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gg˜gg as a test of weak scale quantum gravity at the NLC

Hooman Davoudiasl*
Stanford Linear Accelerator Center, Stanford University, Stanford, California 94309

~Received 29 April 1999; published 27 September 1999!

Recently, it has been proposed that the fundamental scale of quantum gravity can be close to the weak scale
if there are large extra dimensions. This proposal has important phenomenological implications for processes
at the TeV scale. We study the processgg→gg, assuming an ultraviolet cutoffMS;1 TeV for the effective
gravity theory. We find that, at the center of mass energiesAs;1 TeV, the contribution of gravitationally
mediated scattering to the cross section is comparable to that coming from the one-loop Feynman diagrams of
the standard model. We thus conclude that the effects of weak scale quantum gravity can be studied at the Next
Linear Collider ~NLC!, in the photon collider mode. Our results suggest that, for typical proposed NLC
energies and luminosities, the range 1 TeV&MS&10 TeV can be probed.@S0556-2821~99!06618-7#

PACS number~s!: 04.80.Cc, 04.50.1h
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I. INTRODUCTION

The idea of using extra dimensions in describing phys
phenomena is a fairly mature one and dates back to the e
decades of the twentieth century. During that time, attem
at unifying the theories of electromagnetism and gravitat
were made by assuming the existence of an extra sp
dimension@1#. A new application of extra dimensional theo
ries has recently been proposed in Refs.@2,3#, where it was
suggested that the fundamental scale of gravityMF could be
as low as the weak scaleLw;1 TeV, assuming that ther
weren large compactified extra dimensions. It was shown
Refs.@2,3# that gravitational data allown>2. This proposal
has significant phenomenological implications for collid
experiments at the scaleLw , where weak scale quantum
gravity ~WSQG! effects are assumed to become stro
Lately, a great deal of effort has been made to constrain
proposal for WSQG@4,5,12#. In the case ofn52, the most
stringent constraints come from astrophysical and cos
logical observations @3#, and it is argued thatMF
*100 TeV@5#. However, terrestrial experimental data ha
constrained WSQG to haveMF*1 TeV, and in the case o
n>3, there is no evidence of a more severe constraint.

In this paper, we show that the processgg→gg at ener-
gies of order 1 TeV can be used to constrain WSQG ove
large range in the TeV region. This process can be studie
a proposed Next Linear Collider~NLC! @6#, where high en-
ergy Compton backward scattered photon beams with e
gies of order 1 TeV and luminosities of order 100 fb21 per
year can be produced. The processgg→gg has the advan-
tage that it receives contributions from the standard mo
~SM! only at the loop level and, therefore, could in princip
be sensitive to new physics at the tree level. We will sh
that this process provides a good test of WSQG in the T
regime.

The rest of this paper will be organized as follows. In S
II, we present the basic ideas of WSQG in theories with la
extra dimensions. An estimate of the expected size of
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gravity contribution to the photon scattering process at w
scale energies will also be given in this section. We conclu
that the effect is strong, but the SM contribution could
comparable and must be included. Section III contains
SM and the gravity amplitudes used in our calculations. T
section also includes our discussion of the approximati
that have been made in writing down the various amplitu
and the conditions of their validity. In Sec. IV, we discu
the method used in computing the predicted cross sect
for gg→gg at the NLC, in the photon collider mode. Th
results of our computations for cross sections and the N
reach for the effective scale of WSQG are presented in S
V. Finally, Sec. VI contains our concluding remarks.

II. WSQG AND ITS CONTRIBUTION TO gg˜gg

In this work, we assume the fundamental scale of grav
MF*1 TeV and that there aren>2 compact extra dimen
sions of sizeR, even though there are astrophysical and c
mological considerations that suggestMF*100 TeV for n
52 @5#. With these assumptions, Gauss’ law yields the re
tion @2,3#

M P
2;MF

n12Rn, ~1!

whereM P;1019 GeV is the Planck mass. The exact relati
amongM P , MF , andR, as presented in the Appendix, d
pends on the convention and the compactification manif
used. However, for order of magnitude estimates, relation~1!
suffices.

