
to see some parts of its formulation change. For exam
Bak and Rey suggested to replace the particle horizon b
apparent horizon in the formulation of the holographic pr
ciple, claiming that their proposal does not suffer from a
problems in the closed universe case@7#.

There were many attempts to apply various formulatio
of the holographic principle to various cosmological mode
but the existing literature on cosmic holography is somew
controversial. The entropy of the observed component
matter~such as photons! is well below 1090 @6#. Meanwhile
the constraintS&A applied to our part of the universe im
plies thatS,10120 @5#, which does not look particularly re
strictive. Holography could be quite important if it were ab
to rule out some types of cosmological models, but this p
sibility depends on the formulation and the range of valid
of the holographic principle. One may try to use holograp
to solve the cosmological constant problem@8,9#, but the
progress in this direction was very limited. Recently it w
claimed that holography puts strong constraints on inflati
ary theory@10#, but the authors of Ref.@11# argued that this
is not the case. Holographic considerations were used in
vestigation of the pre-big bang theory@12–14#, and on the
basis of this investigation it was claimed that this theo
solves the entropy problem in the pre-big bang theory@14#,
which is at odds with the results of@15#.

The main goal of this paper is to examine the basic
sumptions of cosmic holography and check which of th
may require modifications. We will try to find out whethe
holography indeed puts constraints on various cosmolog
models. We will show, in particular, that the original form
lation of the holographic principle should be reconside
10350
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more generally, and not only when applied to closed u
verses. The holographic entropy bound proposed in@5#, as
well as the formulation proposed in@7#, is violated at late
stages of evolution of open, flat, and closed universes c
taining usual matter and a small amount of negative vacu
energy density. At the beginning of their evolution, su
universes cannot be distinguished from the universe wit
positive or vanishing vacuum energy density. Thus there
no obvious reason to consider such universes unphysical
rule them out. However, when the density of matter becom
diluted by expansion, a universe with a negative vacu
energy collapses, and the conditionS&A becomes violated
long before the universe reaches the Planck density.

The investigation of universes with a negative cosmolo
cal constant gives an additional reason to look for a reform
lation of the cosmological holographic principle. Our a
proach will be most closely related to the approach outlin
by Easther and Lowe@11#, and by Veneziano@14#. They
argued that the entropy of the interior of a domain of s
H21 cannot be greater than the entropy of a black hole o
similar radius. We will extend their discussion and propos
justification for the entropy bound obtained in Ref.@5# for
the case of an expanding noninflationary~or post-
inflationary! universe. We will argue, in agreement wit
@11,14#, that in those cases where the holographic bound
Ref. @5# is valid, it is equivalent to the Bekenstein-Hawkin
bound, which does not require any assumptions about a
batic evolution. This bound alone cannot resolve the entr
problem for the pre-big bang cosmology and does not lea
any constraints on inflation.

II. COSMOLOGY AND HOLOGRAPHY

A. Flat universe with p5gr

Let us begin with a brief review of@5#. We will restrict
our attention to the case when gravitational dynamics
given by the Einstein’s equations, and the evolution is ad
batic. First we will consider flat homogeneous and isotro
Friedmann-Robertson-Walker~FRW! universes, whose met
ric is

ds252dt21a2~ t !~dr21r 2dV!. ~1!

We will use the units 8pGN51. For simplicity we will con-
sider matter with the energy-momentum tensorTmn

5diag(r,p,p,p). The independent equations of motion ar

H25r/3, ṙ13H~r1p!50, ~2!

where H5ȧ/a is the Hubble parameter,r and p are the
energy density and pressure, and the overdot denotes
time derivative. We will assume thatr.0, p5gr, and that
the energy-momentum tensor satisfies the dominant en
condition ugu<1. This will generalize the results of@5# ob-
tained for 0<g<1, and is in fact the correct sufficient con
dition for the validity of the holographic bounds in flat an
open FRW universes.

The solutions of~2! for g.21 can be written as
9-2



l
e
ri

he

nt

if

e
he
ll
-

-
a
s

n-

ra-

the

r
icle
ere,
on
co-
led

he

i-

e
h
-

lo-
of

ase
n
ic

e
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a~ t !5t2/[3(g11)]. ~3!

