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Sea quark effects inB spectroscopy and decay constants
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We present comprehensive results for the spectrum and decay constants of hadrons containing a singleb
quark. The heavy quark is simulated using anO(1/M ) NRQCD action and the light quark using theO(a)
tadpole-improved clover action on gauge configurations containing two degenerate flavors of sea quarks at
bnf5255.6 provided by the HEMCGC Collaboration. We present detailed results for the lower lyingS andP
waveB meson states and theLb baryon. We find broad agreement with experiment. In addition, we present
results for the pseudoscalar and, for the first time, the vector decay constants fully consistent toO(a/M ):
f B5186(5) ~stat! ~19! ~pert! ~9! ~disc! ~13! ~NRQCD! (150)(a21) MeV, f B* 5181(6) ~stat! ~18! ~pert! ~9!
~disc! ~13! ~NRQCD! (155)(a21) MeV and f Bs

/ f B51.14(2) ~stat! (22)(ks). We present an investigation
of sea quark effects in theB spectrum and decay constants. We compare our results with those from similar
quenched simulations atbnf5056.0. For the spectrum, the quenched results reproduce the experimental spec-
trum well and there is no significant difference between the quenched andnf52 results. For the decay
constants, our results suggest that sea quark effects may be large.@S0556-2821~99!07017-4#

PACS number~s!: 12.38.Gc, 12.39.Hg, 13.20.He, 14.40.Nd
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I. INTRODUCTION

Hadrons containing a singleb quark hold the key to many
important questions facing particle physics. In particular,
weak decays of these particles are being studied to look
inconsistencies in the standard model and indications of
physics beyond it. Lattice calculations have a central a
fundamental role to play in this pursuit. Not only is lattic
theory a first principles approach but also offers the m
reliable way to calculate the masses of heavy-light hadr
and the low-energy QCD factors which are needed to ext
the electroweak physics from experiment. An introduction
B physics and the theoretical advances in this field, for
ample heavy quark effective theory~HQET!, as well as the
contribution made from lattice theory, can be found in R
@1#.

The aim of a lattice calculation ofB meson phenomenol
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ogy is to produce reliable predictions where the system
errors, such as finite lattice spacing, finite volume a
quenching, are understood and under control. Our appro
is to systematically improve the actions used for the he
and light quarks and to use lattices with physical volum
large enough to accommodate at least the lower lyingB me-
sons. In particular, we simulate theb quark on the lattice
using nonvelativistic QCD~NRQCD!: a cutoff of the order
of the heavy mass is imposed and we cannot extrapolat
the continuum. This requires the systematic errors to be
duced to the order of the statistical errors at finiteb. In this
paper, we argue that the uncertainties arising from finitea,
volume, and the truncation of the NRQCD series are un
control and it is now reasonable to investigate the effects
quenching. As a first step towards predictingB-meson prop-
erties in full QCD, we perform a simulation of theB spec-
trum and decay constants including two degenerate flavor
dynamical quarks. We then make a comparison with our p
vious NRQCD calculations on quenched configurations@2,3#
and study the sensitivity of various quantities to the prese
of sea quarks.

The paper is organized as follows: in the next section
describe the details of the simulation. Each choice of qu

of
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action and simulation parameter leads to an associated
tematic error and the corresponding effect on predictions
theB spectrum and decay constants are discussed in Sec
Results for the spectrum are presented in Sec. IV and c
pared with experiment. We then study the effect of s
quarks on theB spectrum andLb .

The next section deals with the pseudoscalar and ve
decay constants. The lattice operators required to com
the decay constants toO(1/M ) and the corresponding 1-loo
perturbative matching factors are introduced and discus
In addition, the expectations from heavy quark symme
~HQS! for the heavy quark mass dependence of these q
tities is outlined. Our results forf B , f Bs

, f B* and f B
s*

are

presented in Sec. V A and their dependence on the he
quark mass is investigated. Finally, we present a deta
study of sea quarks effects in the decay constants.

II. SIMULATION DETAILS

The simulations were performed using 100 163332
gauge configurations atb55.6 with two flavors of staggered
dynamical sea quarks with a bare quark mass ofamsea
50.01, which roughly corresponds tomp /mr50.525. These
configurations were generously made available by
HEMCGC Collaboration; more details can be found in@4#.
We fixed the configurations to the Coulomb gauge.

The light quark propagators were generated using the
ver fermion action at three values of the hopping parame
k50.1385, 0.1393 and 0.1401. From an analysis of the li
hadron spectrum@5#, the secondk value corresponds to
quark mass close to strange, whereks50.1392(1) from
MK , ks50.1394(1) fromMK* and 0.1392(1) fromMf ;
kc50.1408. TheO(a) improvement term in the clover ac
tion is implemented with a tadpole-improved value for t
clover coefficient,csw . This amounts to dividing all the
gauge links byu0, where we useu050.867 measured from
the plaquette, and setting the coefficient to the tree-le
value csw51. In order to improve matrix elements to th
same order as the spectrum, we use the prescription prop
by the Fermilab group@6# and replace the quark field no

malizationA2k with A126k̃, wherek̃5u0k.
In this simulation we truncate the NRQCD series

O(1/M0), whereM0 is the bare heavy quark mass, and t
action takes the form

S5c†~Dt1H01dH !c ~1!

where

H052
D (2)

2M0
and dH52cB

s•B

2M0
. ~2!

Tadpole improvement of the gauge links is used through
and the hyperfine coefficient is given the tree-level va
cB51. We use the standard clover-leaf operator for theB
field. The heavy quark propagators were computed using
evolution equation@7#
07450
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adH

2 D S 12
aH0

2n D n

U4
†S 12

aH0

2n D n

3S 12
adH

2 DGt ~3!

for all t, wheren is the stabilizing parameter.
We generated heavy quark propagators at 10 value

(aM0 ,n) corresponding to~0.8,5!, ~1.0,4!, ~1.2,3!, ~1.7,2!,
~2.0,2!, ~3.0,2!, ~3.5,2!, ~4.0,2!, ~7.0,1! and ~10.0,1!. This
roughly corresponds to a range of meson masses fromMB/3
to 4MB and is sufficient for a reasonable investigation
heavy quark symmetry. Results in the static limit are n
presented. We were not able to improve on the quality of
signal compared to previous results using Wilson light f
mions@8,9#, and in this case the extrapolation of the NRQC
results to the static limit was considered more reliable th
results at the static point itself. To improve statistics we ha
also calculated the propagators on the time-reversed con
rations.

Details of the fitting analysis and extraction of the spect
quantities and decay constants from the heavy-light me
correlators can be found in the Appendix.

III. SYSTEMATIC ERRORS

In this section we discuss the systematic errors associ
with our choice of quark actions and simulation paramete
In previous work we used Wilson light fermions which we
estimated to introduce the largest systematic error into
calculation of heavy-light quantities. For tadpole-improv
clover fermions the systematic errors are now estimated to
a relative error of O„(aLQCD)2

…;4% ~where we take
aLQCD5aLV50.185 for these configurations! in quantities
of O(LQCD). However, significant residualO(aaLQCD) er-
rors may remain in this simulation. An investigation of th
scaling behavior of quenched light hadron masses usin
nonperturbative determination of theO(a) improvement co-
efficient @10# in the clover action concluded that these erro
are negligible forbnf50*6.0 @11#. The remaining scaling
violations at theseb ’s are estimated to be a few percent@11#
in the quenched results. In the present study tadp
improved clover fermions are used for the valence qua
and staggered fermions for the dynamical quarks@which in-
troduce O(aa2) errors#. Since bnf5255.6 corresponds to
roughly the same lattice spacing as that atbnf5056.0 ~see
Table II!, we do not expect the associated scaling violatio
to be larger than in the quenched case.

The truncation of the NRQCD series atO(1/M ) intro-
duces an absolute error ofO„LQCD(LQCD /M )2

…. This cor-
responds to approximately 1% errors in quantities
O(LQCD) and 10% errors in the coefficients of the hea
quark expansion atMB . In fact the significance of the highe
order terms omitted from the action depends on the quan
considered. The additional terms toO(1/M2) and the leading
1/M3 terms are
4-2
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TABLE I. The systematic errors expected to dominate the predictions of mass splittings and
constants of theB meson.

Quantity Dominant errors Size

B* 2B Pert. correction tocB O„aS(LQCD /M )…;10–30%

Bs2B Determination ofks ;10%
Light quark discretization O„(aLQCD)2

…, O„a(aLQCD)…,5%
Finite volume 5% ?

B(2S)2B(1S) Finite volume ,10%?
B** 2B Light quark discretisation O„(aLQCD)2

…, O„a(aLQCD)…,5%
LB2B

f B , f B* Light quark discretization O„(aLQCD)2
…,5%

Pert. matching factors O(a2);1 –10%
Truncation of NRQCD series O(1/M2);6%

Finite volume 5% ?

f B / f Bs
Determination ofks ;2%
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g

8~M0!2
s•~¹3E2E3¹!

1c2

ig

8~M0!2
~¹•E2E•¹!2c1

~D (2)!2

8~M0!3

1c4

a2D (4)

24M0
2c5

a~D (2)!2

16n~M0!2
, ~4!

where¹ is the symmetric gauge-covariant lattice derivati
and D (4) is a discretized version of the continuum opera
(Di

4 . The first two terms, ofO(1/M2), represent the spin
orbit interaction ~s.o.! and the Darwin term, respectively
The s.o. interaction only contributes to states with non-z
angular momentum and is a 1/M2;1% correction to the s.o
interaction arising from the light quark, which dominat
~see the next section!. The Darwin term is a;1% spin-
independent shift which appears in bothS andP states, but
which does not affect spin splittings, such as the hyper
splitting. The next order terms atO(1/M3);0.1% are due to
corrections to the kinetic energy and discretization corr
tions and should be even less significant. Of course, all
terms indHh.o. will affect predictions through the change
the meson mass. However, for example the 1/M2 terms rep-
resent a .1% correction to the meson mass, and hence
shift in the meson mass has a less significant effect on
dictions than those already mentioned.

TABLE II. Values of the inverse lattice spacing in GeV as d
termined from light hadrons and heavy quarkonia@23# for this en-
semble and a similar quenched ensemble atbnf5056.0 @23,3#.

r Y(1P21S) Y(2S21S)

bnf5255.6 1.97~3! 2.44~7! 2.37~10!

bnf5056.0 1.93~3! 2.59~5! 2.45~8!
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Indeed, a comparison by Ishikawaet al. @12# of the low
lying S-state heavy-light spectrum derived from an NRQC
action correct toO(1/M ) and that including the additiona
terms in Eq.~4! showed the higher order terms to be insi
nificant. A more detailed analysis of the effect of high
order terms on theS-state spectrum has been performed
Lewis and Woloshyn@13#. These authors verified that th
importance of the terms in the NRQCD action follows t
expectations of naive power counting, i.e.uO(1/M3)u
,uO(1/M2)u,uO(1/M )u, where allO(1/M3) terms were in-
cluded. Terms ofO(1/M2) andO(1/M3) were found to have
a negligible effect on theS-stateB meson mass splittings.

Ishikawaet al. also compared the results for the pseud
scalar and vector decay constant including tree-level term
O(1/M ) and O(1/M2) ~for these quantities, corrections t
the currents as well as to the action must be considered!. The
decay constants differed by approximately 3% at theB me-
son, and, 6% is, conservatively, estimated to be the co
sponding error inf B if dHh.o. and theO(1/M2) current cor-
rections are omitted.

An additional uncertainty is introduced through the use
the tree-level value~with tadpole-improvement! for the hy-
perfine coefficient,cB . Tadpole improvement is expected
account for most of the renormalization of this factor. Ho
ever, an error ofO„aLQCD(LQCD /M )… will remain; for ex-
ample this corresponds to approximately 10–30 %, fora
;0.1–0.3 in theB* 2B splitting, which is proportional to
cB . The one-loop correction tocB has been calculated@14#
and, for M051.9, a bare quark mass close toM0

b for this
simulation, cB;1.15–1.3, depending on the characteris
scaleq* used.

