
PHYSICAL REVIEW D, VOLUME 60, 074009
Quark-composites approach to QCD: The nucleon-pion system
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INFN – Laboratori Nazionali di Frascati, P. O. Box 13, I-00044 Frascati, Italy
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We present a new perturbative approach to QCD, based on the use of quark composites as fundamental
variables. The composites with the quantum numbers of the nucleons are assumed as new integration variables
in the Berezin integral which defines the partition function, while the composites with the quantum numbers of
the chiral mesons are replaced by auxiliary bosonic fields. The action is modified by the addition of irrelevant
operators which provide the kinetic terms for these composites, and the quark action is treated as a perturba-
tion. The resulting expansion has the quark confinement built in. As a first application we investigate the
pion-nucleon interaction.@S0556-2821~99!01615-X#

PACS number~s!: 11.15.Pg, 11.10.St, 12.38.Bx
s
n
e
a

e
o
pe
e

u
d

e
.

s.
n
a
b

gr
h
n

nt
e
m

n
ite
o

em
rd

o
e

pe
tw
th
p

it is
ive
on-
lid-
his
ther
in.
of
the

ou-
en
re-
at
the
and
m-

ator
ing
ve,

d by
the

ri-
e the
uld
fely
r in
first

ons
t in-

de-
m-
m-
n in
an
et-
ge

the
I. INTRODUCTION

We can divide the calculations in QCD in two classe
those which aim at clarifying the confining mechanism a
those devoted to the description of hadronic physics. On
the present difficulties in this field stems from the fact th
the former calculations are done in a framework where
would be very awkward, if not impossible, to perform th
latter. More generally, the actual understanding of the the
requires a nonperturbative approach for low energy and
turbative methods for high energy, which until now has be
impossible to unify in a unique scheme.

The strategy we adopt to overcome this impasse is to
quark composites with hadronic quantum numbers as fun
mental variables@1#. An earlier attempt in this spirit can b
found in Ref.@2#, but it is restricted to the strong coupling
We avoid such limitation by means of new technical tool

There is a fundamental difference between trilinear a
bilinear composites. Surprisingly enough, some triline
composites, in particular the nucleon fields, can easily
assumed as integration variables in the Berezin inte
which defines the partition function, since they satisfy t
same integration rule as the quark fields. As a conseque
the free action of these composites is the Dirac action@3#.

Also the mesonic composites can be introduced as i
gration variables, but the resulting integral does not reduc
general to a Berezin or ordinary integral, and it is very co
plicated. In particular the propagatoris not the inverse of the
wave operator. It has then required some effort to find a
operator containing the free action of the chiral compos
@4#, but once constructed, we can circumvent the difficulty
the integral over the chiral composites by replacing th
with auxiliary fields by means of the Stratonovich-Hubba
representation@5#.

Since the free composite actions are irrelevant operat
we can freely add them to the standard action and deriv
perturbative expansion by treating the quark action as a
turbation. The expansion parameters are the inverse of
dimensionless constants entering the definition of
nucleon and chiral composites, and of the number of com
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nents of the up and down quarks. This number, calledV, is
equal to 24.

Our approach has two quite desirable features. First
compatible with a perturbative as well as nonperturbat
regime of the gluons with respect to the gauge coupling c
stant. For this reason we adopt a regularization on a Euc
ean lattice, which is the only one suitable for both cases. T
choice seems also natural dealing with composites. The o
remarkable aspect is that the quark confinement is built
This is due to the fact that our perturbative expansion is
weak coupling for the hadrons but, as a consequence of
spontaneous breaking of the chiral symmetry, of strong c
pling for the quarks. To any finite order, the quarks can th
move only by a finite number of lattice spacings, and the
fore they can never be produced in the continuum limit,
variance with the standard perturbation theory, where
quarks are propagating particles at the perturbative level,
the confinement is essentially nonperturbative. Let us e
phasize that the hopping character of the quark propag
should not generate any confusion with a strong coupl
expansion in terms of the gauge coupling. As stated abo
the gauge coupling constant can have any value require
the dynamics, while mesons and nucleons do move in
true continuum.

One can wonder whether the Wilson term to avoid spu
ous quark states is at all necessary in our approach: Sinc
quarks have no poles whatsoever to finite order, why sho
we worry about the spurious ones? In any case we can sa
assume the Wilson term for the quarks of subleading orde
our expansion parameters, so that we can ignore it in a
order calculation.

In the previous works the nucleons and the chiral mes
were discussed separately. Here we unify their treatmen
cluding the electromagnetic~em! interactions, so as to be
able to evaluate strong corrections to em processes. We
rive a perturbative expansion in terms of the nucleon co
posites and the auxiliary fields which replace the chiral co
posites. The numerical coefficients of this series are give
terms of integrals over the gluon and quark fields. As
application we investigate the nucleon-pion interaction, g
ting to lowest order a contribution to the one-pion exchan
of the Yukawa model.

