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Superconducting cosmic string in Brans-Dicke theory
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In the present work, the gravitational field of a superconducting cosmic string has been investigated in the
context of Brans-Dicke~BD! theory of gravity. We have presented two kinds of solutions for the spacetime in
the far field zone of the string. When the BD scalar field is switched off, one of the solutions reduces to the
solution earlier obtained by Moss and Poletti in general relativity.@S0556-2821~99!06016-6#

PACS number~s!: 04.50.1h, 11.27.1d, 98.80.Cq
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Spontaneous symmetry breaking in gauge theories
give rise to some topologically trapped regions of a fa
vacuum, namely, domain walls, cosmic strings, or mo
poles, depending on the dimension of the region@1#. Among
these, cosmic strings have gained a lot of attention in rec
years as a possible seed for galaxy formation. Strings ari
from the breaking of a U~1! local symmetry are called loca
strings whereas those arising from the breaking of U~1! glo-
bal symmetry are called the global strings. The gravitatio
fields of both local and global strings have been investiga
by many authors in the recent past@2–8#.

It has been demonstrated by Witten@9# that under certain
conditions of local gauge symmtery breaking, cosmic strin
might behave as superconductors whose motion through
tronomical magnetic fields can produce interesting effe
Peter@10# has emphasized that superconductivity is a rat
generic feature of cosmic string models. Massive superc
ducting strings may have an important role to play in t
generation of large scale magnetic fields@11,12#. For the
superconducting string, there is a current along the symm
axis and consequently a magnetic field in the transverse
rection. The geometry is no longer boost invariant. Moss
Poletti @13# first investigated the gravitational field of such
string assuming that at large distances from the core of
string, the energy stress tensor is dominated by the magn
field alone. Later, Demiansky@14# investigated the particle
motion in the spacetime given by Moss and Poletti.

Scalar tensor theories, especially the Brans-Dicke~BD!
theory of gravity@15#, which is compatible with the Mach’s
principle, have been considerably revived in recent year
was shown by La and Steinhardt@16# that because of the
interaction of the BD scalar field and the Higgs type sec
which undergoes a strongly first-order phase transition,
exponential inflation as in the Guth model@17# could be
slowed down to power law one. The ‘‘graceful exit’’ in in
flation is thus resolved as the phase transition completes
bubble nucleation.

On the other hand, it seems likely that, in the high ene
scales, gravity is not governed by the Einstein action, an
modified by the superstring terms which are scalar tenso
nature. In the low-energy limit of this string theory, one r
covers Einstein’s gravity along with a scalar dilaton fie
which is nonminimally coupled to the gravity@18#. Although
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dilaton gravity and BD theory arise from entirely differe
motivations, it can be shown by a simple transformation
the scalar field that the former is a special case of the latte
least formally.

The dilaton gravity is given by the action

A5
1

16pE A2ge22f~R14gmnf ,mf ,n!d4X, ~1a!

where no matter field is present except the massless dil
field f. Now if one defines a variable

c5e22f, ~1b!

then the action~1a! looks similar to

A5
1

16pE A2gS cR1
c ,mc ,n

c
gmnDd4X, ~1c!

which is indeed a special case of BD theory given by
action

A5
1

16pE A2gS cR2v
c ,mc ,n

c
gmnDd4X, ~1d!

for the parameterv521. But when matter field is presen
then the action in the dilaton gravity is given by

A5
1

16pE A2ge22f~R14gmnf ,mf ,n1e2afL!d4X,

~1e!

whereL is the Lagrangian for the matter field present. T
action~1e! cannot be reduced to the corrsponding action
the BD theory which is given by

A5
1

16pE A2gS cR2v
c ,mc ,n

c
gmn1LDd4X, ~1f!

by the transformation~1b! and puttingv521 because the
nonminimal coupling between the matter LagrangianL and
the dilaton fieldf in the action~1e! which is not present in
Eq. ~1f! for the BD theory.

