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Conformality and gauge coupling unification
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It has been recently proposed to embed the standard model in a conformal gauge theory to resolve the
hierarchy problem, and to avoid assuming either grand unification or low-energy supersymmetry. By model
building based on string-field duality, we show how to maintain the successful prediction of an electroweak
mixing angle with sin2 u.0.231 in conformal gauge theories with three chiral families.
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PACS number~s!: 12.10.Kt, 11.25.Hf, 11.25.Mj, 12.10.Dm
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Most of the research beyond the standard model@1# is
motivated by the hierarchy problem and uses the two
sumptions of grand unification and low-energy (;TeV) su-
persymmetry. This is, in turn, driven largely by the succe
ful prediction of one number, the sin2 u of the electroweak
mixing angleu. It is proposed to replace the two assumptio
of grand unification and low-energy supersymmetry by o
assumption, conformality. It therefore is important to sh
that sin2 u can be derived from conformality alone; that is t
principal objective of the model-building in this paper.

Before entering into conformal model-building, let u
briefly review the alternative. The experimental data g
couplings at the Z pole of@2# a350.11860.003, a2

50.0338, a15 5
3 aY850.0169 ~where the errors ona1,2 are

less than 1%! and sin2 u5aY8/(a21aY8)50.231 with an error
less than 0.001. Note thata2 /a1 is very nearly two; this will
be used later. The renormalization group equation~RGE! for
the supersymmetric grand unification@3,4# is

1

a i~MG!
5

1

a i~MZ!
2

bi

2p
ln S MG

MZ
D . ~1!

Using the minimal supersymmetric standard model~MSSM!

valuesbi5(6 3
5 ,1,23) and substitutinga2,3 at MZ591.187

GeV givesMG52.431016 GeV anda2,3(MG)21524.305.
Using Eq.~1! with i 51 now predictsa1(MZ)559.172 and
hence sin2 u50.231; this isvery impressive agreement wit
experiment and is sometimes presented as the accurate
ing of three staight lines on aa i

21(m) vs lnm plot @5,6#.
The relationship of the type IIB superstring to conform

gauge theory ind54 gives rise to an interesting class
gauge theories. Choosing the simplest compactification@7#
on AdS53S5 gives rise to anN54 SU(N) gauge theory
which is known to be conformal due to the extended glo
supersymmetry and non-renormalization theorems. All of
RGE b2functions for thisN54 case are vanishing in pe
turbation theory. It is possible to break theN54 to N
52,1,0 by replacingS5 by an orbifoldS5 /G whereG is a
discrete group withG,SU(2),,SU(3),úSU(3) respec-
tively.

In building a conformal gauge theory model@8–10#, the
steps are~1! choose the discrete groupG, ~2! embed
G,SU(4), ~3! choose theN of SU(N), and ~4! embed the
0556-2821/99/60~8!/085004~3!/$15.00 60 0850
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standard model SU(3)3SU(2)3U(1) in the resultant gauge
group ^ SU(N)p ~quiver node identification!. Here we shall
look only at AbelianG5Zp and definea5exp(2pi/p). It is
expected from the string-field duality that the resultant fie
theory is conformal in theN→` limit, and will have a fixed
manifold, or at least a fixed point, forN finite.

Before focusing onN50 non-supersymmetric cases, l
us first examine anN51 model first put forward in the work
of Kachru and Silverstein@11#. The choice isG5Z3 and the
4 of SU(4) is4 5 (1,a,a,a2). ChoosingN53 this leads to
the three chiral families under SU(3)3 trinification @12#

~3,3̄,1!1~1,3,3̄!1~ 3̄,1,3!. ~2!

In this model it is interesting that the number of familie
arises as 4-153, the difference between the 4 of SU~4! and
N51, the number of unbroken supersymmetries. Howe
this model has no gauge coupling unification; also, keep
N51 supersymmetry is against the spirit of the conforma
approach. We now present three examples, models A, B
C which accommodate three chiral families, break all sup
symmetries (N50) and possess gauge coupling unificatio
including the correct value of the electroweak mixing ang

Model A. Choose G5Z7, embed the 4 of SU~4! as
(a2,a2,a23,a21), and chooseN53 to aim at a trinification
SU(3)C3SU(3)W3SU(3)H .

The seven nodes of the quiver diagram will be identifi
asC-H-W-H-H-H-W.

