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Triangular textures for quark mass matrices
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Hierarchical quark masses and small mixing angles are shown to lead to a simple triangular form forU- and
D-type quark mass matrices. In the basis where one of the matrices is diagonal, each matrix element of the
other is, to a good approximation, the product of a quark mass and a CKM matrix element. The physical
content of a general mass matrix can be easily deciphered in its triangular form. This parametrization could
serve as a useful starting point for model building. Examples of mass textures are analyzed using this method.
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PACS number~s!: 12.15.Ff, 11.30.Hv, 12.15.Hh
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One of the most puzzling problems confronting the st
dard model~SM! concerns the family structure of quarks a
leptons. To date there is very little understanding of the p
nomena of hierarchical fermion masses and their mix
angles. A common approach to the problem is to postu
phenomenological mass matrices with certain simple t
tures. Usually these matrices are assumed to be Herm
@1,2# for simplicity, although non-Nermitian mass matric
have also been studied@3,4#. In practice, non-Hermitian mas
matrices arise naturally in many models@5#.

In this paper, we suggest a new parametrization of
mion mass matrices which is non-Hermitian and, more s
cifically, triangular in form. It should be emphasized that a
mass matrix can be easily brought into a triangular form b
right-handed rotation, whereas it is non-trivial to make
Hermitian. Also, the condition of minimal parametrizatio
@4,6,7# can be satisfied for this type of texture. In fact, w
believe that in the minimal parameter basis the triangu
form is the simplest to study with all unphysical featur
eliminated from the start. If one considers the case wh
say, theU-quark mass matrix is diagonal, but theD-quark
mass matrix is triangular~which in general contains six rea
numbers and a phase!, there will be only ten parameters i
the two mass matrices. These account for the six qu
masses, three mixing angles and a phase in the Cabi
Kobayashi-Maskawa~CKM! matrix. Furthermore, we will
show that when the matrix is ‘‘upper triangular,’’ with zero
in the lower-left part, each of the matrix elements is appro
mately equal to the product of a quark mass and a C
matrix element. Note also that one can always choose a b
where one type is diagonal and the other triangular.

Thus the triangular mass matrix offers not only the m
economical, but also the most physical parametrizat
Starting from any proposed mass matrix, a transforma
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into the triangular form enables one to read off the physi
parameters immediately. Conversely, all viable mass ma
ces can be obtained therefrom by a suitable rotation. Be
we proceed to study specific triangular textures, it is wo
mentioning that there are four types of triangular textu
with the three zeros in the upper-left, upper-right, lower-le
and lower-right corners of the mass matrix. All these can
transformed into each other by exchanging rows and c
umns, which amounts to a change of basis for the left-han
and right-handed quarks, respectively. The first two types
not yield simple relations in terms of the quark masses
mixing angles@4#. The latter two are simply related by ex
changing the first and third family right-handed quarks. W
are naturally led to choose the texture with zeros in
lower-left corner of the mass matrix, as will become evide
later.

Let us now start by writing both theU- andD-type quark
mass matrices in the upper-triangular form:

Tf5S a1 a2eif1 a3eif3

0 b1 b2eif2

0 0 c
D , ~1!

where the phases are explicitly shown (a1 , b1, and c are
chosen to be positive using phase rotations of the rig
handed quarks!. We have suppressed the indexf 5U,D from
the mass parameters in Eq.~1!. As stated before, any mas
matrix, M, can be rotated by a series of right-handed ro
tions into this upper-triangular form. For example, an app
priate rotationU5R13R23R12 with T5MU, can make the
~3,1!, ~3,2!, and~2,1! elements vanish in succession.

We turn to the diagonalization of the matrixH f5TfTf
†

5M fM f
† which is given explicitly by
H f5S a1
21a2

21a3
2 a2b1eif11a3b2ei (f32f2) ca3eif3

a2b1e2 if11a3b2ei (f22f3) b1
21b2

2 cb2eif2

ca3e2 if3 cb2e2 if2 c2
D . ~2!
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In the basis whereMU is diagonal andMD is of the tri-
angular form~1!, we can solve forMD in terms of quark
masses, mixing angles and theCP-violating phase. Recal
that in this basisVCKM

† HDVCKM5DD
2 , where VCKM is the

CKM matrix and DD
2 [diag(md

2 ,ms
2 ,mb

2). Denoting xi j

[(VCKMDD
2 VCKM

† ) i j , the following relations between the tr
angular mass matrix parameters and the physical param
can be derived:

c5Ax335mbVtb@11O~l8!#, ~3!

b2eif25x23/c5mbVcb@11O~l4!#,

a3eif35x13/c5mbVub@11O~l4!#,

b15Ax222b2
25msVcs@11O~l4!#,

a2eif15~x122a3b2ei (f32f2)!/b15msVus@11O~l4!#,

a15Ax112a2
22a3

25mdmsmb /~b1c!

