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Quark description of hadronic phases

Thomas Scha¨fer* and Frank Wilczek†

School of Natural Sciences, Institute for Advanced Study, Princeton, New Jersey 08540
~Received 8 April 1999; published 7 September 1999!

We extend our proposal that major universality classes of hadronic matter can be understood, and in
favorable cases calculated, directly in the microscopic quark variables, to allow for a splitting between strange
and light quark masses. A surprisingly simple but apparently viable picture emerges, featuring essentially three
phases, distinguished by whether strangeness is conserved~standard nuclear matter!, conserved modulo 2
~hypernuclear matter!, or locked to color~color flavor locking!. These are separated by sharp phase transitions.
There is also, potentially, a quark phase matching hadronicK condensation. The smallness of the secondary
gap in two-flavor color superconductivity corresponds to the disparity between the primary dynamical energy
scales of QCD and the much smaller energy scales of nuclear physics.@S0556-2821~99!06717-X#

PACS number~s!: 12.38.Aw, 21.65.1f
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I. INTRODUCTION

In principle QCD ought to be an adequate basis for
description of hadronic matter in extreme conditions, inclu
ing extremely high densities such as might be achieved d
in neutron star interiors or transiently during collapse of m
sive stars, collisions between neutron stars, and labora
heavy ion collisions. In practice however our ability to sol
the equations is quite limited, and it has been challengin
provide a description firmly rooted in the microscop
theory. Specifically, the relationship between widely us
phenomenological models, based on hadron degrees of
dom, and models based on quark degrees of freedom, th
selves typically employing highly idealized abstractions
real QCD dynamics, has been quite unclear. It has gene
been supposed that at relatively low density the hadro
description is appropriate, while at higher density some s
of quark description is appropriate.

Recently we argued for the radical proposal that in
slightly idealized version of QCD, with three degenerate fl
vors ~and ignoring electromagnetism! there need be no shar
distinction between these pictures@1#. More precisely, we
argued that the color-flavor locked state@2# ~which can now,
thanks to@3#, be pretty rigorously identified as the corre
ground state at asymptotically large densities!, though firmly
based on quark and gluon degrees of freedom, exhibits
the main features one might expect from naive extrapola
of phenomenologically based conventional wisdom for
low-density phase. Specifically, the ground state exhi
confinement and chiral symmetry breaking, while the
ementary excitations carry quantum numbers of pseudosc
mesons, vector mesons, and baryons matching ‘‘phenom
logical’’ expectations, notably including integral electr
charges. The simplest hypothesis, then, is that there is
one phase. This implies, in particular, that color-flavor loc
ing provides a rigorously defined, asymptotically controll
framework wherein the classic qualitative barriers to relat
the microscopic~quark-gluon! to the macroscopic~hadron!

*Email address: schaefer@sns.ias.edu
†Email address: wilczek@sns.ias.edu
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degrees of freedom in QCD have been overcome.
It is obviously of great interest to extend this picture

real QCD, wherein the disparity between strange and n
strange masses is far from negligible. That is what we w
sketch out here.

Our basic technique to understand QCD at high densit
to assume weak coupling tentatively and to work out
consequences of this assumption. Indeed, high density
plies large Fermi surfaces and, therefore, large momenta
an important class of low-energy degrees of freedom, nam
the quasiparticle excitations near the Fermi surface. Th
generic interactions will be characterized by large mom
tum transfer, and one might anticipate that asymptotic fr
dom can be invoked to analyze these interactions pertu
tively. In the normal ground state, however, there are t
kinds of charged low-energy degrees of freedom—partic
hole excitations near the Fermi surface and elementary
ons. These are dangerous, because their exchanges ge
infrared divergences, which invalidate a straightforward p
turbative approach.

Fortunately, we can do better. Indeed, as we know fr
the theory of superconductivity@4# and of 3He superfluidity
@5#, arbitrarily weak attractive interactions near the Fer
surface drive a pairing instability. Early applications of the
ideas to QCD are summarized in@6#. In favorable cases
including QCD with three or more degenerate flavors@1#,
interaction with the resulting condensate opens up gaps in
charged channels. Then there are no infrared problems,
the weak-coupling analysis is internally consistent. Of cou
this successful weak-coupling approach to high-density Q
is not the straightforward perturbative one: it is heav
rooted in asymptotic freedom and BCS theory, and inclu
both local and global spontaneous symmetry breaking~con-
finement and chiral symmetry breaking!, derived from first
principles.

