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We present a comprehensive calculation of the energies, splittings and electromagnetic decays of the low-
lying levels of the bottom charmed meson system. In order to incorporate running coupling constant effects, we
choose Richardson’s potential for the central potential and take the spin-dependent potentials from the radiative
one-loop calculation of Pantaleone, Tye and Ng. The effects of a nonperturbative spin-orbit potential are also
included. Our parameters are determined from the low-lying levels of charmdiaivenage deviation of 19.9
MeV) and of the upsilon systel@@verage deviation of 4.3 MeVWe carry out a detailed comparison with the
calculations of Eichten and Quigg and the lattice calculations of the NRQCD Collaboration. Our predicted
result for the ground state energy is 62%%Mev. Our results are generally in agreement with earlier calcu-
lations. However, we find the two lowest Istates to be very close to thej limit, in contrast with some of
the earlier calculations. The implications of this finding for the photon spectra of Bhantl 2S states are
discussed in detail. Some strategies for the observation of these states are discussed, and a table of their
cascades to the ground state is presented. Our calculated value for the ground state lifetime 0s03.38,
in good agreement with the recent CDF measurem&556-282(99)03517-1

PACS numbes): 14.40.Lb, 12.39.Pn, 14.40.Gx, 14.40.Nd

I. INTRODUCTION values be consistent with a universal QCD scale. Since one
The Collider Detector at FermilabCDF) Collaboration can calculate the central potential and the spin-dependent

[1] has reported the discovery of ti system in 1.8 TeV potentials from first principles on the latti€8], it should be
' ossible at some point in future calculations to connect sub-

p—p collisions at Fermilab. They have observed about 2Ogets of these potential parameters in more fundamental ways.
decays in thel/y-lepton channel, which are interpreted as sych a program would be an important step towards finding
decays of the ground state. For the mass of the ground statg,more rigorous way to formulate a potential model calcula-

the CDF collaboration quotdd B~ 6.40£0.39:0.13 GeV. tion.

Their value for the lifetime isrg =0.46"(75+0.03 ps. This In 1991 Kwong and Rosnd#] predicted the masses of
state should be one of a number of states lying below th he lowest vector and pseudoscalar states ofthand the

threshold for emission oB and D mesons. Because these ¢ systems using an empirical_ mass formula and a logarith-
states cannot decay by gluon annihilation, they should bg"c potential. Eichten and Quigp] gave a more compre-

verv stable in comparison with their nterparts in charmo. ensive account of the energies and decays of the oBthe
ery stable in compariso €lr counterparts in cha 0system that was based on the QCD-motivated potential of

nium and the upsilon system. guchm"dler and Tye[6]. Gershteiret al.[7] also published a

The purpose of this paper is to give a detailed account Ofjaaijed account of the energies and decays oBtheystem
the energies, splitiings and electromagnetic decay rates fQf,q established contact with QCD sum-rule calculations.

the B states below the continuum threshold and to proposgoih of these latter calculations included running coupling
strategies for detecting some of these states. We will use @nstant effects in the central potential, but used spin-
potential model that includes running coupling constant efdgependent potentials that were restricted to the tree level.
fects in both the central potential and the spin-dependent One of the most important goals of the present calculation
potentials to give a simultaneous account of the properties d§ to extend the treatment of the spin-dependent potentials to
charmonium, the upsilon system and tBg system. We the full radiative one-loop level and thus include effects of
choose Richardson’s potent[&] to represent the central po- the running coupling constant in these potentials. In a previ-
tential and insist upon strict flavor-independence of its paous calculatiorf8] we have shown that such effects offer a
rameters. Since one would expect the average values of tlsibstantial improvement in the calculation of the spectra of
momentum transfer in the various quark-antiquark states teharmonium and the upsilon system. In particular, it be-
be different, some variation in the values of the strong coucomes possible to offer a good account of both the fine struc-
pling constant and the renormalization scale in the spinture splittings and the hyperfine structure. Our previous cal-
dependent potentials should be expected. In order to minulation used the renormalization scheme developed by
mize the role of flavor-dependence, we use the same valu&supta and Radforf9,10]. However for this calculation, we
for the coupling constant and the renormalization scale fohave chosen the modified-minimal subtraction scheme used
each of the levels in a given system and require that thesey Pantaleone, Tye and N@TN) [11] to extend their per-
turbative QCD calculation to the one-loop level. We supple-
ment the PTN formalism with a long-range spin-orbit poten-
*Email address: fulcher@bgnet.bgsu.edu tial to be consistent with the Gromes consistency condition
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[12] and recent lattice calculatior8]. The flavor depen- TABLE |. Ground state energies of the heavy-quark systems
dence allowed for the string constant in the 1991 calculatiortMeV).