But for a51 in Eq.~1e!, there is no coupling between th
L and the dilaton fieldf and one can reduce Eq.~1e! to the
corresponding BD action~1f!. The renewed interest in BD
theory acquires more points of interest when we observe
©1999 The American Physical Society01-1
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the topological defects such as domain walls, cosmic strin
and monopoles are formed during inflation in the early ph
of the universe and hence can interact with the BD sc
field with remarkable change in their properties@19,20#. The
implications of the dilaton gravity for the defects have a
been explored by several authors@21,22#.

In the present work, we have investigated the grav
tional field of a superconducting string in Brans-Dicke~BD!
theory of gravity. Similar to Moss and Poletti, we have a
sumed that in the far field zone, the energy momentum ten
for the string is dominated by the magnetic field. We ha
found a family of solutions for the spacetime in the far fie
zone depending upon the value of some arbitary consta
One of our solutions reduces to the solution given by M
and Poletti@13# when the BD scalar field becomes consta
but for the other case one cannot recover the correspon
general relativity~GR! solution.

The gravitational field equations in BD theory are giv
by

Gmn58p
Tmn

f
1

v

f2 S f ,mf ,n2
1

2
gmnf ,af ,aD

1
1

f
~f ,m;n2gmnhf! ~2a!

and

hf5
8pT

~2v13!
~2b!

in units wherec51. Tmn is the energy momentum tenso
representing the contribution from any other field except
BD scalar fieldf andv is the constant parameter.T repre-
sents the trace ofTmn .

To describe the spacetime geometry due to an infini
long static cosmic string, the line element is taken to
general static cylindrically symmetric one given by

ds25e2(K2U)~2dt21dr2!1e2Udz21e22UW2du2, ~3!

whereK,U,W are functions of the radial coordinater.
A model for the fields of superconducting cosmic stri

can be described by a U(1)3U(1̃) gauge theory with the
gauge fieldsAm andBm are coupled to the scalar fieldss and
c @9,13#. The string is represented by the Nielsen-Oles
@23# vortex solution with

c5c~r !eiu, Bm5~1/e!@B~r !21#dm
u , ~4a!

wheree is the coupling parameter. Outside the core of
string, the U(1˜ ) symmetry is broken andc attains a nonzero
expectation value at the minimum of the potentialV(s,c).

The U(1) symmetry is unbroken away from the stri
with Am representing photon. We have chosen@13#

s5s0~r !eix, Am5A~r !dm
z ~4b!

with the phasex being a function ofz.
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With Eq. ~4b!, there is an electric current densityJ along
the z axis, given by

J52e js2e22U, ~5!

where

j 5
]x

]z
1eA. ~6!

The Maxwell equation which we will need later is

~A2ge22KA8!858pe js0
2e22UA2g,

which on integration yields a first integral

A85
2Ie2U

W
~7!

with

I ~r !5E J2pA2gdr ~8!

being the electric current along the symmetry axis of
string.

As one moves away from the string, all the other stri
fields drop off rapidly leaving the magnetic fieldAm on its
own. The energy momentum tensor then takes the form

Tt
t52Tr

r52Tz
z5Tu

u5
1

2
A82 e22K. ~9!

With Eqs. ~9! and ~3!, the BD field equations~2! take the
form

~W8f!85~f8W!850, ~10a!

~K8Wf!850, ~10b!

2U91
2U8W8

W
22K922U825v

f82

f2 1
2W9

W
, ~10c!

~U8Wf!8524pA82e22UW. ~10d!

Here a prime denotes differentiation with respect tor.
Solving Eqs.~10a! and ~10b! we get

f5f0r p, ~11a!

W5W0r 1/n, ~11b!

and

eK5ar b/n, ~11c!

where f0 , W0 , b, a, and n are constants of integratio
andp5(n21)/n.

Using Eqs.~11a!, ~11b!, and ~11c!, one gets, from Eq.
~10c!,
1-2
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U95U822
U8

nr
1

M

r 2 , ~12a!

where

M5
1

2 Fvp21
2~12n!

n2 2
2b

n G . ~12b!

One can have three solutions of~12a! depending on (1
24C) is positive, zero, or negative, whereC5M11/4n2. In
the follwing calculations, we have concentrated on the ca
where (124C) is positive and zero.