Given the above assumptions, we expect gravitation
mediated processes at TeV energies to be important. To
timate the size of the WSQG effect ingg→gg, we take
MF;1 TeV, and the center of mass energyAsgg;1 TeV.
The gravity contributionsG to the total cross section is the
given by

sG;
2p

~16p!2 S Eg

MF
D 6S 1

MF
D 2

, ~2!

and we obtain
©1999 The American Physical Society22-1
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HOOMAN DAVOUDIASL PHYSICAL REVIEW D 60 084022
sG;10 fb, ~3!

whereEg5Asgg/2. We note that, in the TeV regime, the S
total cross sectionsSM;10 fb is measurable at the NLC
@6,7#, and Eq.~3! suggests that the signal for WSQG ingg
→gg can be large and measurable, as well. Our estim
also suggests that, although the effects of gravity can
large, the SM contribution is comparable and has to be
cluded in our analysis. In the next section, we present the
and gravity amplitudes used in our calculations.

III. THE AMPLITUDES

We consider the processg(k1)g(k2)→g(p1)g(p2),
wherek1 and k2 are the initial andp1 and p2 are the final
4-momenta of the photons. We defines[(k11k2)2,t[(k1
2p1)2, andu[(k12p2)2. Each photon can have either1 or
2 helicity. In what follows, we denote a helicity amplitud
by Mi jkl , where i , j ,k,l 56,(i , j ) are the helicities of the
(k1 ,k2) photons, and (k,l ) are the helicities of the (p1 ,p2)
te

n
r

m
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photons. The 1-loop helicity amplitudes of the SM are
general complicated. However, in the limits,utu,uuu@m2,
wherem is the mass of aW boson, a quark, or a charge
lepton, these amplitudes can be approximated by those p
of them that receive logarithmic enhancements@8#. Except
for the contribution of the top quark loop which does n
affect our results significantly@8#, these leading amplitude
provide a good approximation at the energies of interes
us, namely those of the NLC. We will discuss the necess
cuts and the regime of validity of these amplitudes, in t
next section.

The processgg→gg has many symmetries that reduc
the number of independent helicity amplitudes. It can
shown@8# that only three helicity amplitudes, out of 16, a
independent, and they areM 1111(s,t,u),M 1112(s,t,u),
and M 1122(s,t,u). In the high energy limit that we are
considering, of these three amplitudes, the only logarith
cally enhanced one isM 1111(s,t,u), for both the fermion
and theW loops @8#. For theW loop amplitude we have@8#
M 1111
(W) ~s,t,u!

a2
'12112S u2t

s D F lnS 2u2 i«

mW
2 D 2 lnS 2t2 i«

mW
2 D G116S 12

3tu

4s2D H F lnS 2u2 i«

mW
2 D 2 lnS 2t2 i«

mW
2 D G 2

1p2J
116s2F 1

st
lnS 2s2 i«

mW
2 D lnS 2t2 i«

mW
2 D 1

1

su
lnS 2s2 i«

mW
2 D lnS 2u2 i«

mW
2 D 1

1

tu
lnS 2t2 i«

mW
2 D lnS 2u2 i«

mW
2 D G ,

~4!
ey

n

wherea'1/137 andmW is the mass of theW boson;mW
580 GeV. This value ofa corresponds to that appropria
for real initial and final state photons.1

For the fermion loops, we have

M 1111
( f ) ~s,t,u!

a2Qf
4

'2828S u2t

s D F lnS 2u2 i«

mf
2 D 2 lnS 2t2 i«

mf
2 D G

24S t21u2

s2 D H F lnS 2u2 i«

mf
2 D

2 lnS 2t2 i«

mf
2 D G 2

1p2J , ~5!

where Qf is the fermion charge in units of the positro
charge, andmf is the mass of the fermion in the loop. In ou
approximation, there are only two more leading helicity a
plitudes that will enter our computations. These are

1We thank I. Ginzburg for bringing this point to our attention.
-

M 1212~s,t,u!5M 1111~u,t,s! ~6!

and

M 1221~s,t,u!5M 1212~s,u,t !. ~7!