is not permitted in the present calculation. Thus this calcula -
tion should also be viewed as part of the effort to formulate State Cornell  Martr  logarithm ~ Song-Lin ~ Turin
potential model calculations under a more restrictive set of

ag 0.313 0.437 0.372 0.396 0.373
assumpnolnsIWe not? IE passing a nurfntl)aer of additional |m . (GeV) 5232 5174 4,905 5199 5171
E%r.tant calculations of the properties of tBg system[13— mc (Gev) 1840  1.800 1.500 1.820 1.790
In Sec. Il we present preliminary calculations of the low- 1%8,(cc) 3097 3097 3097 3097 3097
est vector and pseudoscalar states of Bhesystem with 1S 2980 2980 2980 2980 2980
several potential models. These exercises are similar to son¥&1s 117 117 117 117 117
carried out by Eichten and Quid§] and represent one way 13S,(bb) 9461 9461 9460 9460 9460
of estimating the uncertaintities in the predicted energies ot'Ss, 9316 9397 9395 9380 9365
the new system. In Sec. Il we introduce Richardson’s poAE;g 145 64 65 80 95
tential and the expressions necessary to include the one-logps (cp) 6337 6319 6333 6324 6327
corrections in the spin-dependent potentials and discuss thle\S0 6246 6247 6266 6247 6247
determination of our parameters from charmonium and thg g 91 72 67 77 80

upsilon system. The formalism required for the mixing of the
P states in theB, system is presented in Sec. IV. The last

section contains our results for the energies and decays of the17 MeV. In Table | we present results with five different

low-lying B, states and a discussion of their implications for central potentials. These include the Cornell poterifi8l
the development of strategies to detect these states.

V(r)=Ar—«klr+C, 4
Il. SOME POTENTIAL MODELS

where A=0.1756 GeV, «=0.52 andC=—0.8578 GeV;
The three systems that we consider in this paper, upsilormartin’s power-law potential20],

charmonium andB,, are often considered as nonrelativistic
systems, and thus our treatment is based upon the Schro V(r)=—8.093+6.898r x1 GeV)%! (5)
dinger equation with a Hamiltonian of the form,

(units of the potential are GegVand the logarithmic potential
H=p?/2p+V(r)+Vsp, 1 [21],

where u=m;m,/(m;+m,) is the reduced mass. No spin- V(r)=—0.66310.733I(rx1 GeV) (6)
independent relativistic corrections are included. For the pur-

pose of making some preliminary estimates of the energiegotential units are also GgVEach of these forms was used
of the lowest two states of thB, system, it is necessary to by Eichten and Quigg. However, our values for the potential
consider only the spin-spin part of the spin-dependent poterparameters are slightly different. We also have done calcu-
tial since these ar® states. Thus, lations with the potential of Song and L[22],

A2 pe—112
Vs Vas g 5SS, @ VIN=Art=-Brr ™

whereA=0.511 GeV¥? andB=0.923 GeV¥?, and the Turin
Our solutions to the Schdinger equation are generated nu- [23] potential,
merically with the given form for the central potentjdl8]

and the effects of the spin-dependent parts are added as a V(r)=—ar ¥+pré¥+C, 8
perturbation improvement. Thus, th&-ktate hyperfine split-
ting is given by wherea=0.620 GeWW*, b=0.304 GeV* and C=—0.823
GeV.
8asg Our results in the first three columns of Table | are very
AEns= —9m [R1s(0)[2. ) similar to those presented in Table | of Eichten and Quigg

[5]. The results obtained with the Song-Lin and the Turin
We address the question of the validity of first-order pertur-Potentials in all cases fall between the extremes defined by
bation theory for the contact potential of E§) in the Ap-  the first three columns. Averaging over all five cases pre-

pendix. sented in Table | yields
All of the potential parameters in this section are strictly s 9
flavor-independent. This includes any additive constants. Mg =6251"s° MeV, Mgr=6328"5 MeV, (9)

The central potential parameters and the constituent mass

parameters are fit to the low-lying energy levels of charmo-as the predicted energies of the two lowest states. If we treat
nium and the upsilon system. The strong coupling constariEichten and Quigg’s results in the same way, then we get
ag is fit to the observed charmonium hyperfine splitting of6258ffo MeV for B, and 633 MeV for BY , in good
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agreement with our preliminary analysis. All of these results 1dV,

fall comfortably within the ranges found by Kwong and Ros- ~ To= 1 5~ Tp=Vs, Tc=V3/12, T4=V,/3,

ner[4], that is, (16b
6194 Me\/sMBcs 6292 MeV, (104

where we have supplemented the PTN potentials with a long
6284 Me\=Mpg»=<6357 MeV. (10b range spin-orbit contribution to include nonperturbative ef-
¢ fects. Such a contribution is clearly indicated by the lattice

calculations of Bali, Schiling and Wacht¢B] and is re-

lll. RICHARDSON'S POTENTIAL quired to generalize the consistency condition,

AND THE SPIN-DEPENDENT POTENTIALS

The starting point for the derivatidr24] of Richardson’s d
potential is the one-loop expression for the running coupling d—[E(r)+V1(r)—V2(r)]=O, (17)
constan{25], namely, r

12w 1 as it applies to the one-loop potentials, to include the effects
(33— 2n0)In(|q?/A2)’ @D ofthe confining potential, as shown by Gronjég].