Case 1: 124C.0. In this case the solution of Eq.~12a!
becomes

U52 ln@C1r i 11C2r i 2#, ~13!

whereC1 andC2 are arbitary constants and

i 15
1

2
1A124C

2
2

1

2n
, ~14a!

i 25
1

2
2A124C

2
2

1

2n
. ~14b!

Hence the complete line element in the far field zone o
superconducting string in BD theory becomes

ds25a2r 2b/nH2~2dt21dr2!1H22dz21W0
2r 2/nH2du2,

~15!

whereH5C1r i 11C2r i 2.
Putting Eqs.~11a!, ~11b!, ~11c!, and~13! in Eq. ~10d! and

using Eq.~7! one can get the relation

C1C2~ i 12 i 2!2f0W0
2516pI 2. ~16!

Now if one putsn51 andf051/G whereG is the gravita-
tional constant, it is easy to verify that the BD scalar fie
becomes constant and

ds25a2r 2bF2~2dt21dr2!1F22dz21W0
2r 2F2du2,

~17!

whereF5C1r Ab1C2r 2Ab and Eq.~16! becomes

C1C25
4pGI2

bW0
2 . ~18!

Equations~17! and ~18! are the result earlier obtained b
Moss and Poletti@13# in GR. Comparing our result to th
result earlier obtained by Moss and Ploetti one can iden
the two integration constantsb,n to be related to the Mas
per unit length of the string and the field energy density
the string, respectively.
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es

a

y

f

One can also calculate in the spacetime given by Eq.~15!,
the radial accelarationv̇1 of a particle that remains stationar
~i.e., v15v25v350) in the field of the string. Now

v̇15v ;0
1 v05G00

1 v0v0. ~19a!

In our spacetime~15!,

v05
1

ar b/n@C1r i 11C2r i 2#
. ~19b!

Using Eq.~19b!, we get from Eq.~19a!

v̇15
b~C1r i 11C2r i 2!1n~C1i 1r i 11C2i 2r i 2!

a2nr (2b/n11)@C1r i 11C2r i 2#3 . ~20!

Now if one assumesb.0 and n.0, then v̇1.0. So the
particle has to accelarate away from the string, which imp
that the gravitational force due to the string itself is attra
tive. It is similar to the case of superconducting string in G
@13#. But for other values ofb,n, the string may have a
repulsive effect.

Case 2: 124C50. In this case the solution of~12! be-
comes

e2U5r 1/2(121/n)@C11C2 ln r #. ~21!

Hence the line element becomes

ds25a2r 2b/nr (121/n)P2~2dt21dr2!1r 2(121/n)P22dz2

1W0
2r (111/n)P2du2, ~22!

with P5C11C2 ln r and 4bn52v(n222n11)24n2n2

15. In this case one can get after some straightforward
culations, the result

16pI 252C2
2W0

2f0n. ~23!

Now asf0 should be positive to ensure the positivity ofG,
the gravitational constant,n must be negative. But one ca
check from Eq.~11a! that in order to make the BD scala
field f a constant, i.e., to get the corresponding GR solut
one should putn51. Hence in this case one cannot recov
the corresponding GR solution.

In conclusion, this work extends the earlier work by Mo
and Poletti regarding the gravitational field of a superco
ducting cosmic string to the Brans-Dicke theory of gravi
The main feature of our solutions in BD theory is that o
can have a family of solutions for the spacetime of the
perconducting string depending on the choices of arbit
constants. The author is grateful to Dr. Narayan Banerjee
valuable suggestions.

The author is also grateful to University Grants Comm
sion, India for the financial support.
1-3



M.

ass.

BRIEF REPORTS PHYSICAL REVIEW D 60 067501
@1# T. W. B. Kibble, Phys. Rep.67, 183 ~1980!.
@2# A. Vilenkin, Phys. Rev. D23, 852 ~1981!.
@3# W. A. Hiscock, Phys. Rev. D31, 3288~1985!.
@4# G. R. Gott, Astrophys. J.288, 422 ~1985!.
@5# D. