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Photon spectrum produced by the late decay of a cosmic neutrino background
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We obtain the photon spectrum induced by a cosmic background of unstable neutrinos. We study the
spectrum in a variety of cosmological scenarios and also we allow for the neutrinos having a momentum
distribution (only a critical matter-dominated universe and neutrinos at rest have been considered until now
Our results can be helpful when extracting bounds on neutrino electric and magnetic moments from cosmic
photon background observatioi§0556-282(99)00118-4

PACS numbsgfs): 98.80—k, 14.60.St

[. INTRODUCTION the eventual case of a positive signal that may come from
decays of relic neutrinos, the general study of the conse-
Recent indications for neutrino masgé$ have strength- quences of the decay that we perform in the present paper
ened the interest in physical effects linked to massive neutriwould become quite necessary. Apart from the above-
nos. In this paper we shall be concerned with one of theseentioned references, other papers treating unstable neutri-
effects, namely, with the fact that massive neutrinos can haveos in a cosmological context are listed[B].
nonzero electromagnetic form factors and can be unstable Nonvanishing values qk;; and/ore;; lead to other poten-
due to radiative decay processes. tial effects besides the ones considered in this paper. For
Specifically, we shall be interested in the contribution ofexample, plasmon decay into neutrinos in stellar media is
decaysv;— v;y, when coming from a cosmologica| den-  constrained by arguments of stellar energy loss. This leads,
sity, to the cosmic photon background. A previous study ofin general, to limits that are quite stringe®]. We would
such phenomena was performed by Ressell and Tué&jer like to point out that when neutrinos are close to a degenera-
(see also[3]). These authors considered the photon backtion in mass, the limits obtained using Ed) may be rel-
ground at different photon energies and constrained the ravant since in this casem?/m;<1. In any case, the spirit of
diative decay of a cosmic density of massive neutrinos. Rethe present paper is not phenomenological. Rather, as we
cently, Biller etal. [4] have improved substantially the said, we would like to generalize previous studies on the
constraints in the infrared region by making use of the effecsubject.
of y—y interactions giving electron-positron pairs, where The organization of the paper is as follows. In Sec. Il we
one vy is a background infrared photon, and the other is a&xamine the contribution to the photon background of the
TeV y coming from an active galaxy. We may expect furtherdecay;— v;y in different cosmological scenarios, keeping
improvements in the future, along the lines used4hor  the assumption that the neutringsdecay at rest. In Sec. Il
perhaps with some new ideas and/or observations. we drop this assumption and study the decays of neutrinos
Constraints on the neutrino lifetime lead to limits on thewith a momentum distribution. We devote Sec. IV to the
magnetic and electric transition momengs; and ¢;, of  conclusions. Some technical details are developed in two ap-
neutrinos. The neutrino lifetime is related to these param- pendixes.
eters,

3 II. DECAYING NEUTRINOS AT REST

E:|Mij|2+|€ij|2(Am2 n

m;

T 8m In this section we shall calculate the photon spectrum pro-

duced by the decay of a cosmic background of neutrinos at
i) rest. We shall consider the two-body decay of a neutrino
07)- . o . .

All the studies performed until now make the simplifying W!th massm,. into a photon and a neutrino with masg,
assumptions that the decays are produ¢Bdin a critical ¥V'th mi>mit L Vi vty Thet ?ubschr!prt]s_,] :%’2’3 stan(tj)_
matter-dominated universe aifg) by neutrinos at rest. Al- or any Neutrino mass eigenstate, which 1s a inear combina-

ion of the three weak eigenstates,v, ,v,. When a neu-

though this might be enough for the results obtained unti{. d  rest the ohot ST b
now, in the future it may be interesting to study the contri- fino decays at rest the photon energy IS given by

bution to the photon background with more generality. In a

more general framework we can be able to see how the limits 2

on the neutrino lifetime depend on different assumptions, EO:A_m’ 2
and we can extract more precise and reliable bounds. Also, in 2m;

where Am?=m—m?, andB is the branching rati@R(v;
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with Am?=m?—m?. The cosmic expansion redshifts the 1(2) - dz 1
photon energy. A photon that at present has en&gyas t(z)zf zf - —. (10
produced at a redshift, given by 0 z 142" H(Z')

€o Equation(9) is our final expression for the photon energy
1+Z°=E' (3)  flux per unit energy and solid angle produced by the decay of
a cosmic background of neutrinos with negligible velocities.