For the determination off B and f B* , the factors matching
the lattice currents to the full continuum QCD currents m
be calculated. Morningstar and Shigemitsu have compu
these factors for both the axial-vector@15# and vector@16#
currents. The mixing atO(a) among heavy-light current op
erators has been fully taken into account. In addition,
4-3



s
ns

r i

ht

e

ti

e

ifi-
ng

e

y
ss

rk
it

-

o
ab
or

fm

ur
n

m
nt
se
e
g

n

i-
II

th
in

m
tio

ined
me

vy
for
d

hen

re-
this

an

en
he
n,

mi-
the

es-

in

t

s

nt.
ks

be

f sea

ice

al
. We
ad-

n
ark

test
ion

as

the

ion

S. COLLINSet al. PHYSICAL REVIEW D 60 074504
O„a(aLQCD)… discretization correction to the current wa
found and corrected for in the case of clover light fermio
This has been discussed in detail in@3,17#, and we present an
outline in Sec. V. The largest remaining perturbative erro
O(a2);1 –10 %.

Combining the tadpole-improved clover action for lig
quarks with theO(1/M2) NRQCD action, Heinet al. @18#
found no significant scaling violations in results for th
quenchedB spectrum and decay constant betweenbnf50

56.0 and 5.7. The results from a recent quenched calcula
by Ishikawaet al. @19# of f B at threeb values in the range
5.7–6.1 supports this finding.

A further continuing uncertainty is the possibility of larg
finite volume effects. A study by Duncanet al. @20# in the
static limit in the quenched approximation found no sign
cant finite volume effects in the results for the lowest lyi
S-stateB mesons~and in particular forf B) for a box size as
small as 1.3 fm. Finite volume effects are likely to be larg
when dynamical quarks are included@21#. However, since
for our simulation,L51.6 fm, for a visible effect, finite vol-
ume problems would have to be very different in the d
namical case, despite the fairly heavy sea quark ma
(msea is around the strange quark mass! that we use. A pre-
liminary study by the SESAM Collaboration@22#, using sea
quark masses which correspond tomp /mr50.69, found the
finite volume effects for ther meson~which is bigger physi-
cally than the lowest lyingS-stateB mesons! to be small, less
than 5% for a lattice size similar to that used in this wo
However, in the absence of a detailed investigation of fin
volume effects forB mesons atnf52 this remains an un
known effect.

Table I summarizes the systematic errors expected
dominate each mass splitting and combination of decay c
stants. In general, our statistical errors are of a compar
size. The only significant exception is for the radial and
bital excitations of theB meson and theLb baryon. These
particles are probably squeezed on a box of extent 1.6
although forB(1P)2B(1S) andB(2S)2B(1S) our statis-
tical errors are also large.

While within theB system we are close to achieving o
goal of controlling the main systematic errors, a major u
certainty is introduced when we convert from lattice nu
bers to physical predictions. In particular, this uncertai
affects predictions through the fixing of the quark mas
~discussed below! as well as the final conversion from lattic
units to MeV. Ideally one would fix the lattice spacing usin
a quantity within theB system. However, with the exceptio
of the lowest lyingSstates, the experimental results for theB
spectrum are still preliminary and it is unfeasible to fixa, for
example, from theP2S or 2S21S splitting ~which have
little dependence onmQ). Thus, one must consider determ
nations of a from light and heavy spectroscopy; Table
gives some examples for these configurations.

As in the discussion above for heavy-light hadrons
effect of systematic errors on the value of the lattice spac
must be considered. We computedmr using the tadpole-
improved clover action and results for this quantity fro
quenched studies are consistent with minimal discretiza
07450
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errors in this quantity fora21;2 GeV @11#. Similarly, the

bb̄ spectrum was computed with anMv4 NRQCD action,
and in quenched studies the spin-averaged splittings obta
using this action show no scaling violations in the sa
range of lattice spacings@23#.

Finite volume effects may affectmr for a box size of
(1.6 fm)3 ~this is not expected to be an issue for hea
quarkonia!. These effects are not thought to be significant
a calculation ofmr with similar parameters in the quenche
approximation~such as that detailed in Table II! @24#. How-
ever, finite volume problems are expected to be larger w
dynamical quarks are introduced@21#. Naively, one expects
mr to be overestimated and, hence,a21 underestimated if
the meson is squeezed on a finite lattice. Although the p
liminary SESAM study, mentioned above, suggests that
may not be significant, finite volume dependence remains
uncertainty.

Table II indicates there is a large discrepancy betwe
a21 determined from light and heavy spectroscopy for t
HEMCGC configurations. In the quenched approximatio
different lattice spacings are expected from quantities do
nated by different physical scales and one must choose
most relevant quantity with which to fixa. When dynamical
quarks are partially introduced some convergence in the
timates ofa21 is expected~although withmsea;mstrange
significant residual quenching effects will probably rema!
and the choice of quantity to determinea should be less
important. However, the range ina21 is comparable to tha
seen in the quenched approximation atbnf5056.0, also de-
tailed in the table~the same light quark and NRQCD action
were employed!, 1P21S/mr5.43(1) and .46(1) fornf
50 and 2 respectively, compared to 0.57 from experime
One possibility is that introducing two flavors of sea quar
with msea;mstrange produces little effect onmr /Y(1P
21S). Alternatively, any effect of the sea quarks may
counteracted by more significant finite volume problems~or
some other systematic error dependent on the number o
quarks! at nf52 for mr compared tonf50.

Until this issue has been clarified, we choose the latt
spacing frommr to convert to physical units atnf52 and
usea2152.4 GeV to give a~conservative! indication of the
uncertainty ina21. This translates into an error in physic
predictions at least as large as those already mentioned
comment on how to compare our results for heavy-light h
rons with those from quenched simulations below.

To pinpoint theB andBs mesons from the range of meso
masses simulated in this study we must fix the bare qu
masses corresponding to the lightest quark (u,d), the strange
quark and the bottom quark. The bare mass of the ligh
quark is fixed in the standard way by extrapolating the p
mass to zero. As indicated above,ms

0 is derived from thef,
K andK* mesons, and we use the difference in the results
an estimate of the uncertainty inks . The magnitude of this
error found in theBs2B splitting and the ratiof B / f Bs

is

given in Table I. In order to determineMb
0 we must first

correct the meson simulation energies for the removal of
mass term in the NRQCD action. As detailed in@8# we use
the mass shift calculated from heavy quarkonia dispers
4-4
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SEA QUARK EFFECTS INB SPECTROSCOPY AND . . . PHYSICAL REVIEW D60 074504
behavior to obtain the heavy-light meson masses from
simulation energies. Thus, interpolating between our res
for the pseudoscalar meson until we obtain theB meson
mass, we findaM0

b52.1–1.8 fora2152.0–2.4 GeV.
In order to investigate sea quark effects we need to c

pare our results with similar calculations in the quench
approximation. While we believe that the dominant syste
atic errors are under control, most of the remaining resid
uncertainties are minimized if we compare with a simulat
which uses a lattice with a similar lattice spacing and phy
cal volume. From Table II,b56.0 in the quenched approx
mation roughly matchesb55.6 atnf52. References@3# and
@2# report on NRQCD results using tadpole-improved clov
light quarks at thisb, on a lattice volume of;(1.6 fm)3. A
higher-order NRQCD action is employed for the hea
quarks (Hh.o. is included!; however, considering the negl
gible effect these terms have at theB meson mass, thes
quenched results are suitable for comparison.

For the quenched simulation the lattice spacing deri
from light spectroscopy is considered most relevant foB
splittings and decay constants which are expected to
dominated by the ‘‘brown muck.’’ Thus, we initially com
pare the two simulations fixing the lattice spacing frommr in
both cases. The effect on the comparison of the large un
tainty in a21 for nf52 is also considered.

Within our study it is premature to attempt an extrapo
tion of the quenched and unquenched data to a physic
relevant number of sea quark flavors. We introduce unc
tainties by implementing clover light valence fermions wh
using staggered sea fermions. In addition, we chirally
trapolate the valence light quarks to zero light quark m
while keeping the sea quark mass fixed around the stra
quark mass. Thus, our simulation does not correspond to
for a light and heavy quark bound state with a sea of t
flavors of physical quarks. However, inserting dynami
quarks allows the sensitivity of various quantities to the
effects to be investigated. A more systematic approach to
quark effects is reserved for later work.

IV. SPECTRUM RESULTS

Figure 1 presents our results for the lower lyingB meson
spectrum and theLb baryon compared to experiment. At th
initial stage our results are in broad agreement with exp
ment. The experimental results for all but the lowest sta
are still uncertain. In particular, there are only prelimina
signals for the 2S and P states. For the latter, a signal h
been found for aBpp resonance@25#, which is probably has
j l53/2, and aB(* )p resonance@26#, which is likely to be a
superposition of variousP states. Our result for theP state

(B̄1* ) is obtained from an operator with quantum numb
1P1 in the 2S11LJ nomenclature of quarkonia. Since char
conjugation is not a symmetry in the heavy-light system,
two l 51, J51 states mix and thus our operator has an ov
lap with both states. We investigated this mixing by formi
a matrix of correlators with the3P1 operator. However,
these operators were found to be degenerate at this lev
statistics. In fact, we are unable to resolve any splitting
tween theP states in this study.
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In addition, we can compare with the theoretical expec
tions from heavy quark symmetry, shown in Fig. 2@27#. The
picture of a heavy quark surrounded by a light quark clo
where the heavy quark acts merely as a color source in
heavy quark limit, predicts a gross spectrum determined
the light quark degrees of freedom; this gives rise to me
mass splittings ofO(LQCD) which are independent of th
heavy quark at lowest order. In particular, the large sc
features of the spectrum are due to the radial (2S) and or-
bital (1P) excitation of the light quark. At the next order ar
the j l53/2 and 1/2 doublets of theP states, which are spli
due to the spin-orbit interaction. The 2S21S and P2S
splittings in Fig. 1 are 300–600 MeV orO(LQCD), in agree-
ment with this naive picture. Similarly, heavy-light hadro
which only differ from theB meson in the light quark flavor
for exampleBs , or the number of light quarks, for examp
Lb , will also give rise to splittings independent ofmQ at
lowest order.

FIG. 1. The lower lyingB spectrum andLb . The open circles
denote our results. The dashed lines denote the upper and l
bounds on the experimental results. The dotted lines indicate
liminary experimental signals. For theP states the dashed and do
ted lines represent theB(* )p and the narrowBpp resonance re-
spectively. The errors shown are purely statistical. The solid circ
represent preliminary results from a quenched simulation atbnf50

56.0 @2#. All results are converted to physical units using the sc
from mr , given in Table II.

FIG. 2. The theoretical prediction for the structure of theB
spectrum@27#. j l andJ denote the total spin of the light quark an
the heavy-light meson, respectively.
4-5
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S. COLLINSet al. PHYSICAL REVIEW D 60 074504
At finite mQ , flavor and spin symmetry are broken by th
kinetic energy of the heavy quark and the hyperfine inter
tion. The latter removes the degeneracy in the heavy qu
spin, for example in thej l51/2 S states and thej l53/2 and
j l51/2 P states. These hyperfine doublets are expected t
split by O(LQCD

2 /M );50 MeV; this compares well with
the experimental hyperfine splitting,B* 2B546 MeV.
These splittings vanish as 1/M in the static limit.

Our results are compared with experiment in more det
taking into account the systematic errors, in Table III. If w
assume, initially,a2152.0 GeV is a reasonable estimate
the lattice spacing for these configurations, the only sign
cant disagreement with experiment is found in theLb2B
splitting. Finite volume effects, which are not included in t
estimates of the systematic errors, may well account for
rather high value for theLb mass. For all splittings, the erro
from settinga21 is at least as large as the statistical or oth
systematic errors. However, since this uncertainty leads
positive shift in the splittings, it does not lessen the disagr
ment with experiment found for theLb2B splitting. There is
also less agreement for theBs2B and B** 2B splittings
usinga2152.4 GeV.

With the mass splittings calculated for a wide range
heavy quark masses, not just in the region of theB meson,
we are able to investigate violations of HQS at finitemQ .
The behavior of these splittings as a function of 1/M PS is

shown in Figs. 3 and 4, in lattice units. TheĒ(2S)

2Ē(1S), E(1S0)ks
2E(1S0)kd

, E(LQ)2Ē(1S) and E(1P1)

2Ē(1S) splittings are very weakly~and linearly! dependent
on 1/mQ , consistent with behavior dominated by the lig
quark, with small corrections due to the kinetic energy of
heavy quark and the hyperfine interaction;E(1S0) denotes

the simulation energy of a pseudoscalar meson, whileĒ(1S)
denotes the spin average of the simulation energy with
corresponding vector meson.E(1S0)ks

indicates that the light

TABLE III. Predictions for various mass splittings compared
experiment. The results are converted into physical units~MeV!
usinga2152.0 GeV. The first error shown is statistical while th
second is the estimate of the systematic errors which we expe
be dominant, as detailed in Table I; the third indicates the chang
the prediction ifa2152.4 GeV is used and includes the chan
due to the change inM0

b . For Bs2B the systematic errors are spl
up between the light quark discretization error and that due to
uncertainty inks . The systematic error for the hyperfine splittin
indicates the change in the central value ifcB is increased by 30%

bnf5255.6 Expt.