The paper is organized as follows. In Sec. II we define
©1999 The American Physical Society09-1
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modified partition function we will use. In Sec. III we defin
the hadron composites and their actions. In Secs. IV an
we report for the convenience of the reader the results,
tained in the previous works, concerning the introduction
the nucleon fields as integration variables, and of the au
iary fields for the chiral composites. In Sec. VI we derive o
perturbative expansion. In Sec. VII we show that the qua
do not propagate at the perturbative level. In Sec. VIII
evaluate the nucleon-pion interaction and in Sec. IX we c
clude our paper.

II. THE MODIFIED PARTITION FUNCTION

We assume the modified partition function

Z5E @dU#E @dA# exp@2SYM2SM#

3E @dl̄dl#exp@2SN2SC2SQ#, ~2.1!

whereSYM andSM are the Yang-Mills and Maxwell actions
SQ is the action of the quark fields, andSN andSC are irrel-
evant operators which provide the kinetic terms for the qu
composites with the quantum numbers of the nucleons
the chiral mesons.l is the quark field, the gluon field is
associated to the link variablesUm, and Am is the photon
field. The reason why we have introduced the photon fi
explicitly, is that it is associated to different link variables
the interactions with the quarks and the composites. Fin
differentials in square brackets are understood, as usua
the product of differentials over the sites and the intrin
indices, and@dU# is the Haar measure.

All the elementary fields live in an anysotropic Euclide
lattice of spacinga in the spatial directions andat in the time
direction, whose sites are identified by four-vectorsx of spa-
tial components xk50, . . . ,N and time componentt
50, . . . ,2Nt , and satisfy periodic boundary conditions, wi
the exception of the quark fields which are antiperiodic
time: l(x)5l(x1Nek)52l(x12Ntet), ek and et being
the unit vectors in thek and time directions.

The simplest way of unifying the treatment of nucleo
and mesons is to put them at different, complementary s
of the latttice. A possible option, which respects the hyp
cubic symmetry, is to put them on the sites of two du
sublattices, defining the parallel transport along the ma
diagonals@7#. Here we make a different choice, possib
more suitable for the hadron termodynamics. We restrict
nucleons and mesons to the odd and even sites in one d
tion ~which is natural to assume as the time direction!, while
letting them occupy the whole remaining three-dimensio
volume. The hypercubic symmetry is lost, but it rema
valid at least for the free composites, if we assume the t
poral spacing half the spatial one. We will keep however
spacings unrelated having the hadron thermodynamic
mind. So the nucleon and chiral composites are defined
spectively at the sitesn5(xk,2t11) and c5(xk,2t), t
50, . . . ,Nt , which identify the nucleon and chiral lattice
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Accordingly we introduce specific notation for the sums ov
the whole lattice or its sublattices:

~ f ,g!5a3at(
x

f ~x!g~x!,

~ f ,g!n5a32at(
n

f ~n!g~n!, ~ f ,g!c5a32at(
c

f ~c!g~c!.

~2.2!

The quark fieldslta
a with color, isospin, and Dirac indice

a, t, and a, respectively, are related to the up and dow
quarks according to

l1a
a 5ua

a , l2a
a 5da

a . ~2.3!

Their action is

SQ5~ l̄,Ql!, ~2.4!

where

Qx,y5MQdxy2
1

2a (
k

~r q2gk!Uk~x!vk~x!dx1ek ,y

2
1

2at
(

e
~r q2get!Uet~x!vet~x!dx1eet ,y , e561,

~2.5!

with

MQ5mq1r qS 3

a
1

1

at
D . ~2.6!

We have adopted the standard convention

kP$23, . . . ,3%, e2k52ek , e2t52et ,

g2k52gk , g2t52g t ,

U2k~x!5Uk
1~x2ek!, U2t~x!5Ut

1~x2et!, ~2.7!

and the corresponding ones for the link variablesvm associ-
ated to the photon field

vkt~x!5exp@ iaqt Ak~x!#, v tt~x!5exp@ iatqt At~x!#.
~2.8!

qt is the quark electric charge

q15
2

3
e, q252

1

3
e, e5electron charge. ~2.9!

The spurious quark states are prevented by the Wilson t
with Wilson parameterr q .

Since we will assume the nucleon and chiral compos
as fundamental variables, we must separate the quark a
into the terms which live only in the nucleon and chir
lattices and those which couple them

SQ5SQnc1SQcn1SQn1SQc , ~2.10!
9-2
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where

SQnc5a3at(
nc

l̄~n!Qn,cl~c!,

SQcn5a3at(
cn

l̄~c!Qc,nl~n!,

SQn5
1

2
~ l̄,Ql!n ,

SQc5
1

2
~ l̄,Ql!c . ~2.11!