Let F be the present energy flux of photons with enegy 't holds for any isotropic and homogeneous universe and for

produced by neutrino decay. The flux per unit energy and"y_equation of state for the cosmic fluid.
solid angle is given by Once the expansion raté(z) is given, one can calculate

t(z) with Eq. (10) and then calculatel(zy) andt(zg) using

d?F d?F, Eq. (3). Plugging the result into Eq9) one obtains the pho-

=E , (4)  ton spectrum as a function of the photon eneEgyAs ex-
dE dQ dE dQ : . :
amples we shall consider three different cosmological sce-
narios: a power-law expansion and two observationally more
motivated scenarios, an open universe filled only with matter
and a flat universe with matter and a nonzero cosmological

whereF, is the particle flux at present. It is related to the
particle flux at emission time by the relation

d2F 1 d2F 1 1 constantA.
dQn = 3 dQn (t(20))= 7= ———— on,(t(2)), First, let us take a power-law expansion. The Hubble ex-
(1+2o) 47 (1+2) pansion rate and the expansion time are given, respectively,
® by
where we have included the factor of dilution €%,) 3 H(z)=Ho(1+2)", (11)

produced by the expansion of the universe. The photon den-
sity emitted afz, is given by the usual decay law

1
Hot(z): -

. 2
n(1+2z)" 12

St
ony(t(z0))=B-——n, (t(zo)), (6)
with n=0 andH, being the Hubble constaff]. Particular
where 7 is the neutrino lifetime and is the branching ratio examples include a critical -dominated universen=0), an

for the radiative decay. For a fixed emission tiné  empty open universenE1), a flat matter-dominated uni-
=H %(z,)dE/E, whereH(z) is the Hubble expansion rate verse o=3/2), and a flat radiation-dominated universe (

at timet(z). Writing everything together we obtain =2). For a critical matter-dominated universe we obtain
d?F 1 n,(tz)) B d?Fe 1 Nt [E\¥2 2 1 32
dEA0 ~ 4m (17297 (o) @) dEdQ 47 Hy \eo) P 37Hgle - 1Y

Choosing a timet,< 7, otherwise arbitrary, and calling the The only case studied in the literature is a critical matter-

expansion age of the universg we can write dominated universe(§,=87Gp,/3H2=1, wherep,, is the
present matter densjtyvith m;=0 [2-4]. In this case and
n, (t(zo))  n,(tp) t(zo)—t, when >H,* we obtain

(1+20° [1+ztpP T 7

d2FE 1 F'vi(tO) E 312
t(ZO)_tp (8) dEd&)_E THO m|/2 '

Eﬁvi(tO)eXp_ f!

(14

in agreement with previous results.
wheren, (to) would be the present number density of neu- For an open universe with matter density in critical den-

trinos if they did not decay. Taking,=0 and substituting sity units2o<<1, one has
Eq. (8) into Eq.(7), we finally obtain

H(2)=HoVQ(1+2)%+ Qo(1+2)3, (15)
szE B T-]Vi(tO) t(ZO)
=— exp— —, (9 1 VO +Qu(1+2)
dEdQ 47 7H =
™ TH(2o) ’ Hot(2) Qy 1+z
for any E<e,. For E> ¢ the photon flux vanishes because O Oo(152)
photons cannot be produced with energy larger thaty _ & n‘/Q_k+ Qk+QO(1+Z), (16)
neutrinos decaying at rest. From now on we shallBsetl. (05 VQo(1+2)
The expansion time(z) is given in terms ofH(z) by the
following integral: whereQ,=1-Q,,.
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FIG. 1. We plot the normalized spectrumd®Fg/ FIG. 3. Same as Fig. 1 but withtH,=0.1.

dE dQ)/(ﬁVi(tO)/47-r) versusE/ ey when rHy=10. The solid line
represents the cosmological modg}=1 andQ,=0. The dashed
line is the modeK),=0.3 andQ2, =0. The dotted line i€),=0.3
and(,=0.7.

7Ho=10, 1, and 0.1, respectively. For an open universe and
a flat universe with a nonzero cosmological constant, we
choose the values of the density parameters that seem to be
observationally favoredf);=0.3 and( ,=0.7[8].