Here we took by definitiona51 at the Planck timet51.
Density decreases asr5r0 /@a3(g11)#, where r054/@3(g
11)2# is the density att51. ~For g521 one has the usua
de Sitter solution.! The particle horizon is defined by th
distance covered by the light cone emitted at the singula
t50:

LH~ t !5a~ t !E
0

t dt8

a~ t8!
5a~ t !r H~ t !, ~4!

wherer H is the comoving size of the horizon defined by t
conditiondt/a5drH . Suppose first thatg.21/3. Then the
comoving horizon is

r H5LH /a5
3~g11!

3g11
t (3g11)/[3(g11)], ~5!

and

LH5
3~g11!

3g11
t5

2

3g11
H21. ~6!

At the Planck timet51 one hasLH5@3(g11)#/(3g11)
which generically isO(1). Thevolume of space within the
distanceLH from any point was alsoO(1). The entropy
density at that time could not be greater thanO(1), so one
may say that initially (S/A)05s&1. Later the total entropy
inside the horizon grows assLH

3 /a3, whereas the total areaA
of the particle horizon grows asLH

2 . Therefore

S

A
;s

LH

a3 5s
r H

a2 . ~7!

This yields

S

A
;st (g21)/(g11). ~8!

Thus the ratioS/A does not increase in time for 1>g.
21/3, so if the holographic constraintS/A&1 was satisfied
at the Planck time, later on it will be satisfied even better@5#.

A similar result can be obtained for21<g<21/3. How-
ever, investigation of this case involves several subtle poi
First of all, in this case the integral in Eq.~4! diverges at
small t. This is not a real problem though. It is resolved
one defines the particle horizon as an integral not fromt
50, but from the Planck timet51.

A more serious issue is the assumption of adiabatic
pansion of the universe. If one makes this assumption, t
one can show that the holographic bound is satisfied for ag
in the interval21<g<1, which generalizes the result ob
tained in @5#. However, the universe with 11g!2/3 ~i.e.,
with g'21) is inflationary. The density of matter after in
flation becomes negligibly small, so it must be created ag
in the process of reheating of the universe. This proces
strongly nonadiabatic.
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As we already mentioned in the Introduction, in inflatio
ary cosmology the bounds of Ref.@5# refer to the post-
inflationary particle horizon, which means that the integ
tion in Eq. ~4! should begin not att50 or at t51 but after
reheating of the universe. One can easily verify that
bounds obtained in@5# are valid in this case as well.

B. Closed universe

The metric of a closed FRW universe is

ds252dt21a2~ t !~dx21sin2xdV!, ~9!

where the spatial part represents a three-sphere, withx being
the azimuthal angle anddV the line element on the pola
two-spheres. The lightcones are still bounded by the part
horizon. However, due to the curvature of the three-sph
the light rays must now travel along the azimuthal directi
in order to maximize the sphere of causal contact. The
moving horizon is the extent of the azimuthal angle trave
by light between times 0 andt:

xH5
LH

a
5E

0

t dt8

a~ t8!
. ~10!

The boundary area of the causal sphere is then given by

A;4pa2~ t !sin2xH . ~11!

The volume inside of this sphere is

V5E
0

xH
dx sin2x dV5p~2xH2sin 2xH!. ~12!

Assuming a constant comoving entropy densitys, we find

S

A
5s

2xH2sin 2xH

4a2~ t !sin2xH

. ~13!

Here we have explicitly retained the contribution from t
comoving entropy densitys, which was ignored in@5#.

Consider for simplicity a cold dark matter dominated un
verse, withp!r. In this casea5amax sin2(xH/2). The mo-
ment xH5p corresponds to the maximal expansion,a
5amax. But at that time the light cone emitted from th
‘‘North pole’’ of the universe converges at the ‘‘Sout
pole,’’ the area of the horizon~10! vanishes, and the holo
graphic bound on the ratioS/A becomes violated@5#. Note
that in all other respects the pointxH5p is regular, so one
cannot argue, for example, that the violation of the ho
graphic bound is a result of violent quantum fluctuations
the light cone.

C. Open, closed, and flat universes withL<0

Let us return to the discussion of the flat universe c
and look at Eq.~7! again. The size of the comoving horizo
r H can only grow. Despite this growth, the holograph
bound is satisfied forr.0, p.2r, because the value ofa2

grows faster thanr H in this regime. But this bound can b
9-3
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NEMANJA KALOPER AND ANDREI LINDE PHYSICAL REVIEW D 60 103509
violated if a2 grows more slowly thanr H , and it will defi-
nitely be violated in all cases where a flat space can colla

Usually, cosmologists believe that closed universes c
lapse, whereas open or flat universes expand forever. Bu
situation is not quite so simple. If there is a sufficiently lar
positive cosmological constant, then even a closed univ
will never collapse. On the other hand, if the cosmologi
constant is negative, then, even if it is extremely small, ev
tually it becomes dominant, and the universe collapses, in
pendently of whether it is closed, open or flat. In all of the
cases the holographic principle, as formulated in@5#, will be
violated.