We then have

Z5E @dA#exp@2SM#E @dl̄dl#nexp~2SN2SQn!

3E @dU#exp@2SYM#E @dl̄dl#c

3exp@2SC2SQc2SQnc2SQcn#, ~2.12!

where

@dl̄dl#5@dl̄dl#n@dl̄dl#c . ~2.13!

The formalism for a nonlinear change of variables in B
rezin integrals has been developed in Refs.@1,3#. In the fol-
lowing section we will report what is necessary to arrive
the formulation of our perturbative expansion.

III. THE HADRON COMPOSITES AND THEIR ACTIONS

The nucleon composites are@6#

cta52
2

3
kN

1/2a3ea1a2a3
dtt2

et1t3

3~g5gm!aa1
~Cgm!a2a3

lt1a1

a1 lt2a2

a2 lt3a3

a3 . ~3.1!

In the above equation and in the sequel the summation
repeated indices is understood,C is the charge conjugation
matrix, andc1a ,c2a are the proton, neutron fields. It is ea
to check that with the above definition they transform li
the quarks under isospin, chiral, andO(4) transformations.

We should explain why we have included in the definiti
the cubic power of the lattice spacinga and the paramete
kN . The cubic power of a parameter with the dimension o
length, say,l 3, is necessary to give the nucleon field t
canonical dimension of a fermion field. At the same time
power of the lattice spacing at least cubic is necessar
make the kinetic term~with the Dirac action! irrelevant. We
have written for later conveniencel 3 in the form kN

1/2a3,
where kN is dimensionless and it must not diverge in t
continuum limit.

The nucleon free action is the Dirac action

SN5~ c̄,Nc!n , ~3.2!
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whose wave operatorN is given by

Nn1 ,n2
5FmN1r NS 3

a
1

1

2at
D Gdn1 ,n2

2
1

2a (
k

~r N2gk!Vk~n1!dn11ek ,n2

2
1

4at
(

e
~r N2get!Vet~n1!dn112eet ,n2

. ~3.3!

In the above equationr N is the Wilson parameter

0,r N<1, ~3.4!

mN is the mass of the nucleon andVm is the link variable
associated to the em field acting on the nucleons:

Vkt~n!5exp@ iet aAk~n!#,

Vtt~n!5exp@ iet atAt~n!#exp@ iet at At~n1et!#,

e15e, e250, ~3.5!

with the standard conventions. Needless to say, the coup
with the em field is necessary to preserve the Abelian ga
invariance of the QCD action.

The chiral composites are the pions and the sigma

p65 ikpa2l̄g5

1

A2
~t16 i t2!l, p05 ikpa2l̄g5t3l,

s5kpa2l̄l, ~3.6!

whereg5 is assumed Hermitian, thetk’s are the Pauli matri-
ces and the factora2kp has been introduced with the sam
criterion used for the nucleons, so that alsokp must not
diverge in the continuum limit.

The chiral transformations over the quarks

dl5
i

2
g5tW•aW l, ~3.7!

dl̄5
i

2
l̄g5tW•aW ~3.8!

induceO(4) transformations over the mesons

ds5aW •pW , ~3.9!

dpW 52aW s. ~3.10!

For any real vectorsp,x, we adopt the convention

pW •xW 5p1x21p2x11p0x0 . ~3.11!

Since for massless quarks the QCD action is chirally
variant, the action of the chiral mesons must be, apart fro
linear breaking term,O(4) invariant. It must then have th
form
9-3
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FABRIZIO PALUMBO PHYSICAL REVIEW D 60 074009
SC5F1

2
~pW ,CpW !c1

1

2
~s,Cs!c2

1

a2 ~AVm,s!cG .
~3.12!

The factorAV has been introduced for later convenienc
The heuristic considerations which led to the choice of
wave operatorC are based on experience with simple, so
able models, and can be found in Ref.@4#:

C~w!5a22
r4

a2D 22r2 . ~3.13!

C is given in terms of the covariant LaplacianD 2 whose
action on a functiong is

~D 2g!~c!5
1

a2 (
k

@wk~c!g~c1ek!2g~c!#

1
1

4at
2 (

e
@wet~c!g~c12eet!2g~c!#,

~3.14!

w being the link variable associated to the em field acting
the charged pions

wk~c!p65exp@7 ieaAk~c!#p6 ,

wt~c!p65exp@7 ieatAt~c!#exp@7 ieatAt~c1et!#p6 .
~3.15!