The gravity amplitudes are all at the tree level, and th
are

M (G,s)5~2p!«r~k1!«s~k2!«* g~p1!«* d~p2!Bmn,ab~k11k2!

3D~s!@~k1•k2!Cmn,rs1Dmn,rs~k1 ,k2!#

3@~p1•p2!Cab,gd1Dab,gd~p1 ,p2!#, ~8!

M (G,t)5~2p!«r~k1!«s~k2!«* g~p1!«* d~p2!Bmn,ab~k12p1!

3D~ t !@~k1•p1!Cmn,rg1Dmn,rg~k1 ,p1!#

3@~k2•p2!Cab,sd1Dab,sd~k2 ,p2!#, ~9!

and

M (G,u)5~2p!«r~k1!«s~k2!«* g~p1!«* d~p2!Bmn,ab~k12p2!

3D~u!@~k1•p2!Cmn,rd1Dmn,rd~k1 ,p2!#

3@~k2•p1!Cab,sg1Dab,sg~k2 ,p1!#, ~10!

where «m(p) denotes the polarization vector of a photo
with 4-momentump, and the functionD(x) is given by@9#
2-2
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gg→gg AS A TEST OF WEAK SCALE QUANTUM . . . PHYSICAL REVIEW D 60 084022
D~x!'MS
24lnS MS

2

uxu D for n52

and

D~x!'MS
24S 2

n22D for n.2; ~11!

the expressions forBmn,ls(k), Cmn,ls , andDmn,ls(k,p) are
given in the Appendix.

Here, we would like to make a few comments regard
the amplitudes~8!, ~9!, and~10!. First, we note that the ex
pressions for D(x) depend on the cutoff scaleMS
@s,utu,uuu, introduced to regulate the divergent sum over
infinite tower of Kaluza-Klein states. This dependence i
result of our implicit assumption thatMS5MF . However, if
MS is much smaller thanMF , then

D~x!→S MS

MF
D (n12)

D~x! for n>2, ~12!

resulting in a suppression@10#.
Second, it should be kept in mind that the amplitudes~8!,

~9!, and ~10! are derived from an effective Lagrangian@9#
with the lowest dimension operators that describe the c
pling of the Kaluza-Klein gravitons to various fields, in o
case the photon field. In this effective description of quant
gravity, we need to introduce a cutoffMS&MF , in order to
get finite results. As with any effective Lagrangian, there
terms of higher dimension that should in principle be
cluded in the Lagrangian. The terml(FmnFmn)2/MS

4 , where
l is an unknown coefficient, is one such term that contr
utes at the same order in powers of 1/MS to our calculations.
The coefficientl cannot be calculated, unless the fundam
tal theory of gravity at the scaleMF is known. In principle,
the size of the contribution from this term can be larger th
the one calculated in this paper, and may even have the
posite sign. However, sincel is unknown, we have chose
to consider only the lowest dimension local terms in t
Lagrangian, and simply add the contributions from Eqs.~8!,
~9!, and~10! to those obtained from Eqs.~4! and~5!. This is
a reasonable choice, as long as one is only interested i
order of magnitude estimate of the effects.

IV. NLC AS A PHOTON COLLIDER

We mentioned before that high energy and luminosityg
beams can be achieved at the NLC. The basic propo
mechanism uses backward Compton scattering of laser
tons from the high energye1e2 beams at the NLC@11#. The
g beams that are obtained in this way have distributions
energy and helicity that are functions of theg energy and the
initial polarizations of the electron beams and the la
beams. The laser beam polarizationPl can be achieved clos
to 100%; however, the electron beam polarizationPe is at
the 90% level. We takeuPl u51 anduPeu50.9 for our calcu-
lations.