The PTN potentials are expressed in terms of the strong
wheren; denotes the number of quark degrees of freedongoupling constantrs and the renormalization scaje. The
accessible to the propagating glujd6] and A is the QCD  function E(r) includes the leading correction to the central
scale. Richardso[2] realized that one could tame the infra- potential,
red singularity of Eq.(11) and produce a linear confining
potential by making the replacement,

as(|g?)=

E(r=— 225 11 23] (33— 2ny)(Inur +
|92/ A%— |2/ A2+1, (12) (r)= 3r 67 ( ne)(Inwr + ve)
in the argument of the logarithm. Our 1991 calculat[@h N 3_1_ % 18
was based on a modification of Richardson’s potential sug- 2 31/ (18)

gested by Moxhay and Rosng27], that is, the string con-
stant is treated as a free parameter instead of being connected

to the scale parametér. Then the potential takes the form Whereyg=0.5772 - - is Euler's constant. This function is of
course a part of the contribution to the short-distance behav-

8mrf(Ar) ior of the running coupling constant in E@L1), although its
V(r)=Ar- (33— 2n)r’ (13)  contribution to Richardson’s potential is not made explicit.
The first two spin-orbit potentials are given by
where
2
4 (=sintx 1 1 %s |16
f(t)=—f ——— —|dx (14) Vl(r):_ﬂ[3_4(ln\/mlm2r+7f§)}a (19
mJo X |In(1+x?) x? m
To specify the spin-dependent potentials, we use a gener- Qo= _
alization of the Eichten-Feinberg formalisih3] derived by Vo(r)=— Rl E[(gg_ 2n;)(INur + v
PTN[11]. Our notation is closely akin to that of Eichten and 3r 6w
Quigg[5]. Thus, 39 5n
f
+?—T—9(In\/mlm2r+y5) . (20)
yo LS LS LSS
sP 2m3 2 2m2 ° mym; °
The tensor potential takes the form
L-(S — S .
N (S1—S) T+ 12 Tt S Ssz, (15
m;m; m;m; m;m,
Va(r)= 225 14 S| 339 )(m f+ —4)
whereS,, denotes the tensor operator, that i538;-rS,-r s 67 PTHETYET 3
—S,-S,] andm; denotes the mass of the light@harmed 65 - 4
quark, if the two constituent masses are not equal. The quan- oo ong — 4
tities T are connected with the PTN potentials as follows: g T3 18 Invmmar e 3
(21)

1d 2 dv, ,
Ta:ra(E_Ar)_FFW_FZVS, TaZTa—4V5,

(16a  The lengthy expression for the spin-spin potential,
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TABLE Il. Charmonium energiegMeV).

V(1) 32mag N ag| 11  5n;
r = —— _
N 3 6|2 3 State EQ94 FUI98 FUII98 Expt.
3 [ 9m2+9m2— 14mym, 135, 3097 3098 3098 30970.04
-2 R In(m,/my) | ¢ 83(r) 11s, 2980 2981 2980 29802
m;—m; 23, 3686 3692 3693 36860.1
Aol | 21s, 3608 3617 3615
_ %S| (33— 2n,)v2| e 1°p, 3507 3515 3530 35560.1
9m r 13pP, 3486 3492 3482 3510.1
1%P, 3436 3443 3391 34151.0
+
_6_3V2('”— VMMl ¥e) | 22 1P, 3493 3499 3501 35260.1
2 r N 255 227 19.9

reduces to an especially simple form for states with nonzero

angular momentum, that is, We will deal with the more complicated case of the mass-

mixing matrix in the next section. For the remainder of this
section, we will consider only the diagonal matrix elements.
This will suffice to determine the requisite expectation val-
ues for the case of equal masses, since then the total spin is
since one can take the derivatives present in(9). in this @ good quantum number.

case, and the delta function there does not contribute. If the The diagonal matrix elements can all be evaluated in
two constituent quarks have equal masses, then it is neceterms of the expectation valugs] of (L - S) since

sary to add a second-order contribution from the annihilation

a>

S

V4—) —3
al

2 8nf

3 9

: (23

1
graphs. (L-S)=(L-S)=5(L-9, (29
8V,4=8ai(1-1n2)8%(r), (24)
and
to the expression of Eq22). The spin-orbit potential discov- e 5
ered by PTN is given by (Si)— ALNS)—6(L-§—-1L-S) (29
, . (21+3)(21-1) ’
o>
Vg(r)= —S3In(m1/m2). (25) wherel is the orbital angular momentum quantum number,
ar

as we have verifie8-30. Hence, the diagonal matrix el-

ements of the spin-dependent potentials may be expressed as
The equations describing the PTN potentials use the P P P y P
(T (T2 (T

modified minimal subtraction scheme to define the strong

coupling constantis. This coupling constant can be related (Vgp)=(L-S) +

to that defined in a scheme developed by Gugttal.[9,10], 4mZ  4m3 MM
which was used in the 1991 calculatif8), that is,

1
s } (ST (S STl (30

+ |— ..
1+~ (49 ,

10n;
3

agre #?) = ag(u?)