Notice that thep6 has negative or positive charge.A poste-
riori the choice of the wave operator can be justified
observing that in the Stratonovitch-Hubbard representa
the kinetic term of the auxiliary fields is related toC21, and
therefore the present form generates in the simplest wa
Klein-Gordon operator. Let us stress that ifp and s were
ordinary bosons, rather than even Grassmann variables,
the above action they would be static. This is not a parad
because the propagator of even Grassmann fields is no
inverse of the wave operator.

The irrelevance of the nucleon action is ensured by
insertion of the appropriate powers of the lattice spacing
the definition of the nucleon composites. For the chiral
tion instead the request of irrelevance constrains also
parameterr, which cannot vanish in the continuum limi
The dependence ona assumed below for the breaking p
rameterm ensures also the irrelevance of the chiral symm
try breaking term.

IV. THE NUCLEON COMPOSITES AS INTEGRATION
VARIABLES

In this section we report the results we will need on t
change of variables for trilinear composites. There are e
nucleon field components at any siten. Let us denote by
C(n) their product in the order

C~n!5c11~n!c12~n!•••c23~n!c24~n!. ~4.1!
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These fields obey the same multiplication rules of the qu
fields. We can then define for them an integral

E )
t,a

dct,a~n!C~n!

51 all the other integrals vanishing, ~4.2!

which obeys the same rule as the Berezin integral for
quarks:

E )
a,t,a

dlt,a
a ~n!L~n!

51 all the other integrals vanishing. ~4.3!

In the latter equationL(n) is the product of all the quark
components at the siten in the order

L~n!5P@l11~n!#•••P@l14~n!#P@l21~n!#•••P@l24~n!#,
~4.4!

with

P@lta~n!#5lta
1 ~n!lta

2 ~n!lta
3 ~n!. ~4.5!

It is then easy to check that for an arbitrary function whi
depends on the quark fields only through thec, we have,
with the appropriate ordering for the differentials

E )
a,t,a

dlt,a
a ~n!g$c@l~n!#%5JE )

t,a
dct,a~n!g@c~n!#,

~4.6!

providedJ, defined by

C~n!5JL~n!, ~4.7!

is different from zero. This is in fact true for the nucleon
and, for the color groupSU(3) in four dimensions

J5kN
4 a2422233335. ~4.8!

This result justifies the choice of the Dirac action as t
free action for the nucleons. Let us define the free nucle
partition function

ZN5E @dl̄l#nexp@2SN#. ~4.9!

Notice that the integral is over the quark fields in the nucle
lattice only. Let us now consider the nucleon-nucleon cor
lation functions

^c̄ta~x!csb~y!&5
1

ZN
E @dl̄l#nc̄ta~x!csb~y!exp@2SN#.

~4.10!

Since the integrand is a function of the quark fields on
through thec, we can assume them as integration variab
getting
9-4
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^c̄ta~x!csb~y!&52
1

a32at
~N21!sb,ta~y2x!,

~4.11!

namely, the free correlation function of two Dirac particle
It should be noted that this result does not depend on
value of the Jacobian, provided it is different from zero, n
on the value ofkN . Inverse powers of this latter constan
however, will appear in the perturbative expansion of QC
due to the presence ofSQ in the total partition function.

It is remarkable, and it is at the basis of our perturbat
theory, that more general formulas hold, which involve t
quark as well as the nucleon fields. In fact the followi
substitution rule holds in Berezin integrals:

l̄ h̄1
~ n̄!•••l̄ h̄l

~ n̄!lh1
~n!•••lhl 8

~n!

;d l ,3md l 8,3m8 f Ī 1••• Ī mh̄3m•••h̄1
f I 1•••I m8h1•••h3m8

3c Ī 1
~ n̄!•••c Ī m

~ n̄!c I 1
~n!•••c I m8

~n!, ~4.12!

where; does not refer to any approximation, but means t
the equality holds only under the Berezin integral, and
f ’s are numerical coefficients called transformation fun
tions. We have used the shorthand notationh̄i

5(āi ,t̄ i ,ā i),hi5(ai ,t i ,a i), Ī 5( t̄,ā),I 5(t,a). Restrict-
ing ourselves to integrals trilinear in the quark and antiqu
fields

E )
a,t,a

dl̄a,t,a~ n̄!dla,t,a~n!g@c̄~ n̄!,c~n!#

3l̄ h̄1
~ n̄!l̄ h̄2

~ n̄!l̄ h̄3
~ n̄!lh1

~n!lh2
~n!lh3

~n!

5 f Ī h̄3h̄2h̄1
f Ih1h2h3

J2E )
t,a

dc̄t,a~ n̄!dct,a~n!

3g~ c̄,c!c̄ Ī ~ n̄!c I~n!. ~4.13!