For simplicity, we will consider a flat universe (k50)
with a negative vacuum energy density2l,0, so thatr
5p/g2l. We will assume thatl!1 in Planckian units. For
example, in our universel cannot be greater than 102122. In
an expanding universer5r0 /a3(g11)2l, and the Fried-
mann equation

3H25
r0

a3(g11)
2l ~14!

can be rewritten as

ȧ56
1

A3
A r0

a3g11
2la2. ~15!

Because of the presence of the cosmological term, in gen
we cannot write the integrals in a simple form. However,
exact form of the solutions is not necessary for our purp
here.

First of all, we see thatȧ vanishes atla3(g11)5r0, after
which ȧ becomes negative and the universe collapses. T
happens within a finite time after the beginning of the exp
sion. From the definition of the particle horizon and~15!, one
can find the value ofLH at the turning point:

LH~ turning!5

BS g

2~g11!
,
1

2D
3~g11!Al

, ~16!

whereB(p,q) is the Euler beta function. Putting these fo
mulas together, we see that at the turning point

S

A
;sl (12g)/[2(11g)] ~17!

up to factors of order unity. For 1>g.21, the power ofl
is positive and so the ratioS/A is very small at the turning
point. Now, we can consider what happens near
final stages of collapse, where the energy den
reaches the Planckian scales. By symmetry,LH

;2@a0/a(turning)#LH(turning);l2(3g11)/@6(g11)# at this
time, whereas s/a3;1. Hence, Eq. ~8! yields S/A
;l2(3g11)/@6(g11)#@1 when g.21/3. Therefore, we see
that the ratioS/A reaches unity at some time after the turni
point, and that the holographic bound becomes viola
thereafter, but still well in the classical phase, when the u
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verse is still very large. Indeed, we can estimate the den
of matter at that time to ber;l (g11)/2!1.

A universe where the only energy density is in the form
a negative cosmological constant is called the anti-de S
space~AdS!. In string theory, AdS spaces typically emerg
after compactifying string or M theory on an internal, com
pact, Einstein space of positive constant curvature. M
interesting applications of the holographic principle ha
been elaborated for the pure AdS space. It is therefore q
interesting that in the cosmological context an AdS ba
ground containing matter describes a collapsing Friedm
universe with a negative vacuum energy, in which the c
mological holographic principle is violated.

D. AdS spaces with matter and an alternative formulation
of cosmic holography

In order to cure the problems of the original formulatio
of the cosmological holographic principle, Bak and Rey p
posed a different formulation@7#. They suggested to conside
the so-called apparent horizon instead of the particle hori
and claimed that in this case the holographic bound ho
even in a closed universe. We will not present here a deta
discussion of their proposal. Instead we will consider h
their holographic bound in the three-dimensional spatia
flat universe~d 5 3!, see Eq.~16! of @7#:

4s

3a2~ t !ȧ~ t !
<1. ~18!

This condition is violated when the universe approaches
turning point atla3(g11)5r0, when one hasȧ50. This vio-
lation occurs even much earlier than in the original formu
tion of the cosmological holographic principle of Ref.@5#.

One can propose two possible interpretations of these
sults. First of all, one may argue that closed universes
impossible, and that the universes with a negative cos
logical constant are also impossible. We do not see how
could justify such a statement. After all, the main reason w
the holographic constraint was violated in both cases stud
above was related to the possibility of gravitational collap
It would be very odd to expect that the holographic princip
which was motivated by the study of black holes shou
imply that gravitational collapse cannot occur.

Another possibility is that the formulations of the cosm
holography proposed in@5,7# should be somewhat modifie
in the cases when the universe may experience collaps
would also be interesting to understand the reasons why
holographic inequalities were correct in the flat univer
case. We will discuss this issue in the next section.

III. BLACK HOLES AS BIG AS A UNIVERSE

The simplest way to understand the holographic bound
the entropy of the observable part of the universe is relate
the theory of black holes. In what follows we will develo
further an argument given by Easther and Lowe@11#, and by
Veneziano@14#.