For the first modelQ)y=1 andQ, =0, one can see that
the spectrum has a maximum at

The last example that we solve is a flat universe filled
with matter and a nonvanishing cosmological constant
The contents in matter is given I6y, and the contribution of
the cosmological constant BAEABHS: 1-Qg. The ex-

pansion rate and the expansion time at redshéte given, 3 2/3 o\ 2/3 €
tively, b S == -
respectively, by E max (ZTHO) €0 (to) € 17207’ (19
H(Z):Ho\QA+Qo(1+Z) , (17)

3 with Eax in the kinematically allowed regiork ., <€ as
VOA+ VDL +O0(142) . long as 7<t,. The value of the normalized spectrum at

Hot(Z): n —
3V, VQ(1+2)3 the maximum is @*Fe/dE dQ)/(n, (to)/4m)=23/2

(18) =0.558 ... independent ofrH,. As TH, decreases the
shape of the spectrum becomes narrower and peaked to
lower values ofE. This reflects the fact that when the life-
time 7 is smaller than the age of the univertgg most neu-
06 ——————— _ - - trinos have already decayed, and the energy of the photons
produced in the decay has been redshifted to low valués of
The differences in the spectrum for the different cosmologi-
cal models are easy to understand. Let us compare the criti-
T cal matter-dominated model with the flat model with nonva-
04 - PR S nishing A (the open model falls in betwegrFor E—0 the
e ] photons are produced at largg when the Hubble expansion
T ] factor for the nonvanishing model is smaller thail(z) in
A ] the critical matter-dominated model by a factgl—Q,,
- s | while the term exp-t/7 in Eq. (9) becomes unity for both
02 models. Therefore, the spectrum is higher wider 0 for E
s ] small. On the other hand, whéih- €, the photons have just
1 been produced, at the same expansion kaebut with an
7 1 age for theA model older than the age for the critical matter-
P L dominated case. Consequently, the term-etXp makes the
0 02 04 06 08 ! spectrum for the critical matter-dominated model higher than
E/% for the flat nonzeroA model in the range of larg&. The
position of the maximum in the spectrum when one has a
FIG. 2. Same as Fig. 1 but wittH,=1. nonvanishingA is given by

We plot in Figs. 1, 2, and 3 the photon spectr(@nin the
three cases listed above, for three different valuesr,of

d?F,/dRdQ (norm.)
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3 23 20, 2/3 Thg functionsf; andf, are the statistical momentum distri-
EmaX=<§7HO) > 2) 0 butions of the decay pro_qucﬁg ar!d v, respectively. The
1+1+90, 7Hj averaged square probability amplitude of the det2d) is
3 23 given by
<<§THO) €0, (20)
m® 1
which is smaller than the value &;,,, whenA=0. | M|?= 167TA_n|12 pt (24

We have shown that the differences in the shape of the
photon spectrum introduced by the cosmological energy den-
sity parameters are small. Only a very accurate determinatiofoy g fixed redshiftz (or fixed €) the time increment ist
of the photon spectrum by observation could be useful to- 1y(z)~1dE/E. The inverse procesyv;—v; can be ne-
discriminate among different cosmological models, providedg|ected wherm,>m; since at the late timesr(- HEl)y we
that neutrinos turned out to be unstable watlpriori known are interested in theJ photon energy that is about kv ~ 3
7Ho~1. On the other hand, if the photon spectrum was wellg ' ,ch smaller than the neutrino mass~0.1 eV. In order
measured and was unknown, the small sensitivity of the 1, gptain analytic expressions for the final spectrum we will
spectrum to the energy contents of the universe would allovyisg peglect Pauli blocking and stimulated emission, which
a fair determination ofr. are expected to produce small corrections. With these ap-

proximations we can write
. UNSTABLE NEUTRINOS
WITH A DISTRIBUTION OF MOMENTA

d’Fe 1 [ d% d°p; d%p;
In this section we shall calculate the spectrum of photons §g g0 ~ EJ’ 3 3 J 35
produced by a cosmic background of unstable neutrinos (2m)2e) (2m)°2€ ) (2m)"2¢|
which are not at rest but decay with a statistical distribution 1 f.
of momentaf;(p;). Besides the expansion and geometric ef- X (2m)* 8™ (p;— pj_p)|M|2W 14703
fects discussed in Sec. Il, the photon spectrum will also in- (1+2)
clude features arising from this momentum distribution. (25

As always we consider the two-body decay

- - - We shall now relatd; at timet(z) with the distribution
viei pi) = vi(€.py) + v(€p), @D function; that the neutrinos; would have at present if they

) had not decayed. The evolution 6f is governed by the
where the energy and three momentum of each particle argq|t;mann equation

indicated. A photon is produced with an energyat time
t(z); at present its energy has been redshiftedt twith €

