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The intensity of low frequency gravitational waves from black hole MACHO binaries is studied. First we
estimate the gravitational wave background produced by black hole MACHO binaries in the Milky Way halo
as well as the cosmological gravitational wave background produced by the extragalactic black hole MACHO
binaries. It is found that the cosmological gravitational wave background due to black hole MACHO binaries
is larger than the halo background unless an extreme model of the halo is assumed, while it is smaller than the
background due to close white dwarf binaries/gf= 10 25 Hz if the actual space density of white dwarfs is
maximal. This cosmological background due to black hole MACHO binaries is well below the observational
constraints from the pulsar timing, quasar proper motions and so on. We find that one year observation by
LISA will be able to detect gravitational waves from at least several hundreds of nearby independent black hole
MACHO binaries whose amplitudes exceed these backgrounds. This suggests that LISA will be able to pin
down various properties of primordial black hole MACHOSs together with the results of LIGO-VIRGO-TAMA-
GEO network. Furthermore, it may be possible to draw a map of the mass distribution of our halo, since LISA
can determine the position and the distance to individual sources consisting of black hole MACHO binaries.
Therefore, LISA may open a new field of the gravitational wave astron¢84556-282199)06218-9

PACS numbg(s): 98.80—-k, 04.30—w, 95.35:+d, 97.60.Lf

[. INTRODUCTION the Salpeter IMF with an upper and a lower mass cutoff, the
mass fraction of the white dwarfs in the halo should be less
The observations of gravitational microlensing toward thethan 10% from the number count of higlyalaxieg 10]. The
Large Magellanic CloudLMC) have revealed that a signifi- observation of the chemical yield also disfavors MACHOs
cant fraction of the Milky Way halo consists of solar or being white dwarf§11,12. Brown dwarfs are possible can-
sub-solar-mass compact objects, which are called massiwdidates for MACHOg$13], since they are free from problems
compact halo objectsMACHOs). The analysis of the first concerning metals and star counts. However, they require
2.1 years of photometry of 8:51(° stars in the LMC by the both a non-standard halo model and a mass function concen
MACHO Collaboration [1] suggests that the fraction trated close to the hydrogen burning limit. Extrapolating the
0.62" 55 of the halo consists of MACHOs of mass 05M  mass function of red dwarfs, we find that the contribution of
assuming the standard spherical flat rotation halo model. Thierown dwarfs to the mass of the halo is less than a few
preliminary analysis of four years of data suggests the exispercent[5,14]. In any case, extreme parameters or models
tence of eight additional microlensing events witfy,~90 are needed as long as white dwarf or brown dwarf MACHOs
days in the direction of the LM2]. are concerned, although future observations of the high ve-
At present, we do not know what MACHOs are. This is locity white dwarfs or brown dwarfs in our solar neighbor-
especially because there are strong degeneracies in any nhieod might prove the existence of white dwarf or brown
crolensing measurements among the mass, the velocity amtivarf MACHOs (see alsd15]).
the distance to a lens object. There are several candidates Measurements of the optical depth in other lines of sight,
proposed to explain MACHOs. However, all of them haveincluding SMC and M31, are needed to confirm that
some theoretical or observational difficulties. The inferredMIACHOs exist everywhere in the halo. One microlensing
mass is just the mass of red dwarfs. However, observatiorevent toward SM(16,17] is not sufficient to determine the
ally there is a tight constraint on the mass fraction of redoptical depth toward SMC reliably. Since only the optical
dwarfs to the total mass of the hdl8—5]. Red dwarfs can depth toward the LMC is available at present, in principle
contribute to, at most, a few percent of the total mass of théhere is the possibility that MACHOs do not exist in other
halo. The possibility that the MACHOSs are neutron stars idines of sight. Any objects clustered somewhere between the
ruled out by the observational constraints on the metal andMC and the sun with the column density larger than
helium abundancé6]. If MACHOs are white dwarfs, the 25Mgpc 2 [18] can explain the data. They include the pos-
initial mass function(IMF) must have been peaked around sibilities; LMC-LMC self-lensing, the spheroid component,
~2Mg when they formed7-9], which IMF is completely the thick disk, a dwarf galaxy, the tidal debris, warping and
different from the present day IMF. Furthermore, assumindlaring of the Galactic disk19—22. However, none of them
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do not convincingly explain the microlensing events towardin the LISA detection band, such as instrumental noises and

the LMC. This means that it is worth considering alternativethe background produced by close white dwarf binaries

possibilities that MACHOSs are not stellar objects but abso{CWDBs), we summarize the spectral density of all noises in

lutely new objects such as black holes of mas®.5M ¢, or terms of the gravitational wave amplitude. In Sec. VII we

boson stars with the boson mass-ef0 %eV. estimate how many nearby BHMACHO binaries are ex-
In this paper, we consider primordial black holes to ex-Pected to be observed by LISA. Section VIl is devoted to

plain MACHOSs. This possibility is free from observational SUmmary and discussion.

constraints at present. Theoretically it is still uncertain if

black holes are formed in the early universe in spite of sev- Il. FORMATION SCENARIO OF BHMACHO BINARIES

eral arguments on the formation mechanisms of primordial We briefly review the formation scenario of BHMACHO
bIacI_< holeq23-25. O_urstandpoi_nt here is not to d?scuss thebinaries given in Refs[27,2§ to introduce our notations.
details of the formation mechanism but to establish the obgq, gimpicity, we assume that black holes dominate the dark
servational signatures of primordial black holes if they exist.atter ie. Q=0Qgy, whereQg,, is the density parameter

Firstly, electromagnetic radiation from gas accreting to 85t BHMACHOs at present. Although black holes dominate
black hole MACHO(BHMACHO) is too dim to be observed the dark matter at present, their fraction of the total energy

unless the velocity of BHMACHOs is exceptionally small density is small~10"9 at their formation from Eq(2.1),
[26]. If primordial black holes are formed, most of them since the ratio of the radiation density to the black hole is in
evolve into binaries through the three body interaction in theproportion to the scale factor. They are harmless to the nu-
early universe att~10 °s [27,28. Some of these cleosynthesis when their fraction is only~107°.
BHMACHO binaries coalesce at or before present epoch anBHMACHOs behave like cold dark matter for the large scale
it may be possible to detect the gravitational waves fronstructure formation, and the large primordial density pertur-
such coalescing BHMACHO binaries. The event rate of coabations that are needed for BHMACHO formation are com-
lescing BHMACHO binaries is estimated ax30 2x2*1 patible with the observed upper limit of cosmic microwave
events/yr/galaxy, which suggests that we can detect severbhckground(CMB) spectral distortion§27]. Furthermore,
events per year within 15 Mpc by LIGO-VIRGO-TAMA- we assume that all black holes have the same rivass.
GEO network[27,28|. We normalize the scale factor such tit 1 at the time of

On the other hand, the other part of BHMACHO binariesmatter-radiation equality.
still have large separations, and they emit gravitational Primordial black holes are formed when the horizon scale
waves at lower frequencies. These low frequency gravitais comparable to the Schwarzschild radius of the black holes
tional waves may be detected by the planned Laser Interfef30]. The scale factor at the time of the black hole formation
ometer Space Antennd.ISA), which will be sensitive to is given by
gravitational waves in the frequency band of #1071

Hz. In this paper, we investigate low frequency gravitational GMgy o[ Men\ 2

waves emitted by BHMACHO binariésand we argue that Ri= —C3H_1=1.1>< 10 Mo (@h%, (2.9

the Laser Interferometer Space AnterthtSA) will be able ed

to ?_ﬁteCt graVIt?tllt\)/lrE(l:l\;vgve's ;romdBIf—|MACHbO blnanes. q whereHq is the Hubble parameter at the time of matter-
€ mass o S Inferred from observations de-, qjasion equality, i.e., CHgq=13c%87Gpeq=1.2

pends on the halo modée.g. Ref.[13]). Here we simply 4 1)1y ~2 ¢y “The mean separation of black holes at
adoptM ~0.5M 5 as a possible mass of MACHOs following the tin(1e of)matter—.radiation equalri)ty is given by

the suggestion by MACHO Collaboration, and then investi-

gate the dependence of the results on the mass. — 13
In Sec. Il we review the formation scenario of x=(Mgn/peq)

BHMACHO binaries proposed in Ref§27,2§. In Sec. llI =1.2}X10Mgp/Mo)Y3(Qh2)~*3 [cm]. (2.2

we establish a method to estimate the probability distribution

function of the binary parameters as a function of the agegnsider a pair of black holes with the same mislss, and

after the binary formationt. In Sec. IV we calculate the . . — .
o . a comoving separatior<x. We define an averaged energy
gravitational wave background produced by BHMACHO bi density of this pair of black holes by dividing their masses by

naries in the Milky Way halo. In Sec. V we obtain the cos- . .
. L the volume of a sphere whose comoving radius equatsa®
mological gravitational wave background produced by ex-— — =

tragalactic BHMACHO binaries. We also compare thePBHEPeqX_gl(_sts)- Then, pgy becomef larger than the
amplitude of the cosmological gravitational wave back-Mean radiation energy densifyr=peq/R", when

ground produced by BHMACHO binaries with the observa-
tional constraints such as the pulsar timing and quasar proper
motions. In Sec. VI, taking into account other noise sources

R>R,=

x)3
=, 2.3

X
After R=R,,, the motion of the pair is decoupled from the

Hiscock has also independently carried out a similar study usinggosmic expansion, and the pair forms a binary. Unless
a simpler mode[29]. exceptionally small, this newly formed binary is kept from
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colliding with each other by the effect of tidal force from 3 B al%e
neighboring black holes, which gives the binary sufficiently f(a,e)dade= —
large angular momentum. 4 (ax)¥? (1-e?)%?
The initial value of the semimajor axi will be propor- 304
tional toxR,,, and hence X exqd — B (__) dade
(1—62)1/2 ax
x4 (2.9

a=axR,=a=, (2.4
X where \J1— g?<e<1 and 0<a<w. Note thatf(a,e)=0

for 0<e<\1- B2

where « is a constant of order unity. To estimate the tidal & consider here BHMACHO binaries whose semimajor
torque, we assume that the tidal force is dominated by thexis is less than the mean separationTheir coalescence
black hole that is nearest to the binary. We yse represent time due to the emission of gravitational waves is approxi-
the comoving separation of the nearest neighboring blackately given by 31]
hole from the center of mass of the binary. Then, the semimi-

3/4
nor axis, b, will be proportional to(tidal force X (free fall t=t ( a) (1-e2)7'2, a,=2.0x 1011 BH [cm]
time)?, and hence it is given by P Mo
(2.9
Mgy XRy (XRp)® x\3 wheret,=10"%r anda, is the semimajor axis of a binary in
= R)Z M =B y & (2.5 a circular orbit which coalesces t3. Using Egs.(2.4) and
(YRm) BH (2.6), EQ. (2.9 can be written in terms of andy as
where B is a constant of order unity. Then, the binary’s X ¥ y o — 4| ax ¢ o1
eccentricity,e, is evaluated by t= < \x =B ag to- (210

5 Integrating Eq(2.7) for a givent with the aid of Eq.(2.10),
o= 1—,32<—) _ 2.6 We obtain the probability distribution function for the coales-
cence timef(t). We should take the range of the integration
to satisfy 0<x<x andx<y<e. The first condition X<x)
In Ref.[28], it is verified that the analytic estimates given in IS Necessary for the pair to be a binary. The second condition
Egs.(2.4) and(2.5) are good approximations and the numeri- turns out to be {/t) &<y < (t/t)~¥?X for a fixedt. Per-
cal coefficientsp and B, are actually of order unity. In this forming the integration, we obtain
paper, we adopi=0.5 andg=0.72 a7
If we assume that black holes are distributed randomly, . 58 [t 310 58 (t| Y7\ ]dt
the probability distribution functionP(x,y), for the initial f(hdt= 371 r 37\ 1 - 37\ 1 t
comoving separation of the binany, and the initial comov-

ing separation of the nearest neighboring black hole from the 3(t\% /58 dt
center of mass of the binary, is given by == Il %= (2.1
37 t 37
Xy2 o wherel'(x,a) is the incomplete gamma function defined by
P(x,y)dxdy= ——e Y dxdy, (2.7
F(x,a)zf s le~ds, (2.12
a

where 0<x<y<e. This probability distribution function is o

normalized to satisfyfZdx/“dyP(x,y)=1. Changing the andl'(58/37)=0.890 --. The second equality in E¢2.11)
variablesx andy in Eq. (2.7) to a ande with Egs.(2.4) and i valid whent/t<1. This is automatically satisfied as long
(2.6), we obtain the probability distribution function for the @s we consider the case -t with typical values of param-
eccentricity and the semimajor axis of binaries as eters, for whichty/t<<1 is satisfied.

Ill. LATE TIME DISTRIBUTION OF THE BINARY

2In Ref. [28], «=0.4 and3=0.8 are adopted. However, these PARAMETERS
values are obtained by a least squares fitting without fixing the

A. Numerical approach
power indices ofa andb. When we use the power indices of the PP

analytical estimates, i.e., 3 far and 4 forb, it is better to adopt Since a BHMACHO binary radiates gravitational waves,
«=0.5 andB=0.7. Note that the results of this paper are not af-the binary parameters change as a function of time due to
fected so much by the detailed choice of these constants. radiation reaction. The probability distribution function,

083512-3



KUNIHITO I0KA, TAKAHIRO TANAKA, AND TAKASHI NAKAMURA PHYSICAL REVIEW D 60083512

f(a,e), in Eq.(2.8) is also a function of time. In this section, da 12 1+(73/24e*+(37/96e* de

we develop a method to compute this time dependent distri- 7"~ 79 (1—€?)[1+(121/304€7] Py

bution function, f(a,e;t;), wheret, is the time after the

formation of binaries. We refer to the initial valuesafnd da, 12 1+(73/24)ei2+(37/9@ei4 de

easa; ande;, respectively. T a 19 (1—-e)[1+(121/304¢€7] e’
Firstly, we represerd; ande; as a function of the present

values of binary orbital parametesande, and the compo- _ [da 12 1+(73/24€*+(37/96€* de

nent masses of the binarig,; and Mg,,. The formula ‘a  19(1-e?)[1+(121/304€?] e

that relatesg; to e is given in Ref[31] by

. e29/l%: 1+ ( 121/30482] 1181/2299d e

(1—e?)3? 7
198t, (= d ee7.9/1£t 1+ (121/30462] 1181/2299_ ‘
12c5 - fe (1—e?)32 =1, _ 2919 1+ (121/304€?] 1181/2299% s
(3.2 (l_ei2)3/2 T :

Then, by taking the wedge product of the above two equa-
tions, we easily find the Jacobian relation,

where
da 629/151:1+ (121/30492] 1181/2299
a (1—e?)32 de
64 G*MpMpp2(Mpn1t+ Mepp) day €71+ (121/309ef] 10422%
C [ — G
Since the distribution functiofi(a,e;t;) at a timet, is re-
and lated to the initial distribution functior;(a; ,e;) by
f(a,e;t;) dade=f(a;,e)da de, (3.7
121 | 8r0/2299 we find
co=aje; P 1-e?)| 1+ 3—04ei2
- e 29/19(1_ei2>3/2
—870/2299 a,ely)= |\ = 1T_a2
—ae 12191—-¢?) 1+ﬁ62 3.3 ale 1-e
1+(121/304€? 1181/229‘-;
11 (121/304€7 i(a,&),

(3.8
Using the above relations, we can determineande; as a

function of a,e andt, numerically. We can also obtai ~ Wherefi(a;,e) is given by Eq.(2.9. _ _
and e;, by numerically integrating the evolution equations  The Keplerian orbital frequency of a binany, , is related

[31], to the length of the semimajor axia, by
G(M +M
2y \/ ( BH13 BHZ), 3.9
da B 73 ) 37 a
Fiieren T R VLR Ll
a’(1—-e) where we add the subscri, to the orbital frequencyy, for

later convenience. Hence, the distribution functiondand
e is transformed into that for, ande by

de 19 Be
—=— | 1+ ——¢€?], (3.9 da| 2a
dt 12 a4(1-e?)52 304 f,etilvp ity =f(aety) Fo b gf(a.e;tl)-
P P
(3.10
from the present time backward to the initial time. In Fig. 1, we plotf, ¢ (v, ,€;t;) for t;=to=10yr as a

Secondly, we need to calculate the Jacobian to relate thkeinction of e for several orbital frequencies. Here we adopt
distribution ofa ande with that of a; ande;. For this pur- Mgy=0.5Mg andQh?=0.1. As we can see in Fig. 1, bina-
pose, we take the total differentiation of E¢8.1) and(3.3)  ries with a high orbital frequencyrf= 10 3 Hz) are almost
to obtain in circular orbits at present, while binaries with a low orbital
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FIG. 1. The probability distribution functiof, . ((v,,€;t;) as a function of eccentricitg for (a) vp=10’1 Hz, (b) vp=10’2 Hz, (¢
v,=10"3 Hz and(d) v,=10* Hz, at present epoch, i.e. we set=t,=10'" yr. Here we adopMg,=0.5M andQh?=0.1.

frequency ¢p= 103 Hz) keep their eccentricity large even Egs.(3.9 and(3.11), we obtain an approximate formula for
now. The transition frequency from an eccentric orbit to athe distribution function of the orbital frequency as
circular one depends Mg, Qh? andt,. Note that almost

all binaries formed through the mechanism presented in Sec. 225 (1.3 /214 (58 dy

[l are eccentric when they are formed, as we can see from fvt(,,p;tl)d,,pN_(zl> o2 F(—) —r

Eq. (2.6). : 3552\ ti\ag 37) vy
(3.12

B. Approximate formula . .
PP where we assumig> At. This expression corresponds to the

An approximate formula for the distribution function of quantity that is obtained by integrating the distribution func-
v, can be obtained in the case that the eccentricity has ation f,et(vp,€5t1) in Eq.(3.10 overe. Since the semimajor
ready decayed ata t|m@ Under the aSSUmptiOﬂ<l, the axis, a, is proportiona| tOV‘;ZB in Eq (39)’ we find
remaining time before a binary with the semimajor ass,
coalesces is given by31]

(3.13

. —-11/3
fu,t(Vp:tl)och .

425 a*

At: 7—68t0a—g,

(3.11

On the other hand, we haveyxM3 from Eq. (2.9), a

«ME3 from Eg. (3.9), and txMg 3(Qh?)1%? from Egs.

L ) (2.2, (2.9 and (2.10. Then, for a fixed orbital frequency,
wherea, is given in Eq.(2.9) andty= 10" yr. On the other we find there is a relation

hand, the distribution function of coalescence time is given
by Eqg. (2.1, which can be interpreted as the distribution

function of At by replacingt with t;+At. Then, by using f,1(vpity) c Mgy @ Qh?) 1657,

(3.19
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Since the mass of MACHOSs has not been fully determined B. Optical depth toward the LMC
by the microlensing observation, we will consider the depen-

; g , Let us consider the density profile of the halo. Based upon
dence of the results on the mass using this relation.

the number and duration of gravitational microlensing events
[1], the optical depth of MACHOs toward the LMC is esti-
IV. GRAVITATIONAL WAVE BACKGROUND mated as
PRODUCED BY BHMACHO BINARIES LMC 77
IN THE MILKY WAY HALO T ~2X10 " (4.9

In this section, we investigate gravitational wave back- ) _
ground produced by BHMACHO binaries in the Milky Way While, the optical depth can also be expressed in terms of the
halo. In our model, there are so many BHMACHO binariesnumber denSity of MACHOs. Let us assume that the distri-
in our galaxy that they themselves become stochastic bacteution of the number density of MACHOs is spherical sym-
ground sources, and may limit the confusion noise level fofmetric as
individual sources.
. . . nS
A. Gravitational waves from two point masses n(r)= S (4.6
in a Keplerian orbit [1+(r9/D3)]

A circular orbit binary emits gravitational waves only at a
frequency vy, =2v,. However, a binary with eccentricity wherer is the distance from the center of our galary,is
e+0 emits gravitational waves at frequencieg,=pv, (p  the density of MACHOs at the galactic center, @nglis the
=1,2,...)[32,33. As we have seen at the end of Sec. Ill A, core radius of the distributiof84]. Then the optical depth is
almost all binaries formed through the mechanism explainegiven by
in Sec. Il are highly eccentric when they are formed, and
orbits of binaries with a low orbital frequency still remain
eccentric even at present. Therefore, the contribution from TLMC=4WGMBHJDSX(1_ i)n(r)dx 4.7
high harmonics may be important. c? Ds ’ '
Gravitational waves at frequenay,,, are emitted by bi-

naries whose present Keplerian frequency is . .
P : : y wherex is the distance from the earth toward a lens, Brd

vo=vgw/p (p=12,...). (4.1) is the distance to the LMC from the earth. Here we adopt
D,=50 kpc. In generaly can be expressed by and the
The gravitational wave luminosity from a binary which emits directional cosine, cog as
gravitational waves at frequenaey,, as thep-th harmonic is
iven by[32
given by[32] r2=D2— 2Dgx cosb+ X2, (4.9
L® (vgu,€)=Lovgn P **(p.e), (4.2
whereD, is the distance from the galactic center to the earth,
where and we adopD,=8.5 kpc here. When we consider the LMC
direction, we adopt cog&=7:=0.153. If we fix\ andDg,,

2
MeiMeh2/(MgHit M) Egs.(4.5 and (4.7) determineng as

Lo=1.351% 1044(

M /4
Mawu:+ M 413 2_LMC
w) ferg ST HZ Y, @43 pe ST
© 477GMBHD621
and Mgy, and Mg, are component masses of the binary. D, -1
The functiong(p,e) is given by[32] DD, y|1- D_sy
4 X j y D2 X ,
P 2 ° 14| —g— 22 py+y?
9(p.e)= 35 prz(pe)—2er71(pe)+BJp(pe) D2 NCAR
2 4.9

+ 2er+1(pe) _Jp+2(pe) +(1- ez)[‘]p—z(pe)

4 where the quantity in the square bracket is dimensionless.
—235(pe) +Jp.2(pe) 1P+ 3—p2[Jp(pe)]2} , (449
C. Flux and strain amplitude of the halo background

where J,(x) is the Bessel function. We note thg{p,0) The contribution to the average flux from tipeth har-
=0 for p#2. monic per unit frequency at,,, is given by
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d3x f,ei(vp.&to) is given by EQ.(3.10 and the luminosity
FP (vgw)= j mn(r)f del®(vgy,€) from the p-th harmonic,L(P)(v,,,€), is given by Eq.(4.2.
Defining
dvp

Xt et(vp.&to) [erg cm 2 s Hz 1],

d3x
(4.10 '==f yprril (O (4.12)

whered=(D3—2rD cosf+r?)*? s the distance between a
source and the earth. The probability distribution functionthe dependence of the flux on the halo model is factorized as

dvgy

1
Fi")(vgw)=lLov;%3p*13’3fodefy,e,twp,e;t0>g<p,e>[erg cm? st Hz Y, (4.12

Using Eq.(4.6) with Eq. (4.9), we find

Do\? D,
c2,Mc © y+ D_a) 1 Dy/Dy y(l_D_S )
IZleGMBHDO foydy In Do|” | (1+y2) / fo dy D5 D, Nk
(V—D—a) [ (D—s‘zo—a"w}
C27_LMC
= 167GMgy Dy “19

where we defined the halo shape faclorby the last equal- i more concentrated to the galactic center, heis larger
ity. Note thatl is a dimensionless constant which depend and D, is smaller, the gravitational wave flux becomes

. SIarger.
only on th~e shape par.ameters of the hm@tha). In Fig. Collecting the contributions from all harmonics, we ob-
2, we plotl as a function of the core radiuB,, for several  tain the total gravitational wave flux per unit frequency at
values of\. As we can see in Fig. 2, is about 7 when the v, as

halo of our galaxy is isothermal, i.e., whar=1. If the halo

Fy<vgw>=p§1 FP(vgw)

30 T T T T T T T T T T T T T T

* 1
LS, p 9 det, oy itogip e
xX[ergem? st Hz 1. (4.14

When we evaluate the above expression numerically, we
took the summation ovgy up to p=1000. In Appendix A,
we show that the error caused by neglecting highérar-
monics is less than a few percent.

For comparison, it is convenient to translate the gravita-
tional wave flux into the spectral density of the gravitational
wave strain amplituddy,, which is calculated by

— . [G —\F, F2
0 Il L Il | L Il 1 | L L Il ] L Il L hgalozz W\/; :5615< 10720_ [Hzillz]
2 4 6 8 10 ¢ Vgw Vgw
R, [kpc] (4.19

FIG. 2. The shape factdrdefined in Eq(4.13 as a function of  In Table |, we list the spectral denSit)J;alo/\/T_ at several
the core radiu®, for three values oh. frequencies for several BHMACHO massésg,;, and den-
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TABLE I. The spectral density of the gravitational wave strain amplitaffe®/T2 [Hz~*?] for the halo
gravitational wave background in Et.15. The shape factor is shown in Fig. 2

log(vgu[Hz]) log(h"TY3 Hz~2])
Mgy=0.5M¢ Mgy=0.0MM Mgn=5Mo

0h?=0.1  0h?=05  0Qh?=0.1  Qh*=05 0h?=0.1 Qh?=05
~1.00 -21.18 ~21.03 ~21.58 -2143  -20.78  —20.63
—1.20 —20.95 —20.80 —21.35 —21.20 —20.55 —20.40
~1.40 ~20.72 ~20.56 -21.11 -20.96  -20.31  —20.16
~1.60 ~20.48 ~20.33 ~20.86 -2072  -2008  -19.93
~1.80 ~20.25 ~20.10 ~20.58 -2046  -19.85  —19.70
~2.00 ~20.01 ~19.86 ~20.32 -2018  -1961  —19.46
~2.20 -19.77 ~19.62 ~20.14 -19.94  -1938  -19.23
—2.40 —19.50 —19.37 —20.08 —19.82 —19.15 —19.00
—2.60 —19.22 —19.09 —20.10 —19.79 —18.91 —18.76
~2.80 -19.01 ~18.83 ~20.17 -19.83  -1867  —1852
—3.00 —18.90 —18.66 —20.23 —19.90 —18.42 —18.28
—3.20 —18.89 —18.60 —20.25 —19.95 —18.14 —18.01
~3.40 ~18.95 ~18.62 ~20.23 -1995  -17.89  —17.73
~3.60 ~19.02 ~18.68 ~20.20 -1993  -17.74  -1752
~3.80 ~19.06 ~18.74 -20.17 -1990  -17.70  -17.42
~4.00 ~19.05 ~18.76 ~20.15 -1987  -17.73  -17.41
~4.20 ~19.02 ~18.74 ~20.14 -1985  -17.80  —17.46
~4.40 ~18.99 ~18.71 ~20.13 -1984  -17.85  -17.53

sity parametersh?. Note thath"@'/ \[T does not depend on h20 M Qh?)837 te<1. (4.18

the halo shape factor, In Fig. 3, the solid line is the spectral

denSittha'O/\/T_ for Mgy=0.5M and(2h?=0.1. We also  As we can see in Table I, these approximate relations hold
plot the spectral density obtained by taking the summation

up to p=10 in Eq.(4.14) by the long dashed line. We see 17

that the contribution from higher harmonics takes maximum LT lhallolbalncklgrloulndl ]
at about 10° Hz. Even there, the contribution is not so T approximation (e<<1) ]
large, and the results coincide with each other within 25%. . ——- sum till p=10 i
— —18 - "~ —
3 o Mg =0.5M,
D. Approximate relations for the halo background e - . QIT"‘—O . ®
- _ e _ N i N =0. |
When the conditiore<1 is satisfied, a good approxima- . - .
tion for the halo background can be obtained analytically. zi -9k 7
Since only the second harmonic contributes to the gravita- 2 L _
tional wave flux in this case, the total gravitational wave flux 28 [ 1
in Eq. (4.14 can be approximated by W _g0 [ i
Fo(vgw ~ILovgw2 5%, (vyito) te<l, (4.16 I ]
3l 3 2 1
where f, (v, ;t) is given by Eq.(3.12. Since a relation N _lo v [Hz]_] N
F.(vgw) *vgw " can be derived from Eq¢3.13 and (4.16), &LV eu
the spectral densith,* in Eq. (4.19 satisfies FIG. 3. The solid line is the spectral density of the gravitational
6 wave strain amplitudd"®%/\[T for the halo background gravita-
h, v, e<l. (417 tional waves foM gj=0.5M ¢, andh2=0.1. The long dashed line

is the spectral density obtained by the summation up+dlO in
On the other hand, for a fixed gravitational wave frequencyEq. (4.14. The dotted line is the approximate spectral density, re-
we havel ocMB"_l| from Eq. (4.13, LoocMé?_/ls from Eq. (4.3, placing the fluxF, in Eq. (4.19 with the approximate flu¥ , in
andf, (v, ;t;) = Mgh @ (Qh?) 1% from Eq.(3.14. Then,  Eq.(4.16. The approximation is valid foe<1. Note thaha'o/\T
by using Eqs(4.15 and(4.16), we find does not depend on the halo shape fadtor,
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for ngle*l Hz, at which almost all binaries that contrib- km/s/Mpc. Since the energy density of BHMACHOSs be-

ute to the halo background are in circular orbits. haves like that of dust, the total energy dengitis given by
In Fig. 3, we plot the approximate spectral density by the

dotted line, replacing-, in Eq. (4.15 with the approximate R3 R%

one in Eq.(4.16. The dotted line coincides with the solid Qﬁz —gQBH+ _EQR, Q=0gy+0g, (5.2

line quite well at high frequencies, i.e:y,= 10 2 Hz. This po R R

means that almost all binaries that contribute to the gravita-
tional waves at high frequencies are in circular orbits. Conwhere quantities with the subscript, 0, represent the present
versely, the fact that the spectral densh'ﬂ?"’ deviates from  values. Using Eq(5.1), the relation between the scale factor
the approximate value at low frequencies means that binarieend the cosmological time, is obtained as
with large eccentricitye contribute the gravitational wave

R q R

Ro/ | Ro

flux at low frequencies.
R 27172
v O +1-0 |

V. COSMOLOGICAL GRAVITATIONAL WAVE Hodt=
BACKGROUND

(5.3

In the previous section, we studied the gravitational wave
background produced by BHMACHO binaries in the Milky
Way halo. In this section, we compute the gravitational wavevhere we use Ed(5.2) and the relation,
background produced by extragalactic sources, i.e., the cos-
mological gravitational wave background, which turns out to
dominate the background radiation. Kc2=R2H2(Q—1). (5.4)

The gravitational wave flux is proportional to the factor,

| = [d3xn(r)/4md?~n(Dy)r. Strictly speaking, this expres- .
aaince the present temperature of the cosmic microwave

sion needs some caution because we need to take into ; . )
count the expansion of the universe when we estimate thgackground is about 2.75 K, the energy density of the radia-
. Recalling that the

e i _ - 34
cosmological background. However, as a rough estimate, wion iS given bypg=4.81x10 *"g cm

can use the estimate-nr .. for the cosmoloaical back- scale factor is normalized such thR=1 at the time of
horizon 9 matter-radiation equality, we see thRg is given by 1R,

ground, where n is t_he mean num_ber density of =Q0p/Qgy=2.56x 10 4(Qgyh?) ~1=2.56x 10 4(Qh?) .
BHMACHOSs andr,4izon IS the horizon radius. On the other

hand, since the mean number density of BHMACHOSs in the

halo is enhanced by the factorgg,axy/rha,o)3, we havel

~rw(rga|axy/rham)3rha,0 for the halo background, where
I yalaxy IS the mean separation between galaxies rapg, is
the radius of the halo. Then, the ratio of the cos- When we consider the cosmological situation, we have to
mological background to the halo background istake the redshift into account. Let us consider gravitational
estimated as r@orizon/rga,axy)(rha,olrga,axy)2~(3000 Mpc/  waves observed at a frequeney, . If they are emitted by a

1 Mpc)(0.05 Mpc/1 Mpci~ 7.5. This suggests that the cos- binary at a redshift + z=R,/R as thep-th harmonic, the
mological background can be the same order of the halérequency of them at the moment of emissionvjg,R, /R,
background and it cannot be neglected. and the Keplerian orbital frequency of the binary is given by

B. Energy density and strain amplitude of the cosmological
gravitational wave background

A. Cosmological model

Ry v
We assume that the cosmological distribution of vp(R)=EOﬂ. (5.5
BHMACHOSs is homogeneous and isotropic. The Hubble P
equation is

The gravitational wave luminosity emitted by this binary in
the p-th harmonic is evaluated Hy2]

2 ° 8uG  Kc? -
=Rl TR 63

10/3
where we assume that the cosmological constant is zero. For L(P)(& ygw,e) = Lo(&) yésv’ ~1%%(p,e), (5.6
simplicity, we assume that the energy density is determined R R

by BHMACHOs and the radiation. The energy densities of

BHMACHOSs and the radiation at present are denotegdy

andpg, respectively. We refer to the present density paramwherelL is given in Eq.(4.3). Then, the gravitational wave
eter of each component &g,,=pgn/p:. and Qg=pgr/p;, luminosity per unit logarithmic frequency abg, per
where p.=3H3/87G is the critical density andd,=10Ch BHMACHO is given by
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r Mg,=0.5M, - | cosmological background 1
-8 - Oh*=0.1 L summed up till p=10
—-10 = Mg,=0.5M,
Oh?*=0.1

log[R dQgy(v,,)/dR]
log[Qgy(v,)]

_14||||||||||||||||

" _3 _2 _1 0 4 2
log[R/R,] log[v,, [Hz]]

FIG. 4. The solid line isiQgy/d(InR) in Eq. (5.8) as a function FIG. 5. The energy density of the cosmological gravitational

of R/Ry for Mg =0.5M¢ and Qguh?=0.1 at four frequencies. \yave background per logarithmic frequen@ysw(vgy) as a func-
The dotted line is the approximation dfgy,/d(InR), replacing  tjon of the gravitational wave frequenay,,, where we summed up
the luminosity Ly in Eq. (5.7) with the approximate luminosity || p=10 in Eq.(5.7). We adoptMg,=0.5M, andh?=0.1.
Lew in Eg. (5.10. The approximation is valid foe<1. Solid and
dotted lines are almost the same for high frequencies. Lou vgw;t)(llx)gdt. Integrating this expression multiplied
by the red-shift factor R/R,), we obtain the quantity that is
to be equated Wit .c>Q g vgu) RS-

- R
‘1) = |2
Lew vguw;t) pzl f del ( R ng‘e) From the above consideration, we obtain

dv 1 (o [RY[ 1)3
XE e x(Vp &) vgug Q = —f odt(— —1| L it
dVgW G\N(ng) ch2 4 RO XRO GW(ngy )
NEEEN:
_ 13/3 0 —-13/3
_Lngwg( R) ,ZO p :fl d(E)EGW(ng;t(R))
Rn/Ry | Ro pcC?Hy
x [ det,eitrp.evgpie) Terg s
5 3
R 1
(5.7 =
Ro/ | xR
. . X ANTEE
Of course, the binary systems that coalesced at somettime R R
<t, are included, although the binary systems had not coa- Qrt Qg Ry +(1-9) Ry

lesced when they emitted gravitational waves observed at a
frequencyvy,, by us. (5.9

In order to characterize the spectrum of stochastic gravi-
tational waves, we often udegy(v4y), the ratio of the en-  The relation between andR is given by Eq.(5.3) and the
ergy density of the gravitational waves per unit logarithmichinary formation timet;, is the time at whichR equals to
frequency to the critical density[35]. To evaluate R_ given in Eq.(2.9. Hereafter, we set=0.8, when quan-
Qewl(vgw), We use the fact that the gravitational wave en-tities with p.c? or H, are evaluated numerically. In the case
ergy existing in a unit comoving volume is equal to the red-of h=0.8 and(2h?=0.1, the present age of the universg,
shifted total gravitational wave energy that is emitted pefis about 1.06 101 yr.
unit comoving volume until now. The gravitational wave en- | Fig. 4, we plotdQew(vgy)/d(INR), which is the inte-
ergy per unit logarithmic frequency in a unit comoving vol- grand of the last line of Eq(5.8), as a function of the scale
ume is given byp.c?Qew(¥gw)R5. On the other hand, the factor R/R, by the solid lines for Mg,=0.5M and
latter quantity can be evaluated as follows. The comovind),;,,h?=0.1 at several frequencies. When we evaluate
number density of BHMACHO is given by (2)3, wherex  Lgw( vgwst) given in Eq.(5.7) numerically, we perform the
is the mean separation at the time of matter-radiation equakummation up toqp=10. The computational time does not
ity given in Eq.(2.2). Then, the red-shifted total gravitational allow us to sum up higher harmonics. Since the power index
wave energy that is emitted per unit comoving volume penf dQ)gu(vgy)/d(INR) with respect taR is larger than 0, the
unit logarithmic frequency during~t+dt is given by contribution to the energy density from binaries at higher
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TABLE II. The spectral density of the gravitational wave strain amplithff [ Hz~ 2] for the cosmo-
logical gravitational wave background in E&.9).

log(vgu[Hz]) log(h°{Hz 2]
Mgy=0.5M¢ Mgy=0.08M Mgy=5Mg

Qh?=0.1 Qh?=0.5 Qh?=0.1 Qh?=05 Qh?=0.1 Qh?=05
—-1.00 —20.48 —19.96 —20.88 —20.36 —20.08 —19.56
-1.20 —20.24 -19.73 —20.64 —20.13 —19.84 -19.32
—-1.40 —20.01 —19.49 —20.41 —19.89 —19.61 —19.09
—-1.60 —19.78 —19.26 -20.17 —19.66 —19.38 —18.86
—-1.80 —19.54 —19.03 —19.93 —19.41 —19.14 —18.62
—2.00 —19.31 —18.79 —19.68 —19.16 —18.91 —18.39
—2.20 —19.07 —18.56 —19.45 —18.93 —18.68 —18.16
—2.40 —18.83 —18.32 -19.25 —-18.72 —18.44 -17.92
—-2.60 —18.59 —18.07 —19.08 —18.56 -18.21 —17.69
—-2.80 —18.34 -17.82 —18.93 —18.42 -17.97 —17.46
—-3.00 —18.13 —17.60 —18.79 —18.30 -17.73 -17.22
-3.20 —17.95 —17.43 —18.67 —18.18 —17.49 —16.98
—3.40 —17.79 —17.28 —18.58 —18.07 —17.24 —16.73
—-3.60 —17.65 —17.15 —18.54 —17.98 —17.02 —16.49
—-3.80 —17.53 —17.03 —18.55 -17.92 —16.83 —16.30
—4.00 —17.42 -16.92 —18.58 -17.92 —16.66 -16.14
—4.20 -17.36 —-16.82 —18.61 —17.95 —16.51 —16.01
—4.40 -17.35 —-16.75 —18.60 —17.98 —16.38 —15.89

redshift is smaller. Therefore, we perform the integration inries per unit frequency aty,, is pcc3QGW(ng)/ng, which

Eg. (5.8 from R/IRy=1/R; (not R, /Ry) to RIRy=1 to  corresponds td-,(vq,) in Eq. (4.14 for the halo back-

evaluate the energy density of the cosmological backgrounground. In Table I, we list the spectral density5°®, at

numerically? several frequencies for several BHMACHO masdds,, ,
In Fig. 5, we plot the density parameter of the cosmologi-and the density parametef@h?. We present the figure of

cal gravitational wave background per unit logarithmic fre-nc°s jn Sec. VI.

quency, Qgw(vgw), for Mgy=0.5M¢ and Qh*=0.1. We '

again take the summation ung=10 in Eq.(5.7). However, ) _ _

as we have seen at the end of Sec. IV C, the contribution C. Approximate relations for the cosmological background

from higher harmonics is not so large. For example, we cal- When the conditione<1 is satisfied, Eq(5.7) can be

culated the density parameter of the cosmological gravitaapproximated by

tional wave background per unit logarithmic frequency at

_ _ 7 _ 2_ R 13/3
vgw=10"" Hz for Mgy=0.M and 2h“=0.1. When the vy 133 ™o 13/ 4 e
summation is taken untip=10, we haveQguw(vgy) =2.7 Low(vgw;t)~Lovgw R 2 3f“(vp't) e<l,
X 10 2% While, when the summation is taken unii (5.10

=1000, we have) gy(vgy) =3.2x10"%.
The spectral density of the cosmological gravitational

where f ;t) is given in EQ.(3.12. When Qgy is of
wave strain amplitude is given by ni(vpit) 1S g a.(3.12 BH

order unity,R is approximately proportional t§'® during the
\/30— matter dominant era. For a fixed gravitational wave fre-
h¢9S—5 615x 10~ 2° pC Qe vgw) [Hz V2. (5.9  auencyvg,, we can extracR-dependence from Ed3.12
’ vou as f, g(vp;R)xct 337y (R) 1P R4 where we used
the relationac v,(R) ~#*xR?? that follows from Egs(3.9)
Note that the flux from the cosmological BHMACHO bina- and (5.5. Hence, from Eq.(5.10 we can see that
Low(vgw;t) xR 2" is approximately satisfied. Since
[Qr+ Qp(R/Ry) +(1— Q) (R/Ry)?] 2 can be approxi-
3Note that, when the redshift is too high, the orbital frequency inr’n""t('_:‘d byQB&IZ( R/RO) 12 9'“““9 the_ matter d_om'nam era,
Eq. (5.5 may become larger tham 1000 Hz. Since such binaries We find that the integrand in E¢5.8) is approximately pro-
are not allowed to exist for black hole binaries Wit~ M., , the  portional toR™ 12222 |n Fig. 4, we also plot the approxima-
summation over them should be eliminated. However, such a contion of dQgw(vg,)/d(INR) by the dotted lines, replacing the
plication is unnecessary as long as we consiggis10™* Hz, for  luminosity Lgy in Eq. (5.7) with the approximation given in
which atR>1 the orbital frequency is less than1000 Hz. Eqg.(5.10. The solid lines coincide with the dotted ones well
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for high frequencies. At high redshift almost all binaries that Observations of stable millisecond pulsars provide a con-
contribute to the gravitational wave flux at all relevant fre-straint on the energy density of the gravitational waves
guencies are in circular orbits, as is seen from the agreemef®7,3§. Gravitational waves deform the metric perturbing
of the solid and the dotted lines. the observed pulsar frequency. Therefore, the fluctuations in
When the approximatioi(5.10 is valid, with the aid of pulse arrival times are used to constrain the gravitational
Eq. (3.13, it implies Low(vgwit)=vim. Thus we find waves. Pulsar timing residuals are most sensitive to gravita-

gw . . :
Qe vgw ocyé(f’l and hence tional waves at frequencies around LivhereT is the total
data span. Observations of PSR B 1858 yield an upper
heoScpy /0 e<1. (5.1y  limit,

2<1.0x10°8 9 i
This dependence ong, is the same as that obtained in the Douw(vgu/h”<1.0<10°7 (95% confidency (5.14)

halo background case in EG.17). For fixedvg, andt, we

have approximate relations P<Mg} from Eq.(2.2, L,  at vg,~4.4x10 ° Hz.

« Mz} from Eq.(4.3), andf, g(v,;R) = M4 " from Eq. After taking into account the energy carried away by

(3.14. Therefore,Qgu(ve,)*MEM s derived from Egs. gravitational waves and the effects of Galactocentric accel-
PGV oW B eration, orbital periods of binary pulsars are sensitive to

gravitational waves with periods as great as the light-travel

time from the pulsar. Current limits from such data E38]

(5.8) and(5.10, and hence we find there is an approximate
relation

89/222 .
hi2%cMgy ™ e<1. (5.12 Qaw(vgwh?<0.04 (95% confidencg  (5.15

As we can see in Table II, this relation is satisfied fgi,  in the range 10! Hz= g, <10 ° Hz, and

=10 ! Hz, at which almost all binaries that contribute to the

cosmological background are in circular orbits. The depen- QGW(ng)h2<0.5 (95% confidence (5.16
dence of the spectral density;°®, on the density parameter

Qh? cannot be derived so easily in an analytic method.  in the range 10*% Hz=< v, =10 ** Hz.
Background gravitational waves randomly scatter photons

from distant quasars on its way to the earth. This may cause

quasar proper motions. Using measurements of the proper
There are several observational constraints on the cosmenotions of quasars, upper limits on the energy density of

logical gravitational wave background. These constraintgravitational waves with periods longer than the time span of

come from the millisecond pulsar timing, quasar proper mo-observations is obtaind@®9] as

tions, the standard model of big bang nucleosynthesis, and so

on. In this section, we study whether or not the cosmological Qowl vgw)hzs 0.11 (95% confidence  (5.17

gravitational wave background produced by BHMACHO bi-

naries satisfies these constraints. Note that the frequendy the rangevy,<2x 10 ° Hz.

range considered in this section is much less than that of However, these limits are not enough to reject the exis-

LISA. tence of BHMACHOs. As we can see in Fig. 5, the cosmo-
At the time of the nucleosynthesis, the effective numberogical gravitational wave background produced by

of neutrino species is restricted to be less than three, to BBHMACHO binaries,Qgy(vg4y), is less than these limits at

consistent with the observations of He, D, and36]. Ifthe ~ 107° Hz <wg,<10"' Hz. At higher frequenciesvg,

effective number of neutrino species were larger than three>10" ' Hz, Qgu(vgw) continues to grow as)gw(vgw)

the expansion rate at the time of the nucleosynthesis would vé’vﬁ till vgy,~ 10% Hz. However, the constraint in E¢5.13

become larger and the predicted abundance of He, D and li$ still satisfied even at frequencieg,,~ 10° Hz. Further-

would differ. Since the gravitational wave background con-more, since almost all background at these frequencies is

tributes to the energy density in the same way as neutrinogroduced after the nucleosysthesis, E§l13 is not a real

the constraint on the effective number of neutrino speciegonstraint for the existence of BHMACHOs. A, < 10°°

restricts the energy density of the cosmological gravitationaHz, Qgy(vg,) Will continue to fall. Therefore, all con-

wave background within that of one massless degree of freestraints(5.15), (5.16 and (5.17) will be satisfied.

dom in thermal equilibrium. If the cosmological gravitational

wave backgrognd already.exists .at the time Qf the big bang VI. OTHER BACKGROUND NOISES

nucleosynthesis) gw(v4y) is restricted approximately by

D. Observational limit

The gravitational wave strain amplitutte due to various
galactic binary systems is obtained in Rp40] (see also
[41,42). Among these binary systems, the background due
to close white dwarf binarie€CWDBs) is dominant at rel-
Here, we should note that gravitational wave backgroundevant frequencies, 1¢ Hz= vy, <10 * Hz. We obtain the
produced after the nucleosynthesis is not restricted by Ecspectral density due to CWDB#,"'°, from Table VII in
(5.13 at all. Ref. [40], where the space density of CWDBs is assumed to

f d(INvgy) Qe vgwh?=<10"°. (5.13
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O e s h®s in Eq. (5.9) and that for the halo backgrouri}®°, in
i ~  CWDBs Eq. (4.15 together with the spectral density for CWDBs,

eter of BHMACHOSs is very small. However, since such a
situation is less interesting for us, we neglect the halo back-
) ground hereafter. Of course, if the halo is more concentrated,
2 i.e., \ is larger andr, is smaller, the halo background can
dominate the cosmological background, as we can see from
log[v,, [Hz]] Fig. 2.

FIG. 6. The spectral densitly, for the cosmological gravita- At_ first glance, the spectral_densﬂy due to CWDB%”D'
tional wave background in Ed5.9) by the solid line, for the halo dominates the ~ cosmological backgrpund due to
background in Eq(4.19 by the dashed line, the CWDBs back- BHMACHOs, h7°%. However, the cosmological background
ground by the cross, and the instrumental noise in E84) and ~ due to BHMACHOSs,h}°%, can be more important. This is
(6.2 by the dotted line. We adop¥lz,=0.5M, and Oh?=0.1.  because the confusion noise level for detection of individual
The shape factor in Eq. (4.13 for the halo background is taken to Sources also depends on the number of noise sources in a
be 7. frequency resolution bin. At lower frequencies many galactic

CWDBs exist in a frequency resolution bin, while the ex-
take the maximal theoretical value in the calculations ofpected number at higher frequencies becomes less than one.
Webbink[43]. Hence the confusion noise level determined by CWDBs de-

In addition to this background, there are instrumentalcreases suddenly at a transition frequemgy,~ 107 2° Hz
noises. The instrumental noises can be classified into twp45]. Therefore, as for the confusion noise level, the cosmo-
kinds, i.e., the optical-path noise and the acceleration noisdogical background produced by BHMACHO binaries domi-
The optical-path noise, which includes the shot noise, bearnates the background due to CWDBs above the transition
pointing instabilities and so on, dominates at high frequenfrequency.
cies and is estimated 444,35

4% 10" myHz

- — Cosmolfgical h'P and that due to the two kinds of instrumental noises,
_18 . ihnaslfnglr;ex)ltal— h°Pandh2°°. When we plot the halo background case, we
—_ R 1 assumed an isothermal halo. As we can see from Fig. 6, the
g :_:\)//—-~ x gﬁi%’?Me: cosmological backgrognd dpminat'es the halo background for
N L \\ N B an isothermal halo with this choice of model parameters.
&, -19 - N m Since the dependence of the cosmological background on
< I N\ ] Qh? is different from that of the halo background, which we
@ - N, can see in Table | and Table II, the halo background domi-
~ _ao L N nates the cosmological background when the density param-

VII. INDIVIDUAL SOURCE

hoPt= T X1+ (2aL ng/(;)2 A. Expected number
Let us consider the expected number of observable indi-
2 idual sources. The frequency resolution is determined b
. Vow o vidua rces. q y y
=4Xx10 1+1.09 102 Hy [Hz~ 7], the observing timér [46,35. Here we assume that the fre-
z quency resolution is given by
6.1
(6.2) 1
where we adopted [2=10'° m. We include the last factor Av=z, (7.3)

Vi+ (27l ng/c)2 considering the fact that the sensitivity

decreases when the wave period is shorter than the round-trgith T~1 yr. For the noise amplitude),, the threshold
light travel time in one of LISA’s arms. The acceleration amplitude of gravitational waves from individual sources is
noise, which includes the thermal distortion of spacecraftgiven by,

the gravity noise due to spacecraft displacement and so on, th 2

dominates at low frequencies and is estimate{dd$ h™'=5h,Av™", (7.2
610" 15 ng/10*4 Hz)~ 8 m s 2/ Az where we set the signal-to-noise rat®NR as 5%

acc_

v
2L(27mvgy)?
y -3 “Here we do not consider a reduction factor due to the antenna
~1.52x10 18 gw [Hz 2. (6.2 pattern of an interferometer. Hence, we overestimate the number of
104 Hz individual sources in the following discussion. A traditional way to

take this factor into account is to adopt the root-mean-square value
In Fig. 6, settingMg,=0.5M and Qh?=0.1, we sum- of the signal averaged over the entire sky, which implies that the
marize the spectral density for the cosmological backgroundeduction factor isy5 [35,44).
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The amplitude of gravitational wave aj,, from a binary RO T 1 T T 1 T T T
with e, p and the distance from the earth,is given by

2\/6 \/F_| L(p)(VgW1e) 2

h= —, F : (7.3
03/2\/; Vgw I 47rd?
1.5
whereL®(v,,,e) is given by Eq.(4.2. Then, the require- v
ment that the signal exceeds the threshhalg,h!", deter-
mines the maximum distance to individually observable 1 A=1

sources,

|

/G i 0.5
Dr('r?;)é(VgWre):W VLog(p.e)viap 3, (7.9

wherel  is given by Eq(4.3). Then the expected number of 2 4 6 8 10
individual sources per unit logarithmic frequency in théh R, [kpc]

harmonic is given b
¢ y FIG. 7. The shape factdt defined in Eq(7.10 as a function of

dv the core radiu®, for three values oh.
P .

N(p)( ng) = j deN(P)( ng,e) ngd I fv,e,t( Vp ,e,to)
gw

_ D3/D2
2/2\ T\
=J'de./\/(p)(vgw,e)%vf,,yeyt(vp,e;to), (7.5 [1+(Dg/D3)]
1 Da -
and Ds/Dg y _D_S
8 fo dy D} 0 A
1+| = —2=—ny+Yy? }
N‘p’(vgw,e)=f n(r) d3x, (7.6) DA p, W™y

d<D®) (vgw.€)

(7.10

wheref, ¢ (v, ,€;to) andn(r) are given in Eqs(3.10 and s a factor obtained from Eq¢4.6) and(4.9) which depends
(46), reSpeCtively. The eXpeCted number of individual On|y on the Shape of our ga|axy_ In F|g 7, we pK)taS a
sources per unit logarithmic frequency is given by function of the core radiusR,, in units of kpc for A
=1,1.5 and 2K is about 0.8 when=1.
- When such an approximation is not valid, we have to
N(vgw) = 21 N(p)(”gw)- (7.7) integrate Eq(7.6). When\ is integer, however, we can in-
- tegrate Eq(7.6) analytically. Evaluating the integrals

The total expected number in the rangergk vy, <v, is D®) (108)-D
N(p)(vgw,e)=f maxtow =0 4 4rr 2 (1)
0

Inv,
N‘°‘=J N(vqy)d(Invgy,). (7.9
gw gw.
Invq _|_fDEﬁ;X(VQW’eHDOerWan(T)
_ D{Fh{qu-€)~Do
WhenD®) (vg,,.€) is much smaller than the distance to 2o ®) ,
the center of our galaxy from uf),, under the assumption wl1- Do+ r°—(Dmax vgw.€))

of the uniform density we can approximate E@.6) as 21Dy ,
A ):4wn(D0)[D(p) o (7.11
Vgw 3 max\ Ygw for Dﬁﬁ’%g(ugw,e)>D0, and
CZTLMC S +D(p)){y 5
=K [D(vgw. @) NO (g0 [ 20 Omaon gz
aGMg 0] T Jog- ol g
D2+r2—(DP (v, ., €))2
:D51$;>Q(VQWye)<D0, (7.9 _-o (Dmax Vgw:©)) ,
2rDg
where (7.12
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for D{P)(vqw,8) <Dy, we find both expressiond.11) and
(7.12 give the same results,
A=1: N(p)(vgw,e)

= —[D“’uvgw,eﬂ%s

3 4
X3 = =ralla(1+rg)+1a(1—rg)]

2
2 2, .2
r (L+rg)c+r
+or2+ 2 (1-r2+rd)in| s
2'a 8ro( fo ra)n(l—ro)2+r§
(7.13
A=2: NP)(py, €)
(p) 3 3
:_[D )é(VgW1e)] ns a[IA(1+rO)
+1a(1—T9)]
3rd [(14rg)2+r?
- | (7.14
8rg [(1—rg)°+rg
where
r,= Da o= Do
N O_—u
: DET?;)&VQW1e) DI(Y?;)&VQW1e)
1 X
IA(X)=—arctar€— . (7.15
ra ra

WhenD ) (v4y.€) is much larger than the core radiu, ,

and the distance between the center of our galaxy andgJs,

Egs.(7.13 and(7.14 can be approximated as
A=1: /\/(p)(vgw,e)

=47DiDP) (Vg €)Ns

:DP) (vgw.€)>Dyg,Da, (7.16
N=2: NP(vy,,6)=m?D3ing :DP) (v4,,€)>Dy,D,
(7.17)

B. Case when the confusion limit is determined
by BHMACHOSs and instrumental noises

PHYSICAL REVIEW D60 083512

log[N®(v,,)]

log[v

oo [Hz]]

FIG. 8. The expected number of the individual sources per loga-
rithmic frequency in each harmonN(p)(qu) in Eq. (7.5 for p
=1,2,3,4,5, We adopt=1, D,=5 kpc, Mg=0.5M and Qh?
=0.1.

hi?'= V(S92 + (hOPH)?+ (h3%9)2, (7.18
whereh®, h°P' andh?°¢ are given in Egs(5.9), (6.1) and
(6.2), respectively.

In Fig. 8, we plot the expected number of individual
sources in each harmonN®(v,) for p=1,2,3,4 and 5.
The solid lines are the expected number for 1, D,=5
kpc, Mgy=0.5M and(2h?=0.1. As we can see in Fig. 8,
the second harmonic at high frequencies is prominent. There-
fore, the estimate of the total number is not affected by errors
in the estimate of the noise level at low frequencies so much,
which errors are partly caused by truncating the summation
atp=10 in Eq.(5.7). In Fig. 9, we plot the maximum dis-
tance of observable individual source defined by
D) (Vg :€pear) for p=1,2,3,4 and 5, wherepeqy is the
eccentricity at which the distribution functidn ¢ (v, ,€;to)
is maximum. As we can see in Fig. 9, the maximum distance
DR (vgw.Epean) EXtENds beyone-10? kpc at high frequen-
cies. This means that almost all halo BHMACHO binaries
radiating gravitational waves at these frequencies can be ob-
served as individual sources. In Fig. 10, we plot the total
expected number of the individual sources per logarithmic
frequency N(vg,), in Eq.(7.7) with the solid line. The dot-
ted line is the expected number using E@.9 with K
=0.8, which is valid forD{f)(v4.,€) <Do. The dashed line

Since neither the abundance of halo CWDBs nor that ofs the expected number using Hg.16), which is valid for

cosmological BHMACHOSs has not been established, we dcpmax( vgw,€)>Do, D

From this figure, we can see that

not know which background determines the confusion limitE9s- (7.9 and (7. 16) are good approximations for
of individual sources. In this subsection, we assume thal ‘haxvgw.€)<Do and forD(an(ng,e)>D0, respectively.
BHMACHOs dominate the energy density of the presentThe total expected numbem“’t in Eq.(7.8) in the range of
universe, and they also determine the amplitude of the gravil0™* Hz<wvg,<10"! Hz is about 792 fon=1, D,=5 kpc,
tational wave background. As we have seen in Sec. VI, undé¥ gn=0.5M ¢ andQh?=0.1.

this assumption it is natural to think that the cosmolog|cal Now we show N'' is approximately proportional to
background dominates the halo background. Then the tota¥l 5 32¥*for Mgy ~M, . Since the second harmonic at high
noise amplitude is determined by frequencies almost completely determiné®!, it is suffi-
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L for N®(v4,,0) given in Eq.(7.16), which turns out to be
- BHMACHOs background case 1 proportiongl toM g,ﬁ with the aid of Eqg.(4.9). On the other
— 2 Mp,=0.5M, —o | hand, wusing Egs. (3.13 and (3.14, we see
E L Qh®=0.1 P E ngfdefy,e,t(’/pveitsgg le7gl|alproxi1rzr162/a£[c)e7ly proportional .to
2| a=t b=3 | V%nyye(vp;to)ocv v Y viiecd V . Thus, we obtain
~ | R,=5kpc | N (vg,) M 287407 from Eq. (7.5). Since the total ex-
g pected number is approximately determined by the maxi-
% or 7 mum value ofN®)(g,), the relationN't«M 5 384%7s ob-
e: i p=4 tained. Here we note th&'°' does not strongly depend on
%E [ =1 : Mgy for Mgy~Mg .°
§0 —2 p=5 _ C. Case when the confusion limit is determined
| | by CWDBs and instrumental noises
P B B In this section we assume that gravitational wave back-
-4 -3 -2 -1 ground due to CWDBs and the instrumental noises deter-
log[v,, [Hz]] mine the confusion limit. As noted at the end of Sec. VI, the

confusion noise level due to CWDBs decreases suddenly at

FIG. 9. The maximum distancB{f)(vgw,€pea) 10 @ source frequencyvg,,~ 10" 2°Hz. Thus, even if the confusion noise
whose gravitational wave amplitude exceeds the threshold value fqeye| is determined by CWDBs at low frequencies, the role
p=1,2,3,4,5, where,., is the eccentricity at which the distribu- ot c\WDBs is replaced with BHMACHOs at high frequen-
tion functionf, ¢ (vy ,€;to) is maximum. The background is due t0 cjes Therefore, the background due to BHMACHOS must be
cosmological BH'\Z/'ACHO binaries and instruments. We adoptgjm|taneously taken into account. However, for simplicity,
Mgr=0.8Mo, 2h"=0.1,A=1 andD,=5 kpc. we ignore the background due to BHMACHOSs in this sub-

section. Instead, we neglect the sudden decrease in the con-
cient to consider onlyp=2 ande<1 case. In this case, from fusion noise level due to CWDBs, and hence the estimate
Eq. (7.4) with Egs.(4.3), (5.11) and(5.12), we find the maxi-  given in this subsection will provide a lower bound for the
mum distanced 7) (v4,.0) is proportional tovgwM3}??%  total expected number.
The expected number per unit Ic()%arithmic frequency, Now, the total noise amplitude is determined by
N(vqw), has a maximum value wheb Vqw,:0)~ Dy, as
we can see in Fig. 9 and Fig. 10. Thnéar)éfogre, the frequency htot=\/(h%P)2+ (h%PY)2+ (h2c%)2, (7.19
vgw at whichN(vg,) has a maximum value is proportional WD - .
to Mg28%407 At this frequency, we can use the expression‘{Vherehv is takgn from Table 7 in Ref40] and we use the
linear interpolation.

As before, since the expected number in the second har-
monic at high frequencies is prominent, the total expected
number is almost insensitive to the noise uncertainty at low
frequencies. In Fig. 11, we plot the maximum distance
D) (vow.Epear) fOr p=1,2,3,4 and 5. In Fig. 12, we plot
the total expected number of the individual sources per unit
logarithmic frequencyN(vg,), in Eq.(7.7). For comparison,
with the dotted line, we plot again the total expected number
per unit logarithmic frequencyN(v,,), when the back-
ground due to BHMACHOSs is dominant. It is the same plot
that is presented by the solid line in Fig. 10. The total ex-
pected numbeN'™! in Eq. (7.8) in the range of 10* Hz
<vgw<10"! Hz is about 329.

log[N(v,,)]

| | VIIl. SUMMARY
-4 -3 —2 -1 In this paper, we have investigated low frequency gravi-
log[v,, [Hz]] tational waves emitted by BHMACHO binaries. We have

o evaluated the gravitational wave background produced by
FIG. 10. The total expected number of the individual sourcesgMACHO binaries in the Milky Way halo. We have also
per logarithmic frequenci(vgy) in Eq. (7.7). The background is o\ ajated the cosmological gravitational wave background

due to cosmological BHMACHO binaries and instruments. The . s e
dotted line is the expected number using E79) with K—0.8, produced by the extragalactic BHMACHO binaries, which is

which is valid for D) (v,,,,€)<D,. The dashed line is the ex-
pected number using E47.16, which is valid for D®) (v, ,€)
>D,. We adoptMgy=0.5M, Oh?=0.1,\=1 andD,=5 kpc. 5This dependence cannot hold for extreme valuedlgf; .
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L tional wave background produced by BHMACHO binaries is

- CWDBs background case o well below the existing observational limits obtained from

2 |- Mpy=0.5M, the pulsar timing, the quasar proper motions, the big bang

L Qh?=0.1 i nucleosynthesis and so on. We have found that one year

| A=1 observation by LISA will be able to reveal at least several
R =5k hundreds of BHMACHO binaries whose gravitational wave

L pc . . . .

? amplitudes exceed the confusion limit when we require the
SNRto be greater than 5 for detection. If the confusion limit
is determined by the noises due to extragalactic BHMACHO
binaries and instruments, the expected number of observable
individual BHMACHO binaries will be about eight hun-
dreds. This suggests that LISA will be able to clarify whether
MACHOSs are primordial black holes or not, together with
the results of LIGO-VIRGO-TAMA-GEO network27,28|.

At frequencies above ~10 22(T/1 yr)~ %Y Mg/
-4 -3 —2 -1 0.5M) "> LISA can measure distances to BHMACHO

log[vg, [Hz]] binaries since binaries significantly change their orbital fre-

quencies through gravitational wave emission within the ob-
servation timeT [44]. Moreover, the LISA’s angular resolu-
Yon is roughly 10° steradians(equivalently, 3 square
degrees at frequenciesvg,,~ 10 2 Hz for SNR=5 [47].
Therefore, it will be possible to draw a map of the distribu-
tion of BHMACHO binaries. Recall that the BHMACHO
binaries trace the mass distribution of the Milky Way halo.

larger than the halo background when we assume that thEn€n, if MACHOs are black holes, it may be possible to
density profile of our halo is isothermal. The root-mean-0Ptain the mass distribution of our galaxy! Note that the
square strain amplitude of the gravitational wave backgroun§*Pected number of BHMACHO binaries is large enough to
due to CWDBs is possibly larger than that due to the eX_obtalr_1 a precise map, and the ma>_<|mum_d_|stance to observ-
tragalactic BHMACHO binaries. However, once the number@Ple individual sources;- 107 kpc, is sufficiently large as

of CWDBs per frequency resolution bin is taken into ac-Shown in Figs. 9 and 11(See Ref[48] for further discus-
count, the cosmological gravitational wave background du&ions)

to extragalactic BHMACHO binaries will determine the con- I reality, the mass of MACHOs inferred from observa-
fusion limit for the detection of individual sources af, ~ 1ONS depends on the halo modelg. Ref.[13]). However

=10"25 Hz. We have found that the cosmological gravita-the total expected numbex'°t of individually observable
BHMACHO binaries does not strongly depend bry for

5 ——T—T— —— — Mgu~Mg. In the case of a general distribution of
L _ MACHOs masses, we should consider binaries made from
different mass BHMACHOs. This is an interesting future
g s problem.

There may be other observational signals of BHMACHOs
except for gravitational waves from BHMACHO binaries

1og[D&), (Vow € pea) [kpPC]]

FIG. 11. The maximum distand@ () (4., ,€pead t0 @ source
whose gravitational wave amplitude exceeds the threshold value f
p=1,2,3,4,5, where,q, is the eccentricity at which the distribu-
tion functionf, ¢ (v, ,€;to) is maximum. The background is due to
CWDBs and instruments. We adoptg=0.5Mo, Qh?=0.1, A
=1 andD,=5 kpc.

= 0 M. —0.5M which are formed in the early universe. For example, we may
a0 % BH™ o be able to detect gravitational waves from BHMACHOSs or-
Z, Oh*=0.1 | biting a massive black hole in a galactic nucld9—51],
3 A=1 4 though the event rate is uncertain. Moreover, massive black
- R,=5kpe | holes in galactic nuclei may be formed from the
_5 CWDB | BHMACHOSs through their merging proce$52]. Gravita-
- S . .
r | tional waves from their mergers may be detected by LISA,
---- BHMACHOs though the event rate is also uncertain. It is a future problem
i o | to obtain a reliable estimate of the event rate for such events.
_a _3 2 1 There are two microlensing events toward the LMC and

log[v.. [Hz]] the Small Magellanic Cloufb3-54. In both events, the lens
& objects are not likely in our halo. However, the fraction of

FIG. 12. The total expected number of the individual sourcesBHMACHOs that are in binaries W'th”2><21014 cm and

per logarithmic frequenci(vy,) in Eq.(7.7). Solid line is the case _MBHZO-SMQ is found to be~0.26% for(2h IO-Z_I-' ta}klng

that the background is due to CWDBs and instruments, and dottethto account the evolution of the BHMACHO binarigé$n

line is the case that the background is due to cosmologicaRef. [27,28, we did not take the evolution into account.

BHMACHO binaries and instruments. We addtgy,=0.5M ¢, Therefore, no detection of halo binary lens events does not

Qh%2=0.1,A=1 andD,=5 kpc. conflict with the BHMACHO scenario.
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APPENDIX: THE CONTRIBUTION FROM HIGH p-TH
HARMONICS

log[F‘SngPo)(ygw)/Fs}’éPa)(ygw)]
o

In this section, we investigate how large the contribution
from high p-th harmonics to the gravitational wave flux in _2
Eqg. (4.14. As we can see in Eq4.14), the gravitational | |
wave flux from BHMACHO binaries in the Milky Way halo — — —

er unit frequency at,, is given b
per unit frequency atg, is giv y loglv,, [Hz]]

|
kS
|
)
|
M
|
—_

FIG. 13. FP=PI(y ) IFP=PI(y ) for Mgy=0.5M¢, Qh?