The simplest cosmological models are based on the
9-4
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COSMOLOGY VERSUS HOLOGRAPHY PHYSICAL REVIEW D60 103509
sumption that our universe is homogeneous. But how do
know that it is indeed homogeneous if the only part of t
universe that we can see1 has sizeH21? We cannot exclude
the possibility that if we wait for another 10 billion years, w
will see that we live near the center of an expanding
isolated gravitational system of sizeO(H21) in an asymp-
totically flat space. Then we can apply the Bekenstein bo
to the entropy of this system,S&ER, whereE;rR3 is the
total energy andR;H21 is the size of this system, with
H2;r, in Planck units. This givesS&H22, which coincides
with the holographic bound.

Of course, the idea that our part of the universe is a sm
isolated island of sizeH21 is weird, but we do not really
advocate this view here. Rather, we simply say that since
cannot tell whether the universe is homogeneous, or it is
island of a size somewhat greater thanH21, the boundS
&H22 must hold for a usual homogeneous universe as w

One can look at this constraint from a different persp
tive. It is well known that if our universe is locally overdens
on a scale of horizon withdr/r5O(1), theoverdense par
will collapse and form a black hole of a sizeH21 @16#. Then
the entropy of this part of the universe will satisfy the bla
hole bound S&H22. Again, there is no indication tha
dr/r5O(1) on the horizon scale, but since we cannot e
clude this possibility on a scale somewhat greater than
present value ofH21, the bound should apply to the homo
geneous universe as well.

Instead of debating the homogeneity of our universe,
can imagine adding a sufficient amount of cold dark ma
to a part of our universe of sizeR. This would not change its
entropy, but it would lead to black hole formation. Then o
can find an upper bound on the entropy of a black hole
sizeR: S&R2. If one takesR;H21, one again finds thatS
&H22.

The boundS&R2 implies that the density of entropy sa
isfies the constraints5S/R3,1/R. Thus one could expec
that it is possible to get a more stringent constraint on
density of entropy by considering black holes of size grea
than H21. However, according to Carr and Hawking@16#,
black holes formed in a flat universe cannot have size gre
thanO(H21). This constraint has a dynamical origin, and
not related to the size of the particle horizon. Usually t
difference betweenH21 and the particle horizon is not ver
large, but during inflation this difference is very significan
H21 remains nearly constant, whereas the particle hori
grows exponentially.

If an inflationary domain is homogeneous on a sc
O(H21), then it is going to expand exponentially, indepe
dently of any inhomogeneities on a larger scale. Such a
main is not going to collapse and form a black hole un

1If one takes into account inflation, then particle horizon is exp
nentially large. Still we can see~by means of electromagnetic ra
diation! only a small part of the universe of size;H21;t. It is
important that this scale, rather than the particle horizon, determ
the largest size of a black hole which can be formed in an expa
ing universe.
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inflation ends and we wait long enough to see the bounda
of the domain. But this will not happen for an exponentia
long time. Nevertheless the holographic constraints on
entropy can be derived for the processes after inflation,
as in the case considered above. These constraints wi
related to the size of the largest black hole which can
formed during the expansion of the post-inflationary u
verse,R;H21, rather than to the exponentially large size
the particle horizon in an inflationary universe. As a resu
the holographic bounds do not lead to the constraints on
duration of inflation, inflationary density perturbations, a
other parameters of inflationary theory discussed in@10#.

If the universe is non-inflationary and closed, or if it has
negative cosmological constant, then, prior to the point
maximal expansion, the holographic constraints on the
tropy within the regions of sizeH21;t coincide with the
constraints for the flat universe case. Once the universe
gins to collapse, the constraints cannot be further impro
because the typical time of formation of a black hole of s
O(t) at that stage will be of the same order of magnitude
the lifetime of the universe. But this fact does not imply t
impossibility of collapsing universes.

Note that in our consideration we did not make any
sumptions about the adiabatic evolution of the univer
Thus, the cosmological holographic constraints on entro
are as general as their black hole counterparts. In fact,
believe that these two constraints have the same origin.

IV. HOLOGRAPHY VERSUS INFLATION

As we already mentioned, all holographic constraints d
cussed in this paper apply only to the post-inflationary u
verse. Inflationary cosmology in its spirit is somewhat opp
site to holography. The possibility of solving the horizo
homogeneity, isotropy, and flatness problems is related to
superluminal stretching of the universe, which erases
memory about the boundary conditions. The speed of roll
of the inflaton scalar field approaches an asymptotic va
which does not depend on its initial speed. The gradients
the fields and the density of particles which existed prior
inflation ~if there were any! become exponentially small. Al
particles~and all entropy! which exist now in the universe
have been created after inflation in the process of rehea
This process occurs locally, so the properties of particles
well as their entropy do not depend on the initial conditio
in the universe.