The transformation functions in such a case are

f ta,t1a1 ,t2a2 ,t3a3 ,a1 ,a2 ,a3
5ea1a2a3

hta,t1a1 ,t2a2 ,t3a3
,

~4.14!

where

htat1a1t2a2t3a3

5
1

96
a23kN

21/2@dtt2
et1t3

~g5gm!a1a~gmC21!a2a3

1dtt1
et2t3

~g5gm!a2a~gmC21!a1a3
#. ~4.15!

The functionsh are totally symmetric wr to the exchange
any pair of numbered indices. The appearance ofkN

21/2 in the
rhs shows how an expansion in this parameter is genera

It should now be clear in which sense we can talk o
change of variables. Even though the quarks cannot be
pressed in terms of the composites, we only need to in
07400
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monomials in the quark and antiquark fields of ord
33 integer, and this can be done according to Eq.~4.12!.

V. THE AUXILIARY FIELDS FOR THE CHIRAL
COMPOSITES

In this section we review the properties of the chiral a
tion necessary for the further developments. To this end
define the chiral partition functionZC:

ZC5E @dA#exp@2SM#E @dl̄dl#cexp@2SC#, ~5.1!

where there appear the chiral composites and the Max
field only. Also the chiral composites can be assumed
integration variables, but the resulting integral is imprac
cable. SinceSC is quadratic and the wave operatorC is nega-
tive definite, the difficulty can be overcome by introducin
auxiliary fields by means of the Stratonovich-Hubbard tra
formation

exp@2SC#5@detC~A!#21E F dxW

A2p
G

c

F df

A2p
G

c

3expH 1

2
r4$„xW ,~a4C!21xW …c

1„f,~a4C!21f…c%J expH F 1

a2 r2~xW ,pW !c

1
1

a2 ~r2f1AVm,s!cG J . ~5.2!

In the above equation we have ignored, as we will do in
sequel, field independent factors. Now the chiral partit
function

ZC5E @dA#exp$2SM2Tr ln@C~0!21C~A!#%

3E F dxW

A2p
G

c

F df

A2p
G

c

3expH 1

2
r4$„xW ,~a4C!21xW …c

1„f,~a4C!21f…c%J E @dl̄dl#c

3expH F 1

a2 r2~xW ,pW !c1
1

a2 ~r2f1AVm,s!cG J ,

~5.3!

describes bosonic fields interacting with the quarks. To
the effective action of the chiral mesons we integrate out
quark fields with the result
9-5
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FABRIZIO PALUMBO PHYSICAL REVIEW D 60 074009
ZC5E @dA#exp$2SM2Tr ln@C~0!21C~A!#%

3E F dxW

A2p
G

c

F df

A2p
G

c

exp@2Sx#, ~5.4!

where

Sx52
1

2
r4$„xW ,~a4C!21xW …c1„f,~a4C!21f…c%

2
V

2 (
c

ln„a2kp
2 $@AVm1r2f~c!#21r4xW ~c!2%….

~5.5!

SinceV is a rather large number we can apply the sadd
point method and evaluate the partition function as a se
in inverse powers of this parameter. The minimum ofSx is
achieved forxW 50 and

f̄5
AV

Aa2atr
@A11j22j#, ~5.6!

where

j5
1

2r
Aa2atm. ~5.7!

The quadratic part ofSx is

Sx
(2)5

1

2
„xW ,~2D 21m2

2 !xW …c1
1

2
„u,~2D 21m1

2 !u…c ,

~5.8!

where

u5f2f̄ ~5.9!

is the fluctuation of the fieldf and

m2
2 5

2r2

a2

j

b
,

m1
2 5

2r2

a2

A11j2

b
, ~5.10!

with

b5A11j21j. ~5.11!

Therefore, if we assume

m5
1

r
A a

2at
amp

2 1O~1/AV! ~5.12!

in the continuum limit

m2
2 5˜mp

2 ,
07400
-
s

m1
2 5˜

2r2

a2 , ~5.13!

and the propagator of the pion field to leading order in 1/AV
turns out to be the canonical one

^ph~c1!pk~c2!&5
1

a32at
S 1

2D 21mp
2 D

c1 ,c2

, ~5.14!

while thes is unphysical because its mass is divergent. N
tice that, in analogy to the case of the nucleons, the cons
kp is uninfluent at this stage, but its inverse powers w
appear in our perturbative expansion of QCD.

The nucleon actionSN gives an exactly free propagato
Instead, the chiral action contains a residual interactionSx

I

which can be obtained by expanding the ln in inverse pow
of V. Here we report the first terms, given in Ref.@4# †a
factor2 1

2 V is missing in front ofS(3) andS(4) appearing in
Eq. ~63! of Ref. @4#‡

Sx
I 5

1

3AV
S r

bD 3 1

a
A2at

a
$u,„2u213~xW !2

…c%

1
1

4V S r

bD 4 2at

a
$~u2,u2!c1„xW 2,~xW 226u2!…c%

1O~V23/2!. ~5.15!