(26) Our results for the charmonium and upsilon energies ob-
tained with Richardson’s potential and the one-loop expres-

to the second order ing. It is straightforward to verify that sions for the spin-dependent potentials are presented in
PTN'’s expressions for the potentials are the same as those fbles Il and lli(listed in column 4 as FUII98 where they
Guptaet al. to the second order ing by using Eq.(26) to  are compared with the results of Eichten and Qufglg The
connect the two renormalization schemes. The signs of th#avor-independent potential parameters and constituent
terms in Eq.(26) indicate that we should expect smaller cou- masses used to obtain these results are
pling constants in the present calculation than in our 1991

calculation. A=0.152 GeV, A=0.431 GeV, (319
In determining the matrix elements for the perturbation
improvement of the central potential energies, we must ex- m,=4.889 GeV, m.=1.476 GeV. (31b

ercise some care since the total sg#% S;+S,, is not a _ _
good quantum number in the most general case. This is BOr the upsilon system the value of the coupling constant
consequence of the fact that its magnitude does not commutes=0.30, and the value of the renormalization scale

with the spin-dependent potential because, for example, =1.95 GeV. For charmonium these values arg=0.486
and ©=0.80 GeV. In both cases the value of the universal
[L-S,,S?]=2iL-(S$;XS). (277  QCD scale determined from

074006-4



PHENOMENOLOGICAL PREDICTIONS OF TH. .. PHYSICAL REVIEW D 60 074006

TABLE lIl. Upsilon energies(MeV). as=0.18, a value obtained from heavy quarkonium decays
[8,34]. Our leptonic widths also agree with experiment very
State EQ94 FUI98 FUII98 Expt. well. In order to carry out a fair comparison with the widths
1%s, 0464 9461 9461 94660 2 of E?chten and Quigg{EQ_), _it is necessary to correct their_
115, 9377 9368 9406 publlsheq results for r_adlatlve QCD corrections. !Domg this
2%, 10007 10022 10027 100233 5 described above gives the EQ results shown in parenthe-
215, 9963 9978 10001 ses and moves their results much closer to the measured
3ls 10339 10358 10364 10359.5 values. The dlfferences_ between the values Ilst_ed in columns
31 1 10298 L0305 10344 ' 2 and 3 of_ Table IV give a measure of the dlfferer!ces in
350 wave functions calculated with Richardson’s potential and
1°P, 9886 9902 9910 99180.6  the Buchmiller-Tye potential.
1°P, 9864 9881 9891 98920.7 In order to have a good basis for comparison, we have
1°P, 9834 9852 9863 98601 carried out a Richardson’s potential calculation with tree-
1'P, 9873 9889 9899 level expressions for all the spin-dependent potentials. These
ZZPZ 10242 10261 10269 10269.4  may be readily obtained by omitting all terms ©{a2) in
23P1 10224 10244 10255 10253.5  the spin-dependent potentials above, and thus there is no
leo 10199 10222 10234 102306 reference to the renormalization scale. Then the expressions
2°Py 10231 10251 10261 for the functionsT are especially simple, that is,
&2 24.9 8.3 4.3
AQCD:Mefeﬁ/(ssfznf)aE (32 TaZTQZ%— ? (34a
is 0.190 GeV, a value consistent with other determinations
[31]. Agreement between the calculated results and the mea-
sured value$31] in Tables Il and Il is extremely good, the dag , ag 327ag
average deviation being only 4.3 MeV for the upsilon sys- szﬁ' Tp=0, TCZF’ Ta= 9 3%(r).
tem. Most of the 19.9 MeV deviation in the charmonium (34b)

case arises from a 25 MeV discrepancy in the center-of-
gravity of the 1P state. Much of this difference could prob-

ably be removed by a proper account of the spin-independenthe central potential parameters in this calculation are the
relativistic correctiong32]. same as those listed in Eg&1). The constituent mass for
Our results for the upsilon and charmonium leptonicthe charmed quark is 1.476 GeV, the same as in B,
widths are presented in Table IV, where they are comparegindm,=4.884 GeV, slightly smaller. The coupling constant
with those calculated by Eichten and Quiggl. Our decay  4¢=0.339. Results of this calculation are also presented in
rates were obtained with the formu[la3] Tables Il and lll (designated as FUI98 in column.3For
both charmonium and the upsilon system, the average devia-
tion is smaller for the one-loop calculation, but this does not
' (33 tell the whole story. The fit to the fine structure splittings of
charmonium with the one-loop calculation is much better
wherea is the fine structure constareg denotes the quark than _either of the_tree-level calculat_ions presented in Table
. Il. This is our basis for the expectation that a one-loop cal-
charge, andvl denotes the mass of the quark-antiquark state

Since the average values of the momentum transferred in thClealtlon should give a more accurate rendering of the fine

annihilation graphs underlying Eq33) should be much Structure and the hyperfine structure of Biesystem. Since

larger than that associated with the scattering processes Bl}e central potential parameters are the same, the leptonic
9 gp widths for the FUI and FUII calculations are the same.

the spin-dependent potentials above, we should expect the h d ic di in th I d

appropriate value fotrg in Eq. (33) to be smaller than that One of the mos.t .ramatlc |ffgr(_ances n t € one-loop an

used above for the finse struc.ture splittings. Thus we ChOOStree level results is in the prediction for upsilon hyperfine
PUTINGS. gplittings in Table Ill. For example, the one-loop prediction

for the 1S state is 55 MeV, which is consistent with earlier
predictions[8,10] and the average of the tree-level predic-

2,2
€q

“M%(QQ)

ee

16«
IR(0>|2[1— 2
37

TABLE IV. Leptonic widths(keV).