In order to investigate this issue in a more detailed w
let us consider the simplest version of inflationary cosm
ogy where the universe during inflation expands only 130

times~the minimal amount which is necessary for inflation
work!. We will also assume for simplicity that inflation oc
curs at the grand unified theory~GUT! scale, so thatH
;1026 and the temperature after reheating isT;1023 in
Planck units.

In such a case the size of the particle horizon after in
tion will be LH;H2131030;1036, the areaA;LH

2 ;1072,
and the entropyS;T3LH

3 ;1099, which clearly violates the
boundS,A. This means that the information stored at t
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surface of an inflationary domain cannot describe dynam
in its interior.

In practice, it is extremely difficult to invent inflationar
theories where the universe grows only by a factor of 130

because typically in such modelsdr/r5O(1) at the scale of
the horizon. In the simplest versions of chaotic inflation t
universe grows more than 101 000 000 times during inflation.
The situation becomes especially dramatic in those vers
of inflationary cosmology which lead to the process of et
nal self-reproduction of inflationary domains. In such mod
the universe is not an expanding ball of a huge size, bu
growing fractal consisting of many exponentially large ba
In the process of eternal self-reproduction of the universe
memory about the boundary conditions and initial conditio
becomes completely erased@6#.

Of course, one can use the version of the holograp
principle describing the post-inflationary evolution of th
universe, as discussed in the previous sections. Howeve
realistic inflationary models the energy density at the end
inflation falls more than 15 orders of magnitude below t
Planck density, and the most interesting part of dynamic
the universe where quantum gravity could play a signific
role is already over.

There is another interesting aspect of relations betw
inflation and holography. The holographic bound on t
present entropy of the universe isS&H22. One hasH21

;1060 in Planck units. This gives the constraint

S&H22;10120. ~19!

Meanwhile, the entropy of matter in the observable part
the universe is smaller than 1090. If one thinks about cosmol
ogy in terms of the information which can be stored on
horizon~or, to be more accurate, on a surface of a spher
sizeH21), one can be encouraged by the fact that the ho
graphic bound is satisfied with a wide safety margin,S/A
&10230. On the other hand, if, as we have argued, the inf
mation stored on the sphere of sizeH21 is not related to the
initial conditions at the beginning of inflation, then its impo
tance is somewhat limited. In such a case the only inform
tion about the universe that we gained is the boundS
&10120, which is 30 orders of magnitude less precise th
the observational constraint on the entropy. But what is
origin of these 30 orders of magnitude?

Let us look back in time and assume that there was
inflation and the evolution of the universe was adiabatic. O
part of the universe today has size;1028 cm. At the Planck
time its sizel would be 1028 cm multiplied byTp /T0, where
T0 is the present value of the temperature of the unive
andTp;1 is the Planck temperature.~Note that the scale o
the universe is inversely proportional toT during adiabatic
expansion.! One therefore findsl;1023 cm, which is 1030

times greater than the Planck length. That is exactly the
son why we need the universe to inflate by the factor of 130.
~The true number depends on the value of reheating temp
ture after inflation.!

If the universe did not inflate at all, it would be ver
holographic. A typical homogeneous part of the unive
soon after the big bang would have Planck size, it wo
10350
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contain just one or two particles, and the constraintS,A
would be saturated. But we would be unable to live there

Let us assume, for the sake of the argument, that infla
starts and ends at the Planck density, and it has Planc
temperature after reheating. If the universe during this per
inflated by more than 1030 times, then our part of the uni
verse after inflation would have the size 1023 cm, i.e., 1030

in Planck units, just as we estimated above. Its entro
would be 1090. Then the universe expands byTp /T0;1030

times, and the area of our domain becomes 10120. This makes
it clear that the factor of 1030 which characterizes the dis
crepancy between the holographically natural value of
tropy 10120 and the observed value 1090 is the same factor
which appears in the formulations of the entropy proble
and flatness problem@14,17#.

Thus, in the final analysis, the reason why one hasS
&10230A in our universe is related to inflation. Without in
flation one would haveS;A, and a typical locally homoge
neous patch of the universe would collapse within the Pla
time. The safety margin of 30 orders of magnitude created
inflation makes the universe very large and long living, b
simultaneously prevents the holographic constraint on
tropy from being very informative.

