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We expand on the recent proposal of Klebanov and Witten for formulating the AdS-CFT correspondence
using irregular boundary conditions. The proposal is shown to be correct to any order in perturbation theory.
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[. INTRODUCTION where 1;,; denotes the interaction terms andx
=d*1x/g(x) is the invariant volume integral measure. The
The celebrated AdS conformal field thedi@FT) corre-  equation of motion following from the actiofi) is given by
spondence relates field theories on anti—de SittedS)
space with CFTs living on the AdS horizon. The main pre-
diction of this duality is that CFT correlation functions of
conformal operators can be calculated by evaluating the AdS
action on shell as a functional of prescribed boundary valuesvheré
For example, using a scalar field theory on AdS space,
CFT correlators of conformal fields of scaling dimensions Sine
A=d/2 have been calculatgfil—6] and references thergin B(x)= 5 .
Until recently, no prescription was known to include opera- $(x)
tors with scaling dimension\, d/2—1<A<d/2. Here,d/2
—1 is the unitary bound on the conformal dimension of scaUsing as AdS representation the conventional upper half
lar operators. Recently, Klebanov and Wit{gh proposed a  spacexe RY, x,>0 with the metric
method to do just that. They used the fact that a scalar field
on AdS space can obey two types of boundary conditions _ — 2t
[8]. The regular one, which can always be imposed, leads to ds’=(xo) ~*dx“dx", &)
the CFT correlators witlA=d/2, whereas the irregular one
would lead tod/2—1<A=<d/2. Group theoretical resulf§]  the solution to Eq(2) can be written in the form
indicate that the respective boundary fields are conjugate to
each other. Klebanov and Witten proposed to use a Legendre
transform of the action, expressed as a functional of the ir- (X):f ddy 0 fI(y)+f dy G(x,y)B(y),
regular boundary value, as the generating functional. They (x—y)? Q
also demonstrated the correctness of this proposal for CFT (4)
two point functions.
In this article, we would like to expand on their proposal where o= \/d?%/4+ m? and G(x,y) is a standard Green’s
and demonstrate its correctness to all orders in perturbatioinction satisfying
theory. A second result of our analysis is that a different
Green’s function must be used for internal lines in second or

(D,D*=m?) ¢(x)=B(x), 2

(dI2)* o

higher order graphs. w2 _o(x~y)
The outline of the article shall be as follows. In the re- (D,DE—m)G(x.y) fg(x) ©

mainder of this section motivating arguments about the ori-

gin of the irregular boundary conditions will be given. In The free field solution with the lower sign exists classically

Sec. Il we will for completeness repeat the formalism usin . S
regular boundary conditions. Then, in Sec. lll Klebanov angf<0r1 CE;]d/'?rylebtfjfjr&g?olrjlz;tar);r?glfjndarrzsgl;idltrfeugrgllgrr ;d
: - +

Witten’s proposal to include irregular boundary conditions. . .
shall be analyzed and shown to be correct to any order irl{_regula_r boundary values and are conformal fields of scaling
perturbation theory dimensionsd/2— « andd/2+ «, respectively.

To start, consider an interacting scalar field, whose action In the AdS-CFT_(_:orrespond_ence the fields obeylng regu-
is given by Igr boundary condltllons give rise Fo CFT correlatlon func-
tions of operators with conformal dimensioisrestricted by
u _— A=d/2. Hence, the use of irregular boundary conditions en-
I= EL)dX(D”qu ¢+ MG +line, (1) ables one to obtain correlation functions for operators with
scaling dimensiondl/2—1<A<d/2.
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0556-2821/99/6(B)/0819015)/$15.00 60 081901-1 ©1999 The American Physical Society



W. MUCK AND K. S. VISWANATHAN

II. REGULAR BOUNDARY CONDITIONS

Let us start by rewriting the expressiof) as

B(x)=pO(x) + deX G(x,y)B(y), (6)
where the Green'’s functio®(x) is given by[11,3]
di
G(x,y)= —(xOyo)dlzf —(Zw)de*'k'(xfy)
| o(kXo)K a(kyo)  for xo<yo,
(koK o(kxg) for xg>yo,

Cﬂ/
=— 7g—l<d/2>+all2(d/2,o|/2+ a;1+a;€7?),
(€S)
whereF is the hypergeometric function,

