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Fermi constants and ‘‘new physics’’
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~Received 25 March 1999; published 7 October 1999!

Various precision determinations of the Fermi constant are compared. Included are muon and~leptonic! tau
decays as well as indirect prescriptions employinga, mZ , mW , sin2 uW(mZ)MS , G(Z→ l 1l 2), and G(Z
→nn̄) as input. Their good agreement tests the standard model at the60.1% level and provides stringent
constraints on new physics. That utility is illustrated for heavy neutrino mixing, two-Higgs-doublet models,S,
T, and U parameters, and excitedW* 6 bosons~Kaluza-Klein excitations!. For the last of those examples,
mW* *2.9 TeV is found.@S0556-2821~99!02319-X#

PACS number~s!: 12.15.Lk, 13.35.Bv, 13.35.Dx, 14.70.Fm
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The Fermi constantGF is an important, venerable hold
over from the old local theory of weak interactions@1#. Ex-
pressed in terms of SU~2!L3U~1!Y standard model param
eters, it is given by

GF5g2
2/4&mW

2 , ~1!

whereg2 is an SU~2!L gauge coupling andmW is the W6

gauge boson mass. To be more precise,GF must be ex-
pressed in terms of physical observables or well-prescri
renormalized parameters. Also, electroweak radiative cor
tions must be properly accounted for.

Traditionally, the muon lifetimetm has been used to de
fine the Fermi constant because of its very precise exp
mental value@2#,

tm52.197035~40!31026 s, ~2!

and theoretical simplicity. Labeling that definition byGm , it
is related totm via @3#

tm
215G~m→all!5

Gm
2 mm

5

192p3 f S me
2

mm
2 D ~11R.C.!S 11

3

5

mm
2

mW
2 D ,

f ~x!5128x18x32x4212x2 ln x. ~3!

In that expression, R.C. stands for radiative corrections
the 3

5 mm
2 /mW

2 term is a smallW-boson propagator effect. Th
R.C. expression is somewhat arbitrary. Most quantum lo
corrections to muon decay are absorbed into the renorm
ized parameterGm . For historical reasons and in the spirit
effective field theories, R.C. is defined to be the QED rad
tive corrections to muon decay in the localV2A four fer-
mion description of muon decay. That separation is natu
and practical, since those QED corrections are finite to
orders in perturbation theory@3#. In fact, they have been
fully computed throughO(a2) and are given by

R.C.5
a

2p S 25

4
2p2D F11

a

p S 2

3
ln

mm

me
23.7D

1S a

p D 2S 4

9
ln2

mm

me
22.0 ln

mm

me
1CD1¯G , ~4!

wherea is the fine structure constant:
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a215137.03599959~40!. ~5!

The leadingO(a) term in that expression has been know
for four decades from the pioneering work of Kinoshita a
Sirlin @4# and Berman@5#. Coefficients of higher order
ln(mm /me) terms are determined by the renormalizati
group requirement@6#

S me

]

]me
1b~a!

]

]a DR.C.50,

b~a!5
2

3

a2

p
1

1

2

a3

p2 1¯ . ~6!

The23.7 two-loop term was very recently computed by v
Ritbergen and Stuart@7#. Their result also implies the next
to-leading logarithms in Eq.~4! via Eq. ~6!, leavingC as the
only unknownO(a3) contribution to R.C. Comparing Eqs
~3! and ~2!, one finds

Gm51.16637~1!31025 GeV22, ~7!

which is, by far, the best determination of the Fermi co
stant. In fact, it is more than 100 times better than the ot
prescriptions considered in this paper. Nevertheless, th
have been several proposals to further reduce the uncert
in tm andGm by an additional factor of 10. Given the fun
damental nature ofGm , such measurements should certain
be encouraged. However, from the point of view of testi
the standard model, some other independent determinatio
the Fermi constant would have to catch up toGm before a
more precisetm measurement could be fully utilized.