B* 2B 20(12)(16)(16) 45.7~4!

Bs* 2Bs 26(8)(110)(19) 47~3!

Bs2B 98(8)(5)(212)(120) 90~2!

B(2S)2B(1S) 540(120)(23)(1110) ;580
Bs(2S)2Bs(1S) 500(80)(20)(1100) -
B* (2S)2B(2S) 78(32)(10)(122) -
B** 2B 520(40)(20)(1110) 350–500
Lb2B 560(40)(22)(1110) 345~9!
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quark mass has been interpolated to that of the strange q
mass. Note that by taking the spin average the dependen
that mass on the hyperfine term is removed. Similarly,
hyperfine splitting in the 1S and 2S states depends linearl
on 1/mQ over the range of masses studied, vanishing in
static limit, as expected theoretically.

To quantify the heavy quark mass dependence we fit
mass splittings to the form

DM5C01C1 /M1 . . . ~5!

where M is the pseudoscalar meson mass, and extract
coefficients C0 and C1, which are expected to be o
O(LQCD) andO(LQCD

2 ) respectively~with the exception of
the hyperfine splittings whereC050). In fact, the coeffi-
cients can be related to the binding energy and expecta
values of the kinetic energy of the heavy quark and the
perfine interaction in the static limit for each meson
baryon. These quantities are needed in analytical approa
such as HQET.

If we define the heavy-light hadron binding energy,L̄H
mQ ,

using

MH5mQ1L̄H
mQ ~6!

whereMH is the mass of the hadron, and expand using fi
order perturbation theory,

L̄H
mQ5L̄H1

1

M
^HuOkinuH&1

1

M
^HuOhypuH& ~7!

where^Hu andL̄H represent the hadron state and the bind
energy, respectively, in the infinite mass limit;Okin5
2c†(D2/2)c and Ohyp52c†(s•B/2)c. In principle, the
separation of the meson mass into the heavy quark mass
binding energy in Eq.~6! must be clearly defined. Howeve
we only consider physical mass splittings, for which the d
ferences in the definitions ofL̄H

mQ cancel. This has the addi
tional benefit that theO(1/M ) coefficients of the mass split
tings correspond to the physical difference in expectat
values of the kinetic energy~and/or hyperfine interaction! of
the particles in the splitting. Thus, we consider, for examp
the 2S21S mass splitting of the spin-averageSstates, which
can be expressed as

Ē~2S!2Ē~1S!5L̄2S2L̄1S

1
1

M
^2SuOkinu2S&phys

2
1

M
^1SuOkinu1S&phys ~8!

where ^1SuOkinu1S&phys denotes the physical expectatio
value of the kinetic energy in theB meson. The results ar
given in Table IV in physical units and compared with th
theoretical expectation.

Given the weak dependence of most splittings on
heavy quark mass, an estimate of the intercept and slope

to
in

e

4-6
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FIG. 3. The dependence of the mass splittings of the ground and first excited statePSandV mesons with the inverse pseudoscalar mes

mass in lattice units.k l5kc for the Ē(2S)2Ē(1S) splitting, whilek l50.1385 for the 1S and 2S hyperfine splittings.
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some splittings can be made from the experimental res
for the B andD spectrum andLb andLc baryons. The hy-
perfine splittings are strongly dependent onmQ . However,
the intercept is zero, and this can be used along with
splitting for theB meson to estimate the slope. The cor
sponding estimates of the intercept and slope of various
son and baryon mass splittings are also shown in the ta

Table IV shows that for quantities which are weakly d
pendent on 1/mQ , we can reliably extractC0. However, it is
difficult to reliably extract the slope and an increase in s
tistics is required in order to provide quantitative predictio
Qualitatively, the results are consistent with the theoret
predictions of only small violations of HQS,O(LQCD /M )
;10%, around theB meson. Comparing with the estimate
derived from experiment we find our value for the slope
the hyperfine splitting is low, reflecting the low value w
obtain for theB* 2B splitting. The absolute statistical erro
07450
lts

e
-
e-
.
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-
.
l

f

in the splitting is more or less constant withmQ , while the
splitting rises as the mass decreases. Thus, a low value o
slope is a clearer indication than theB hyperfine splitting
itself that our results are inconsistent with experiment. T
hyperfine coefficient,cB , depends on the heavy quark ma
and a determination of this coefficient for the range
masses studied here is needed to clarify the source of
remaining discrepancy with experiment, for example resid
quenching effects. Reasonable agreement is found betw
the lattice results for theE(1S0)ks

2E(1S0)kd
splitting and

the estimates from experiment. This is also the case for

slope of theE(Lb)2Ē(1S) splitting, while the intercept is
too high ~consistent with finite volume problems mentione
previously!. Our results for the intercepts and slopes of sp
tral quantities are consistent with our previous estimates
ing Wilson light quarks detailed in Ref.@8#.
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FIG. 4. The dependence of theE( 1S0)ks
2E( 1S0)kd

, E(LQ)2Ē(1S) andE(1P)2E(1S) splittings on 1/(aMPS) in lattice units, where
k l5kc .
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An indication of sea quark effects can be found by co
paring thenf52 results with our previous spectrum calcul
tion in the quenched approximation atb56.0, detailed in
Ref. @2#. The results for the splittings which have been c
culated in both cases are detailed in Fig. 1 and Table
wherea21 is fixed frommr in both cases. With the excep
tion of the hyperfine splitting, the quenched simulation
produces the experimental spectrum well to this level of s
tistical and systematic uncertainty. Furthermore, compa
with thenf52 results, we see consistency to within (1 –2)s.
However, switching toa2152.4 GeV for the dynamica
configurations, differences of;3s appear for theBs2B,
B** 2B andLb2B splittings. The uncertainty in the lattic
spacing must be reduced before any clear indications of
quark effects can be found.

The hyperfine splitting is a quantity where sea quark
fects are expected to be seen. However, in practice this is
07450
-

-
,

-
-
g

ea

-
ot

easy to investigate due to the difficulty in measuring suc
small quantity. The quenched results forB* 2B and Bs*
2Bs , with lower statistical errors than atnf52, are approxi-
mately half the experimental values. The splittings may
boosted by as much as 30% to;31 and;35 MeV respec-
tively when the 1-loop corrections tocB are included. The
statistical errors forBs* 2Bs are small enough that the spli
ting is still significantly below experiment, suggestin
quenching effects. The correspondingnf52 result is also
increased to;34 MeV ~for a2152.0 GeV), whencB is
corrected. However, the statistical error is large and mus
reduced significantly before we can see if partially includi
dynamical quarks increases the hyperfine splitting. Us
a2152.4 GeV for thenf52 results only leads to a 1s dif-
ference between quenched andnf52 and thus does not sig
nificantly change the comparison.
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TABLE IV. The coefficients of various spectral quantities, as determined from first order perturb
theory in 1/M . The results are in physical units, GeV and GeV2 for C0 andC1 respectively, converted using
a2152.0 GeV. The hyperfine term has been ignored for the1P1 state. Unless stated otherwise,k l5kc .

Quantity Coefficient Results Expectation Expt.

Ē(2S)2Ē(1S) C05L̄2S2L̄1S
0.38~10! 1LQCD -

C15^2SuOkinu2S&phys2 -
^1SuOkinu1S&phys 0.60~40! 1ve

E( 3S1)ks
2E( 1S0)ks

C050 0.002~8! 0 ;0

C15^1SuOhypu1S&phys
ks 0.08~4! 1(LQCD)2 ;0.28

E(23S1)ks
2E(21S0)ks

C050 20.02(2) 0 -

C15^2SuOhypu2S&phys
ks 0.56(28) 1(LQCD)2 -

Ē(1S0)ks
2Ē(1S0)kc

C05L̄ks
2L̄kc

0.106~10! ;.085

C15^1SuOkinu1S&phys
ks 2 0.020~32! ;0.03

^1SuOkinu1S&phys
kc

E(LQ)2Ē(1S) C05L̄1/212L̄ 0.58~4! LQCD ;0.36

C15^ 1
2

1uOkinu 1
2

1&phys1 20.12(8) ;20.1

^ 1
2

1uOhypu
1
2

1&phys2

^1SuOkinu1S&phys

E(1P1)2Ē(1S) C05L̄1P1
2L̄ 0.40~2! LQCD -

C15^1P1uO kinu1P1&phys2 0.36~8! -
^1SuOkinu1S&phys
r

w
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V. DECAY CONSTANTS

In the continuum, the pseudoscalar~PS! and vector~V!
decay constants are defined by

^0uA0uPS&5^0uq̄g5g0huPS&5 f PSM PS, ~9!

^0uVkuVk&5^0uq̄gkhuVk&5ekf VMV , ~10!

whereq andh represent 4-component light and heavy qua
fields respectively. In lattice NRQCD,A0 and Vi are given
by power series of operators in 1/M . To a given order, all
operators with the appropriate quantum numbers and po
of 1/M appear. This includes operators representing disc
zation corrections, which vanish in the continuum. The c

TABLE V. Predictions for various mass splittings from th
work and previous results on quenched configurations@2#. The ex-
perimental values are also included. The results in both cases
converted into physical units~MeV! using the scale frommr , given
in Table II. The error shown is purely statistical, except forBs

2B, where the uncertainty inks is shown. The central value for thi
splitting is set usingks from theK meson.

bnf5056.0 bnf5255.6 Expt.

B* 2B 24~5! 20~12! 45.7~4!

Bs* 2Bs 27~3! 26~8! 47~3!

Bs2B 87~9!~120! 98~8!~-12! 90~2!

B(2S)2B(1S) 602~86! 540~120! ;580
Bs(2S)2Bs(1S) 559~55! 500~80! -
B** 2B 474~32! 520~40! 350–500
Lb2B 388~68! 560~40! 345~9!
07450
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responding matrix elements for these operators are comb
with the renormalization factors matching the lattice mat
elements tô 0uA0uPS& and ^0uVkuV& in full QCD, where
mixing between the operators under renormalization mus
taken into account.

In this study we truncate the NRQCD action atO(1/M ),
and match the decay constants to full QCD throu
O(a/M ). The axial-vector current is then1

^A0&5(
j 50

2

Cj~a,aM!^JL
( j )&1O~1/M2,a2,a2,aa/M !,

~11!

where

^JL
(0)&5^0uq̄g5g0QuPS&, ~12!

^JL
(1)&5^0u2q̄g5g0

gW •DW

2M0
QuPS&,

~13!

^JL
(2)&5^0uq̄

DQ •gQ

2M0
g5g0QuPS&. ~14!

q is now the light quark field in the lattice theory, andQ is
related to the 2-component heavy quark fieldc in lattice
NRQCD by

1In the limit of zero light quark mass.

re
4-9
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Q5S c

0 D . ~15!

JL
(0) andJL

(1) are the tree-level operators which are obtain
through theO(1/M ) inverse Foldy-Wouthuysen transform
tion connectingh to Q. JL

(2) appears at 1 loop in perturbatio
theory. Thus,C0 andC1 areO(1),

C0511ar0 , C1511ar1 , ~16!

while C2 is O(a),

C25a~r22zA!, ~17!

where we use the nomenclature of Ref.@15#. At this order
one must also consider anO(aa) lattice artifact, which ap-
pears through the mixing betweenJA

(0) and JA
(2) and which

does not vanish in the infinite heavy quark mass limit@15#:

^JL
disc&5^0uaq̄DQ •gQ g5g0QuPS&. ~18!

This factor can be viewed as a discretization correction
JL

(0) , and hence, we define an improved operator@15#:

JL
(0)imp5JL

(0)1CAJL
disc . ~19!

where CA5a@11zA /(2aM0)#. zA reflects the freedom in
the definition of the improved operator and is cancelled
the term2azA appearing inC2. In practice we set it to zero
which one is free to do at 1-loop accuracy.

In the lattice simulation, the number of matrix elemen
that must be calculated can be reduced by noting that

1

2M0
JL

(disc)5JL
(2) , ~20!

and, also, that at zero momentum on the lattice:

^JL
(1)&5^JL

(2)&. ~21!