=(1+2)E. df; 1 d°p, d°p
The present photon energy flux per solid angle with en- dat 2_f 3 j 3
ergy betweerE andE+dE can be written as €/ (2m)72e) (2m)72e
X (2m)*6W(p;—p;—p)|M[?
d?Fg 1 ( d%p 1 R
Z E_ - = - X[fi(1=f)(1+f )—(1—F)f . ]. (206
a1 @m? rap PP @2 R o

Neglecting Pauli blocking, Bose stimulation, and the inverse

whered®p/(2m)®5f (p,2) is the photon number density, in- process, and using E64) we get the differential equation
cluding both photon helicities, produced by neutrinos decay-

ing at redshift betweer andz+dz; these photons are pro- ~

duced with energy betweenand e+de. The origin of the dfi(pi(t),t) 1m .

term 1/(1+2)2 is the same as when the’s decay at rest. dt 7 ?ifi(pi(t)’t)' (27
The incrementsf,, is given by the collision term of the

Boltzmann equatiofi9] _ _ _
which can easily be solved to obtain

5% (B.2)= o &P &*p,
y P,z)= Z 3 f 35 i ) dt m
(2mr2el (2m2s (OO Gt e [ - 29
><(27T)45(4)(pi—p,~—p)|/\/l|2 p T o&(t)
XA+ —A-T)fT, ot where we choose the arbitrary constant titpeo bet,<r.
(23 Including the (1 z) ~3 that appears in E425) we can write
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T oz o G os
(1+2° [tz Pite
exp— LT oet)
=Ti(q,to)d%q ex ot m
q,to)dq exp- W7 et

(29

where q=p;(t,)/[1+2(t,)]=pi(t)/(1+2) is the neutrino
momentum at,. The distribution functioﬁi(ﬁ,to) would be
the neutrino distribution function at present if thg¢s were
stable. In Appendix A we derive its expression.

Making use of Eqs(24), (25), and(29) we get

d’Fe 1 dp d3q d®p,
dEdQY 47 (2m)%2e) (2m)2¢) (2m)%2¢
x(2m)* ) (pi—p;—p) d(ei—€j— )

3

167 1 F.(q,t0) tav_m
7TAmZTH(Z) A e
(30
with
€; ]: \m|2’J+6|'21, (31)
=(1+2)q, (32
e=|p|=(1+2)E (33

The momentunp; can be integrated out using®(p;—p,

—p). The lower limit of the integral in the exponential can

be set to 0,=0. Assuming isotropy foEi and using Eq.
(33) we can finally write the following expression for the
photon spectrum produced by the decaying neutrinos

dEdQ fdtl(z(t)) f1+zH(z)'(Z) (34)

PHYSICAL REVIEW B0 083503

Q.

(36)

<
Il
3

We have defined the “kinematically contracted expansion
time”

t(2)
dt—————=

m.

ny.2)= @)
dz 1 1

:J; 1+2 H(Z') J1+y3(1+2)?

which reduces to the ordinary expansion time only#0,
7(0,2)=t(2). In Appendix B we calculate analytically the
function 7(y,z) for the three scenarios defined in Sec. Il.
Equation(34) has to be multiplied by a factor 2 if, as is
usually assumed, there is a cosmological population of an-

tineutrinosv; with the same distribution function as the
and theCP symmetry is not broken in the decay.

The physical meaning of the different terms in E8p) is
straightforward: there is a sum over all possible momenta
with which the neutrinog;; can decay, each particular mo-
mentum weighed by the decay probability per unit time
7 1(m;/€&)f; exp—77. The time dilation factore;/m; that
appears multiplyingr, in the factor before the exponential
and in the exponent, takes into account the relativistic delay
in the decay of moving neutrinos. The term+%) accom-
panyingE stems from the cosmic expansion, which redshifts
the photon energy. The terfi1+z)/(1+ z,)]? accounts for
the photon phase space. Finally, Diradsnforces energy
conservation. Each photon is Doppler shifted by the motion
of the neutrino that emits it. The energy of the emitted pho-
ton in the rest frame of the decaying neutriag is blue-
shifted if cos#>0 (emitter »; and emittedy moving in the
same directiopor redshifted if co9<0 (v; andy moving in
opposite directions

Equationq34) and(35) are the main result of this section.
They give the spectrum of photons produced by the decay of
a cosmic background of neutrinos. They hold for an arbitrary
Robertson-Walker geometry and equation of state of the uni-
verse, and for any isotropic, nondegenerate momentum dis-
tribution of the neutrino background.

As a consistency check we evaluate E(#) and (35)

whenf;(a)=(27)°n, (t) (), i.e., all thew; are at rest,

(37

wherel (z(t)) is the energy flux per unit photon energy and and we recover E¢(9).

the solid angle produced betweeandt+dt and is given by

d®q . . 1m 1y,z)
E—f 2 (D e — (14 2E
25 (1+2)E m/2 (35)
Z T
1+7 €—|pi|cosé

The redshiftz, has been defined in Ed3). The angular

We can also calculate the total photon flux per solid angle
at the present time produced by unstable neutrinos with an

arbitrary f;(q)

an_de d’Fg
dQ ) E dEdQ
d’q .. - 7(y,0)
=1 (Zw)sfi(q)<1—exm7) (38

variabled is the angle between the momentum of the decay-
ing neutrino and the momentum of the emitted photon, andlf T<Hgl we find
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with 8 a constant, which renders

dF, 1 d3q z 1. 29
A0 a7) (2m)p fi(q)= 2, (1), (39 3
szE 1 nvi(to)
as one should expect, since in this regimevalave already dEdQ  4m H(zo) exp
decayed into photons.
Next we shall consider the example in whithis given ~ H(20) (4-12"){(n+3)I'(n+3)B
by the momentum distribution of the standard stable neutrino T 34(3)7H,
backgroundsee Appendix A " m
X —
1 InTO (45)

!
12

=, (40
exgq|/To+1

For example, in a critical radiation-dominated universe we

whereT, is the present neutrino temperature and we have sdtave to make use of E¢45) with n=2 andg=1/2, see Eq.
the neutrino chemical potential to zero. We shall study theB11),

limit m;>T,. The motion of the nonrelativistie; will intro-

duce small corrections to the photon spectrum when com-
pared to the spectrum produced by neutrinos decaying at
rest. In order to calculate these corrections we shall need the

asymptotic expressions off{(y,z) when y=|q|/m;—0,

d*Fe

1 ﬁvi(tO)

t(zo)

dEAQ 47 H(zg)

154(5)

T

To

m;
In—+ -

write

HoZ(y,2) =Hot(z) —ay"+ -, (41)

which are calculated in Appendix B. In most cases we can ><<1+

2§<3>rHo<m.> To ) (48

with £(5)=1.03@®.. ..
In all the above examples the leading correction is inde-

where a is a constant and we neglect terms that decreasgendent of E and positive. There are more photons at

faster tharny” wheny—0. Plugging Egs(41) and(40) into
Egs.(34) and (35) we obtain

PFe 1 Nyt t(zg)
dEAQ 47 H(zg) P 7

( [2—1(2""H]¢(n+3)(n+3)a
x|1 37(3)Ho

| (42

where {(x) is the Riemann zeta function add(x) is the
Euler gamma function. For instance, in a universe vtk
~1 one hasn=3/2 and a=Q, ' (1/4)?/6\/=, see Egs.
(B9), (B22), and(B26). Equation(42) is then

d?Fe 1 Ny(to)
dEdQ ~ 47 H(zg) P

X(l 35(1—1/8v2) £(9/2)T (1/4)2

t(zp)

481(3)QgrH,
TO 3/2
X(ﬁ) +---], (43
with £(9/2)=1.0547 ..., {(3)=1.202L..., and ['(1/4)

=3.62%....

It is also possible to obtain the following asymptotic form

of 7(y,2):

HoZ(y,2) =Hot(2) + By"Iny+ - - - (44)

present, with a given enerdy, compared to the case when
the neutrinos decay at rest. The dominant effect is the time
dilation in the decay of the neutrinos includedty,z)/ 7.
Photons with present ener@yare produced at+z~ ¢y/E;
there are more neutrinos available at titge) if the decay is
delayed, and therefore more photons with endeggan be
produced. There is a second effect of time delay that goes in
the opposite direction, the number of photons produced at
t(z) decreases since the decay probability is inversely pro-
portional to the dilation factor, but this second effect is order
(To/m;)? and therefore subleading.

We notice that, in general, the natural expansion param-
eter for7(y,z) is y? or equivalently To/m;)*2 in the final
photon spectrum, if we assume the distributi@®). High
precision determination of the photon spectrum would re-
quire analytic calculation of higher orders ifig/m;)*2 In
addition, the small corrections introduced by Pauli blocking
and stimulated emission can be important when compared
with the relativistic corrections we have calculaf&]. An
accurate determination of the photon spectrum including all
these statistical effects can only be performed numerically,
which goes beyond the scope of the present paper. We think
that the analytic expressions that we have found can be use-
ful for understanding the physics of a late decaying cosmic
neutrino background, in spite of the fact that we neglect con-
tributions that should be included in a complete numerical
study.

While in the case that the neutrinos decay at rest, the
photon flux vanishes wheB> ¢y, and now it is possible to
have a photon flux with energy higher thap, albeit very
small, since when a moving neutrino decays it can emit a
Doppler blueshifted photon with energy higher thap
From Egs.(34), (35), and(40) we obtain
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Of course one should introduce the appropriate changes in
the equations of our paper.

dFr 1 Nt 1 m(E\2 1mE
47 Hy 37(3) Toleg) TP 2T, e’
(47 ACKNOWLEDGMENTS
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the neutrinos, which act as the photon source, are distributed
thermally. The cosmic expansion and the decay kinematics
render a photon distribution that is out of equilibrium. Later

interaction of the decay products with matter could restore
thermal equilibrium. However, we always assume that the |n this appendix we shall study the momentum distribu-
decay happens after decoupling of matter and radiation, i.etion of a relic cosmic background of stable neutrinos with
7>300 000 yr, therefore the decay produced photons nevehassm. We neglect the neutrino chemical potential setting it

APPENDIX A: DISTRIBUTION OF MOMENTA
FOR A STABLE NEUTRINO COSMIC BACKGROUND

attain thermal equilibrium. to zero although our results could easily be generalized to
include a nonvanishing chemical potential.
IV. CONCLUSIONS Neutrinos decouple from the primordial plasma of pho-

In thi h died th buti he oh tons, electrons and baryonstat-1 s, when the temperature
n this paper we have studied the contribution to the phosg 1 \ev. Hereafter, they freely stream without any

ton background of a cosmological density of decaying neuy, e nongravitational interactions. Particle number conser-

trinos. We first have adopted the assumption that Neutrinog,tion gives the following relation between the momentum

decay at rest and hfave investigated the flulxes In d'f.ferenaistribution at timet>t, and the momentum distribution at
cosmological scenariogl) a power-law cosmic expansion, decoupling timet,

(2) an open universe filled only with matter, and fina(8) a
flat universe with matter and a nonzero cosmological con-
stant A. We have calculated the exact formulas for these

cases, and found the maximum of the spectrum as a functlovr\}ith the neutrino momenta related lEytIZd ag/a, a being
of the photon energy.

The differences among the scenarios are not large. Thit € C.OSW."C e_xpansion factor. l_Jnt_iI tintg the dis'Frib_utio_n

result has the consequence that, when the observed phot unnctlon is given by the Fermi-Dirac thermal distribution,

spectrum is used to constrain the neutrino lifetime, the limit erefore,

does not depend too much on the energy content of the uni- ) 1

verse. f(kt)=
Second, we have studied the consequences for the photon

background when the decaying neutrinos have a momentum . 2 .

distribution. We have worked out the relevant formulas forThe energy at decouplingy= vm*+ kg can be written as

the scenariogl), (2), and (3) mentioned earlier. We have _

also particularized our equations to the standard neutrino Eq m? k2

background. In all the cases, to compare with the photon T_d: ?J“E (A3)

spectrum calculated for neutrinos at rest, we have determined d

the first relativistic correction in our formulas. , where the neutrino temperatufeis related to the neutrino
In the literature only the case of neutrinos decaying at resfemperature at decouplinig=T, ay/a. Writing everything

in a critical matter-dominate_d universe has been treated,; thifbgether we obtain
corresponds to Eq14). In this paper we have performed a
1 \/ m k) (A4)
+ex —+—= .
P T3 T2

f(K,t)=f(Kg,tg), (A1)

expEy/Ty+1° (A2)

general study of the photon spectrum that will allow us to

obtain reliable bounds on electromagnetic neutrino proper- f(k,t)=
ties using photon background observations. Also, in the case

of an eventual positive signal, the spectrum we have calcu-

lated would be helpful to obtain an observational determinaThis distribution reduces to a thermal distribution only if the
tion of the lifetimer. neutrinos are extremely relativistit>m, or nonrelativistic,