State EQ94 FU98 Expt. tions is 90 MeV. It is interesting to note that the one-loop
level prediction is much closer to the lattice resu#d—50

Y(19) 1.71(1.19) 1.34 1.320.05 MeV) of Bali, Schilling and Wachtel3]. Thus, measurement

Y (29) 0.76(0.53) 0.57 0.520.03  of the energies of the single® energies would serve to

Y (39) 0.55(0.38) 0.40 0.480.06 clarify the proper input for a good phenomenological calcu-

H(1S) 8.00(5.55) 5.81 5.260.37 lation of the properties of heavy quark systems. Some ex-

#(29) 3.67(2.55) 261 2.140.21 perimental group should give these measurements a high pri-
ority.
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IV. MASS MIXING MATRIX FOR P STATES TABLE V. Energies of theB. system(MeV).

In determining the eigenyalues aljd eiger)functiops for theyate EQ94 GKLT95 CK92 FUI98 FUII98 LAT96
B. system, we have a choice of using basis functions from
either theL-S coupling scheme or thgj coupling scheme. 1°S; 6337 6317 6355 6341 6341 632380
We follow the lead of Eichten and Quig§] and choose the 1'S, 6264 6253 6310 6267 6286 62830=190
j-j basis. First we form the total angular momentum of the23S; 6899 6902 6917 6911 6914 69980
charmed quark];=L+S;, and then we form the total an- 2'S, 6856 6867 6890 6869 6882 696@0
gular momentum of the syster=J,+S,. ForP states, the 1P, 6747 6743 6773 6761 6772 67830

J=2 states and thd=0 state are the same in either basis,1p1+' 6736 6729 6750 6760 676530
that is, 1P1* 6730 6717 6742 6737 67430
31 11 1P, 6700 6683 6728 6713 6701 67280
3
me(g 5) = Yon(1D), ‘ﬂoo(z 5) =od1D. @ 1t v i
1°D, 7012 7024 7019
and the determination of the eigenvalues of the spini'D, 7009 7008 7023 7028

dependent potentials requires only the diagonal elements of
Eg. (30). On the other hand, th#=1 states are a combina-

tion, 1 2 31 1 11
Yin("P1) =\ 3¥m| 5 5]~ \ 3%l 5 5/ (38h)
31 11
Y1m=2191m 22 +a¢m 29 (B8 The first eigenvector of Eq$38) has the lower eigenvalue

since it is determined by choosing the solution to the qua-

and one must diagonalize the mass mixing matrix in order téjrat'c e|gen_value equation with the minus sign. Our c_;h0|ce
ff overall sign for the second eigenvector of ERY) is

determine the eigenvalues and eigenfunctions. In the bas i . ;
described above, we have derived the following forms for?PPOSite that of Eichten and Quigg, but the same as that of

the spin-dependent operators of Efj5), that is, Gershteiret al. [7].

\/E V. RESULTS AND DISCUSSION

3 Since the central potential parameters are strictly flavor
independent and the constituent masses are not allowed to
vary, the only decision that one has to make to address the
B. system is to decide on the value af. The simplest
choice is the average of the values in the charmonium and
the upsilon system, that igig=0.393. This choice requires a
and value of x=1.12 GeV, to preserve the value of 0.190 GeV
for the QCD scale. Our results for the low-lyirg) P andD
states of thé3. system are presented in column 6 of Table V,
2 22 _ E E where they are compared with the predictions of Eichten and
3 3 12 3 Quigg [5], Gershteinet al. [7], Chen and Kuang16], the
, (S-S = 2 1 |- nonrelativistic QCD(NRQCD) lattice calculation[35] and
“N4 4 - — our tree level calculation. The energy of each of these states
3 3 3 12 lies below theB-D meson threshold at 7143 MeV. In deter-
(37b) mining the D-state splittings, which are much smaller than
the P-state splittings, we followed the example of Eichten
and Quigg and did not use the mass-mixing matrix approach.
Several running coupling constant effects are noticeable in
able V, although our results are in general agreement with
the earlier calculations. Ous-state hyperfine splittings are
smaller than those of Eichten and Quigg, and our results for
the P-state fine structure splittings are larger. We do not see

. : ; ; the inverted order of th® states predicted by both Eichten
Then one can find a unitary transformation that simulta and Quigg and Gershteirt al. The order of the fine-

gieoet:]svlg Cdt:?rgograe"zfvs e;hf) operatdis S, Sy, ands; - S The structure level$37,3§ is a consequence of the relative sizes
g 9 y of the perturbative and the nonperturbative contributions to
the spin-orbit potentials of Eq15).