In the renormalization ofGm , lots of interesting quantum
loop effects have been absorbed. Included are top and H
loop corrections to theW-boson propagator as well as pote
tial new physics from supersymmetry, technicolor, etc. Ev
possible tree level contributions—for example, from mass
excitedW* 6 bosons or other effects—might be encoded
Gm . To unveil such contributions requires comparison ofGm
with other independent determinations of the Fermi cons
that could have different tree or loop level dependences.

Because of the renormalizability of the standard mod
universality of bare gauge couplings among lepton gene
tions @8#,
©1999 The American Physical Society06-1
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g20

e 5g20

m 5g20

t , ~8!

and the bare natural relations@9#

sin2 uW
0 5

e0
2

g20

2 512~mW
0 /mZ

0!2, ~9!

there are many ways to determine Fermi constants and c
pute very precisely their relationships withGm . Comparison
of those quantities can then be used to test the stan
model and probe for new physics.

The leptonic decay widths of the tau can provide, in clo
analogy with muon decay, Fermi constantsGt l , l 5e or m.
IncludingO(a) QED corrections, one employs the radiati
inclusive rate@10#

G„→ lnn̄~g!…5
Gt l

2 mt
5

192p3 f S ml
2

mt
2D S 11

3

5

mt
2

mW
2 D

3F11
a

2p S 25

4
2p2D G . ~10!

Those Fermi constants have been normalized, throughO(a),
such thatGte5Gtm5Gm in the standard model. That is po
sible becauseg20

e 5g20

m 5g20

t and theO(a) radiative correc-

tions are the same@up to O(amt
2/mW

2 ) or O(aml
2/mt

2)].
Employing the experimental averages@11#

tt5290.561.0310215s, ~11a!

B„t→enn̄~g!…50.1781~6!, ~11b!

B„t→mnn̄~g!…50.1736~6!, ~11c!

implies

G„t→enn̄~g!…54.035~19!310213GeV, ~12a!

G„t→mnn̄~g!…53.933~19!310213GeV. ~12b!

Used in conjunction with

mt51777.0~3! MeV, ~13!

those widths lead to

Gte51.1666~28!31025 GeV22, ~14!

Gtm51.1679~28!31025 GeV22. ~15!

They are in very good accord withGm , but their errors are
nearly 300 times larger. Nevertheless, collectively tho
Fermi constants teste-m-t universality at the60.2% level:

g20

e :g20

m :g20

t <1:1.0011~24!:1.0006~24! ~16!

@employing Eqs.~11b! and ~11c! directly#.
The good agreement betweenGm and theGt l can be used

to constrain new physics. Consider, for example, the ef
of a heavy fourth-generation lepton doublet (n4 ,L) with
09300
m-

rd

e

e

ct

masses*95 GeV; so that it would have escaped detection
existing colliders. Parametrizing the third- and fourt
generation mixing byu34, one has~assuming no mixing with
the first or second generation! @12–14#

nt5n3 cosu341n4 sinu34. ~17!

That being the only mixing effect, one would expectGt l

5Gm cosu34. Combining Eqs.~14! and ~15! to get Gt l
ave

51.1672(25)31025 GeV22 and comparing withGm , one
finds the rather stringent bound

sinu34,0.075 ~95% C.L.!. ~18!

What value of sinu34 might be reasonable in such a scenar
If an analogy with quark mixing is appropriate, one mig
guess@12# sinu34'Amt /mL. If that is the case, Eq.~18!
translates tomL*316 GeV. An additional factor of 2 im-
provement inGt l would push that probe into the very inte
estingmL*850 GeV region, under the above assumptions
similar analysis could be applied to singlet neutrinos or m
general mixing scenarios. Note, however, that heavyn4 mix-
ing with the first two generations of neutrinos must be su
pressed due to constraints fromm→eg and m2N→e2N
searches.

As a second illustration of new physics, consider the g
eral two-Higgs-doublet model with tanb5v2 /v1 and physical
scalar massesmh , mH , mA , andmH6. Charged Higgs scala
exchange at the tree level would reduce the tau leptonic
cay rates by a factor@15# @12(2ml

2/mH6
2 )tan2 b# and thus

effectively imply Gtm,Gte . However, the good agreemen
between Eqs.~15! and~14! can be used to set the bound@12#

mH6*2 tanb GeV ~95% C.L.!. ~19!