VI. THE PERTURBATIVE EXPANSION

In this section we derive a perturbative expansion for
partition function of QCD in terms of the nucleon compo
ites and the auxiliary fields. We start by the Stratonovic
Hubbard transformation to get rid of the chiral composite

exp@2SC2SQc#5@detC~A!#21E F dxW

A2p
G

c

F df

A2p
G

c

3exp@2Sx#nexpF1

a
„l̄,~D1QH!l…cG ,

~6.1!

where

n5S)
c

detDcD 21

D5akp@r2f1AVm1 ir2g5tW•xW #

5AVrbA a

2at
kp

3F11
r

b

Aa2at

AV
~u1 ig5t•x!G ,

~QH!c1c2
5

1

4 (
k

~r 2gk!Uk~c1!vk~c1!dc11ek ,c2
.

~6.2!
9-6
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We have absorbed the termMQ in the parameterm which
now reads

m5
1

r
A a

2at
amp

2 2
1

2AVkp

MQ . ~6.3!

The partition function is so transformed into

Z5E @dA#exp$2SM2Tr ln@C21~0!C~A!#%

3E @dl̄dl#nexp@2SN#E F dxW

A2p
G

c

F du

A2p
G

c

3I exp@2Sx#, ~6.4!

where

I5E @dU#exp@2SYM#exp@2SQn#nE @dl̄dl#c

3expF1

a
„l̄,~D1QH!l…c2SQnc2SQcnG . ~6.5!

To perform the integral over the quark fields we expanI
with respect toSQ . We note that only terms with an equ
number of factorsSQnc andSQcn can contribute. Moreover
after the integration in the chiral lattice there remain inI
only polynomials of the quark fields in the nucleon lattic
They will contribute, according to Eq.~4.12!, only if they are
of order 33 integer both inl̄ andl. Therefore

I;E @dU#exp@2SYM#(
i 5o

`

(
r 1s53i

~21!s
1

~r ! !2s!
~SQn!

sn

3E „dl̄dl…c~SQnc!
r~SQcn!

r expF1

a
„l̄,~D1QH!l…cG

5(
i 5o

`

(
r 1s53i

Ir ,s . ~6.6!

We remind the reader that; does not refer to any approx
mation, but it means that the equality holds only under
Berezin integral. The functionsIr ,s can be evaluated by ex
panding the exponential with respect toQH :

Ir ,s5(
t50

`

Ir ,s,t . ~6.7!

Since only even powers ofQH can contribute

Ir ,s,t5E @dU#exp@2SYM#~21!s
1

~r ! !2s! ~2t !!
~SQn!

sn

3E @dl̄dl#c~SQnc!
r~SQcn!

r S 1

a
~ l̄,QHl!cD 2t

3expF1

a
~ l̄,Dl!cG . ~6.8!
07400
.

e

Finally assuming the nucleon composites as integra
variables we get the desired perturbative expansion of
partition function of QCD in terms of the nucleon and chir
fields:

Z5E @dA#exp$2SM2Tr ln@C21~0!C~A!#%E @dc̄dc#n

3E F dxW

A2p
G

c

F df

A2p
G

c

(
i 5o

`

(
r 1s53i

Ir ,s exp@2SN2Sx#.

~6.9!

The integrals over the quark and gluon fields are relegate
the functionsIr ,s . Note that we do not need to treat th
gluon field perturbatively: If and where this can possibly
done remains here an open question.

At this point the role ofkN
21 ,kp

21 as expansion paramete
should be clear. Since the integral over the quarks in
chiral lattice is proportional toD21, namely, tokp

2(2t1r ) ,
and because of the dependence of the transformation f
tions ~4.15! on kN , Ir ,s,t;kN

2(r 1s)/3kp
2(2t1r ) .

We conclude this section by the evaluation of the cor
lation functions. To this aim we observe that th
Stratonovich-Hubbard transformation can be written in
form

ph1
~c1!•••phs

~cs!exp@2SC2SQc#

5@detC~A!#21E F dxW

A2p
G

c

F df

A2p
G

c

nexp@2Sx#

3~a2atr
2!2s

]

]xh1
~c1!

•••

]

]xhs
~cs!

3expF1

a
„l̄,~D1QH!l…cG . ~6.10!

Repeating the previous manipulations we then arrive at
explicit expression

^c̄~n1!•••c~nr !ph1
~c1!•••phs

~cs!&

5
1

ZE @dA#exp$2SM2Tr ln@C21~0!C~A!#%

3E @dc̄dc#n exp@2SN#c̄~n1!•••c~nr !