Ynn(3P1) = \ﬁlﬁ §E i \/Z// EE (383 Comparison with the lattice NRQCD result85] is of
S 37imi 2 2 37mi2 2)° special interest. Their result for tH&, mass is based on a
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(L-Sp)=

O NI B

6
3

w| =

(37a

To obtain the matrices for the operatdrsS and L-(S;
—S,), one simply takes the appropriate linear combinatio
of the matrices in Eqs37a. By inspection one can verify
that our first three matrices in Eq&7) are consistent with
Egs.(2.21) of Eichten and Quigd5].

It is straightforward to take the equal-masslef, limit.
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T T | T T | T T | T T T T
6.3 — T / ]
.,—-———'*"/—*/./ [ ] _

—~ FII98
> - _
L)
2 = i
& l
@ 6.5 — R FIG. 1. Ground state energy of
= L PHOS LAT96 | the B, system as a function of the
g N £Q94 i running coupling constant. The
o PH98 result is based on the calcu-
fi - 7] lations presented in Table I.
M L _

6.2 — —

1 1 1 | 1 1 1 | 1 1 1 | 1 1 1 | 1 1 1
3 35 4 45 5 55
strong coupling constant ag
lattice calculation of the kinetic mass, 4%6.02, and a de- Mg :6286f%5 MeV, Mg :634:li§ MeV, (39
Cc C

termination of the scale factor by comparison with charmo-

nium and the upsilon system, which gives '=1.32 . . . .

+0.04 GeV Thuspwe list }tlwo errors for th%e lattice calcula- as our predicted value for theSlenergies. It is mtere;tmg to
A : T . note how close our results are to the earlier predictions of
tion of the B, mass in Table V. The smaller error is a con- Godfrey and Isguf14] (6270 and 6340 MeYand the pre-

sequence of the error in the kinetic mass calculation and th ictions of Baker, Ball and Zachariaskt6] (6287 and 6372
larger error is a consequence of the uncertainty in the overa eV), although c’)ur prediction for the hyperfine splitting is

scale. In determining the other lattice errors, we simply listyy g6 than both. Clearly, the precision of the experiments
the largest possible source of error without including th

. e[1] requires a very substantial improvement to be sensitive to
error QUe to Fh_e 0\_/erall scale. The_latt|_ce_ result for ttge 1 the energy differences between the various calculations listed
hyperfine splitting is 4% 3 MeV, which is independent of in Table V and Fig. 1
the larger errors discussed above, and somewhat smallerthan-l-he pseudoscal.ar.decay constant is given by the Van
our 55 MeV result. The lattice result for thef— 1P° split- Royen-Weisskopf formula modified for col8d], that is,
ting is 59+ 5 MeV, in reasonable agreement with our result

of 71 MeV. Although the number quoted in RgR5] for the 2

) - » _ 3|Ris(0)]
B. mass is very close to our result, its importance as a con- fg = ML (40)
firmation of our work is undermined by the large error in the ¢ VB,

overall scale. Another important lattice result is now avail-
able from the UKQCD Collaboratiof36]. Their result for ~and we find that
the ground state energy is 6386+ 98+ 15 MeV, which is
consistent with our result because of the large error bars. It fg, =517 MeV, (41)
will be interesting to see whether further refinements of the
lattice calculations will support our results, or offer the ex-in excellent agreement with the result of Eichten and Quigg,
perimenters alternative predictions. fg,=500 MeV, and in reasonable agreement with the lattice
In_ o_rder to get some idea of an error estimate for OUlesylt[35], fBC:440i 20 MeV.

greglcstlgrgns,avg/eahzjvnect(i:g:‘agsiei?] tgerggogngoigéi?zsstﬁ;the Thg empirical result obt.ained by Colllir'est al. [49] for

c Sy | . 5" 9 >d by nPotenﬂal model wave functions at the origin, that is,
values determined in charmonium and the upsilon systent.
Our results are shown in Fig. 1, where they are compared
with the result of Table I, the Eichten-Quigg quote and the
NRQCD lattice result. The error shown for the lattice result ) ) )
simply ignores the large error associated with the overalProvides another touchstone for our numerical work. Using
scale. The horizontal lines there describe the limits deterthis relationship and input from our charmonium and upsilon
mined by Kwong and Rosnd]. Using the largest and calculations, we gegRg (0)[°=1.81 GeV, about 3% higher
smallest values ofig in Fig. 1 to determine the errors, we than our numerical result. Using their empirical relationship
have for the ground state hyperfine splittings, that is,

|Re,(0)I?=|Ry,(0)|*4Ry(0)|*7, (42
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TABLE VI. Electric dipole matrix elements and transition rates.