For large tanb*45, that bound is competitive with direc
e1e2 collider searches as well as constraints fromB
→tnX @16#. However,b→sg measurements generally giv
a more restrictive bound. Constraints on the spectrum of s
lars can also be obtained by comparingGm andGt l , but they
will not be discussed here@17#.

There are also a number of indirect prescriptions for o
taining Fermi constants. For example, using the natural r
tions in Eq.~9!, one can define@18,19#

GF
~1!5

pa

&mW
2 ~12mW

2 /mZ
2!~12Dr !

. ~20!

GF
~2!5

pa

&mW
2 sin2 uW~mZ!MS@12Dr ~mZ!MS#

,

~21!

GF
~3!5

4pa

&mZ
2 sin2 2uW~mZ!MS~12D r̂ !

,

~22!

whereDr , Dr (mZ)MS , and D r̂ represent the radiative cor
6-2
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rections to those relationships. They have been normal
such thatGm5GF

(1)5GF
(2)5GF

(3) in the standard model@20#.
To determine those quantities requires calculations of
loop corrections toGm , a, mZ , mW , and sin2 uW(mZ)MS as
well as the reactions used to measure them. Fortunately
tio

e

to
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complete one-loop corrections in Eqs.~20!–~22! are know
and most leading higher-order effects have also been c
puted@21#.

Leptonic partial widths of theZ boson also provide usefu
Fermi constant determinations. Defining
GF
Zl1 l 2

5
12&pG„Z→ l 1l 2~g!…

mZ
3@124 sin2 uW~mZ!MS18 sin4 uW~mZ!MS#@12Dr Z~mZ!MS#

, ~23!

GF
Znn̄5

4&pG~Z→Snn̄!

mZ
3~12Dr Z!

, ~24!
ac-
in
-

with the radiative correctionsDr Z(mZ)MS and Dr Z again

normalized such thatGF
Zl1 l 2

5GF
Znn̄5Gm in the standard

model. Note thatG„Z→ l 1l 2(g)… by definition corresponds
to Z decay into massless charged leptons@22#, ml50. It is
obtained from an average ofl 5e, m, t data, where only the
t1t2 width requires a non-negligible phase space correc
factor of 1.0023. For some new physics scenarios@23#, a

separateGF
Zt1t2

could prove useful; however, those cas
will not be considered here.

The electroweak radiative corrections in Eqs.~20!–~24!
are known. They depend with varying sensitivities on the
quark and Higgs boson masses. For example,Dr (mZ)MS ex-
hibits very little dependence on those quantities, whileDr is
most sensitive. Also, the first threeDr , Dr (mZ)MS , andD r̂
have a common low-energy hadronic vacuum polarizat
loop uncertainty@24# due toa. Here, a very small60.0002
error from that source is assigned@25#. A more conservative
approach might expand@26# that uncertainty by a factor o
2–4, but it would not affect our subsequent analysis sign
cantly.

In the evaluation of electroweak radiative corrections,
following central values and uncertainty ranges are assum

mt5174.365.1 GeV,

mH5125235
1275GeV. ~25!

The Higgs boson mass range is bounded from below
CERN e1e2 collider LEP II resultsmH*89.8 GeV. A con-
servative upper range ofmH;400 GeV is assumed at the 1s
level. Using those input parameters, one finds@21#

Dr 50.035870.002020.0012
10.004960.0002, ~26a!

Dr ~mZ!MS50.069660.000120.0003
10.000560.0002,

~26b!

D r̂ 50.059770.000520.0005
10.001760.0002,

~26c!

Dr Z~mZ!MS520.007170.000520.0001
10.0008, ~26d!
n

s

p

n

-

e
d:

y

Dr Z520.004870.000520.0001
10.0008, ~26e!

where the first error corresponds toDmt , the second to
DmH , and the third~when present! to hadronic vacuum po-
larization uncertainties. Increasing the last of those by a f
tor of 2–4 would make it comparable to other errors
Dr (mZ)MS andD r̂ , but would not seriously impact our sub
sequent results.