Let Ee be the electron beam energy andEg be the scat-
teredg energy in the laboratory frame. The fraction of th
08402
g

e
a

u-

e
-

-

-

n
p-

an

ed
o-

n

r

beam energy taken away by the photon is then

x5
Eg

Ee
. ~13!

We take the laser photons to have energyEl . Then, the
maximum value ofx is given by

xmax5
z

11z
, ~14!

wherez54EeEl /me
2 , andme is the electron mass. One can

not increasexmax simply by increasingEl , since this makes
the process less efficient because ofe1e2 pair production
through the interactions of the laser photons and the ba
ward scatteredg beam. The optimal value forz is given by

zOPT52~11A2!. ~15!

The photon number densityf (x,Pe ,Pl) and average helicity
j2(x,Pe ,Pl) are functions ofx, Pe , Pl , andz; however, we
always setz5zOPT in our calculations. We give the expres
sions for these two functions in the Appendix.

Let Mi jkl be a helicity amplitude forgg→gg. We define

uM 11u2[(
k,l

uM 11klu2 ~16!

and

uM 12u2[(
k,l

uM 12klu2, ~17!

where the summation is over the final state helicities of
photons. Then, for various choices of the pairs (Pe1

,Pl 1
) and

(Pe2
,Pl 2

) of the two beams, the differential cross secti

ds/dV is given by

ds

dV
5

1

128p2see
E E dx1dx2F f ~x1! f ~x2!

x1x2
G

3F S 11j2~x1!j2~x2!

2 D uM 11u2

1S 12j2~x1!j2~x2!

2 D uM 12u2G , ~18!

wherex1 andx2 are the energy fractions for the two beam
given by Eq. ~13!, and see54Ee

2 . Different choices of
(Pe1

,Pl 1
) and (Pe2

,Pl 2
) in „f (x1),j2(x1)… and

„f (x2),j2(x2)…, respectively, yield different polarization
cross sections.

We note that the expressions foruM 11u2 anduM 12u2 are
actually functions of thegg center of mass energy square
ŝ5x1x2s and the center of mass scattering angleuc.m. . We
also havet̂5x1x2t and û5x1x2u. In the previous section
we introduced the logarithmically enhanced SM amplitud
valid whens,utu,uuu@mW

2 . However, we see that to have
2-3
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HOOMAN DAVOUDIASL PHYSICAL REVIEW D 60 084022
good approximation, we must demandŝ,u t̂ u,uûu@mW
2 . To

avoid restricting the phase space too much, and in orde
have a good approximation to the SM amplitudes, we w
make the following cuts:

uc.m.P@p/6,5p/6#,

x1P@A0.4,x1 max#,

and

x2P@A0.4,x2 max#, ~19!

where x1 max and x2 max are given by Eq.~14!; x1 max
5x2 max. These cuts ensure that the integrations are alw
performed in a region whereŝ,u t̂ u,uûu.mW

2 .

V. RESULTS

In this section, we present our numerical results for
expected size of the WSQG effects at TeV energies. H
ever, here, we would like to make a few remarks regard
our calculations. First of all, in obtaining our results, we ha
assumedMS5MF . The effects of the departure from th
assumption are given in Eq.~12!. Second, the only depen
dence on the number of extra dimensionsn in our computa-
tions comes from Eq.~11!. We only distinguish between th
cases withn52 andn.2. In the case withn52, in the limit
MS

2@s, the WSQG amplitude is enhanced logarithmica
compared to the case withn.2. In our computations, for
n.2, we have ln(MS

2/ŝ).2/(n22) over most of the param
eter space considered. We choosen56 as a representativ
value for n.2; other choices result in a rescaling of th
effective value ofMS .