Transition Photon energy (flr]i)y (GeVv)™ ! I'(keV)

(MeV) GKLT95 EQ94 FU98 EQ94 FU98
1P,—13S 417 113 126
1P1*' —13s, 406 0.1 26.2
1P1+—13%s; 384 99.5 75.8
1P,—13S, 350 1.568 1.714 1.683 79.2 74.2
1P1* 5 11s, 457 56.4 128
1P1*—1ls, 436 0.0 32,5
235, 1P, 141 17.7 145
235, -1P1"' 152 0.0 25
235, —1P1* 175 14.5 13.3
235, —1P, 210 —2.019 —2.247 —2.253 7.8 9.6
215,—1P1*’ 121 5.2 13.1
2'5,—1P1" 143 0.0 6.4

where the statistical facto;;=1 for transitions between
triplet S and tripletP states[41], and S;;=3 for transitions

) n between spin-singlet states. The mean charge in45).is
yields a splitting of 63 MeV, about 14% larger than our

result listed in Table V. Both of these results are reasonable M,e;— M, e,

in view of the spread of the results Collireg al. obtained (eQ)=———7—, (46)

with different forms for the central potential.
Diagonalizing theP-state mixing matrix, we obtain the

following combinations for the two lowest=1 P states:

Mgx —Mg =0.71M;/,—M 2" AMy =M, )03 (43)

wheree; denotes the charge of the charmed qu@mnkunits
of the proton’s chargeand e, denotes the charge of the
bottom antiquark. Our results for theP1->1S and the B
— 1P transition rates are shown in Table VI, where they are
compared with the results of Eichten and Quigg. Our rates
for transitions involving the B? and 1P° states are rather
close to their counterparts calculated by Eichten and Quigg.
However for theJ=1 states important differences arise. In
particular, we predict a larger number of nonzero transition
probabilities for each of thd=1 states since each state has
which is very close to th¢-j coupling limit, that one would substantial overlaps with both triplet and singlet spin states.
expect to be valid in the heavy-quark limit. Using the inverseThus, each of our simulated photon spectra presented in Fig.
of Egs.(38), we can determine the probability of observing 2 and Fig. 3 has six lines instead of four. These additional
spin 1 in the lowest 1 state,P;+(S=1)=0.773. Our result lines are a consequence of the fact that our mixture of states
is consistent with the lattice calculati¢85], where the mix-  in Egs.(44) is not close to the.-S limit.
ing angle in theL-S basis was found to be close to that of the ~ The magnetic dipole transition rate betwe8rstates is
j-j limit. From this mixing angle §=33.4°+1.5°) we ob-  given by
tain P;+(S=1)=0.697-0.020, in reasonable agreement
with our result. Our results for the mixing angles of thé 1 ) 16a , i o
and 1" states is very different from that of Eichten and Pua(i=149)= 5= smad (231 DK Fliotkr/2)[1,
Quigg, whose results were much closer to theS limit. (47)
Below we show that this difference has important implica-
tions for the spectrum of photons emitted in electric dipolewhere the mean magnetic dipole moment is
transitions.

The electric dipole rate for the emission of a phoftbhof

) . (443

N|
N| =

31
¢1m<1+>=o.118p1m(§ 5 +o.99amm(

11
) —O.ll&,blm(z 5)' (44b

N w
N| =

w1m<1*’>=o.993,alm(

. . m2e1_ m182
energyk is given by Hmag="g4m m (48
: 4a<eQ>2 3 )2 Our results for the magnetic dipole transition rates are pre-
Pesli=fty)=—27—k (23+ DIy sented in Table VII, where they are compared with those of

(45) Eichten and Quigg5] and Gershteiret al. [7]. Most of the
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TABLE VII. Magnetic dipole matrix elements and transition rates.

Transition Photon energy  (f|jo(kr/2)|i) ' (keV)

(MeV) EQ94 FU98 GKLT95 EQ94 FU98
235,215, 32 0.9990 0.9995 0.010 0.029 0.012
235,11, 599 0.0395 0.0399 0.098 0.123 0.122
2180—> 1381 520 0.0265 0.0305 0.096 0.093 0.139
1381—> 1180 55 09.9993 0.9996 0.060 0.135 0.059
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TABLE VIII. Decays and branching ratios of th&, system.

State Total widthkeV) Decay mode Branching ratigercent

PHYSICAL REVIEW D 60 074006

behaves as a spectator and an annihilation ogtbatiquark
and thec quark into an intermediate vector boson that sub-
sequently decays into a lepton-neutrino pair or a quark-

13s, 0.059 1s,+y 100 antiquark pair. Thus the total decay rate is the sum,
1P, 126 B+ 100 ['(B.—X)=I'(b—X)+I'(c—X)+I(annih). (49
) 5 If one neglects quark binding effects, then the first two terms
1p1+ 154 rs;+y 17 are given by
11Sy+ y 83
— gG|2:|Vcb|2m?) 5G|2:|Vcs|2m§
1P1* 108 BS,+y 70 F(b—=X)=—"—"—>—, e
1 1927 1927
1P, 74.2 8BS +y 100 where the subscripted quantiti®s denote the appropriate
Cabibbo-Kobayashi-Maskawa matrix elemef§] and G
283, 89.9+7 138+ 56+8 denotes the Fermi coupling constant. Using the constituent
1P, +y 16+1 masses listed in Eq31), we obtain
1P1* +y 3+0.2 — _
1P1" 45 1551 I'(b—X)=(8.73+1.34x10 1° MeV,
LPoty =1 I'(c—=X)=(7.59+0.02 X 10" 1% MeV.
. L (51
2's, 69.5+7 1Sy + 7 72+10
1P1* 4y 19+2 The annihilation width is given by
+
P17 +y 9+1 c2 22
. 1
I'(annih)= g|vbc|2fécM Bczi m,z( 1- M_z) Ci,
differences are a consequence of different energies for the Be (52)

hyperfine splittings, since the results for the matrix elements

are rather close.