A final comment is that we believe that our calculationsT<<m, from the decoupling time until the preseffibr non-
may be useful when considering scenarios of radiatively derelativistic neutrinos one has to redefine the tempera{@ie
caying particles, for example, the type considered by Sciamahe neutrino temperaturgis related to the photon tempera-
[10] that might be the explanation for the observed ionizatiorture by the reIationT=(4/11)1’3Ty. We are interested in a
of intergalactic hydrogen. As another example, our result:ieutrino mass abouh~0.1 eV, hence the neutrinos are ex-
can be applied to the contribution to the photon backgroundremely relativistic at the decoupling time but nonrelativistic
coming from a relic scalar or pseudoscalar particle densityat present because noviy~1.7x10 % eV. Neglecting the
decaying into two photons of the type considerefllib,12. termm/T4<<1 in Eq.(A4) we finally obtain
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N 1 1 1 1
R R— A5 HoZ(y,2)=
B explK|/T(t)+1 (A5) o7ly.2) n+1 1+y%(1+2)2 (1+2)"

Note that, in general, this is not a thermal distribution since <El 1L n+3, 1

in the Fermi-Dirac distribution one hd&= \/m?+k? which 2" 2 "1+4y?(1+2)?)’
in our case has been replaced |u£y Strictly speaking we .
cannot call the paramet@rthe neutrino temperature, but we Wh:h holt(_js Tor an)nzlo. f EdB2 it f
use this term anyway since it does not cause any confusion. s particular examples of Eq .)’ We wr .eﬂy,z) ora
We make use of EqA5) in Sec. Ill to calculate the spec- Curvature and a flat matter-dominated univense;1, 3/2,
trum of decay-produced photons. respectively,

(B4)

HoTTy.2)| N \/1+y7(1+z)2 B5)
!Z =1= 4 -

APPENDIX B: CALCULATION OF THE FUNCTION T 02 Zln-1= Y 1+z

The integralZ(y,z) defined in Eq.(37) can be solved in | v 1 T (1142 2 [1+y*(1+2)7]%
terms of elementary and special functions. We shall consider ° Y:2)In=ar2 6\ y 3 (1+2)%?
separately the three cases introduced in Sec. Il.

3 11 yX1+2)7?
1. Power-law cosmic expansion xXF| = 4 4 Z’1+y2(1+ 2)2 (B6)

When the Hubble function is given by the power lgid)
we have to calculate the following integral: 1 5 3p. 2 V1+y?(1+2)?
=——I(Udy’+ - ————

» dv 1 6/ 3 (1+2)37
HoZly,z)= — e, (B1)
1+2y" T 14 y?v?

1-y?(1+2)%2 1
wheren=0. This integral can be related, by means of the '

+ 1y?”ZF( arccos—————— ,—
3 [1+y(1+2)]?'V2

change of integration variable=y?v?/(1+y?v?), to the in- (B7)

completep function, which in turn is related to the hyper- ) ) _ o

geometric functiorF(a, B; y;u) =.F(a, B; v;u) [13]. The functionF ( ¢,k) is the incomplete elliptic integral of the
For n not an even integer we obtain first kind, see Appendl)(BZ) In the limit y—>0 the above

expressions become
L(=ni2T[(n+1)/2]

HoT(y,2)= 2 m y HoZ(Y,2)[n=1=Hot(2)[n=1—y+O(y?), (B8)
o
1
1/Vi+y*(1+2) A HOT(Y:Z)|n=3/2:Hot(z)|n=3/2_$F(1/4)2y3/2+0(y2)a
n 1+z " (B9)
wgl_nhizn., n y*(1+2)° where t(z)|, is given by Eq. (12) and I'(1/4)%/6\w
2' 2 77 214y?(1+2)2) =1.230....
As an example of Eq(B3) one has a critical radiation-
(B2) dominated universey=2,
For n an even integem>0, the solution can always be y2 1+1+y3(1+2)?
given in terms of elementary functions HoZ(Y,2)|p=o=— ?In y(1+2)
n! \/1+y2(1+z)2+1
—(—1)"2 In 1 V1+y3(1+2)?
HoZ(y,z2)=(—1) (n!!)zy In y(1+2) +§—(j)_/+(z)2 ) ) (B10)
Vi+y?(1+2)%2(1  n-1 In the limit y—0 we find
N y“1+z)7/1 V2(1+2)2 y—
(1+2)" \n n(n-2) 1, ,
HoZ(y,2)|n=2=Hot(2)|n=2+ 5Y Iny+0O(y?),
+ '(_1)l+n/2ﬁyn2(1+z)n2>. (B11)
(ntt) with t(z)|,—» given by Eq.(12).
(B3) As a final example of the power law, we consider a criti-

cal A-dominated universen=0. Directly integrating Eq.