5
md

Vud
@11O~l4!#,

where the last relation is derived by using the determinan
the mass matrixa1b1c5mdmsmb , and l50.22 as in the
Wolfenstein parametrization@8#. To be consistent with Eq
~1!, Vud , Vcs , and Vtb are all chosen to be positive. In
nutshell,MD has the simple expression@to O(l4)]

MD.S md /Vud msVus mbVub

0 msVcs mbVcb

0 0 mbVtb

D ~MU diagonal!.

~4!

It is the hierarchical structure of the masses and the C
matrix which entails this simple form for the mass matr
One can easily verify thatVCKM

† MD'diag(md ,ms ,mb).
Also, under phase transformations of the quark fields,MD is
invariant in form if we make the replacementmd /Vud

→md /Vud* . Given any mass matrixM, after a rotation into
the upper-triangular form~1!, one can read off directly the
approximate mass eigenvalues and mixings. Of course, e
solutions can also be obtained from Eq.~3!. We have com-
pared numerical solutions with Eq.~4! and found them to
agree very well.

The relations~3! can be easily inverted to give the phys
cal quantities in terms of the triangular matrix paramete
Up to O(l4) corrections, mb.c,ms.b1(11 1

2 l2),
md.a1(12 1

2 l2), uVubu.a3 /c,uVcbu.b2 /c, uVusu.a2 /
b1(12 1

2 l2). Also, we can compute the Jarlskog invariant@9#

J5
2 i

2

det@HU ,HD#

) ~mi
22mj

2!

5
a2a3b1b2c2

~mb
22ms

2!~mb
22md

2!~ms
22md

2!

3sinFD.
a2a3b2

b1c2
sinFD , ~5!
09300
ers

f

.

ct

.

whereFD5f11f22f3 . CP-violating effects depend only
on the combinationFD . In general, one can put the pha
FD in Eq. ~1! at any of the~1,2!, ~2,2!, ~2,3!, or ~1,3! posi-
tions. Up toO(l4) correction,FD is equal to theg angle of
the unitarity triangle,FD.g[arg@2VudVub* /VcdVcb* #.

If we take MD to be diagonal whileMU is assumed to
have an upper-triangular form as in Eq.~1!, the correspond-
ing relations between theMU parameters and the physic
parameters can be derived in the same way as before.
approximate form forMU @to O(l4)] is found to be

MU.S mu /Vud mcVcd* mtVtd*

0 mcVcs mtVts*

0 0 mtVtb

D ~MD diagonal!.

~6!

Again, hereVud , Vcs , andVtb are chosen to be positive. Th
Jarlskog invariant is now given by

J52
a2a3b1b2c2

~mt
22mc

2!~mt
22mu

2!~mc
22mu

2!
sinFU

.2
a2a3b2

b1c2
sinFU , ~7!

whereFU5f11f22f3 and all variables refer toMU . The
CP phaseFU is related to theb angle of the unitarity
triangle: FU.2b2bs[2b@11O(l2)#, where b
[arg@2VcdVcb* /VtdVtb* # andbs5arg@2VtsVtb* /VcsVcb* #.

Note that for mass matrices with hierarchical eigenvalu
and small mixings, it is always possible to rotate them in
the upper-triangular form with the largest element at
~3,3! position. This is the main difference between triangu
matrices with zeros in the lower left and upper right; t
latter does not have this simple hierarchical structure@4#.

If one starts with the case when neitherMU nor MD is
diagonal, one can convert both into hierarchical triangu
forms through right-handed rotations. It may be first nec
sary to extract a large, common left-handed rotation fr
bothMU andMD , which cancels out inVCKM , to ensure that
only the ~3,3! element is large. This is illustrated in the fir
example below. Furthermore, the diagonal elements are
ply the mass eigenvalues ifa1,2!b1. The CKM matrix can
then be obtained directly:

VCKM5VU
† VD , ~8!

whereVU andVD are obtained fromMU andMD , as in Eq.
~6! and Eq.~4!. Both VU andVD are given approximately by
R23(b2eif2/c)R13(a3eif3/c)R12(a2eif1/b1).