II. ONSETS AND MISMATCHES

Until further notice we shall consider the case where
chemical potentials for all three flavors are set equal, and
shall pretend that electromagnetism has been turned off.

The preferred color-flavor locking ground state is partic
©1999 The American Physical Society14-1
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larly symmetric and energetically favorable for 3 degener
flavors. What happens as we turn up the strange quark m

There are two main qualitative effects associated with
non-zero strange quark mass. Both can be identified eithe
a hadron picture or in a quark picture.

The first effect is that there are now two onset transitio
From the point of view of hadrons, one occurs when
chemical potential for baryon number exceeds the minim
energy/baryon in ordinary~nonstrange! nuclear matter and
the other when the chemical potential is large enough
strange baryons are also produced.

On the quark side, for free quarks, one would likew
expect two onsets, occurring when the chemical poten
exceeds first the light and then the strange quark mas
Taking into account interactions, the situation is more co
plicated, though the qualitative outcome is very likely t
same. The complication is that the onset transition is
pected to~and, from a phenomenological point of view, ha
better! occur at a significantly larger value of the chemic
potential, characteristic of nucleon rather than light qu
masses. In particular, it should occur at a finite value of
chemical potential even for massless quarks. The possib
for interacting massless quarks, of a first-order phase tra
tion from the ‘‘void’’ state with chiral symmetry broken to
color superconducting state at finite density was rai
within 2-flavor QCD in@7,8#. It is implicit in the construc-
tion of the MIT bag model.

The second effect is that the light and strange Fermi s
faces will no longer be of equal size. Let us discuss this
more detail on the quark side. When the mismatch is m
smaller than the gap one calculates assuming degen
quarks, we might expect that it has very little consequen
since at this level the original particle and hole states near
Fermi surface are mixed up anyway. On the other ha
when the mismatch is much larger than the nominal gap,
might expect that the ordering one would obtain for deg
erate quarks is disrupted, and that to a first approxima
one can treat the light and heavy quark dynamics separa

In particular, for weak coupling and Fermi surface m
match, one should not expect mixed nonstrange-strange
densation. Indeed, unlike when one had matched Fermi
faces, in this case one cannot form pairs of equal
opposite momenta that the elastic scatterings allowed
Fermi liquid theory connect. So there is not a large spac
degenerate states connected by the relevant parts o
Hamiltonian; a weak perturbation has small effects. Thus
the mixed channel one does not find Cooper instabilities
weak coupling.

One way to see this in a more quantitative fashion is
study a schematic gap equation that describes the spin si
pairing of two fermions with different masses. In a basis
particles of the first kind and holes of the second the q
dratic part of the action is

~c (1)
† c (2)!S p02ep

1 D

D* p01ep
2D S c (1)

c (2)
† D . ~1!

Here,ep
1,25Ep

1,22m andEp
1,25Ap21m1,2

2 wherem1,2 are the
masses of particles 1 and 2. The particle and hole prop
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tors are determined by the inverse of the matrix~1!. The
off-diagonal~anomalous! propagator is

D

~p02ep
1!~p01ep

2!2D2
. ~2!

We study the effect of a zero range interacti
G(c1s2c2)(c1

†s2c2
†). The pairing is described by the ga

equation

D5GE d4p

~2p!4

D

@p01R1 idsgn~p0!#22 ēp
22D2

. ~3!

Here, we have introducedēp5Ēp2m5(ep
11ep

2)/2 and R
5(ep

12ep
2)/2. In practice, we are interested in pairing b

tween almost massless up or down quarks and mas
strange quarks. In that case,R.ms

2/(4pF).ms
2/(4m). The

poles of the anomalous propagator are located atp052R

6Aēp
21D22 isgn(p0). As usual, we close the integratio

contour in the lower half plane. Let us denote the solution
the gap equation in the caseR50 by D0. Then, ifR,D0, the
pole with the positive sign of the square root is always
cluded in the integration contour and we have

D5
Gm2

4p2
E dēp

D

Aēp
21D2

. ~4!

This result is, up to a small correction in the density of sta
that we have neglected here, identical to the gap equation
degenerate fermions, soD'D0. If, on the other hand,R
.D0, there only is a pole in the lower half-plane ifēp

.AR22D2. Carrying out thep0 integration again leads to
the gap equation~4!, but with theēp integration restricted by
the condition just mentioned. This cuts out the infrared s
gularity atēp50 and one can easily verify that the gap equ
tion does not have a non-trivial solution for weak couplin
We thus conclude that a necessary condition for pairing
that

ms
2,4pFD~m!. ~5!

So far, we have only dealt with a simple pair condens
involving strange and non-strange quarks. In practice, we
interested in a somewhat more complicated situation. In p
ticular, we want to consider the transition between the co
flavor locked phase for smallms and the two-flavor color
superconductor in the limit of largems . This analysis can be
carried out along the same lines as the toy model discus
above. We now consider the following free action:

~c†c!S ~p02ep!122RMs DudMud1DusMus

DudMud1DusMus ~p01ep!112RMs
D S c

c†D ,

~6!

wherec is now a 9 component color-flavor spinor.Ms ,Mud
andMus are color-flavor matrices:
4-2
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QUARK DESCRIPTION OF HADRONIC PHASES PHYSICAL REVIEW D60 074014
Ms5dabda3db3 , ~7!

Mud5e3abe3ab , ~8!

Mus5e2abe2ab1e1abe1ab , ~9!

wherea,b are color anda,b flavor indices.Dud is the gap
for ^ud& condensation, andDus is the gap for^us&5^ds&
condensation. Color-flavor locking corresponds to the c
Dud5Dus , and the two flavor superconductor corresponds
Dus50, DudÞ0. Flavor symmetry breaking is again caus
by R.ms

2/(4pF). The 18318 matrix~6! can be diagonalized
exactly. The eigenvalues and their degeneracies are

p06~ep
21Dud

2 !1/2, d53,

p02R6~ ēp
21Dus

2 !1/2, d52,

p01R6~ ēp
21Dus

2 !1/2, d52,

p06S ep
212Rep12R212Dus

2 1
1

2
Dud

2 2
1

2
SD 1/2

, d51,

p06S ep
212Rep12R212Dus

2 1
1

2
Dud

2 1
1

2
SD 1/2

, d51,

~10!

where

S5$8Dus
2 ~Dud

2 14R2!1~Dud
2 24R~ep1R!!2%1/2. ~11!

The result becomes easier to understand if we consider s
simple limits. If we ignore flavor symmetry breaking,R50,
and setDud5Dus , we find 8 eigenvaluesp06(ep

21D2)1/2

and one eigenvalue with the gap 2D. This is indeed the ex-
pected spectrum in the color-flavor locked phase. If, on
other hand, we setDus50, we find 4 eigenvaluesp06(ep

2

1D2)1/2 while the other 5 eigenvalues have vanishing ga
Again, this is as expected.

We note that in the presence of flavor symmetry break
the first three eigenvalues, which depend onDud only, are
completely unaffected. For the next 4 eigenvalues, wh
only depend onDus , the energyp0 is effectively shifted by
R. This is exactly as in the simple toy model discuss
above. It implies that forR.Dus , when we close the inte
gration contour in the complexp0 plane, we do not pick up
this pole. The last two eigenvalues are more complica
They depend on bothDud andDus , and they explicitly con-
tain the flavor symmetry breaking parameterR. Nevertheless,
the structure of the eigenvalues is certainly suggestive of
idea that forR,Dus

0 we haveDus.Dud , and the gaps are
almost independent ofR, while atR.Dus

0 there is a discon-
tinuity andDus goes to zero.

This is borne out by a more detailed calculation. For t
purpose, we add a flavor and color anti-symmetric sh
range interaction
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L5
K

4
~dagdbd2daddbg!~dacdbd2daddbc!~ca

as2cb
b!

3~cc
g†s2cd

d†!. ~12!