Employing the values ofa, mt , and mH given above,
along with @27#

mZ591.1867~21! GeV, ~27a!

mW580.422~49! GeV, ~27b!

sin2 uW~mz!MS5sin2 uW
eff20.0002850.23100~22!,

~27c!

G„Z→ l 1l 2~g!…583.91~10! MeV, ~27d!

G~Z→Snn̄!5500.1~18! MeV, ~27e!

leads to

GF
~1!51.1700~70.0036!S 10.0062

20.0027D31025 GeV22,

~28a!

GF
~2!51.1661~70.0018!S 10.0005

20.0004D31025 GeV22,

~28b!

GF
~3!51.1672~70.0008!S 10.0018

20.0007D31025 GeV22,

~28c!

GF
Zl1 l 2

51.1650~60.0014!S 10.0011
20.0006D31025 GeV22,

~28d!

GF
Znn̄51.1666~60.0042!S 10.0011

20.0006D31025 GeV22,

~28e!
6-3
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where the first error comes from the experimental input
Eqs. ~27!, while the second is due to uncertainties in E
~26! from radiative corrections.

All derived Fermi constants in Eqs.~28! are in excellent
accord withGm51.16637(1)31025 GeV22, but their errors
are more than 100 times larger. Nevertheless, they can
used to place tight constraints on new physics.

Consider the case of heavy new chiral SU~2!L doublets
from a fourth generation of fermions or motivated by tec
nicolor models of dynamical electroweak symmetry bre
ing. Such fermions contribute to the above radiative corr
tions via gauge boson self-energies. Their effects
conveniently described by the Peskin-TakeuchiS, T, andU
parameters@28#, whereSrepresents isospin-conserving andT
and U isospin-violating gauge boson loop contribution
Their presence would modify the relationships betweenGm
and the other Fermi constants such that

Gm5GF
~1!~110.017S20.026T20.020U !, ~29a!

Gm5GF
~2!@110.0085~S1U !#, ~29b!

Gm5GF
~3!~110.011S20.0078T!, ~29c!

Gm5GF
Zl1 l 2

~120.0078T!, ~29d!

Gm5GF
Znn̄~120.0078T!. ~29e!

No evidence forS, T, or UÞ0 is apparent from Eqs.~28!. In
fact, comparing Eq.~29b! with Gm and GF

(2) in Eq. ~28b!
leads to

20.28,S1U,0.33 ~90% C.L.!. ~30!

Comparing Eq.~29c! with Eqs. ~29d! and ~29e! eliminates
the dependence onT and gives the somewhat tighter co
straint

20.38,S,0.04 ~90% C.L.!. ~31!

In the case of a heavy fourth generation of fermions~four
chiral doublets!, one expectsS52/3p.0.21, which conflicts
with Eq. ~31!. Generic technicolor models suggest@28# S
;O(11), which conflicts significantly with Eqs.~31! and
~30! for U.0 ~as expected in those models!. The bound onS
provides an obstacle for electroweak dynamical symme
breaking advocates or fourth-generation scenarios. If h
mass chiral fermion doublets exist, their dynamics must
hibit properties that preserveS;0 or other loop effects mus
cause a cancellation.

From the comparison of Eqs.~29d! and ~29e! with Gm ,
one also obtains the bound

20.40,T,0.17 ~90% C.L.! ~32!

on the isospin-violating loop correction. The constraints
Eqs. ~30!–~32! are nearly as good as those obtained fr
global fits to all electroweak data@29#.

The final example considered here is the possibility
excitedW* 6 bosons that arise in theories with extra comp
09300
n
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dimensions~Kaluza-Klein excitations! @30# or models with
composite gauge bosons. Assuming fermionic couplings
W* 6 identical to those of theW6, g2* 5g2 , direct searches
at the Tevatron lead to the bound@2#

mW* .720 GeV ~95% C.L.!. ~33!