Both Egs.(B2) and(B3) can be written in a more compact (B1), or using Eq.(B4) (see the representation of elementary

but less insightful way using the transformation formulas offunctions in terms of a hypergeometric function[i8]), we
the hypergeometric functiofi3] obtain
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1+V1+y%(1+2)°?

y(1+2)

HoZ(y,2)[n-0=In (B12)

Wheny—0 this expression diverges becau¢e) diverges
for a critical A-dominated universe.

2. Open universe

The integral to solve now is

= dv 1 1

H Z zf — .
07—(y ) 1+z V \/\(2,|(V2“r‘\flfov3 \/1+y2V2
(B13)

y1/2
HoTly,2)= Q—k<ﬂé+ﬂﬁy2>l’4( 1-

Oy y
—\/W) Fé.k)— Q—k(93+ Q2y?)Y¥E(¢,k)

1 (NOG+ Oy —Quy)?

PHYSICAL REVIEW B0 083503

This integral can be written as

» dv 1
1+2v? Py(v)’

with P3(v) a cubic polynomial, which is a particular case of
an elliptic integral[14]. By means of the variable change
cnu=cn(u,k)=(v+a—A)/(v+a+A), where cn

u is the Jacobian cosine amplitude a=,/Q,, A*>=a?
+1/y?, andk?=(A+a)/2A, the elliptic integral(B13) can

be written linearly in terms of elementary functions and the
three fundamental incomplete elliptic integrals, of the first
kind F, second kincE, and third kindIT [14,15:

(B14)

1/2

+ 40 Ey1/2

(Q5+ 0y

I1($,n? k)

Qp [ VOUNI+HYZ(1+2)2+ VO + Qo(1+2)

- n
40527 | QW1+ y2(1+2)%— VO + Qo(1+2)

1 (\/Qoz+szy2+Qky) VO A+ Qo(1+2) V1+y?3(1+2)?

— B15
Qe JOZ+ QY2+ y[ Qe+ Qo(1+2)] 1+z (B13
|
We use the following definitions of the incomplete elliptic 1 Q. 2
integrals[14]: NP2=—J/02+02%2| 1+—*
’ 20,y T T 0z a7y
(B21)
(¢ de
F(¢.k)= o V1—KZsir?g’ (B16) Wheny—0 and(), finite Eq.(B15) reduces td16]
¢ HoZ(y,2) =Hot(2) — LF(1/4)2iy3’2+ o(y?)
E(q&,k)zf d6\1—KZsir?o, (B17) 6/ 03”
0 (B22)
wheret(z) is given by Eq.(16).
(oK) = fas do For Q,—0 andy finite Eq.(B15) gives
T Jo (1—n%sirte) V1—KZsir?
( : HoT(y,2) = HoT(y.2)| -1
(B18)
1 1+VJ1+y?(1+2)?
The variablesgp, k, andn of the three elliptic integrals are +5| HoZ(y,2)|p=1In y(1+2) 0
related to the physical variables of our problem:
+-- (B23)

_ [Qu+Qo(1+2) ]y — VOG+QLy?

0S¢= , B19

¢ [Qi+ Qo(1+2) ]y + Q5+ QY2 (819
1 Qky )

kzz—(1+— , (B20)
217 JOi+0y?

where the ellipsis means smaller contributions ik,
Q2In Q,, and so on.

3. Flat universe with nonzeroA

In the last case that we study we have to cope with the
integral
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cdv 1 L 62 HoTly. 2)= Hot(2)— —— (U2 y32+ O(y?)
Z)= 2)-——= — ,
o7t 0 6y Qé’zy Y
(B26)

H 1Z :f _ ’
o7(y:2) 142V O+ Qv J1+y?v2

which is of the class
wheret(z) is given by Eq.(18). In the regime(),— 0 andy

N d_v ; (B25) finite we obtain
1+zV Psg(v)
Ps(v) being a five degree polynomial. Integrals of this sort HoZ(Y,2) =HoT(Y,2)|n-0— ggé/?ur . (B27)

can be solved as linear combinations of elementary functions
and hyperelliptic integral$14]. Now there are five funda-
mental incomplete hyperelliptic integrals, two of the first with
kind, two of the second kind, and one of the third kind. Since

the solution in terms of the hyperelliptic integrals would not 24 51— 2)
be particularly enlightening, we only study two limiting Fls. 55—
3’3’3
cases of Eq(B24). b=1+ =11®.... (B29
Fory—0 and(), finite we find 243(1+/2)23
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