Thus, it is sufficient to compute the matrix elements cor
sponding to the tree-level operators. Since these matrix
ments are generated separately, the contribution to the d
constant from each matrix element in Eq.~11! can be ana-
lyzed. For this purpose, we define

f PS
( j )AM PS5

1

AM PS

^0uJL
( j )uPS&. ~22!

We usef PSAM PS to denote the total decay constant at bo
tree level and 1-loop.

For the vector current,

^Vk&5(
j 50

4

CV j~a,aM!^Jk
( j )&1O~1/M2,a2,a2,aa/M !

~23!

where

^Jk
(0)&5^0uq̄gkQuVk&, ~24!
07450
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^Jk
(1)&5^0u2q̄gk

gW •DW

2M0
QuVk&, ~25!

^Jk
(2)&5^0u2q̄

DQ •gQ

2M0
g0gkQuVk&,

~26!

^Jk
(3)&5^0u2q̄

DW k

2M0
QuVk&, ~27!

^Jk
(4)&5^0uq̄

DQ k

2M0
QuVk&. ~28!

Jk
(0) andJk

(1) correspond to tree-level operators, while the r
appear at one loop in perturbation theory;CV0 andCV1 are
O(1),

CV0511ar0
V , CV1511ar1

V , ~29!

while CV2 , CV3 andCV4 areO(a),

CV25a~r2
V2zV!, CV35ar3

V , CV45ar4
V . ~30!

Analogous to the axial-vector case, there is a discretiza
correction which can be absorbed into a redefinition of
zeroth order operator:

^Jk
disc&5^0u2aq̄DQ •gQ g0gkQuVk&. ~31!

Jk
(0)imp5Jk

(0)1CVJk
disc , ~32!

whereCV5a@11zV /(2aM0)#; we setzV50 when comput-
ing CV andCV2. Note that

Jk
(2)52Jk

(1)12Jk
(3) , ~33!

1

2M0
Jk

(disc)5Jk
(2) , ~34!

and at zero momentum on the lattice,

^Jk
(3)&5^Jk

(4)&. ~35!

Thus, the 6 vector matrix elements can be reconstructed f
the subsetj 50, 1, 3. For the purpose of analyzing the ind
vidual contributions to the vector decay constant of the m
trix elements 24–28 and 31, we define

f V
( j )AMV5

1

AMV

^0uJk
( j )uVk&. ~36!

We use f VAMV to denote the total decay constant at bo
tree level and 1 loop.

The matching coefficientsCj andCA , andCV j andCV ,
have been evaluated to 1-loop in perturbation theory
Morningstar and Shigemitsu@15,16#. These coefficients de
pend onM anda, where we takeaV(q* ) @28# for the strong
coupling. The scaleq* also depends on the heavy qua
4-10
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mass. This scale is unknown at present, although in the s
limit Hernandez and Hill found that,q* 52.18/a @29#. At this
stage, we assume thatq* for each mass lies somewhere b
tween 1/a and p/a, and computef PS and f V for these two
limits.

The coefficientsC0 andC1 in the pseudoscalar case, an
CV0 , CV1 , CV2 and CV4 in the vector case, include a term
a ln(aM)/p. When computingf B and f B* we insertaM0 for
the heavy quark mass. There are no problems with la
logarithms for the quark masses used in this study; howe
for largerM, resumming the logarithms would be more a
propriate. A different approach is needed when extracting
slope of the decay constants and comparing with the s
limit. In this case, it is assumed that the meson simulate
eachM0 is theB meson~to a better or worse approximation!,
and thus,aM0

b must be inserted in the logarithms for a
heavy quark masses.

A possible concern is that thea/(aM)n terms in the co-
efficients combine with nonperturbative lattice erro
}(aLQCD)n in the matrix elementŝJL

(0)& or ^Jk
(0)&. This,

then, leads to contributions that look like physic
(LQCD /M )n corrections tof B or f B* . However, sincêJL

(0)&
and ^Jk

(0)& are designed to match full QCD throughO(aa),
these errors appear atO„a2(aLQCD)… or O„(aLQCD)2

…. The
leading contribution tof B or f B* from these errors is beyon
the order in the NRQCD series considered here. These is
have been discussed previously, in more detail, in Refs.@3#
and @15#.

Theoretically, within HQET, the decay constants in t
combinationsf PSAM PS and f VAMV are non-zero and equa
in the static limit, reflecting spin and flavor symmetry. Awa
from this limit, O(1/M ) corrections take the form

fAM5~a~M !!21/(2b0)~ fAM !`~11C/M1 . . . ! ~37!

where the decay constant in the static limit, (fAM )`, and the
coefficient of the linear slope,C, are expected to be o
O(LQCD). Thus, the ratio of the vector to pseudoscalar
cay constant can be expressed as

f VAMV/ f PSAM PS511~CV2CPS!/M1 . . . . ~38!

TABLE VI. The zeroth order decay amplitude of thePSmeson,
a3/2f PS

(0)AM PS, for all aM0 andk l .

aM0 0.1385 0.1393 0.1401 kc

0.8 0.203~3! 0.190~3! 0.176~6! 0.167~4!

1.0 0.214~3! 0.200~3! 0.185~6! 0.175~5!

1.2 0.221~4! 0.207~4! 0.191~6! 0.181~6!

1.7 0.236~4! 0.220~4! 0.203~6! 0.192~5!

2.0 0.243~4! 0.227~4! 0.210~7! 0.197~6!

3.0 0.262~4! 0.244~5! 0.227~7! 0.212~7!

3.5 0.268~4! 0.251~5! 0.234~5! 0.219~6!

4.0 0.274~4! 0.256~6! 0.243~8! 0.224~8!

7.0 0.295~5! 0.275~6! 0.270~19! 0.239~8!

10.0 0.309~6! 0.288~7! 0.278~26! 0.249~8!
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Another quantity to consider is the ratio of the pseudosca
decay constants for the heavy-light mesons containingu
light quark and that containing as quark,

f PSAM PSuks

f PSAM PSukc

5S f PSAM PSuks

f PSAM PSukc

D `

3@11~CPS
ks 2CPS

kc !/M1 . . . #. ~39!

Since the heavy quark is almost a spectator in the heavy-l
meson, the shift in the decay constant when the light qu
mass is changed is expected to be roughly independent oM.
Thus,CPSuks

is approximately equal toCPSukc
, and the ratio

should have little dependence on the heavy quark mass.
The contributions to the slope of the decay constants fr

the O(1/M ) terms in the NRQCD action and corrections
the current can be identified. From first order perturbat
theory in 1/M about the static limit,

C5Gkin12dMGhyp1dMGcorr/6, ~40!

wheredM53 and21 for pseudoscalar and vector meso
respectively. Thus,

CPS2CV58Ghyp12Gcorr/3. ~41!

The kinetic and hyperfine terms contribute to the decay c
stant through the correction to the meson wave function,

^0uq†G (2)cuP&`Gkin

5^0u E dyT$q†G (2)c~0!,Okin~y!%uP&` , ~42!

^0uq†G (2)cuP&`2dMGhyp

5^0u E dyT$q†G (2)c~0!,Ohyp~y!%uP&` , ~43!

while Gcorr is directly related to the tree-level current co
rection:

TABLE VII. The tree-level correction to thePS current,
a3/2f PS

(1)AM PS5a3/2f PS
(2)AM PS, for all aM0 andk l .

aM0 0.1385 0.1393 0.1401 kc

0.8 20.0520(10) 20.0494(9) 20.0462(17) 20.0446(13)
1.0 20.0467(9) 20.0443(8) 20.0414(15) 20.0398(12)
1.2 20.0422(9) 20.0399(8) 20.0372(13) 20.0358(12)
1.7 20.0340(7) 20.0321(7) 20.0299(10) 20.0286(10)
2.0 20.0308(5) 20.0291(6) 20.0271(10) 20.0258(10)
3.0 20.0234(4) 20.0220(5) 20.0207(7) 20.0196(8)
3.5 20.0209(4) 20.0197(5) 20.0185(4) 20.0175(5)
4.0 20.0189(4) 20.0178(5) 20.0170(6) 20.0159(6)
7.0 20.0120(2) 20.0113(3) 20.0112(9) 20.0100(4)

10.0 20.0089(2) 20.0084(3) 20.0082(8) 20.0074(3)
4-11
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^0uq†G (2)cuP&`dMGcorr/65^0uq†G (2)
s•DW

2
cuP&` .

~44!

uP&` represents the meson in the limit of infinite heavy qua
mass andG (2)51 ands for the pseudoscalar and the vecto
respectively. Note that Eqs.~42!–~44! are tree level expres
sions. This analysis is discussed in more detail in Ref.@9#.

A. Results

The bare lattice matrix elements computed in the latt
simulation,f PS

(0,1)AM PS and f V
(0,1,3)AMV, are given in the Ap-

pendix in Tables VI and VII for the pseudoscalar, and Tab
VIII, IX and X for the vector, for the range of masses stu
ied. Combined with the appropriate matching factors, we
tain the tree-level and renormalized decay constants sh
in Tables XI and XII, for the pseudoscalar and vector resp
tively.

Considering, initially,aM052.0, a quark mass in the re
gion of the b quark mass (aM0

b52.1 for a2152.0 GeV),
Table XI shows thatf PSAM PS is reduced from the tree-leve
value by 10% foraq* 5p and 16% foraq* 51.0. Thus, the
combined 1-loop corrections to the decay constant,O(a),
O(aa) andO(a/M ), are significant but not larger than ex

TABLE VIII. The zeroth order decay amplitude of theV meson,
a3/2f V

(0)AMV, for all aM0 andk l .

aM0 0.1385 0.1393 0.1401 kc

0.8 0.163~3! 0.152~3! 0.140~5! 0.131~4!

1.0 0.176~3! 0.164~3! 0.151~5! 0.142~4!

1.2 0.186~3! 0.174~3! 0.159~6! 0.150~4!

1.7 0.206~3! 0.191~4! 0.177~4! 0.165~5!

2.0 0.215~3! 0.201~4! 0.186~4! 0.173~5!

3.0 0.239~4! 0.223~5! 0.208~8! 0.194~6!

3.5 0.248~4! 0.232~5! 0.216~6! 0.202~7!

4.0 0.255~5! 0.239~6! 0.224~8! 0.209~7!

7.0 0.283~6! 0.264~6! 0.254~27! 0.230~10!

10.0 0.300~6! 0.279~7! 0.272~23! 0.241~9!

TABLE IX. The tree-level correction to theV current,
a3/2f V

(1)AMV, for all aM0 andk l .

aM0 0.1385 0.1393 0.1401 kc

0.8 0.0136~3! 0.0128~3! 0.0119~5! 0.0114~5!

1.0 0.0126~3! 0.0119~3! 0.0111~5! 0.0106~4!

1.2 0.0117~3! 0.0110~3! 0.0102~4! 0.0097~3!

1.7 0.0098~2! 0.0092~2! 0.0086~3! 0.0082~3!

2.0 0.0090~1! 0.0085~2! 0.0079~3! 0.0075~3!

3.0 0.0071~1! 0.0067~2! 0.0063~3! 0.0060~2!

3.5 0.0064~1! 0.0061~2! 0.0057~2! 0.0054~2!

4.0 0.0059~1! 0.0055~2! 0.0052~2! 0.0050~2!

7.0 0.0038~1! 0.0036~1! 0.0035~4! 0.0032~1!

10.0 0.0029~1! 0.0027~1! 0.0027~2! 0.0024~1!
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k
,

e

s

-
n

c-

pected. In addition, the uncertainty inf B due to the unknown
q* is not unduly large,;6%, although it is bigger than the
statistical errors of;3%.

We study the tree-level and renormalized currents furt
by analyzing the individual contributions to thePS decay
amplitude from the various operators and matching facto
Table XIII details the percentage correction of these con
butions to the zeroth order tree-level matrix element,^JL

(0)&;
aM052.0 andaq* 51.0 is used for the 1-loop terms. Not
that the contributions fromJL

(2) and JL
disc are reconstructed

from ^JL
(1)&.