3E F dxW

A2p
G

c

F du

A2p
G

c

exp@2Sx#n~a2atr
2!2s

3
]

]xh1
~c1!

•••

]

]xhs
~cs!

~n21I!. ~6.11!

VII. QUARK CONFINEMENT

Let us consider the quark propagator
9-7
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^l̄~x!G~x,y!l~y!&5
1

ZE @dU#E @dA# exp@2SYM2SM#

3E @dl̄dl#l̄~x!G~x,y!l~y!

3exp@2SN2SC2SQ#, ~7.1!

where G(x,y) is an arbitrary string of gluons making th
above integral gauge invariant. We can repeat the prev
manipulations until we arrive at

^l̄~x!G~x,y!l~y!&

5
1

ZE @dA#exp$2SM

2Tr ln@C21~0!C~A!#%E @dl̄dl#nexp@2SN2SQn#

3E F dxW

A2p
G

c

F du

A2p
G

c

exp@2Sx#

3E @dU#exp@2SYM#nE @dl̄dl#cl̄~x!G~x,y!l~y!

3expF1

a
„l̄,~D1QH!l…c2SQnc2SQcnG . ~7.2!

In the above formulation the quarks appear in interact
with the auxiliary fields and the nucleon fields, and have
effective mass equal tokp(r2f̄1AVm);rAVrkp /Aa2at.
This mass seems to diverge in the continuum limit, but
will see that the constantkp must be tuned with the lattice
spacing in a way which will not be determined in the pres
paper. If the necessary tuning turns out to be such that
effective mass is actually divergent, the quarks are obviou
confined in the sense that they are unphysical. But eve
their mass is not divergent the confinement is realized,
though in a weaker form. In fact since the quark effect
mass in the chirally broken vacuum grows asAV, the saddle
point expansion results to be a strong coupling expansion
the quarks, so that if the sitesx,y aren lattice spacings apar
from one another, the first nonvanishing contribution to
quark propagator occurs at an order of the expansion
smaller thann. As a consequence the quarks are never p
duced to any finite order, a fact first observed in Ref.@7#. In
this sense we can say that they are confined. Since the q
effective mass to leading order inV does not depend on th
breaking parameter,this confinement is a genuine cons
quence of the spontaneous chiral symmetry breaking, in
whose absence there would be no saddle point expansio

In conclusion in the present approach the quarks do
propagate at the perturbative level, so that they might
come alive only due to nonperturbative effects. The situat
is reversed with respect to the standard perturbation the
where the quarks appear as physical particles whose con
ment is intrinsically nonperturbative.
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Since the quarks have no poles whatsoever, it seems
we do not have to worry about the spurious ones. If this tu
out to be confirmed by the study of the anomaly in t
present approach, we can altogether forget the Wilson t
for the quarks. In any case we can safely assume the Wi
parameterr q of order 1/AV, and neglect the quark Wilson
term to leading order in our expansion.

VIII. THE NUCLEON-PION INTERACTION

As an application we investigate the pion-nucleon int
action to lowest order. It occurs inI1,2,0, the lowest order
term of I1,2. Since the integrand will result to be indepe
dent on the gluon field, the corresponding integral will fac
out and we will therefore omit it from the start

I1,2,05
1

2
~SQn!

2nE @dl̄dl#cSQncSQcn expF1

a
~ l̄,Dl!cG

52
1

2
a3at~SQn!

2

3 (
c,e,h

~Qc2eet ,cDc
21Qc,c1eht

! h̄1h1

3l̄ h̄1
~c2eet!lh1

~c1eht!. ~8.1!

We look for the terms inI1,2,0 proportional toc̄,c, namely,
containing threel at one and the same site and also threel̄
at one and the same, possibly different, site. They are
tained by retaining only the contributions withe52h, and
only the mass term fromSQn

I1,2,05
1

4
a10at

3mQ
2 (

c,e
~Qc1eet ,cDc

21Qc,c1eet
! h̄1h1

3~ l̄ h̄1
l̄h2

l̄h3
lh1

lh
2
lh3

!c1eet

5
1

4
a10at

3MQ
2 (

c,e
~Qc1eet ,cDc

21Qc,c1eet
! h̄1h1

3 f Ī h̄1h2h3
f Ih1h2h3

c̄ Ī ~c1eet!c I~c1eet!. ~8.2!

We need the transposed of the productQD21Q. Assuming
r q of the order 1/AV we can neglect the Wilson term of th
quarks so that

~Qc1et ,cDc
21Qc,c1et

!T

52
1

4at
2

1

DcDc
1Ct2g t~v t!