1
[5[(x—y)z+(x—y*)z]+ V(x—y)z(x—y*)z]

[y* denotes the vector<y,,y)], and

3 1
2XoYo

3

_ T(di2+a)

C 2D (14 o) ®

Moreover, the free field solutiopy®) shall be written as
¢ O(x)= f dYy K.(x,y)6(y)
(10

_ J Aoy K o(%,y) 6Oy

The bulk-boundary propagators occurring in Ed0) are
given by

Kta(xly):iacta ’ (11)

](d/z):a

(x—y)?

wherec.., is given by Eq.(9), and their Fourier transforms

read

+2« . k\*« a2
’C:a(X'k):me' 5] Xo Ka(kxo). (12)

Equations(12) and (10) imply that the boundary functions

) and ¢ are related by

k

_ 2a
I'(1-a) 5) $O(K).

QP (k)=— Ti+a (13

Obviously, the free fields(®) can be written as a sum of

two series, whose leading powers a¥? “ and x§" ¢,
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Xp—0

¢(0)(X) ~ X(Od/Z)—a¢(f])(X)+ng/2)+a¢(f)(x), (14)

where subleading terms have been dropped. Moreover, the
Green’s function8) goes like

X0~>0

1
G(xy) = —5=x{PTUC(x,y).

2a (15)

Hence, the interaction contributes only to #he part of the
asymptotic boundary behavior, i.e., one can write

Xp—0

d(x) = xZP % () +xPP % (x), (1)

where

¢ (x)=¢(x), (17)

= 5O (y)— 1
$:(0=¢P00- 5| dyKa(xy)BY). (18

Identical relations hold for the Fourier transformed expres-
sions.

Now consider the on-shell action, treated as a functional
of the regular boundary values_ . Integrating Eq.(1) by
parts yields

10 4 g 1
= > d“x X, n“q&ﬁMd)—E de d(X)B(X) + it -
The first term must be regularized, which is done by writing

d
[(5 _ a) ng/Z)—a¢7

Xo Nk pa, p=—xo

d
+5+a XDy g
—d d 2
=—Xq 57« d°—2ad_¢d .t -,

where the ellipses indicate contributions from subleading
terms and other terms which vanish fgy=0. The first term

in the last line is cancelled by a covariant counterterm.
Hence, the renormalized on-shell action is

d

|[¢—]=—af ¢-(K)(—k)

(2m)¢
1
—Efﬂdx G(X)B(X)+ lint
=1¢_]

_% f dx dy B(X)G(x,y)B(Y) + i, (19)
Q

respectively. Thus, one finds by direct comparison with Eqswhere Eqgs.(18), (17), (13), (6), and (10) have been used.

(10) and(12) that the smalk, behavior of$(® is

The terml© in Eq. (19) is given by
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I'(1-a) ( d¥% [k\2® one finds
(0) _ K B
o] Tt (zw)d<2) d_(K)p_(—k)
¢-(X)-(y) —?ML] =—2a¢(+°)(—k)+f dx Ko(X, —K)B(X)
=—a C fdd dd W (20) ¢—( ) Q

=—2a¢.(-k),
and thus yields the correct two point function of scalar op-

erators of conformal dimensiot=d/2+ a, if one uses the or, after an inverse Fourier transformation’
AdS-CFT correspondence formula

e '[¢-1= < exp{ af d9% O(x) ¢ _(x)

The other two terms have to be expressed as a perturbative

series in terms of(®). However, by virtue of Eqs(10) and  This expression holds to any order in perturbation theory.

(17) this naturally yields a perturbative series in terms of theThis fact was obtained ifi7] using graph arguments. Fur-

boundary functiong_ . thermore, it shows first thap, can be regarded as the con-
jugate field of¢p_ and secondly that the functional

ol[ 4]

m=—2a¢+(X). (22)

> . (21

Ill. IRREGULAR BOUNDARY CONDITIONS

The treatment of irregular boundary conditions follows an B d
idea by Klebanov and Wittef7]. Consider the expression - '¢+]_I[¢*]+ZQJ I ¢-(x)b(x) (23