Examples.We now show that triangularization is a ver
useful tool to study the physical content of any mass mat
Three examples are given: the first is based on the de
cratic mass texture@10#; the second deals with a realizatio
of the Fritzsch texture. The last example is a new texture
we found based onSUH(3) horizontal symmetry.
4-2
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(i) Democratic mass texture.The quark mass matrices a
taken to be democratic~all the Yukawa couplings are th
same for each quark sector!. For example, theU-quark mass
matrix given in@11# is

MU5
KU

3 F S 1 1 1

1 1 1

1 1 1
D 1S 2e 0 d

0 e d

2d 2d 0
D G , ~9!

where the second term expresses small effects which vio
the democratic texture (e!d!1). In the limit whend,e
→0, this matrix ~also MD) is diagonalized by the unitary
matrix

A5S 1

A2

21

A2
0

1

A6

1

A6

22

A6

1

A3

1

A3

1

A3

D . ~10!

We may then rotateAMUA21 into the following triangular
form:
T

09300
te

TU.
KU

3 S 2e2

2d2
2

e

A3
2A2

3
e

0
2

3
d2 A2d

0 0 3

D . ~11!

The mass eigenvalues (mu.2e2KU/6d2, mc
. 2

9 d2KU , mt.KU) can be easily read off from the diago
nal elements and theU-quark mixing angles are simply give
by uU

12.(2A3/2)e/d2, uU
23.(A2/3)d, and uU

13.
(22/3A6)e, in agreement with the results in@11#. A similar
analysis can be done for theD-quark mass matrix.

(ii) Fritzsch mass texture.The quark mass matrices stud
ied in @12# are given by

MD,U5S 0 Am1m2eid1 0

Am1m2e2 id1 m2 Am1m3eid2

0 Am1m3e2 id2 m3

D ,

~12!

wheremi ( i 51,2,3) are the quark masses for theU andD
sectors. The corresponding triangular form after perform
right-handed rotations is given by
TD,U.S 2m1S 11
m1

2m2
D Am1m2S 12

m1

2m2
Deid1 m1Am2

m3
ei (d11d2)

0 m2S 12
m1

2m2
D Am1m3S 11

m2

m3
Deid2

0 0 m3

D . ~13!
Note the appearance ofm1 at the~1,1! position. The CKM
matrix which follows agrees with the results of@12#.

(iii) New SU(3) motivated texture.Consider the follow-
ing texture:

MD5mbS a a aeifd

b b12a 2b12a

0 0 1
D . ~14!

TheU-type mass matrix is taken to be diagonal and real.
examine whether this form ofMD is viable, we first convert
it into the triangular form

TD5mbS 2a2

B

2a~a1b!

B
aeifd

0 B 2b12a

0 0 1

D , ~15!
o

whereB5A2b214ab14a2. Comparing Eq.~15! to Eq.~4!,
we obtain the following relations@up to O(l4) corrections#:

a.Amdms

2mb
2

, ~16!

b.
ms

A2mb
S 12Amd

ms
2

md

ms
D ,

uVcbu.2~a1b!.A2
ms

mb
S 12

md

ms
D ,

uVubu.a.Amdms

2mb
2

,

uVusu.Amd

ms
S 12

md

2ms
D .
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Moreover, we have the prediction

UVusVcb

Vub
U'2. ~17!

Numerically, using the central values of theD-quark
masses atMZ @13# andg.60° @14#, we obtain

aD54.9331023, bD51.6031022, fd5260°.
~18!

The CKM matrix is

uVCKMu5S 0.976 0.219 0.00493

0.219 0.975 0.0418

0.00792 0.0414 0.999
D , ~19!

in good agreement with the experimental values. The J
skog parameter calculated fromMD is given by J524.4
31025sinfd .

We close with a few concluding remarks. The known
erarchy of the quark masses and mixing angles leads
very elegant triangular texture for the mass matrices. W
either MU or MD is diagonal, one can directly read off th
a-

D

09300
rl-

-
a
n

masses and the CKM mixing from the mass matrices. T
one independent phase therein corresponds to the angg
andb in the unitarity triangle, respectively. If bothMU and
MD are triangular, the CKM matrix is a simple product
two unitary matrices. This result is very useful for mod
building. Given any model mass matrix, triangularization o
fers an immediate criterion for its viability. We have illus
trated this with several examples, where in each case
result was obtained quickly and simply. Clearly, one cou
also reverse the process by rotating the triangular form
generate viable model mass matrices. We hope that this
rametrization can help suggest models which are both p
nomenologically correct and theoretically justifiable. The a
plication of triangular mass matrices to the charged lep
sector is immediate, whereas for the neutrino sector, the
terpretation of the triangular mass texture may not be
simple due to the large mixings and the possibility of nea
degenerate neutrino masses. Work along this direction i
progress.
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