1~c!Dcg tv t~c!C21t2^ I c ,

~8.3!

whereI c is the unit in color space. Now by using the ide
tities
9-8
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f Ī h̄1h2h3
f Ih1h2h3

~v t
1!t̄1

~v t
1!t2

~v t
1!t3

v tt1
v tt2

v tt3

5 f Ī h̄1h2h3
f Ih1h2h3

~V̂t
1!t̄V̂tt no summation, ~8.4!

where

V̂tt~c!5exp@ iet atAt~c!#, ~8.5!

we get

I1,2,05
3

8
a10atmQ

2 (
c,e

1

DcDc
1

3$Ct2getDcgetC21%h1h̄1
hĪ h̄1h2h3

hIh1h2h3

3@c̄~c1eet!V̂
1~c!# Ī @V̂~c!c~c1eet!# I . ~8.6!

The sum over colors has been performed. Using the exp
expressions of the functionsh

I1,2,05
3

8

1

242 a4atmQ
2 kN

21(
c,e

1

DcDc
1c̄~c1eet!V̂

1~c!

3@3D1c1 iD 2c#V̂~c!c~c1eet!, ~8.7!

where we have decomposedD according to

D5D11 iD 2 . ~8.8!

Retaining the leading terms in 1/V in the matrixD and sum-
ming overe we get the final result

I1,2,05 igN2pa32at(
c

c̄~c1et!V̂
1~c!g5t•x~c!V̂~c!

3c~c1et!1a32at(
c

dmNc̄~c1et!c~c1et!,

~8.9!

where

gN2p5
3

8

1

242

2at

a

a2mQ
2

VkNkp
~8.10!

is the nucleon-pion coupling constant and

dmN52
9

8

1

242A2at

a

amQ

AVrkNkp

mQ ~8.11!

is a renormalization of the nucleon mass. In the continu
limit the shift in the arguments of the fields can be ignore
and the link variablesV̂ disappear. Even if the above contr
butions are of leading order with respect to 1/kN , 1/kp , they
cannot be the most important ones, which are expected t
related to the spontaneous breaking of the chiral symme
And indeed the present contributions are depressed with
spect to higher order terms by the square of the~small! ex-
07400
it

,

be
y.
e-

plicit breaking parametermQ . As in the chiral models, there
fore, the quark mass must be considered a further expan
parameter, so that the present contributions are not the d
nant ones with respect to the whole set of expansion par
eters. Finally, it is perhaps worthwhile noticing that forgN2p

and dmN to be both finite in the continuum limit,r must
scale as the inverse of the lattice spacing.

The interpretation ofgN-p as the pion-nucleon coupling
constant follows by the evaluation of the three-point corre
tion function

^c̄~n1!c~n2!ph~c!&5
1

ZE @dA#

3exp$2SM2Tr ln@C21~0!C~A!#%

3E @dc̄dc#n exp@2SN#c̄~n1!c~n2!

3E F dxW

A2p
G

c

F du

A2p
G

c

3exp@2Sx#n~a2atr
2!21

3
]

]xh~c!
~n21I1,2,0!. ~8.12!

Since the term with the derivative ofI1,2,0 does not contrib-
ute in the continuum limit, we have

^c̄~n1!c~n2!ph~c!&

5
1

ZE @dA#exp$2SM2Tr ln@C21~0!C~A!#%

3E @dc̄dc#nc̄~n1!c~n2!

3exp@2SN#E F dxW

A2p
G

c

F du

A2p
G

c

3xh~c!I1,2,0exp@2Sx#. ~8.13!

IX. CONCLUSIONS

We have derived a perturbative expansion in QCD
terms of the quark composites with the quantum number
the nucleons and the auxiliary fields which replace the ch
composites. The coefficients appearing in the perturba
series are defined in terms of integrals over the quark
gauge fields.

The expansion parameters are the inverse ofV, the num-
ber of quark components, the inverse of the consta
kN ,kp , entering the definition of the composites and t
quark massmQ . The nature of the expansion is, however,
present not fully understood:kN is indeed accompanied b
large numerical factors related to the number of quark co
ponents, but we do not know how the powers of these fac
will be related to the powers ofkN in higher order terms. We
9-9
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do not see at present any other way of clarifying this is
than by studying higher order terms.

One of the problems for which the present formulation
QCD seems particularly promising is the phase transition
high barion density@8#. The reason is that in the usual way
introducing the chemical potential this is coupled to t
quarks to allow an analytical integration to be performed
the latter. But the price to be paid is an interplay betwe
gluon field and chemical potential which would not be the
R

07400
e

f
at

n
n

if we coupled the chemical potential to the nucleons, wh
we can easily do in the present formalism.
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