Sl d_] Ni-a)
56_(K) =2a Fi+ta)l2 ¢-(—k) has a minimum with respect to a variation ¢f .
B Klebanov and Witten's idef7] is to formulate the AdS-
Op(X) CFT correspondence by the formula
f dx B(X) ———
o¢_(k)
8lint 0¢(2) eJl¢+1:<exp[a f d9% O(X) ¢4 (X) > (24)
— | dxdydz———G(X,y)B(y)———. M '
J 6 8555 sy SB35
Using Eq.(13) and the formula Here, the functional[ ¢, ] is a Legendre transform of the
actionl, i.e., it is the minimum value of the expressi#@B8),
Sp(x) _ (x,—K) expressed in terms ap., .
o¢_(k) @ In the following, Klebanov and Witten’s result about the
> correctness of the two point functidi@] shall be confirmed
+f dy dz G(x,y) lint 5¢(2) and interactions included. The minimumdis easiest found
p(y)Sh(z) 6¢_(K)' from Egs.(19) and(23), giving
J = f d% k k 1f d B I
[pr]=c (277)d¢_( )¢+ (=K)—35 o X P(X)B(X) + lint
_ T(l+a) [ d% (k|72 ) ) 1Jd 5 | 1Jddfdic 5
=~ Fma)) milz) #0903 | BG0BOO et 5 d% | dy Ko a(y.x) ¢y (0B(Y)

_ I'(l+a) dk
“Ta=o)) (2m)0

k|~ 1
(5) #0096 (—K)—3 | axay BHOGYBY+in

vl f dx dy Ko (X, 2)K_ o(y,2)B(X)B(Y). (25)

Here Eqgs(17), (13), (18), (12), and(6) have been used. The first term in E&5) can be inversely Fourier transformed, which
yields
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X
30— _ achaf d4dx ddyM_ (26)
[x—y|e2e
According to the correspondence formy2#), this yields the correct two point function of conformal operat6rsf scaling
dimensionA=d/2— «.
Then, the second and fourth term in Eg5) can be combined by defining the Green’s function

~ 1
G(X.Y)=G(X.y)+zf d2Ko(x,2)K - u(y,2). (27)

This modified Green’s functio also satisfies Eq(5), because the second term in E&7) does not contribute to the
discontinuity. Moreover, using Egé7) and (12) one finds

N dik
G(x,y)=—(Xoyo)d’2J ——e Y

2K ,(kxg) K o(kyg) [Ka(k)’o“a(kxo) for Xo<yo,

(2m)¢ MNo)l'l-a) K, (kxo)l o(Kyo) for Xo>Yo,
:_(Xoyo)dlzf dk ik.(xy)[Ka(kyO)la(kXo) for X<y,
(2m)° K (kxo)l -4 (kyg) for x>y,

which differs from Eq.(7) only by interchanginge and Eq. (31), the functionald is naturally expressed in terms of

—a. Hence, the result8) can be taken over, yielding the irregular boundary valué, . Moreover, it has the ex-
pected form, in that it is obtained from E@{.9) by replacing
B(xy)=— C_“g‘[(d’z)‘“]F(dlz,d/Z—a;l—a;g‘z). a with —a and¢_ with ¢ . An important point is that the

2 Green’s functionG must be used for the calculation of in-

(28 ternal lines.
; ; ; : Finally, by a calculation similar to that of the derivation
Thus, inserting Eq(27) into Eq. (25) yields .
us, | ing Eq(27) i a-(29) i of Eq. (22) one finds

1 ~
I 1=3¢.1- EdeX dy B(X)G(X,y)B(Y) + lint -

0J[ -]
=2a¢_(X). 32
(29 5600 =200 (32
Moreover, one can see from E8) that for smallxg G
behaves as This is a final confirmation of the fact that the fiel¢s and
Xg—0 ¢, are conjugate to each other.

G Xy) ~ —x@2=ac (x . 30 In conclusion, we have expanded on Klebanov and Wit-
(xy) 2070 a(%Y) 30 ten’s recent idea for formulating the AdS-CFT correspon-

. dence using irregular boundary conditions, showing it to give
Hence, writing the expected answers to any order in perturbation theory.

¢(X)=f ddlefa(x,y)¢+(y)+fﬂdyé(x,y)B(y),

31

39 This work was supported in part by a grant from NSERC.
the interaction contributes only t¢ . This in turn means W.M. is very grateful to Simon Fraser University for finan-
that, expressing;,; andB as a perturbative series and using cial support.
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