From the table we see that theO(1/M ) tree-level correc-
tion, ^J(1)&, reduces the decay constant by 13%. The 1-lo
correction for this matrix element is small,;1%; however,
the other 1-loop terms, theO(a) correction to^J(0)&, ar0,
and theO(a/M ) matrix element and theO(aa) discretiza-
tion correction,ar2^J

(2)&1a^Jdisc&, are all of a similar
magnitude to the tree-level correction, around 10%. Ho
ever, none of the terms are unduly large and there is
indication that NRQCD is breaking down. Since the term
contribute with different signs, there is some cancellat
between them and the combined 1-loop correction
214% foraq* 51.0, the same size as theO(1/M ) tree-level

TABLE XI. The tree-level and renormalizedPSdecay constants
in lattice units,a3/2f PSAM PS, for all aM0 and k l5kc . aM0 has
been used for the argument of the logarithms appearing in
matching coefficients.

aM0 Tree level q* 5p q* 51.0

0.8 0.122~3! 0.121~3! 0.120~3!

1.0 0.135~4! 0.130~4! 0.126~3!

1.2 0.145~5! 0.137~4! 0.132~4!

1.7 0.163~5! 0.150~4! 0.141~3!

2.0 0.172~5! 0.155~4! 0.145~4!

3.0 0.192~5! 0.169~5! 0.154~5!

3.5 0.202~5! 0.175~5! 0.158~4!

4.0 0.208~7! 0.179~6! 0.161~5!

7.0 0.229~8! 0.195~6! 0.174~5!

10.0 0.242~9! 0.206~7! 0.184~6!

TABLE X. The one-loop correction to theV current,
a3/2f V

(3)AMV5a3/2f V
(4)AMV, for all aM0 andk l .

aM0 0.1385 0.1393 0.1401 kc

0.8 20.0164(3) 20.0154(3) 20.0144(5) 20.0136(6)
1.0 20.0144(3) 20.0136(3) 20.0126(5) 20.0119(4)
1.2 20.0129(3) 20.0121(3) 20.0112(4) 20.0107(4)
1.7 20.0103(2) 20.0097(2) 20.0091(3) 20.0086(3)
2.0 20.0094(1) 20.0088(2) 20.0082(3) 20.0078(3)
3.0 20.0072(1) 20.0068(2) 20.0064(3) 20.0061(2)
3.5 20.0065(1) 20.0061(2) 20.0058(2) 20.0055(2)
4.0 20.0059(1) 20.0056(2) 20.0053(2) 20.0050(2)
7.0 20.0038(1) 20.0036(1) 20.0035(4) 20.0032(1)

10.0 20.0029(1) 20.0027(1) 20.0027(2) 20.0024(1)
4-12
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correction. Thus, the total correction tof PS
(0)AM PS is 227%;

this falls to221% foraq* 5p, of which28% is due to the
1-loop terms.

The picture is fairly similar for the vector decay consta
Table XII shows thatf VAMV at aM052.0 is reduced from
the tree-level value by 14% and 22% when the match
factors are included withaq* 5p and 1.0, respectively; the
dependence onq* is moderate. In the tree-level cas
f PSAM PS is slightly below f VAMV, while for the sameq*
they are roughly equal. However, there is no reason for
characteristic scale for the vector to be the same as tha
the pseudoscalar, and thus, it is difficult to compare the
at this stage.

The contributions to the vector decay constant from
individual matrix elements and matching coefficients are a
detailed in Table XIII. We see that the 1-loop terms,ar0 and
ar2^J

(2)&1a^Jdisc&, are all the same order of magnitude
in the PS case, and combine to give a220% correction to
the zeroth order vector current. The remaining 1-loop ter
all O(a/M ), are very small, of order 1%. However, since t
O(1/M ) tree-level term is smaller and with opposite sig
compared to thePS case, the overall correction tôJ(0)& is
smaller:217% (210%) foraq* 51.0(p). The relative size
of the individual corrections compared to those for thePS is
discussed later.

Interpolating the results forf PSAM PS and f VAMV to M0

5M0
b , and converting into physical units, we obtain the v

ues for f B and f B* shown in Table XIV; the results forf Bs

and f Bs
/ f B are also given. Table XIV presents the pred

TABLE XII. The tree-level and renormalizedV decay constants
in lattice units,a3/2f VAMV, for all aM0 andk l5kc . aM0 has been
used for the argument of the logarithms appearing in the matc
coefficients.

aM0 Tree level q* 5p q* 51.0

0.8 0.143~4! 0.134~4! 0.128~4!

1.0 0.152~4! 0.139~4! 0.131~4!

1.2 0.159~5! 0.143~4! 0.134~4!

1.7 0.173~5! 0.152~5! 0.139~4!

2.0 0.181~6! 0.156~5! 0.141~4!

3.0 0.200~6! 0.168~5! 0.148~5!

3.5 0.207~7! 0.173~6! 0.151~6!

4.0 0.214~8! 0.177~6! 0.154~6!

7.0 0.232~9! 0.190~8! 0.164~7!

10.0 0.244~9! 0.199~7! 0.170~6!
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tions for the decay constants derived using botha2152.0
and 2.4 GeV. We take the difference in the decay consta
for the different choices of lattice spacing as an estimate
the error inf B due to uncertainty in the scale.

Combined with estimates of the other dominant syste
atic errors, detailed in Table I, our predictions for the pse
doscalar and vector decay constants are

f B5186~5!~19!~9!~13!~150! MeV ~45!

f Bs
5215~3!~22!~9!~15!~149!~25! MeV

~46!

f B* 5181~6!~18!~9!~13!~155! MeV ~47!

f B
s*
5213~4!~21!~9!~15!~160!~24! MeV.

~48!

The first error is statistical. The second is the estimate of
O(a2) perturbative error;10%. The third and fifth errors
are the estimates of uncertainty arising from the light qu
discretization errors and the uncertainty ina21. Note that the
latter includes the corresponding change inaM0

b . For f Bs

there is an additional error due to the uncertainty inks .
The fourth error is due to the truncation of the NRQC

series. To estimate this, one must consider the next o
corrections,O(1/M2), to the current and to the NRQCD ac
tion @given in Eq.~4!#. Naively, one expects these terms

g

TABLE XIV. The pseudoscalar and vector decay constants
MeV, calculated with and without renormalization and converted
physical units usinga2152.0 and 2.4 GeV. Note thataM0

b52.0 for
a2152.0 GeV, while aM0

b51.8 for a2152.4 GeV. Statistical er-
rors, only, are shown except for those involvingf Bs

and f B
s*
, where

the error due to the uncertainty inks is also given.

a21 GeV Tree level q* 5p q* 51.0

f B 2.0 217~6! 192~5! 180~5!

2.4 269~8! 244~8! 231~8!

f Bs
2.0 247(5)(25) 222(2)(25) 208(2)(25)
2.4 310(6)(26) 284(4)(26) 266(4)(26)

f B* 2.0 223~6! 189~6! 173~5!

2.4 280~8! 248~8! 224~6!

f B
s*

2.0 256(4)(23) 224(4)(24) 202(4)(24)
2.4 323(6)(26) 285(5)(27) 261(5)(25)

f Bs
/ f B - 1.14(2)(22) 1.14(2)(22) 1.14(2)(22)

f B
s*

/ f B* - 1.14(2)(22) 1.14(2)(22) 1.14(2)(22)
TABLE XIII. The corrections to the zeroth order pseudoscalar and vector matrix elements expressed as a ratio to^J(0)&. The order at
which each correction contributes is indicated.aq* 51.0 andaM052.0, which is close to the bareb quark mass fora2152.0 GeV. Note
that zA andzV are set to zero. The statistical errors are less than 1%.

^J(1)&/^J(0)& ar0 ar1^J
(1)&/^J(0)& ar2^J

(2)&/^J(0)&1a^Jdisc&/^J(0)& C3^J
(3)&/^J(0)& C4^J

(4)&/^J(0)&
O(1/M ) O(a) O(a/M ) O(a/M )1O(aa) O(a/M ) O(a/M )

f PSAM PS 213 29 11 27 - -

f VAMV 14 214 11 26 21 21
4-13
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FIG. 5. ~a! shows the tree-levela3/2fAM PS for the three values ofk l50.1385~crosses!, 0.1393~octagons! and 0.1401~diamonds!, and
extrapolated to the chiral limit~squares! as a function of 1/(aMPS). ~b! shows the heavy quark mass dependence of the ratio of (fAM PS)ks

to ( fAM PS)kc
, whereks is fixed using theK meson.
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be of order;1%. As mentioned in Sec. III, Ishikawaet al.
@12# performed a tree-level analysis of theO(1/M2) terms
for f PS and f V . These authors found that in the region of t
B mesondHh.o. had no effect on thePS or V matrix ele-
ments. For lighter values ofaM0 the higher order terms in
the action tended to increase the matrix elements.

The individual tree-level current corrections are

J(a)5
1

8M0
2
q̄GD2Q, ~49!

J(b)5
1

8M0
2
q̄GgSW •BW Q, ~50!

J(c)52
1

8M0
2
q̄G2igaW •EW Q, ~51!

whereaW 5g0gW andSW 5diag(sW ,sW ). G5g5g0 andgk for the
pseudoscalar and vector respectively. These terms were
found to be less than 2% in magnitude. The corrections c
tribute with differing signs and there is a cancellation b
tween them which leads to a small overall decrease
f BAMB of ;3%. Since atO(1/M ) the 1-loop terms are a
large as those at tree level, as discussed previously, we
mate the overall uncertainty in the decay constants due to
omittedO(1/M2) andO(a/M2) terms as 6%.

In total, adding the statistical and systematic errors
quadrature, there is a 14% uncertainty in the decay const
This is much smaller than the;30% error due to the uncer
tainty in a21. Thus, a determination off B of around;10%
is possible, but only if the systematic error ina21 is reduced
significantly.
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In contrast,f Bs
/ f B and f B

s*
/ f B* are quantities for which

most systematic errors cancel out. These ratios are inde
dent of the heavy quark mass~see below!, while Table XIV
indicates that it is insensitive to the 1-loop corrections. F
thermore,f Bs

/ f B and f B
s*

/ f B* are not dependent on the la

tice spacing. The only significant error is that due to t
uncertainty inks . We find

f Bs
/ f B51.14~2!~22!, ~52!

f B
s*

/ f B* 51.14~2!~22! ~53!

where the first error is statistical and the second is due toks .
We now study the dependence off PSAM PS on the light

and heavy quark mass. Considering the light quark mass
pendence initially, we find that the decay constant is linea
dependent onmq as shown in an example of the chiral e
trapolation of this quantity in the Appendix foraM051.0.
As discussed in Sec. V the dependence onamq is expected
to be roughly the same for allaM0; i.e.,CPS is insensitive to
the light quark mass. Figure 5 gives the tree-level values
f PSAM PS for all heavy quark masses andk l .

We perform a fit to the decay constant for fixedk l using
a functional form motivated by Eq.~37!,

f PSAM PS5C01C1 /M1 . . . ~54!

where C05( fAM )` and C1 /C05CPSuk l
. The slopes for

eachk l and the chiral limit are given in Table XV. We find
that the slopes for the lighter twok ’s ~corresponding tomq
;ms and smaller! are consistent with the chiral limit,CPS
;1 in lattice units. However, from the results fork l
50.1385, we see there is a much stronger dependence o
decay constant on 1/(aMPS) for mq heavier thanms , al-
4-14
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though with such large errors it is only a 2s effect. This
behavior may be due to discretization errors inCPS ~which is
a light quark quantity! arising from the light quark action
which increase with the mass of the light quark:O(aamq)
andO„(amq)2

… for the clover action. SinceCPSuks
'CPSukc

,

the ratio (f PSAM PS)ks
/( f PSAM PS)kc

, has almost no depen
dence on the heavy quark mass, as seen in Fig. 5~b!.

The heavy quark mass dependence off PSAM PS at the tree
level and 1 loop is compared in Fig. 6 fork l5kc . In the
tree-level case there is a steep dependence on the h
quark mass, and this, initially suggested that higher order
the heavy quark expansion would be needed at theB meson
@9#; f PSAM PS is reduced from the static limit by;35% at
the B meson. However, Fig. 6 shows that the slope is d
matically reduced when the 1-loop corrections are includ
f PSAM PS at theB meson is reduced by;17% compared to
the static limit foraq* 5p, while there is almost no depen
dence onM for aq* 51.0.

We perform a fit to the data sets using Eq.~54!, the results
are detailed in Table XVI. The relative slope at the tree le
is ;21 in lattice units or ;22 GeV, using a21

TABLE XV. The dependence of theO(1/M ) slope of
a3/2fAM PS on the light quark mass in lattice units.

k l aC1 /C0

0.1385 1.7~5!