The free energy of the system is the sum of the quasi-par
contribution from ~10! and the mean field potentialV
51/K(Dud

2 12Dus
2 ). There are two coupled gap equation

which can be derived by varying the free energy with resp
to the two parametersDud andDus . Numerically, however, it
is much simpler to minimize the free energy directly. As
example we show results form50.5 GeV and Dus

0

525 MeV in Fig. 1. We observe that the flavor symmet
breaking differenceDud2Dus is very small all the way up to
the critical strange quark mass. At the critical mass, ther
a discontinuous transition to a phase whereDus vanishes
exactly. The value of the critical mass is very close to t
estimatems52AmDus

0 . We should note that in the case o
color-flavor locking there are two physical gap paramete
the octet and the singlet gap. The scale for the critical stra
quark mass is set by the octet gap.

III. TWO FLAVORS

When ms is effectively large according to the precedin
criterion, it becomes legitimate, when analyzing the light tw
flavors, to neglect the influence of the strange quark. T
implies that the two-flavor analysis carried out in@7,8# is
appropriate. The major result of that analysis is the existe
of a condensate of the form

^qLa
a CqLb

b &52^qRa
a CqRb

b &5Deab3eab . ~13!

This condensate imparts a very substantial gap, plausibl
order 100 MeV at several times nuclear density, to two of
quark colors. It leaves anSU(2) subgroup of colorSU(3),
acting among these two colors of quarks, unbroken. T
third color of quark does not acquire a gap from the prima
condensate. As we will discuss below, these quarks can
quire a small gap from secondary modes of condensat
This gap, however, will not break the residual gauge sy
metry, since it only involves quarks of the third color. Th
residual gauge symmetry can be broken in the case of t

FIG. 1. Light quark gapDud and strange–non-strange gapDus

as a function of the strange quark mass.
4-3
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THOMAS SCHÄFER AND FRANK WILCZEK PHYSICAL REVIEW D 60 074014
flavors, even if the strange quark is heavy, as long as
chemical potential is above the onset for strangeness.
will discuss possible modes of strangeness condensation
low.

The expected low energy degrees of freedom are qu
particle excitations around the Fermi surfaces of the th
color quarks. It is important to note that in these chann
there are no massless gluons. These low energy degre
freedom are truly weakly coupled. Gluons in the unbrok
SU(2) remain massless, but their interactions beco
strong. We expect that this means that theSU(2) is con-
fined, just as it would be in a vacuum theory with mass
quarks. Of course, here we cannot claim rigorous contro

The primary condensate~13! leaves a residual gauge an
chiral symmetry, as well as an unbrokenU(1) baryon num-
ber symmetry. This can be seen as follows: The conden
breaks both color hyperchargeQ85diag(1/3,1/3,22/3) and
baryon numberB5diag(1/3,1/3), but leaves the combinatio
B85B2Q8 invariant. Similarly, the condensate violate
electric chargeQem5diag(2/3,21/3), but there is a modified
charge operatorQem8 5Qem2Q8/2 which leaves the conden
sate invariant. So despite initial appearances the prim
condensate is not an electric superconductor. A modi
photon remains massless.

Under the unbroken symmetries, the quarks of the th
color carry baryon number 1. In addition to that, they a
singlets under residualSU(2) gauge symmetry. And the
carry charges~1,0! ~in electron charge units! with respect to
the modified photon. Thus, remarkabaly, at asymptotica
large density, the low energy—quark—degrees of freed
have the quantum numbers of the proton and the neutro

At the level of the primary condensate, there is no gap
these modes. It is interesting to note, however, that the p
sible modes of secondary condensation involving th
modes correspond exactly to the known possibilities for p
ing in nuclear matter. This is the case because the remai
quarks not only carry the same isospin and charge quan
numbers as the proton and neutron but also, as empha
above, they are both singlets under the residual gauge gr
The superfluid pairings most often considered in the con
of nuclear matter have the quantum numbers2s11LJ51S0 ,
3S1 and 3P2. While 1S0 is expected to dominate at low
density, 3P2 pairing is likely to take over at high density
The simplest operators with these quantum numbers are

1S0 cCg5t2tWc ~14!

3S1 cCg5gW t2tWc,cCSW t2c ~15!

3P2 ScCg5g i k̂ jt2c, . . . . ~16!

Here, k̂5kW /ukW u is the unit momentum vector andS projects
out the symmetric traceless part. Nothing essentially new
gained by considering operators that involve the coupling
spin and angular momentum, such ascCgW k̂c. These opera-
tors can be reduced using the equations of motion.