°° - _ (p=po) ; -
_ 10/3 =0.1 andpy= 1000, whereF (vgw) is the gravitational wave
Fo(vgw) = Lovgw pgl F(p), (A1) flux summed up tillp=pg in Eq. (4.14 or Eq.(Al). The dotted line
is the three percent error line, i.eF,(Vp?p")(ng)/F(VpS”O)(ng)
where =0.03.

1 in Eq. (A4) where the orbital frequency,= v, /p is given
F(p)= p’13’3f de f,ei(vp.&it0)g(p,e).  (A2)  inEq.(4.1) and the semimajor axis, is given in Eq.(3.9).”
0 The distribution function at the present epoéla,e;ty), is
given by Eq.(3.8) and the initial distribution function,
For a fixed larggp=100, g(p,€e) has a peak at~1, and  f(a;,e;), is given by Eq.(2.8). The ranges of; ande; are
the maximum ofg(p,e) is about several times af(p,1)® 0<a;<® and\1-B%<e <0, respectively.
Therefore, for a fixed larg@=100, g(p,e) has an upper Sinceg(p,e) has a peak at~1 for a largep, it is suffi-

bound as cient to consider only +e?’<1 case. When eccentricity is
, near 1, we can express ande; by a, ande as
p
9(p.e)=g(p.)= 5 J5(p) a=au"1+ul?, (A6)
p T3 |* [rasp ,, . 1-e?=(1—e})u1+u] 2, (A7)
~ — e p s
6 22/331/677p1/3 27/334/3,”_2 where

4

where we use EqAl) in Ref. [32] at the second equality (1-€))7? A8)
—e?) "4

and we use the asymptotic formula for Bessel function at the
third equality. Using this relation, E4A2) becomes

u:

P
2k
The above equations can be derived from E§s3), (2.9

and the fact that the difference between the coalescence time

1
_ ~—13/3 . . . .
Fp)=p fo de f,ct(vp.€ito)g(p.e) att=t; and that at=t, is to. For givena,, there ise, that
satisfiesu=1 as

1
<p~¥%(p,1) fo de f, ¢(vp,€to). (A4) \/TSN
w3 ~

Next, we integrate .
Fore,<e<1, we can approximate Eq8A6) and (A7) as

Jodefy,e,t(vp,e;to)=3—%fodef(ap.e;to), (A5) aj=apu

"We add the subscrigi to a in order to emphasize that the semi-
5We have not proved this fact. However we confirmed this nu-major axisa depends omp for a fixed gravitational wave frequency
merically. Vaw-
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1-e’=(1-e’)u?, (A10)

sinceu<1. For O<e<e,, we can approximate Eq$A6)
and (A7) as

aizap y
1-e?=1-¢?, (A11)

sinceu>1. Note that Eq(A11) is a good approximation for

PHYSICAL REVIEW D60 083512

u>1 even when +e?~1.

We separate the integration range of E45) into two
parts, 06<e<e, and e,<e<1. In each range, we use the
approximate relations of Eq$A10) and (All). Firstly, we
integrate Eq(A5) in the range of 8<e<e,. Sincee=g; for
0<e<e, and J1-pB?<ej<1 have to be satisfied, the inte-
gration range is\/l—,82<e<ep. The present distribution
function f(a,,e;tg) is the same as the initial distribution
functionf;(a;,g;), since the relations in E4A11l) are satis-
fied for 0<e<e,. We perform the integration as

Jepdef ( e-t)=ﬁrpdef(a e:to)
0 vet{Vp,Eilo 3Vp 0 p:&ilo

~2&1p €
3Vp Vi-p2
~2ap €p
3Vp 1—

1 ap 3/4 . 3/4
— | = expg —| —
2 Vp\ aX aX

de f(a,,e;ty)

2 de fi(a,,e)

a

|

- L( &) 3/4
(1-€3)*2\ ax/

1 a, 3/4 a, 3/4 , a, a7 a, 3/4
2vp | ax ax Qo ax
[0 a,<B Y,
312
1 a a 417 o
= al %e “p —4/7 —28/37,16/37, 21/37
2vp'8( a;> 2 B "ag<a,=g ag (ax)
= 1 [a 3/4
~ | % —28/37,16/37, " 21/37 v
2Vp<a7) B ap (ax)“P=a,<ax
(0 P<pi
312
1 a a 4/7
—gw —gw 50/21 <p=<
Zygwﬂ< a;) ao p P1<p=p:2
= 3/4 (A12)
L [Bgu) P2=p<p
2ng ax 2 :
\ 0 Ps<p,
whereag,, is defined as
agw=(27vgy) “ZI G(Mp1 + Mgpp) [¥3=p~2%a,, (A13)
and
-3/2
_ p-6/7 Sow
p1=8 (A14)
dp
—24/37 —-63/74
p —,8‘42/37(M (aiﬂ) (A15)
dp axX
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a
_ gw
pPs=| —
aX

-3/2
(Al6)

In Eq. (A12), the first range op is determined by the conditioe,<\1— 3, where the integration range becomes zero. The
second range g is determined by the conditiop(a,/a,)*"(a,/ax)**<1, where we can expand out the second exponential

in Eqg. (A12) with good accuracy. The third range pfis determined by the conditionag/a;)y“: 1, where the integration
begins to damp exponentially.
Secondly, we integrate E¢A5) in the range ok <e<1. Using the relations in EJA10), we perform the integration as

fld f, et tg)= —pfld f( t)—~—pf1d = L-ef
er, Vy, €, e 1a,,e, e
c, et Vp 0 3, ‘, p 0 3v, e ap 1-¢?

fl q 1 B apail/2 a (1ei2)3/2 B a 3/4
= ede— . i exd — — 2 [ S
e 2Vp (1—e))¥ (ax)¥?ap 1—¢e° (1—e2)2| gx
312 3
1 1 B a, L B a, .
% 2V (1-e)¥ ax (1—-e)7\ ax
P

(1—e2)12ex;{—ﬂ< ap) %
ax

Qo

312
) fi(a;.e)

—10

P (1_e2)37/4‘|

fl . 1 B ap 3/2 a
=| ede;—B| =] |
€p 2Vp aX

Qo

45/74 437
— 1 — 7137 iP_ % J dé 57/3 exp(— &)
37;/p ax ay Bla, /a;)3/4(ap ,ao)—lo(l_ es) —37/4
45/74 — 437
a 44
— g gw
=3B = — r( 37) p*a. (A17)
Vgw aX Qo

Using Egs.(A3), (A12) and(Al7), F(p) in Eq. (A4) can be approximated as

f(p)sp‘”’?’g(p,l)fdefv,e,,(v ,e5t0)

[1"(1/3)]2 -3 1 eP .
~ ml) epdef,,,e,,(vp,e,to)-l- o def,,,e,,(vp,e,to)

-

(ram? 67 ag| ™ “"” ) o

27/334/371_2}’ | 37w (a_;) F( 37/P 0

p<p1

[T(173)]? B "7 45”4 _4/37 44\ n. B [a ” ag,\ " 5021

27/334/3,,T2p | 37v, (_) F(f)p +-2V7.:(E) (a—o) P ]
= J pi<psp, (A9

[F(1/3)]2 _3 3—7/37 45,74 _4/37 44 473 1 Agw W 32

27/334/37T2p (_) 1"(5717 +2ng(a_)?) P J

P2Sp<p;

[ras)y _, 'B " 45”4 T[4

27/334/37721’ (_) F(3_7 pro0

L :p3<p.

The summation ofF(p) with respect t@ in Eq. (A1) can be approximated as the integration with respept Tthe integration
of F(p) can be performed as
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- > p p °°
S(po)= S, Fip)~ dpf(p>=f 2dpf<p>+f ‘°’dpf<p>+f dp F(p)
P=Po Po Po P2 pP3

<[F(1/3)]2 :8_7/37 a 45174 a —4/37F 44 3 o p:°c+ B a 812
T o1334/3, 2 37vgy aX ag 37 Ep b=po 2vgy a_;

a A[7] p=py

=l

g P

E’ 8/21}

P=Pg

1 {a\®
+ R _ —1/27|P=P3
ZVQW( ax) [—2p s

) 45/74 —4/37 87I74; _\ 12/37 3/2
_ [P |3 s @ a I 44 o 23y 3_7321/3 a a A
2734352, | 74 x| a, 37/ T 16 ax) ag ax|
32
21 [ a a\4
I M B e -1
1GB< a;) g Po ] A

where we consider the casef< p,<p,. All the contribu-  of stpgpo)(ygw) is less than a few percent af, <10 2%
tion from high p-th harmonics withpo<p to the gravita- , At Vgw= 10725 Hz, the error Oﬂ:(vpspo)(ygw) seems to

tional wave flux in Eq(A1) is given by be large, however this is merely overestimation of the error.
(p=po) 10/3 As we can see in Fig. 3, the results summed uppti# 10
F, (vgw)=IL Vg S(Po)- (A20) coincide witzhsthe results summed up til= 1000 very well
) (P=po) (P=po) atvg,=10"“"Hz, and this indicates that the error due to the
In Fig. 13, "‘;e plotF," ™ (vgu)/F, (V(%‘l)p Ior MB_H cutoff of high harmonics is small atg,=10"%° Hz. To
=0.5M¢, 2h“=0.1 andp,= 1000, whereF " "*(vg,) IS conclude, it is sufficient to sum up tip~ 1000 in Eq.(A1)
the gravitational wave flux summed up = py. The error  for a few percent precision.
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