0.1393 1.0~4!

0.1401 1.1~3!

kc 1.1~3!

FIG. 6. The pseudoscalar decay constant in lattice units f
consistent toO(a/M ) as a function of 1/(aMPS). The results
shown as circles are obtained usingaq* 51.0 for the renormaliza-
tion factors, while the squares useaq* 5p; the tree-level results are
also shown as diamonds.aM0

b52.1, for a2152.0 GeV, has been
used for the argument of the logarithms appearing in the matc
coefficients, for allaM0. The results are fork l5kc .
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52.0 GeV. This is well above the naive expectation o
2300 to2500 MeV @O(LQCD)#. However, at 1 loop this
is reduced to anywhere between21 GeV and 0, depending
on q* . Note thatq* depends on the mass, and this depe
dence must be determined before the slope can be extra
correctly. However, the results with fixedq* provide a rough
bound on the size of the slope. Previous calculations in
quenched approximation using the clover action and the F
milab approach@6# find the slope to be close to the upp
limit around 21 GeV @30–33#. Note that the values ofq*
are also not known for this method.

There are clear advantages to simulating at finite he
quark mass with an inverse lattice spacing around 2.0 G
The combined 1-loop corrections grow asM tends towards
the static limit @with the a ln(aM)/p terms in the matching
coefficients fixed toa ln(aM0

b)#, as does the accompanyin
uncertainty due to the omission of higher orders in t
matching coefficients. Thus, for a coarser lattice spacing,
with a larger value foraM0

b ~and indeed for the static limit!,
a nonperturbative determination of the matching factors
comes essential. Certainly this is required for a determina
of the slope of the decay constant. For a finer lattice,aM0

b

becomes smaller, and at some point NRQCD breaks do
the bare lattice matrix elements grow larger—i.e. incre
ingly higher orders in the NRQCD expansion becom
important—while thea/(aM) terms in the matching coeffi
cients also become large and perturbation theory is not w
controlled.

The interplay between the individualPS matrix elements
and their effect on the slope of the decay constant can
seen in Fig. 7. The tree-level and 1-loop corrections to
zeroth order matrix element are shown~as percentages! as a
function of 1/(aM0) for aq* 51.0. The O(1/M ) and
O(a/M ) terms,^J(1)& andar2^J

(2)& andar1^J
(1)&, respec-

tively, vanish in the static limit and grow asaM0 becomes
small. The discretization correction has very little depe
dence on the heavy quark mass, while theO(a) correction to
^J(0)& decreases dramatically from the static limit, and go
through zero asaM0 becomes lighter.

The corrections contribute with differing signs leading
some cancellation between them. Towards the heavy m
limit, 1/(aM0),0.5, theO(1/M ) and O(a/M ) terms ap-
proximately cancel each other. This leaves theO(a) and
O(aa) terms which are both large in this region,;220%
each, leading to a very large 1-loop correction tof PS

(0)AM PS.
In contrast, for the lighter values ofaM0,1.2, ar0 is much
smaller, while theO(a/M ) terms are now large enough t
approximately cancel the discretization correction. Thus, s
prisingly, at 1/aMPS;0.6, the decay constant is rough

y

g

TABLE XVI. The slope ofa3/2fAM PS in lattice units at the tree
level and when renormalization is included.

a3/2C0 a5/2C1 aC1 /C0

Tree level 0.27~1! 20.3(1) 21.1(3)
q* 5p 0.192~8! 20.09(2) 20.5(1)
q* 51.0 0.150~6! 20.00(2) 20.0(1)
4-15



the

S. COLLINSet al. PHYSICAL REVIEW D 60 074504
FIG. 7. The ratio of individual tree-level and 1-loop current corrections to the zeroth orderPSdecay constant,f (0)AM PS, as a function
of 1/(aM0). RL

( i )5^JL
( i )&/^JL

(0)&. k l5kc and aq* 51.0. aM05aM0
b has been used for the argument of the logarithms appearing in

matching coefficients.
re

ar
s
ge

o
the
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r-
equal to the tree-level value. Note, however, that in this
gion the 1-loop termsar2^J

(2)& and^Jdisc& are not small at
around 10%.

Thus, the almost complete removal of any heavy qu
mass dependence when the 1-loop terms are included u
aq* 51.0 is due to the large 1-loop correction in the lar
mass limit@whereO(1/M ) terms are small#, ;240% in the
static limit, and a large tree-levelO(1/M ) correction for the
lighter meson masses~where the 1-loop terms cancel!, ;
07450
-

k
ing

230% for aM050.8. Since the tree-level correction is s
large for the lighter meson masses, higher orders in
NRQCD expansion should be considered in this region.

The vector decay constant behaves in a similar way a
function of the heavy quark mass to the pseudoscalar. Fig
8 details the individual percentage corrections tof V

(0)AMV

versus 1/(aM0). The bare matrix elements,^Jk
( i )&,i 51,4, are

related to each other as given in Eqs.~33!–~35!. In the heavy
quark limit, these expressions simplify and furthe
oeffi-

FIG. 8. The individual tree-level and 1-loop current corrections to the zeroth orderV decay constant,f V

(0)AM PS as a function of 1/(aM0).
Rk

( i )5^Jk
( i )&/^Jk

(0)&. k l5kc andaq* 51.0. aM05aM0
b has been used for the argument of the logarithms appearing in the matching c

cients.
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more one finds additional relations between the vector
pseudoscalar current corrections. If we re-writeJk

(1) andJk
(3)

in the form

Jk
(1)52

1

2M0
q̄~2g'•D'1gkDk!gkQ ~55!

Jk
(3)52

1

2M0
q̄gkDkgkQ ~56!

and takeuVk&5@Q†gkq#u0&, then by assuming that the con
traction of QQ† is spin diagonal~in the largeM limit ! we
can deduce

^0uq̄~g iDi !gkQuVk& ~ iÞk!5^0uq̄~gkDk!gkQuVk&,
~57!

i.e. ^Jk
(1)&52^Jk

(3)&. Tables IX and X show that our result
agree with this relation for the heavier values ofM*3.0.
Thus, Eq.~33! reduces tô Jk

(2)&53^Jk
(3)&523^Jk

(1)&.
Following the same argument, and takinguPS&

5@Q†g5q#u0&, one can show that̂JL
(2)& for the PS is equal

to ^Jk
(2)& for the V,

^0uq̄~g jDQ j !g0gkQuVk&5^0uq̄~g jDQ j !g5g0QuPS& ~58!

for any j. Thus the corresponding discretization correctio
are also equal, ^Jk

(disc)&5^JL
(disc)&, and ^JL

(1)&5^JL
(2)&

523^Jk
(1)&; the latter clearly comes from spin symmetr

The results in Figs. 7 and 8 in the large mass limit agree w
these expressions. In general the terms which spoil Eqs.~57!
and ~58! at finite M are due to theO(1/M ) terms in the
action modifying the meson wave function from the sta
limit @as in Eqs.~43! and~42! for the PS decay constant#, and
are small since they appear as anO(1/M ) correction to the
matrix element.

B. Making contact with HQET

As discussed in Sec. V, one can attempt to analyze
1/M corrections to the static limit within the framework o
HQET. Equations~40! and ~41! suggest that by taking ap
propriate combinations off PSAM PS and f VAMV, Gkin and
Ghyp can be separated; since^J(1)& is calculated separately
Gcorr can easily be obtained. In particular, the spin aver

of the PS and V decay constants~without ^J(1)&), fAM ,
cancels the hyperfine contribution, and the slope of t
quantity is purely determined byGkin . Conversely, the ratio
of these quantities cancelsGkin and a determination of the
slope givesGhyp .

Note that the renormalization factors calculated by Mo
ingstar and Shigemitsu are not those required for a deta
investigation of spin and flavor symmetry within HQET.
Refs. @15# and @16# the lattice NRQCD matrix elements ar
matched directly to full QCD, while the factors matchin
lattice NRQCD to continuum HQET are the ones that
needed. In particular, only the tree-level decay constants
obey the spin symmetry relation that the ratio ofV to PS is
1 in the static limit. Thus, we restrict ourselves to a tree-le
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analysis of spin symmetry and the origin of the slopeC.
One-loop matching to full QCD would introduce a short d
tance correction factor to the ratiof VAMV/ f PSAM PS of
hstatic5$12a@8/(3p)#%.

Figure 9 presents the results forfAM , compared to the
PS decay constant, with and without the tree-levelO(1/M )
current correction. In the heavy mass limit, all three quan
ties converge, indicating that the dominant contribution
the tree levelCPS is from Gkin . The figure also shows
f PSAM PS/ f VAMV. Without ^J(1)& this ratio is positive~indi-
cating Ghyp is positive! and tends to 1 in the static limit
consistent with spin symmetry; when the current correct
is includedf VAMV, f PSAM PS. Gcorr can be very accurately
determined by extrapolating 2M0^J

(1)& to the static limit,
displayed in Fig. 9~c!.

We perform fits to these combinations ofPS andV decay
constants and extractGkin , Ghyp andGcorr . The results are
given in Table XVII. Note that only the slopes of physic

combinations of the decay constants, i.e.f PSAM PS, fAM
and f PSAM PS/ f VAMV, are expected to beO(aLQCD). The
ratio of decay constants is roughly in agreement with t
picture; the slope of the ratio is small, whileGcorr andGhyp
are individually much larger. However, the physical dec
constants themselves, dominated byGkin , have a much
larger slope. Considering the strong dependence onM of the
O(a) correction tof PS

(0)AM PS seen in the results of Morning
star and Shigemitsu,Gkin is likely to be significantly affected
by renormalization. Similarly, the 1-loop corrections
Gcorr are likely to be large.

The results in Table XVII through the use of the clov
action for the light quarks and extrapolating to the chi
limit are an improvement on our previous results with W
son light fermions published in Ref.@9#. Numerically, the
difference between the results is mainly due to the extra
lation to kc in the clover case,2 since at the tree level the
decay constant does not change significantly between
two light quark actions.

C. nf dependence

We compare our results with those calculated as par
the O(1/M2) quenched simulation atbnf5056.0 already
mentioned in Sec. IV. In Ref.@3# we quote

f B5147~11!~212
18 !~9!~6! MeV ~59!

f Bs
5175~08!~210

17 !~11!~7!~20
17! MeV

~60!

f Bs
/ f B51.20~4!~20

14! ~61!

for the quenched result. The errors are calculated in a sim
way to those in this paper and, with the exception of t

2The Wilson results in Ref.@9# correspond to a light quark mas
greater thanms and thus the slope of the decay constant is mu
larger than in the chiral limit, as discussed previously.
4-17



S. COLLINSet al. PHYSICAL REVIEW D 60 074504
FIG. 9. Heavy quark dependence of various combinations of the tree-levelPS and V decay constants in lattice units fork l5kc . ~a!
presentsfAM PS ~diamonds!, f (0)AM PS ~octagons! and the spin average of thePSandV decay constants~squares!. ~b! shows the ratio of the
PSto theV tree-level decay constant with~diamonds! and without~squares! theO(1/M ) current corrections.~c! gives the contribution to the
slope of the decay constants from theO(1/M ) current correction.
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uncertainty due to fixinga21, are of a similar size. The firs
error corresponds to statistical errors and those errors du
extrapolation and interpolation ink and aM0. The second
error indicates the uncertainty ina21 calculated usinga21

52.0 GeV and 1.8 GeV. This range represents the sprea
a21 derived from various light spectroscopic quantitie
Higher order perturbative and relativistic uncertainties
given by the third error and the fourth error is due to d
cretization corrections. Forf Bs

the error in fixingks is found
by fixing the strange quark mass from theK meson~for the
central value! and thef meson; theK* meson gave the sam
value ofks as thef meson.

The quenched calculation includesdHh.o. in the action
and the tree-levelO(1/M2) current corrections. Since th
O(1/M2) current corrections were calculated separately,
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can easily omit them in order to make a better compari
with our presentO(1/M ) nf52 results. Apart from this the
quenched simulation and analysis remains the same as
tailed in Ref. @3#. The modified quenched results are pr
sented in Table XVIII. As mentioned in Sec. V A, the co
tributions from dHh.o. have a minimal effect on the
pseudoscalar matrix elements in the region of theB meson.
Thus, there should only be a very small uncertainty in
comparison between quenched andnf52 results due to the
differing actions. In fact, sincedHh.o. tends to increasef B ,
removing it would increase rather than decrease the
quark effect that we see.