One gluon exchange is repulsive in all these chann
with the exception of the tensor operatorcCSW t2c. That is
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the channel that was considered in@7#. In this work, the gap
in the tensor channel was estimated to be in the range
several up to 100 keV. Of course, this estimate is expon
tially sensitive to poorly determined couplings.

For later purposes, let us note that each of these poss
secondary condensates breaks either isospin or rotati
symmetry.

It is remarkable that in a theory where the dominant sca
the gap of the first two color quarks, is on the order of 1
MeV, the mass gap of the light degrees of freedom com
out to be so small. This is clearly reminiscent of the situat
in real-world QCD at small density. QCD dynamically ge
erates masses on the order of several hundred MeV, bu
binding energy of nuclear matter and the gap in superfl
nuclear matter are small, on the order of a few MeV. T
disparity is among the most fundamental qualitative fa
about nuclear physics that one would like to understand fr
a microscopic viewpoint. From all previous standpoin
known to us, it results from a conspiracy. Since just suc
disparity appears as a calculable feature of the high-den
phase, we are motivated to consider whether it is legitim
to extrapolate from the high-density phase to nuclear dens
If it is, then no conspiracy need be invoked.

To justify such an extrapolation, however, we must a
sume that there is no significant phase transition separa
the high-density color superconducting phase from nuc
matter.~Changes in the nature of the small secondary c
densate, which are certainly expected in view of the disc
sion above, are not germane here.! This has the startling
implication that chiral symmetry must be—up to the effec
of non-zero light quark masses, electromagnetism, and s
secondary condensations—restored in nuclear ma
Whether this is true in reality is worthy of much furthe
investigation. It is suggestive, in this regard, that several
perimental determinations suggest that the axial vector c
pling gA , whose free-nucleon value 1.26 reflects chiral sy
metry breaking@9#, is renormalized to very nearly unity in
nuclear matter@10–12#. We should mention, however, tha
this renormalization can also be explained by hadronic@13#
or nuclear structure@14# effects.

IV. ONE FLAVOR

Above the onset for net strangeness, there is a Fermi
face for strange quarks. For largems there will be a big
Fermi surface mismatch, and the strange quark will not p
with light quarks, as we discussed earlier. Then we can a
lyze its condensation independently. We expect a pur
strange diquark condensate to form. This condensate br
strangeness, but conserves aZ2 that flips the sign of the
strange quark.

Possible modes of strange quark superfluidity were st
ied in detail by Bailin and Love@6#. If the condensate is to be
color antisymmetric, overall symmetry requires that it cann
be a scalar. A particularly interesting possibility is to loc
color and spin:

^saCg is
b&5Deabgd i

g . ~17!
4-4
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QUARK DESCRIPTION OF HADRONIC PHASES PHYSICAL REVIEW D60 074014
With this condensate, color symmetry is completely brok
as is naive rotational symmetry, but a modified rotation sy
metry involving simultaneous color and naive spatial rotat
remains valid.

By taking the non-relativistic limit, and ignoring the com
plications due to antiparticles, we can vastly simplify t
analysis of this phase. We consider the action

~c†c!S p02ep DcslMcsl

Dcsl* Mcsl* p01ep
D S c

c†D , ~18!

where c is now a six-dimensional spin-color spinor. Th
pairing matrix Mcsl corresponding to color-spin locking i
given by

Mcsl5~s2sk! i j e
kab. ~19!

Other possible forms of order are

M pol5~s2s3! i j e
3ab polar

MA5~s2s1! i j e
3ab A phase ~20!

M pla5~s2s1! i j e
1ab1~s2s2! i j e

2ab planar.

Let us first look at the color-spin locked phase. The quadr
action ~18! is easily diagonalized. We find four eigenvalu
with gap A2Dcsl and two eigenvalues with gapDcsl . The
degeneracies reflect the unbroken rotational symmetry.
state with gapA2Dcsl has spin 3/2 and degeneracy 2s11
54, while the state with gapDcsl has spin 1/2 and degen
eracy 2s1152. In the polar phase, there are four states w
gap Dpol while two states remain gapless. In the A pha
only two quarks acquire a gapDA , while the remaining four
are gapless. In the planar phase, finally, all the physical
citations are gapless.