The behavior of the 4 of SU~4! implies that the bifunda-
mentals of chiral fermions are in the representations

(
j 51

7

@2~Nj ,N̄j 12!1~Nj ,N̄j 23!1~Nj ,N̄j 21!#. ~3!

Embedding theC, W and H SU(3) gauge groups as ind
cated by the quiver mode identifications then gives the se
quartets of irreducible representations
©1999 The American Physical Society04-1



e

va

b-

-
in

-

im
u-
al

-

-

e

e

v-
he

s

uch

f
da-
ed

n

PAUL H. FRAMPTON PHYSICAL REVIEW D 60 085004
@3~3,3̄,1!1~3,1,3̄!#1

1@3~1,1,118!1~ 3̄,1,3!#2

1@3~1,3,3̄!1~1,118,1!#3

1@~2~1,1,118!1~1,3̄,3!1~ 3̄,1,3!#4

1@2~1,1,118!12~1,3̄,3!#5

1@2~ 3̄,1,3!1~1,1,118!1~1,3̄,3!#6

1@4~1,3,3̄!#7 . ~4!

Combining terms gives, aside from~real! adjoints and over-
all singlets

3~3,3̄,1!14~ 3̄,1,3!1~3,1,3̄!17~1,3,3̄!14~1,3̄,3!.
~5!

Canceling the real parts~which acquire Dirac masses at th
conformal symmetry breaking scale! leaves under trinifica-
tion SU(3)C3SU(3)W3SU(3)H

3@~3,3̄,1!1~1,3,3̄!1~ 3̄,1,3!# ~6!

which are the desired three chiral families.
Given the embedding ofG in SU~4! it follows that the 6

of SU~4! transforms as (a4,a,a,a21,a21,a24). The com-
plex scalars therefore transform as

(
j 51

7

@~Nj ,N̄j 64!12~Nj ,N̄j 61!#. ~7!

These bifundamentals can by their vacuum expectation
ues ~VEVs! break the symmetry SU(3)75SU(3)C
3SU(3)W

2 3SU(3)H
4 down to the appropriate diagonal su

group SU(3)C3SU(3)W3SU(3)H .
Now to the final aspect of model A which is its motiva

tion, the gauge coupling unification. The embedding
SU(3)7 of SU(3)C3SU(3)W

2 3SU(3)H
4 means that the cou

plings a1 ,a2 ,a3 are in the ratioa1 /a2 /a351/2/4. Using
the phenomenological data given at the beginning, this
plies that sin2 u50.231. On the other hand, the QCD co
pling is a350.0676 which is too low unless the conform
scale is at least 10 TeV. We prefer a scale;1 TeV for
conformal breaking wherea3 is nearer to 0.10. This moti
vates our models B and C below which have largera3 but
are otherwise more complicated.

Model B. ChooseG5Z10 and embedZ10,SU(4) such
that 4 5 (a4,a4,a23,a25). The chiral fermions are there
fore

(
j 51

10

@2~Nj ,N̄j 14!1~Nj ,N̄j 23!1~Nj ,N̄j 25!#. ~8!

To attain trinification we identify the quiver nodes asC-H-
H-H-W-W-H-W-H-H and then the chiral fermions are in th
ten quartets of irreducible representations
08500
l-

-

@4~3,3̄,1!#1

1@2~1,3̄,3!1~1,1,118!#2

1@2~1,1,118!1~1,3̄,3!#3

1@2~1,3̄,3!1~ 3̄,1,3!1~1,1,118!#4

1@4~1,3,3̄!#51@3~1,3,3̄!1~ 3̄,3,1!#6

1@2~ 3̄,1,3!1~1,1,118!#7

1@3~1,3,3̄!1~1,118,1!#8

1@3~1,1,118!1~1,3̄,3!#9

1@3~1,1,118!1~1,3̄,3!#10. ~9!

Removing the~real! octets and singlets leaves

4~3,3̄,1!1~ 3̄,3,1!13~ 3̄,1,3!110~1,3,3̄!17~1,3̄,3!
~10!

so that the chiral~complex! part is again

3@~3,3̄,1!1~1,3,3̄!1~ 3̄,1,3!# ~11!

which are three chiral families.
The 6 of SU~4! transforms under G5Z10 as 6

5(a8,a,a,a21,a21,a28) and so the complex scalars are

(
j 51

10

@~nj ,N̄j 68!12~Nj ,N̄j 61!#. ~12!