For g2* Þg2 , that bound is ~roughly! multiplied by 1
10.3 ln(g2* /g2) and thus not so sensitive to shifts ing2* . If
such bosons exist, they would also contribute to low-ene
charged current amplitudes such as muon or tau dec
Their effect would be encoded inGm and Gt l , but not the
indirect Fermi constants in Eqs.~28!.

The effect of excited bosons would be to replaceg2
2/mW

2

in low-energy amplitudes byg2
2/^mW

2 & where@27#

1

^mW
2 &

5
1

mW
2 1

~g2* /g2!2

mW*
2 1

~g2** /g2!2

mW**
2 1¯ . ~34!

As long as the relative signs are positive,^mW
2 & is always

smaller thanmW
2 . The situation is analogous to adding res

tors in parallel. In such a scenario,Gm should be larger than
theGF in Eqs.~28!. There is no indication of such an effec
Quantitatively, one expects

Gm5GF
~ i !S 11CS g2*

g2
D 2 mW

2

mW*
2 D ,

C511S g2**

g2*
D 2 mW*

2

mW**
2 1¯.1. ~35!

In the simplest single extra dimension theory@30#, C
.(n51

` 1/n25p2/6. Additional compact space dimension
can further increaseC.

Comparing Eqs.~35! with Eqs. ~28!, one finds~at 95%
C.L.!

mW* .2.9AC~g2* /g2! TeV ~ from GF
~3!!, ~36a!

mW* .1.5AC~g2* /g2! TeV ~ from GF
~2!!,

~36b!

mW* .1.4AC~g2* /g2! TeV ~ from GF
~1!!,

~36c!

mW* .1.4AC~g2* /g2! TeV ~ from GF
Zl1 l 2

!,
~36d!

mW* .1.0AC~g2* /g2! TeV ~ from GF
Znn̄!.

~36e!

Note thatGF
Zl1 l 2

would lead to a better bound if its centra
value were not about 1s below Gm . Also, the bound from
GF

(2) has lessmt and mH sensitivity and probably provide
the least model-dependent constraint.

The above bounds can be relaxed ifg2* !g2 or increased
for C.1. TakingmW* .2.9 TeV as representative, that co
6-4
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responds to a bound on theW6 substructure at; 2.9 TeV
and R,1/mW* ;7310218cm for the radii of extra dimen-
sions@31#.

How might the above constraints improve? Measurem
of mH and refinements inmt will reduce the uncertainty in
radiative corrections. At LEP II and the fermilab Tevatron
reduction inDmW to 615 MeV is anticipated, while at SLC
D sin2 uW(mZ)MS could be reduced to60.00018. In the longer
term, high-statisticsZ pole studies at a futurel 1l 2 collider
could reduceD sin2 uW(mZ)MS to about60.00004 and signifi-
cantly improve the leptonicZ partial widths. Such improve
ments will, for example, allow one to probemW* beyond
5AC(g2* /g2) TeV. For comparison, direct searches at t
Tevatron with 2 fb21 will explore mW* &1.2 TeV, while the
CERN Large Hadron Collider~LHC! is sensitive to; 6
TeV. An advantage of direct collider searches for exci
bosons is their reduced sensitivity to changes ing2* , as long
. B

,’’

09300
nt

d

as their leptonic branching ratio remains relatively fixed a
is significant. On the other hand, indirect constraints o
tained by comparingGm andGF

( i ) are more sensitive tog2* ,
but independent of branching ratio assumptions. Hence
two approaches are very complementary.

In addition to the above, one can define Fermi consta
using quark beta decays and Cabibbo-Kobayashi-Mask
~CKM! unitarity or from low-energy neutral current pro
cesses such as atomic parity violation. The latter case
vides a powerful constraint on many examples of new ph
ics. It will be examined in a subsequent paper which upda
the radiative corrections to atomic parity violation.

The Fermi constant has played an important role in
history of weak interactions and development of the stand
model. As demonstrated here, it continues to provide us
guidance for testing the standard model and probing n
physics.
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