Since the color-spin locked phase is the only phase wh
all quarks acquire a gap, it seems reasonable to expect
this is the ground state of one flavor QCD at zero tempe
ture and large chemical potential. This is what Bailin a
Love found by analyzing the Landau-Ginzburg function
which however is only justified in the vicinity of the critica
temperature. For simple model interactions, we find that
ther color-spin locking or the polar phase might be favored
zero temperature. A rigorous treatment is a feasible and
teresting project, but will not be attempted here.

It is amusing to note that the color-spin locked phase
excitations with spin 3/2. This, of course, is the spin of t
baryon in QCD with one flavor. The ordering of the stat
however, appears to be inverted as compared to the exp
tion from the hadronic phase: while the ground state bar
has spin 3/2 in the hadronic phase, and the spin 1/2 baryo
an excited state, a spin 1/2 excitation is the lowest of the
in the high density phase. This might indicate that the hi
density and nuclear phases must be separated by a p
transition, though strictly speaking it need not, since the
dering of low-lying levels is a non-universal feature. In a
case, the situation is certainly less straightforward than
three degenerate flavors.
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V. TWO PLUS ONE FLAVORS

We have suggested the existence of three major type
ordered phases for high-density QCD with 211 flavors: two-
flavor color superconductivity with or without an accomp
nying strange superfluid and color-flavor locking. Our d
scription of each differs substantially, and our modelli
above~and immediately below! suggests they are separat
by sharp phase transitions, but the question arises whe
the need for such transitions is guaranteed by any mism
of physical symmetry.~Differences in gauge symmetry
which are meaningful only in the context of weak couplin
cannot be invoked here@15,16#.!

Fortunately, it is. The two-flavor color superconductin
state, given only the primary condensation, has global s
metrySU(2)L3SU(2)R3US(1)3ŨB(1) for massless light
quarks, where the first two factors are chiral isospin, the th
is ordinary strangeness, and the fourth is~modified! baryon
number. With non-zero but degenerate light quark mas
the first two factors collapse into a diagonalSU(2). The
strange superconducting state differs from this by break
US(1)→Z2. The color-flavor locked state hasSŨ(2)
3Ũ(1). These clearly all differ. However, in the two-flavo
superconducting state, since the primary condensation le
gapless modes, we must in addition consider the effec
possible secondary condensations. However, as we alr
mentioned in passing, these condensations break either
pin or rotational symmetry~but not strangeness!, so they
cannot reproduce the symmetry of either of the other t
major phases.

Our discussion of the phase structure of dense matte
QCD with two light and one intermediate mass flavor can
illustrated concretely with the help of a simple schema
model. Let us consider a short range interaction with
quantum numbers of one gluon exchange,

L5K~ c̄gmlac!~c̄gmlac!, ~21!

characterized by a coupling constantK. We study the phase
structure of the system in the mean field approximati
Since we are interested in chiral symmetry breaking and
namical mass generation as well as superfluidity, we can
longer restrict ourselves to particle-hole pairs, but have
include anti-particle~hole! contributions also. The free en
ergy is of the form

F5(
i

e~s i ,d i !1V, ~22!

e~s,d!5E d3p

~2p!3
@A~Ep2m!21d21A~Ep1m!21d2#,

~23!

where Ep5Ap21(s1m)2 is the single particle dispersio
relation andV is the mean field potential. The integratio
over p is regularized by a sharp cutoffL.

We consider the following phases:
~1! A phase with chiral symmetry breaking only. Th

phase is characterized by a chiral condensate
4-5
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^q̄a
aqb

b&5dab~dabS01da3db3Ss!. ~24!

~2! The color flavor locked phase, including the possibility
a dynamically generated contribution to the strange qu
mass,

^qa
aCg5qb

b&5~da
adb

bD11db
ada

bD2!, ~25!

^ s̄asb&5dabSs . ~26!

~3! The superconducting phase, with or without stran
quark condensation

^qa
aCg5qb

b&5eab3eab3Dud ~27!

^s̄asb&5dabSs . ~28!

In practice we ignore the condensation energy of the li
quarks of the third color and the strange quark superflu
since both of them are expected to be quite small.

The effective potential and the mass gaps in the th
different phases are easily calculated. We find

~1! s15 . . . 5s65
16

3
KS0

s75 . . . 5s95
16

3
K~S01Ss!

V5K~48S0
2132S0Ss116Ss

2!