A nontrivial relation between the holographic constra
and inflation does not mean that one can identify the entr
problem~existence of a huge entropyS;1090 in our part of
the universe! and the holography problem~discrepancy be-
tween the holography bound 10120 and the true value of en
tropy 1090). For example, in one of the recent versions of t
pre-big bang scenario the stage of the pre-big bang infla
begins from a state which can be identified with a black h
with a large area of the black hole horizon@18#. In this case,
the initial entropy of the gravitational configuration by de
nition satisfies the Bekenstein-Hawking bound, which co
cides with the holographic bound. If one assumes that
entropy of matter inside the black holesaturates the
Bekenstein-Hawking bound~this is just an assumption whic
does not follow from the black hole theory!, then the holog-
raphy problem will be resolved@14#. However, one should
still determine the origin of the enormously large black ho
entropy in this scenario, which constitutes the entropy pr
lem @15#.

V. CONCLUSIONS

The idea that all information about physical processes
the world can be stored on its surface is very powerful. It h
many interesting implications in investigation of the nonp
turbative properties of M theory. However, it is rather dif
cult to merge this idea with cosmology. The universe m
not have any boundary at all, or it may expand so fast t
boundary effects become irrelevant for the description of
local dynamics. In this paper we have shown that some
the formulations of the holographic principle should
modified not only in application to a closed universe, b
also for open, closed, and flat universes with a negative c
mological constant. We believe that the cosmological ho
graphic constraints on entropy, in those cases where they
valid, can be understood using the Bekenstein-Hawk
9-6
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bound on the entropy of black holes. These constraints
rather nontrivial, but if applied to our part of the univer
they are much weaker than the observational constraints
well as the constraints which follow from the theory of cr
tion of matter after inflation. We believe that these co
straints do not permit one to rule out the universes wh
may experience gravitational collapse, and they do not
pose any additional constraints on inflationary cosmolog

The constraints on entropy represent only one aspec
the holographic principle. A stronger form which has be
advocated requires the existence of a theory living on
boundary surface which would describe physical proces
in the enclosed volume. Validity of this conjecture in th
cosmological context has not been demonstrated, and in
one may argue that there exists a general obstacle on the
towards the realization of this idea. In the theory of bla
holes, the role of the holographic surface is played by
black hole horizon. Its area, and correspondingly the num
of degrees of freedom living on the horizon, remains co
stant if one neglects quantum gravity effects. Thus it is
unreasonable to assume that there exists a unitary qua
theory associated with the black hole horizon. However
an expanding universe the number of degrees of freed
associated with the cosmological horizon, or with an app
ent horizon, or with a horizon of a would-be black ho
which provides holographic constraints on entropy, rapi
changes in time. For example, in a closed universe the in
area of the horizon is vanishingly small, then it grows unti
reaches the maximum, and subsequently it disappears.
the number of degrees of freedom associated with suc
surface strongly depends on time even when the evolutio
the universe is adiabatic and the total number of degree
freedom in the bulk is conserved@19#.

Therefore one may wonder whether the holograp
theory existing on such a surface will violate unitarity.
B
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addition, the disappearance of degrees of freedom after
moment of the maximal expansion implies that the entro
measured at the holographic surface will increase during
universe expansion, but then it will decrease during its c
traction, and eventually it will vanish. This means that t
second law of thermodynamics may be violated in the ho
graphic theory.

The situation with causality in such a theory is not cle
as well. Indeed, information about the new degrees of fr
dom which are going to appear or disappear on the ho
graphic surface is stored not on this surface but in the b
This information does not propagate along the surface, ra
it crosses the surface when new particles enter the appa
horizon. But this suggests that the creation of the new
grees of freedom in the holographic theory will not look lik
an effect caused by the earlier existing conditions at the
face.

It remains to be seen whether one can overcome al
these problems and make the holographic principle a us
part of the modern cosmological theory including inflatio
ary theory. We should note, however, the quantum cosm
ogy is extremely complicated and counterintuitive in ma
respects. It is still a challenging task to unify M-theory a
inflationary cosmology. Any progress in this direction wou
be very important. One may expect that the ideas borne
by the investigation of quantum dynamics of black holes a
enriched by the study of supergravity and string theory w
play the key role in the development of a nonperturbat
approach to quantum cosmology.
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