In Fig. 1, we present thegg→gg cross sections for SM
1 WSQG and SM, assuming a mono-energetic beam of p
tons. For the gravity contribution, we have chosenMS

FIG. 1. SM 1 WSQG and SM cross sections, represented
the thick and the thin lines, respectively, for the initial heliciti
11 and 12. The gravity contribution is calculated forMS

53 TeV andn56.
08402
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53 TeV, andn56. The curves in Fig. 1 are obtained fo
photons with11 and12 initial helicities. At the NLC, the
g beams will have a distribution in photon energies and
licities, and these cross sections will not be observed. H
ever, the cross sections presented in Fig. 1 show the rela
size of the contribution of each initial helicity state to th
predicted cross section at the NLC, as obtained from
~18!.

The six SM 1 WSQG cross sections, forMS53 TeV
and n56, in Fig. 2, correspond to six independent choic
for the polarizations (Pe1

,Pl 1
,Pe2

,Pl 2
) of the electron and

the laser beams at the NLC, in the photon collider mo
These cross sections are plotted versus the center of m
energy of the beam,Asee. The curves in this figure show
sensitive dependence on the choices of the polarizations
Asee*1 TeV, with the (1,2,1,2) polarization giving the
largest cross section at high energies. In Fig. 3, choos
MS53 TeV andn52,6, we compare the SM1 WSQG
cross sections with that of the SM in the typical propos
NLC center of mass energy rangeAseeP@500,1500# GeV.
We have chosen the (1,2,1,2) polarization for all three
curves, since this choice yields the largest gravity cross s
tion, as shown in Fig. 2.

The SM and SM1 WSQG differential cross section
ds/d(cosuc.m.), at Asee5500 GeV, are compared in Fig. 4
Again, we have chosenMS53 TeV and the (1,2,1,2)
polarization. The end point behavior of the differential cro
sections is caused by our choice for the cuts, given in E
~19!. At this center of mass energy, and given our cuts,
n56 result does not offer a distinctive signal for WSQG. F
n52, we see that the differential cross section for SM1
WSQG, in the region where cosuc.m.'0, is larger than that
for SM by about a factor of 2.

Next, we present our results for the typicalMS reach of
the NLC, at various stages. The stages at whichAsee

y

FIG. 2. SM1 WSQG cross sections for six independent init
electron and laser beam polarizations. Here,MS53 TeV andn
56.
2-4
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5500 GeV, Asee51000 GeV, andAsee51500 GeV are
denoted by NLC0.5, NLC1.0, and NLC1.5, respective
Throughout, we assume that the luminosityL5100 fb21

per year. We use thex2(MS) variable, given by

x2~MS!5S L

sSM
D @sSM2s~MS!#2, ~20!

wheresSM ands(MS) refer to the cross sections for the S
and SM1 WSQG, respectively. We have chosen the (1,
2,1,2) polarization for computings(MS), since this
choice gives the largest high energy SM1 WSQG cross

FIG. 3. SM 1 WSQG and SM cross sections for th
(1,2,1,2) polarization. Here,MS53 TeV andn52, 6, for the
WSQG contributions.

FIG. 4. SM 1 WSQG and SM differential cross sections
Asee5500 GeV for the (1,2,1,2) polarization. Here,MS

53 TeV andn52, 6, for the WSQG contributions.
08402
.
sections. To establish the reach in each case, we requ
one-sided 95% confidence level, corresponding tox2(MS)
>2.706.

The plots in Figs. 5, 6, and 7 show the 95% confiden
level experimental reach forMS at NLC0.5, NLC1.0, and
NLC1.5, respectively. As one can see from these figures,
largest reach at each stage is forn52. This is because of the
logarithmic enhancement of the WSQG amplitude forn52,
as given by Eqs.~11!. The lowest reach inMS is about 2

FIG. 5. TheMS reach for NLC0.5. The solid and the dashe
lines represent thex2 as a function ofMS for the casesn52 and
n56, respectively. The dot-dashed line marks the reach at the 9
confidence level.