The comparison is made at the tree level and at 1-loop
aq* 5p and aq* 51.0 in Table XVIII. In perturbation
theory the effects of sea quarks appear beyond 1-loop. T
4-18
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aq* is likely to be very similar for the sameMa values for
quenched andnf52. Since the values ofa and henceaM0

b

are closely matched for the two simulations, it is reasona
to compare at fixedaq* .

Considering, in addition, that the quenched and
quenched simulations are very similar in method and an
sis we expect the systematic errors to be similar~and corre-
lated! in both cases. Thus, initially, we make a comparis
considering only the statistical errors. Table XVIII show
that f B is a quantity which is sensitive to the presence of
quarks and that the quenched value forf B may be substan
tially lower than the value in full QCD. We find a 23–25 %
or .3s increase3 in f B , when two flavors of sea quarks a
included. The increase is roughly the same at the tree l
and at 1-loop foraq* 5p andaq* 51.0. If the actual value
of aq* for nf50 turns out to be higher than that fornf52,
then the sea quark effect becomes smaller. In the rev
case the effect would be larger.

Alternatively, we can ignore the fact that the systema
errors between the quenched and unquenched results
probably highly correlated. Combining the statistical a
systematic errors in quadrature, we obtainf B
5149(19) MeV atnf50, compared to 186~25! MeV at nf
52; the lattice spacing is fixed usingmr in both cases—i.e.
the uncertainty arising from fixinga is ignored—and the
central value is obtained from the average of the results
aq* 51.0 andp. In this case, the 27 MeV shift inf B is a 1s
effect. Note that, considering the uncertainty ina21 for nf
52, using a2152.4 GeV will lead to a larger sea quar
effect. This increase includes any effect due to finite volu
problems for the determination ofa21 from mr at nf52. As
mentioned in Sec. III,a21 is expected to be underestimate
if the r meson is squeezed.

3The significance of the shift in the decay constant is found
comparing the difference betweenf B at nf52 and 0 with the sta-
tistical errors added in quadrature.

TABLE XVII. The O(1/M ) slope found for various combina
tions of the tree-levelPSandV decay constants in lattice units.k l

5kc .

Quantity aC1 /C0 Results

f PSAM PS Gkin16Ghyp1Gcorr/2 21.1(3)

fAM Gkin 20.9(3)

f PS
(0)AM PS

f V
(0)AMV

8Ghyp 0.36~3!

f PSAM PS

f VAMV

8Ghyp12Gcorr/3 20.14(4)

Quantity aC0 Results

2M0f PS
(1)AM PS

f PS
(0)AM PS

2Gcorr 20.62~1!
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Comparing the central values forf Bs
the increase withnf

is slightly smaller,;20%, but statistically more significan
at between 5s and 6.5s. The error inf Bs

due to the uncer-

tainty in ks clouds the comparison for this quantity slightl
For the nf52 configurations,mf and mK give consistent
values forks , while mK* gives a slightly higher value~see
Sec. II!. In contrast, for the quenched results the error inks is
larger, and as mentioned previously, is computed using fr
using mK and mf ; mK* and mf give consistent results
Thus, ifmf is used the quenched decay constant is increa
by 7 MeV, while thenf52 value is unchanged. The differ
ence between the two values forf Bs

is reduced to 14–16 %

or a (4 –5.5)s effect ~a similar decrease is found usin
mK* ). A detailed study of how to fixks is needed to improve
the comparison of quenched and unquenched results forf Bs

.

If the systematic errors are taken in account,f Bs

5180(20) MeV atnf50 and 215~29! MeV for nf52; the
central value is found usingks from mK , but the associated
uncertainty inks is included in the error. Assuming the e
rors are independent, the 35 MeV shift corresponds to 1s.

The effect of sea quarks in the decay constants have
been studied by the MILC collaboration@34#. f B was found
to increase by;13% from the quenched to thenf52 result.
The Wilson action was employed for the heavy and lig
quark at severalb values at bothnf50 and 2. Extrapolating
the results to the continuum limit these authors findf B
5159(11)(stat)(12229)(syst)(12120) ~quench! MeV.
Clearly systematic errors~of which discretization errors are
the dominant source! are as large an effect as quenching.
this situation the size of the sea quark effects is very se
tive to the interpolation of thenf50 results to a lattice spac
ing which coincides with that found atnf52 to enable a
comparison. However, until the systematic errors are
plored thoroughly atnf52, the difference between our re
sults and those from the MILC Collaboration are not sign
cant.

Since the matching factors have been calculated ove
wide range ofM, we can also investigate the mass depe

y

TABLE XVIII. A comparison of the decay constants of theB
and Bs mesons from this work and those on quenched configu
tions atbnf5056.0 @3#. The results have been converted into phy
cal units~MeV! usinga21 from mr . The errors are purely statisti
cal, with the exception off Bs

/ f B where the second error come
from the uncertainty inks . Note that theO(1/M2) current correc-
tions included in Ref.@3# have been omitted from the quenche
results in order to better compare with thenf52 results.

bnf5056.0 bnf5255.6

f B q* 51.0 145~10! 180~5!

q* 5p 154~10! 192~5!

tree level 176~11! 217~6!

f Bs
q* 51.0 175~6!~17! 208(2)(24)
q* 5p 186~6!~17! 222(2)(24)

tree level 205~6!~17! 247(2)(24)
f Bs

/ f B 1.20~4!~14! 1.14~2!~-2!
4-19
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FIG. 10. The renormalized pseudoscalar decay constant as a function of 1/M PS in physical units forbnf5056.0 ~diamonds 1/M2) and
bnf5255.6 ~squares! for the tree level and 1 loop forq* 5p andq* 51.0. aM0

b has been used for the argument of the logarithms appea
in the matching coefficients.
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dence of the sea quark effects. Figure 10 presents the re
for the tree level and 1 loop for two values ofaq* . The
roughly constant shift betweennf50 and nf52 for the
whole range of meson masses from;MB/3 to 4MB indi-
cates that the sea quark effects are associated with the
quark rather than dependent on the heavy quark. We
compare the results for the ratiof Bs

/ f B . The large sea quark

effects we see inf Bs
and f B individually appear to cancel in

the ratio. There is only a;5% or 1.3s decrease inf Bs
/ f B

when two flavors of sea quarks are introduced. Ifks from mf
is used, the results are consistent to within less than 0.5s.

VI. CONCLUSIONS

We presented comprehensive results for the spectrum
decay constants of theB meson including the effects of tw
07450
lts

ht
so

nd

flavors of dynamical quarks. In addition, an investigation
the effects of sea quarks through a comparison w
quenched simulations was performed. At present, we do
attempt to extrapolate innf but look for initial indications of
quenching effects.

Results, summarized in Table III, were presented for
lower lying S andP meson states and theLb baryon. With
the exception of theLb2B splitting, the estimates of the
systematic errors for all mass splittings were comparable
or less than the statistical errors. TheLb2B splitting repre-
sented the only significant disagreement with experime
This discrepancy is probably due to finite volume effects

A detailed analysis of the heavy quark mass depende
of physical spectral mass splittings was performed. W
found the behavior withM to fulfill the naive expectation:
O(LQCD) quantities are weakly dependent onM, while spin-
4-20
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dependent splittings vanish as 1/M in the large mass limit.
Estimates of the slope and intercept of these quantities w
extracted and agreement was found with the theoretical
pectation from HQS. A comparison was also made with
periment. This showed that the slope for the hyperfine sp
ting was too low in our simulation. Residual quenchi
effects are a possible explanation for this discrepancy. H
ever, we have underestimated the splitting through the us
the tree-level value of the coefficient of the hyperfine term
our simulation~this underestimate is not significant with
statistics at theB meson!. cB depends onM and improved
estimates of this coefficient must be included for allaM0
before the origin of the discrepancy is clear.

We presented a comparison of our results with a sim
quenched calculation atbnf5056.0 using aO(1/M2) action
detailed in@2#. A comparison with a higher order NRQCD
action is possible as the additional terms in the action do
significantly affect the mass splittings considered. T
quenched results reproduce the experimental spectrum

TABLE XIX. The operators and corresponding quantum nu
bers used for the computation of the spectrum of the heavy-l
mesons.

2S11
LJ (JPC) q†GQ

1S0 (021) q†ÎQ
3S1 (122) q†s iQ
1P1 (112) q†D iQ
3P0 (011) q†( jD js jQ
3P1 (111) q†(D is j2D js i)Q
3P2 (211) q†(D is i2D js j )Q

q†(D is j1D js i)Q ( iÞ j )
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to the present level of accuracy, and there is no signific
difference between the quenched andnf52 results.

In addition, results were presented for thef B , f Bs
, f B*

and f B
s*

decay constants at the tree level and fully consist

to 1-loop in perturbation theory. We found that the combin
1-loop corrections are moderate and reduce the tree-l
value of f B by 10–16 % depending onq* . Our predictions
for the PS andV decay constants are

f B5186~5!~stat!~19!~pert!~9!~disc!~13!~NRQCD!~150!

3~a21! MeV,

f Bs
5215~3!~stat!~22!~pert!~9!~disc!~15!~NRQCD!~149!

3~a21!~25!~ks! MeV,

-
ht

TABLE XX. The ground state pseudoscalar meson energ
aE( 1S0), extracted fromnexp52 fits toC( l ,1) andC( l ,2) correla-
tors. The mass shift needed to convert the simulation energies t
meson mass is also given.

aM0 D 0.1385 0.1393 0.1401 kc

0.8 0.89~2! 0.420~4! 0.395~4! 0.367~7! 0.347~7!

1.0 1.09~3! 0.465~4! 0.440~5! 0.412~8! 0.394~8!

1.2 1.27~2! 0.492~4! 0.467~5! 0.439~8! 0.421~9!

1.7 1.76~2! 0.524~5! 0.500~5! 0.473~8! 0.453~9!

2.0 2.07~2! 0.534~5! 0.509~5! 0.483~8! 0.463~10!

3.0 2.58~2! 0.548~5! 0.524~6! 0.499~9! 0.478~7!

3.5 3.10~3! 0.551~5! 0.528~6! 0.503~9! 0.483~9!

4.0 3.64~3! 0.553~5! 0.530~7! 0.507~9! 0.486~9!

7.0 6.61~12! 0.558~7! 0.536~7! 0.515~10! 0.492~10!

10.0 9.43~22! 0.560~8! 0.536~8! 0.515~11! 0.491~12!
two
FIG. 11. The ground and first excited state energies extracted as a function oftmin from a vector fit to theC( l ,1) andC( l ,2) pseudoscalar
correlators foraM051.0 andk l50.1385; tmax is fixed to 20.E( 1S0) is shown as squares~crosses! for a one~two! exponential fit and
E(21S0) as circles for the two exponential fit. The quality of fit parameter,Q, is also shown as a dotted and solid line for a one and
exponential fit respectively, whereQ.0.1 defines a ‘‘good’’ fit.
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S. COLLINSet al. PHYSICAL REVIEW D 60 074504
f B* 5181~6!~stat!~18!~pert!~9!~disc!~13!~NRQCD!~155!

3~a21! MeV,

f B
s*
5213~4!~stat!~21!~pert!~9!~disc!~15!~NRQCD!~160!

3~a21!~24!~ks! MeV.

Adding the statistical and systematic errors in quadrature~er-
rors 1–4!, there is a combined uncertainty of 14% in th
decay constants. This indicates a determination off B to
around 10% is possible using anO(1/M ) NRQCD action
with clover light fermions. However, first of all the error du
to the uncertainty in the lattice spacing (;30%) must be
significantly reduced. Conversely, forf Bs

/ f B and f B
s*

/ f B*
most systematic errors cancel, and these quantities ca
more easily determined accurately. We find

f Bs
/ f B51.14~2!~stat!~22!~ks!,

TABLE XXI. The first excited state pseudoscalar meson en
gies,aE(21S0), extracted fromnexp52 fits to C( l ,1) andC( l ,2)
correlators.

aM0 0.1385 0.1393 0.1401 kc

0.8 0.70~5! 0.68~5! 0.68~6! 0.68~8!

1.0 0.73~4! 0.72~5! 0.71~5! 0.70~7!

1.2 0.75~3! 0.74~4! 0.72~5! 0.71~6!

1.7 0.77~3! 0.76~4! 0.74~5! 0.73~6!

2.0 0.78~3! 0.77~4! 0.74~5! 0.73~5!