The photon energies and transition rates in Tables VI an
VII suggest at least two good strategies for experiment
searches for the R and 1S states. One could detect one or
both of the high energy photort457, 436 MeV associated

wherem; denotes the mass of the heavier Fermion in the

%iven decay channel. The most important channels in the
a _

um are therv and thecs channels. For the formeZ;=1,
and for the latte€; = 3|V.42. Using Eq.(41) for fg, and Eq.

with the decay of the lowest two'Lstates to the ground state (39) for Mg, we have

and then search for a leptonic decay of the ground state. An
alternative would be to look for some of the high-energy

photons(417, 406, 384, 350 MeMin the 1P—13S, transi-

tions and then seek a coincidence with the 55 MeV photon

associated with the decay to the ground state.

Since the charmed quark and the bottom antiquark cannot

I'(annih)=(1.13+0.17 X 10 1° MeV. (53
Adding these three widths yields a lifetime
78,=0.38£0.03 ps, (54

annihilate into gluons, the only additional complication thatj, good agreement with the measured CDF refdit Our
arises in the decays of these low-lying states issthechan-

nel. If we take the rates for thes decays from Eichten and |ation of El-Hady, Lodhi and Vanf44], who obtainedrg

Quigg, then we can work out complete decay schemes and

branching ratios for the Qand 1P states as well as the’$,

state. These are shown in Table VIII. Our table of decay,
rates and branching ratios differs from that of Eichten an

result is also in reasonable agreement with the recent calcu-

=0.46 ps, since the spectator widths of E(E0) are very
sensitive to small differences in the constituent masses. Al-

c}hough different authors may wish to interpret relatively

Quigg in two important respects. More photon channels aréMall differences betweehi(b—X) and I'(c—X) as the

available to the 1 states and the@states. Our decay width domination of one process over the other, we feel that the
for the 13S, is 59 eV, more than a factor of 2 smaller than safest characterization of our results is that the two spectator

theirs. processes are almost equally important and that the annihila-
Our final calculation is that of the lifetime of the ground tion processes are less important, consistent with the earlier

state of theB, system. We follow the approach used by conclusion of Gershteiet al. [42]
several researchef42—44 where the decay of thB, meson
is taken to be the sum of three distinct contributions, namely

weak decay of thé_)antiquark while thec quark_behaves as
a spectator, weak decay of thejuark while theb antiquark
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Theoretische Physik of the Justus Liebig Univetsi®Bup- and triplet as a function of the rangeeare shown in Fig. 4,
port for this work was provided by the Alexander von where they are compared with the results of a first-order

Humboldt-Stiftung foundation. perturbation calculation of the singlet and triplet energies
produced by the potential of EGAL). The contact potential

APPENDIX: HYPERFINE SPLITTING results of Eq.(3) are presented as two horizontal lines. It is

AND CONTACT POTENTIALS gratifying to see the first-order perturbation result from Eq.

(A1) above approach the contact potential result in the limit

can be problematic because of the delta function that is ofte —0. ExFra.poI.ating the exact result for the triplet energy to
present in the spin-spin potential. As Lucha, mémband theP=0 limit gives 6330 MeV, about 3 MeV lower than the
Gromes point out in their revie24], the energy of the result listed in column 4 of Table I, which was obtained with
singlet state is not actually bounded from below, in markedhe_contact potential. Thus, it is clear tha_t first-order pertur-
contrast to the first-order perturbation theory result of Eqbation theory and the contact potential give a good account
(3). Although the use of Eq(3) in the literature is fairly ~Of the 1S triplet energy. S _
common, seldom does one see any discussion of its validity. Figure 4 gives a clear signal of the instability of the sin-
It is straightforward to create a context for addressing thiglet energies ab—0. However the difficulty begins to ap-
question, by considering a more general form for the spinpear only as decreases below 0.3 GeV. The short range

Determining the energy shifts from the hyperfine splitting

spin potential, which allows for a finite range, that is, required for the effects of the instability to manifest itself
- provides a means of resolving this dilemma. As Lucha,
~ 3as C Schderl and Gromes point out, the contact potential expres-
Vss= amm, 12,3 S-S AD" sion is not really valid for such short ranges since one must

take the nonrelativistic limit in order to obtain it. Such a limit
The advantage of such a form is that one can calculate theequires that nonlocal effects associated with the normaliza-
singlet and tripletS-state eigenvalues of the Hamiltonian of tion of Dirac wave functions be ignored. Thus it might be
Eq. (1) exactly and examine the limit as the range parametereasonable to choode=0.36 GeV, the geometric mean of
b becomes smaller and smaller. We have done such a calcthe Compton wavelengths of the two constituent quarks.
lation with the logarithmic potential of Eq6) and the pa- Such a choice would lead to a value of the singlet energy
rameters listed in Table I. Our results for the exact singlevery close to that found in column 4 of Table I.
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