FIG. 6. TheMS reach for NLC1.0. The solid and the dashe
lines represent thex2 as a function ofMS for the casesn52 and
n56, respectively. The dot-dashed line marks the reach at the 9
confidence level.
2-5
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HOOMAN DAVOUDIASL PHYSICAL REVIEW D 60 084022
TeV for n56 at NLC0.5 and the largestMS reach is about 9
TeV for n52 at NLC1.5. Note that these values are obtain
for L5100 fb21 per year, and by increasingL, the reach in
MS will be improved.

VI. CONCLUDING REMARKS

The processgg→gg at TeV energies is an important te
channel for WSQG theories, since the tree level gravity c
tribution to the process in these theories is expected to
significant, whereas the SM contributes only at the lo
level. In this paper, we have used the high energy limit S
helicity amplitudes and the gravity amplitudes from the lo
est dimension WSQG effective Lagrangian to compute s
tering cross sections. The SM1 WSQG cross sections ca
significantly differ from those of the SM alone.

We have shown that the NLC in the photon collider mo
can be effectively used to constrain theories of quant
gravity at the weak scale. The size of the expected ef
shows a strong dependence on the choice of initial elec
and laser polarizations. Our computations suggest that st
ing gg→gg at the NLC, operating at Asee
P@500,1500# GeV and L5100 fb21 per year, can con-
strain the scaleMS at which quantum gravity becomes im
portant, over the range 1 TeV&MS&10 TeV.

Note added.While this work was being completed, w
received a paper@12# by Cheung whose contents have som
overlap with those of this work.
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APPENDIX

In this paper, we have assumed that the fundamental m
scaleMF of gravity and the sizeR of then extra dimensions
are related by@9#

k2Rn516p~4p!n/2G~n/2!MF
2(n12) , ~A1!

where k5A16pGN; GN is the four dimensional Newton
constant andG represents the gamma function.

The expressions for Bmn,ls(k), Cmn,ls , and
Dmn,ls(k,p), used in Eqs.~8!, ~9!, and~10!, are given by@9#

Bmn,ls~k!5S hml2
kmkl

mKK
2 D S hns2

knks

mKK
2 D

1S hms2
kmks

mKK
2 D S hnl2

knkl

mKK
2 D

2
2

3 S hmn2
kmkn

mKK
2 D S hls2

klks

mKK
2 D , ~A2!

Cmn,ls5hmlhns1hmshnl2hmnhls , ~A3!

and

Dmn,ls~k,p!5hmnkspl2@hmsknpl1hmlkspn2hlskmpn

1~m↔n!#, ~A4!

respectively, wherehmn is the Minkowski metric tensor and
mKK is the mass of a Kaluza-Klein state. We have

mKK
2 5

4p2unW u2

R2
, ~A5!

where nW 5(n1 ,n2 , . . . ,nn), and ni , i 51,2, . . . ,n, denotes
the ni th Kaluza-Klein level in thei th extra dimension.

Let Pe and Pl be the polarizations of the electron bea
and the laser beam, respectively. We define the func
C(x) @11# by

C~x![
1

12x
1~12x!24r ~12r !2PePlrz~2r 21!~22x!,

~A6!

where r[x/@z(12x)#. Then, the photon number densi
f (x,Pe ,Pl ;z) is given by

f ~x,Pe ,Pl ;z!5S 2pa2

me
2zsC

D C~x!, ~A7!

where

%

2-6
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sC5S 2pa2

me
2z

D F S 12
4

z
2

8

z2D ln~z11!1
1

2
1

8

z
2

1

2~z11!2G
1PePlS 2pa2

me
2z

D F S 11
2

zD ln~z11!2
5

2
1

1

z11

2
1

2~z11!2G . ~A8!
B

D

er
ye
.K
34
ar

,
ni
g,
gh
e,

08402
The average helicityj2(x,Pe ,Pl ;z) is given by

j2~x,Pe ,Pl ;z!5
1

C~x! H PeF x

12x
1x~2r 21!2G

2Pl~2r 21!S 12x1
1

12xD J . ~A9!
nd
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