3.0 0.78~3! 0.77~3! 0.74~4! 0.73~5!

3.5 0.78~3! 0.76~3! 0.74~5! 0.73~5!

4.0 0.77~3! 0.76~3! 0.74~4! 0.73~5!

7.0 0.76~3! 0.75~3! 0.75~4! 0.73~5!

10.0 0.74~3! 0.73~3! 0.73~5! 0.72~5!
07450
be

f B
s*

/ f B* 51.14~2!~stat!~22!~ks!.

We presented a detailed study of the heavy quark m
dependence of the decay constants. We find that the s
dependence of the tree-levelPS decay constant, for which
CPS;2 GeV, is dramatically reduced when the 1-loo
terms are included;CPS51 –0 GeV depending onq* . We
show how this occurs through the cancellation between
various 1-loop and tree-level current corrections as the in
vidual terms vary with the heavy quark mass.

We have shown that simulating directly at theB with a21

such thataM0
b is in the region of 2 is advantageous.

particular, this value ofaM0 sits in the window between
large perturbative corrections for largeraM0 and significant
contributions from higher orders in NRQCD for small
aM0. Nevertheless, the 1-loop matching factors should
checked by a nonperturbative determination; this is esse
for a determination of the slope. Similarly, for the small
meson masses studied here, higher orders in the NRQ

- TABLE XXII. The ground state vector meson energie
aE( 3S1), extracted fromnexp52 fits toC( l ,1) andC( l ,2) correla-
tors.

aM0 0.1385 0.1393 0.1401 kc

0.8 0.448~4! 0.422~5! 0.391~8! 0.372~9!

1.0 0.490~4! 0.463~5! 0.432~9! 0.415~9!

1.2 0.513~4! 0.487~6! 0.456~9! 0.440~9!

1.7 0.541~4! 0.515~6! 0.485~9! 0.470~9!

2.0 0.548~4! 0.523~5! 0.493~9! 0.477~8!

3.0 0.558~4! 0.534~5! 0.507~9! 0.488~8!

3.5 0.560~5! 0.536~5! 0.510~8! 0.490~7!

4.0 0.561~5! 0.537~5! 0.512~8! 0.492~8!

7.0 0.564~6! 0.540~7! 0.518~11! 0.494~9!

10.0 0.565~10! 0.541~9! 0.519~12! 0.495~13!
FIG. 12. The chiral extrapolation ofaE( 1S0) anda3/2f (0)AM PS in 1/k for aM051.0.
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expansion should be considered. However, there are no
cations that NRQCD is breaking down for the range
masses studied.

In addition, we present a tree-level analysis of the ori
of the slopeCPS, and separate the contributions from t
hyperfine and kinetic energy terms in the NRQCD action a
the tree-level current correction. We find thatGkin
;1.8 GeV dominatesCPS, while the slope of the ratio
f PSAM PS/ f VAMV, related toGhyp andGcorr , is O(LQCD),
consistent with naive expectations from HQS. However, c
sidering the results for the 1-loop corrections discussed
viously ~which are not suitable for a study of HQS!, Gkin is
likely to be reduced significantly by renormalization a
1-loop corrections toGcorr are also likely to be large.

With this extensive analysis of the decay constants we
able to perform a detailed comparison of our results w
those from theO(1/M2) quenched simulation atb56.0. We
find that f B appears to be considerably larger atnf52 com-

TABLE XXIII. The first excited state vector meson energie
aE(23S1), extracted fromnexp52 fits to C( l ,1) andC( l ,2) corr-
elators.

aM0 0.1385 0.1393 0.1401 kc

0.8 0.75~5! 0.74~6! 0.71~6! 0.69~7!

1.0 0.78~5! 0.77~6! 0.74~6! 0.72~7!

1.2 0.80~4! 0.79~5! 0.75~5! 0.72~6!

1.7 0.81~4! 0.81~4! 0.76~5! 0.75~6!

2.0 0.82~3! 0.81~4! 0.76~5! 0.73~6!

3.0 0.81~3! 0.80~4! 0.76~5! 0.74~6!

3.5 0.80~3! 0.79~4! 0.76~4! 0.74~5!

4.0 0.80~3! 0.79~4! 0.76~4! 0.75~5!

7.0 0.77~3! 0.76~3! 0.75~4! 0.75~5!

10.0 0.74~3! 0.74~4! 0.74~4! 0.73~5!
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pared to that atnf50. Clearly, f B is a quantity which is
sensitive to internal quark loops, and further work is need
to investigate the dependence of the decay constant on
mass and the number of flavors of sea quarks. We find
sensitivity tonf cancels in the ratiof Bs

/ f B .
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APPENDIX

In this appendix we illustrate the fitting analysis and e
traction of the masses and amplitudes of the heavy-light
son correlators. The fitting method is described in detail
Ref. @8#, and since the data are of similar quality in terms
the efficacy of the smearing functions etc., we only pres
additional fits not shown in@8# and @9#.

TABLE XXIV. The ground state energy of the1P1 state,
aE(1P1), for variousaM0 and allk l .

aM0 0.1385 0.1393 0.1401 kc

1.0 0.79~1! 0.77~1! 0.75~1! 0.74~1!

2.0 0.78~1! 0.76~1! 0.75~1! 0.74~1!

4.0 0.76~1! 0.75~1! 0.74~1! 0.71~1!
FIG. 13. The ground state energy of the1P1 state extracted from anexp51 fit to C( l ,2) as a function oftmin for aM051.0 andk l

50.1385; tmax510. The corresponding values ofQ are also shown.
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1. Spectrum

Considering the spectrum initially, the simplest quantit
to extract are the1S0 and 3S1 ground state energies,E( 1S0)
and E( 3S1) respectively. A multiple exponential ‘‘vector’
fit was performed to theC( l ,1) andC( l ,2) correlators, where
C( l ,1) (C( l ,2)) denotes a correlator with the heavy qua
smeared at the source with a hydrogen-like ground~first ex-
cited! state wave function and local at the sink. The operat
inserted at the source and sink constructed from heavy
light quarks are given in Table XIX.

An example of the quality and stability of the fits
shown in Fig. 11 foraM051.0 andk l50.1385. The ground
state energy extracted from a single exponential fit (nexp
51) in the rangetmin.12 is in agreement withE(1S0) from
a nexp52 fit for 3,tmin,10, and we feel confident that w
have minimal excited state contamination. The excited s
energy is stable withtmin ; however, anexp53 fit is needed
to confirm this state. Similar results are found for allM0 and

TABLE XXV. The ground state energy of theLQ , aE(LQ),
extracted fromnexp51 fits to C( l ,1) for all aM0 andk l .

aM0 0.1385 0.1393 0.1401 kc

0.8 0.783~9! 0.727~13! 0.669~17! 0.621~20!

1.0 0.826~10! 0.773~13! 0.716~17! 0.671~18!

1.2 0.851~10! 0.799~12! 0.744~17! 0.701~17!

1.7 0.880~9! 0.832~11! 0.779~17! 0.739~18!

2.0 0.889~9! 0.841~10! 0.789~19! 0.751~18!

3.0 0.902~9! 0.858~10! 0.804~17! 0.772~18!

3.5 0.905~9! 0.862~10! 0.808~18! 0.778~18!

4.0 0.907~9! 0.865~12! 0.811~19! 0.782~17!

7.0 0.893~17! 0.873~13! 0.821~18! 0.801~28!

10.0 0.886~23! 0.878~12! 0.828~24! 0.819~26!
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k l and we chose a fitting range of 5–20 withnexp52 for
both 1S0 and 3S1 mesons.

Tables XX, XXI, XXII, and XXIII detail the energies
extracted. The results are chirally extrapolated to zero li
quark mass and we find only linear dependence in 1/k l ; Fig.
12 shows the chiral extrapolation ofEsim

PS for aM051.0.
The hyperfine splittings,E( 3S1)2E( 1S0) and E(23S1)

2E(21S0), are calculated from the differences of 100 boo
strap samples of thenexp52 fits. In order to study the de
pendence of these and other splittings on the heavy qu
mass, the meson mass (M PS) is calculated using the mas
shifts, D5M PS2E(1S0), obtained from heavy quarkoni
dispersion behavior, given in Ref.@8#. The mass shifts are
given in Table XX.

The singlet and tripletl 51 states, 1P1 , 3P1 , 3P2 and
3P0, were also computed foraM051.0, 2.0 and 4.0. The
corresponding operators used in the simulation are give
Table XIX. As noted in@8# we cannot resolve the spin spli
tings between these states with the statistics available. T
we present the results for the1P1 state and ignore the mixing
with the 3P1 state. Figure 13 shows that anexp51 fit to the
C( l ,2) correlator is stable astmin is varied and we chose th
fitting range 4–10 for allaM0 andk l . The ground and first
excited state smearing functions did provide significantly d
ferent overlap with the lowest two states. However, since
signal died out aroundt;10, there were too many highe
states contributing to enable a 1, 2 or 3 exponential fit
C( l ,1) andC( l ,2). Table XXIV gives the results for differ-
ent aM0 andk l .

In addition to the meson spectrum theJP5 1
2

1 baryon
containing one heavy quark,LQ , was computed. The lattice
operator

eabc(
xW1

Qa
a~xW1!(

xW2

~qb!T~xW2!Cg5g0qc~xW2!f~ uxW12xW2u!

~A1!
FIG. 14. The ground state energy of theLQ extracted from anexp51 ~crosses! andnexp52 ~circles! fit to the C( l ,1) correlator as a
function of tmin for aM051.0 andk l50.1385; tmax520. The corresponding values ofQ are also shown as a solid~dotted! line for a
nexp51 (2) fit.
4-24



of

SEA QUARK EFFECTS INB SPECTROSCOPY AND . . . PHYSICAL REVIEW D60 074504
FIG. 15. The ground state energy extracted from anexp51 fit to the pseudoscalarC( l ,1) andC(1,1) meson correlators as a function
tmin for aM051.0 andk l50.1385; tmax520. The corresponding values ofQ are also shown.
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has the correct quantum numbers for this particle, wherea, b
and c are the color indices anda is the spinor index.f
represents the~hydrogen-like! smearing function andC is the
charge conjugation matrixg0g2. Figure 14 presents the en
ergy of the ground state extracted from multi-exponential
to C( l ,1) for aM0 and k l50.1385. E(LQ) is stable with
tmin for nexp51. This is also the case when including a
other exponential in fitting to the same correlator. We fou
the fitting range 7–20 for then51 fit is sufficient for all
aM0 and k l , and the corresponding values of the grou
state energy are given in Table XXV.

2. Decay constants

The zeroth order pseudoscalar and vector decay const
f PS

(0)AM PS and f V
(0)AMV respectively, were extracted in th
07450
s

d

ts,

standard way from simultaneously fitting to theC( l ,1) and
C(1,1) correlators. The amplitudes of these correlators
related to the decay constant via

C~ l ,1!5ZlZ1e2Et, ~A2!

C~1,1!5Z1
2e2Et ~A3!

where

A2Zl5 f (0)AM . ~A4!

Note that the correction to the current is not included
C( l ,1). The typical quality of the fits is illustrated in Fig. 1
for the PS meson. We found 7–20 to be the optimal fittin
FIG. 16. The ratioC( l J(1),1)/C( l ,1) for thePSmeson as a function oftmin for aM051.0 andk l50.1385; tmax520.
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range forPSandV mesons for allaM0 andk l . The corre-
sponding amplitudes obtained from 100 bootstrap sample
the fit parameters are presented in Tables VI and VIII for
PS and V respectively. The results are extrapolated to z
light quark mass, an example of which is shown in Fig.
for the PSdecay constant.

The tree-level corrections to thePS and V currents,
f PS

(1)AM PS and f V
(1)AMV respectively, are obtained separate

by computing the jackknife ratio of the correlator with th
tree-level current correction operator inserted at the s
e
l
N
d.
n
p.
r-

07450
of
e
o

k

@C( l J(1),1)# with C( l ,1); J(1) is given in Eqs.~13! and ~25!
for thePSandV respectively. In the limit of large times thi
ratio tends tof (1)AM / f (0)AM . From Fig. 16 we see tha
8–20 is a reasonable fitting range, and this was found to
optimal for all aM0 and k l . Tables VII and IX give the
resulting tree-level corrections to the decay constant for
PS and V mesons respectively. The only 1-loop correcti
which must be calculated isf V

(3)AMV. This is obtained in the
same way as the tree-level correction. The results are
tailed in Table X.
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