~2! d15 . . . 5d85
K

3
~3D12D2!, d95

K

3
8D2

s75 . . . 5s95
16

3
KSs

V5K~216D1D2116Ss
2!

~3! d15 . . . 5d45
4

3
KDud

s75 . . . 5s95
16

3
KSs

V5KS 16

3
Dud

2 116Ss
2D . ~29!

In the color-flavor locked phase we include the shift in t
eigenvalues due to the strange quark mass, following
detailed discussion in the first section. In particular, the in
gral in the non-strange–strange particle-hole channel is
stricted toēp

2.R21d2. The only difference is that we allow
for the possibility of a dynamically generated contribution
the strange quark mass. It is now straightforward to m
mize the free energy in the three phases separately an
determine the global minimum by comparing the differe
solutions. The result is shown in Fig. 2. We have chosenL
07401
f
rk

e

t
,

e

ur
-
e-

i-
to

t

5600 MeV and fixedK532L22 in order to reproduce a
m50 quark constituent mass of 400 MeV.

We note that each of the phases disussed above is in
favorable for some values of the chemical potential a
strange quark mass. The transition from the color-fla
locked phase to the nuclear or hypernuclear phase is sh
to smaller strange quark masses as compared to the cal
tion in Sec. III. This effect is due to the large dynamica
generated strange quark mass. Also, as a function of
chemical potential, there is an intermediate nuclear ph
between the vacuum and color-flavor locked phases even
very small strange quark mass. Again, this is due to the la
dynamically generated strange quark mass. We also note
even for small strange quark massesms;50 MeV, the onset
for strangeness is significantly above the onset for li
quarks. This, of course, is the most direct manifestation o
dynamically generated strange quark mass.

We should stress that the model is clearly very crude,
in particular that the locations of the phase boundaries sho
not be regarded as quantitative predictions. Nevertheless
believe that the existence of the different phases and
topology of the phase diagram are robust features, co
quences of the physical mechanisms we have discussed

There is an interesting consequence, in the strange su
conductor phase, of the interplay between color-spin lock
for the strange quarks and color symmetry breaking indu
by the primary light quark condensation. The preferred co
axis induces a preferred spin axis, so that the material
comes a strange ferromagnet, in particular violating even
modified rotation symmetry.

Finally, we would like briefly to discuss two interestin
possibilities for high density that have been proposed
much debated in the literature, from the point of view~i.e.,
working down from the asymptotics! used here. One is the
hypothesis of stable strange quark matter@17#. In our lan-

FIG. 2. Phase diagram calculated in the schematic model
scribed in Sec. IV. We show the phase boundaries between
vacuum phase~void!, the color-flavor locked phase~cfl!, the
nuclear phase~sc!, and the hypernuclear phase~scs!. Note that the
transition line from the nuclear phase to the color-flavor lock
phase turns sharply towards the void-cfl transition at very smallms .
For ms50 there is a direct transition from the vacuum phase to
color-flavor locked phase. Also note that the phase diagram
calculated with aL5600 MeV form factor, so the turnover of th
cfl-scs transition nearm5600 MeV is an artifact of this form fac-
tor.
4-6
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guage, it is the hypothesis that in the interacting theory th
is no separate onset transition for strangeness, but str
particles appear immediately and abundantly at the ‘‘void
matter’’ transition. In our Fig. 2, it would mean that th
lower portion of the strong-coupling region would b
squeezed out. Although in the nature of things we can
rule this out, since it is proposed as a strong-coupling p
nomenon and our methods are intrinsically weak coupli
nothing we have encountered suggests it. The secondK
condensation@18#. It is of course perfectly trivial to write
down bilinear quark-antiquark condensates that match
hadronicK-condensation quantum numbers~namely,^s̄g5u&
or ^ s̄g0g5u&). Only slightly less trivial is that one can do s
with the residual ungapped degrees of freedom, after the
3

.

07401
re
ge

o

ot
e-
,

e

ri-

mary condensation in two-flavor superconductivity. Aga
however, nothing we have encountered suggests this
very favorable possibility.

Note added.Related issues are addressed in a paper
Alford, Berges, and Rajagopal@19#. Where they overlap, ou
conclusions agree.
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