With the given quiver node identification VEVs for thes
scalars can break SU(3)105SU(3)C3SU(3)W

3 3SU(3)H
6 to

the diagonal subgroup SU(3)C3SU(3)W3SU(3)H .
The couplingsa1 ,a2 ,a3 are in the ratioa1 /a2 /a3

51/2/6 corresponding to sin2 u50.231 anda350.101. This
is within the range of a TeV conformal breaking scale. Ne
ertheless, it is numerically irresistible to notice that t
Z-pole values satisfya1 /a2 /a351/2/7 which leads natu-
rally to Model C.

Model C. ChooseG5Z23 and embed in SU~4! by 4
5(a6,a6,a25,a27). Given this embedding the quiver node
can be chosen asC-C-X-X-X-H-H-W-H-X-X-X-X-X-X-X-
W-H-H-W-X-X-X where the thirteenX’s denote any distri-
bution of of fourW’s and nineH ’s that allows breaking by
the complex scalars cited below. The quiver is arranged s
that according to the rule of (3C23̄W) minus (3W23̄C)
there are three chiral families.~The model in@10# did not
follow this rule and has two families.! Note that because o
anomaly cancellation and the occurrence of only bifun
mentals the remainder of trinification is automatic and ne
not be checked in every case.

The chiral families are as in models A and B.
The 6 of SU~4! transforms as (a12,a,a,a21,a21,a212).

This implies complex scalars whose VEVs ca
4-2
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break SU(3)235SU(3)C
2 3SU(3)W

7 3SU(3)W
14 to SU(3)C

3SU(3)W3SU(3)H with a suitable distribution ofW andH
nodes on the quiver.

With this choice of diagonal subgroups the couplings
in the ratio a1 /a2 /a351/2/7 corresponding to sin2 u
50.231 anda350.118 which coincide with the Z-pole val
ues.

Discussion. We have given three examples of buildin
conformal models from AbelianG with acceptable values o
the couplings at the conformal scale, assuming that
SU~3! gauge couplings are all equal at the conformal sc
Model A is the simplest but itsa3 is too small unless the
conformal scale is taken up to at least 10 TeV. Models B a
C can accommodate a lower conformal scale but are m
complicated.

There are two features of conformal models which b
repetition:

~1! Bifundamentals prohibit representations like~8,2! or
~3,3! in the standard model consistent with Nature.

~2! Charge quantization is incorporated since the Abel
th
9,

.
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U(1)Y group has a positive-definiteb2function and cannot
be conformal until it is embedded in a non-Abelian group

There are three questions which merit further investi
tion:

~1! The first question bears on whether there is a fix
manifold~line, plane, . . .! with respect to the renormalizatio
group or only a fixed point which is, in any case, sufficient
apply our conformality constraints. In perturbation theory,
the b2functions vanish?

~2! Are the additional particles necessary to render
standard model conformal consistent with the stringent c
straints imposed by the precision electroweak data?

~3! Coefficients of dimension-4 operators are prescrib
by group theory and all dimensionless properties such
quark and lepton mass ratios and mixing angles are ca
lable. Do these work and, if not, can one refine the mod
building to obtain a best fit?

This work was supported in part by the U.S. Departm
of Energy under Grant No. DE-FG02-97ER-41036.
d

@1# For a recent review, see M. Dine, presented at Beyond
Standard Model, DPF meeting at UCLA, 199
hep-ph/9905219.

@2# Particle Data Group, C. Casoet al., Eur. Phys. J. C3, 1
~1998!.

@3# N. Sakai, Z. Phys. C11, 153 ~1981!.
@4# S. Dimopoulos and H. Georgi, Nucl. Phys.B193, 150 ~1981!.
@5# U. Amaldi, W. de Boer, and H. Fu¨rstenau, Phys. Lett. B260,

447 ~1991!.
@6# U. Amaldi, W. De Boer, P.H. Frampton, H. Fu¨rstenau, and J.T
e Liu, Phys. Lett. B281, 374 ~1992!.
@7# J. Maldacena, Adv. Theor. Math. Phys.2, 231 ~1998!.
@8# P.H. Frampton, Phys. Rev. D60, 041901~1999!.
@9# P.H. Frampton and W.F. Shively, Phys. Lett. B454, 49 ~1999!.

@10# P.H. Frampton and C. Vafa, hep-th/9903226.
@11# S. Kachru and E. Silverstein, Phys. Rev. Lett.80, 4855~1998!.
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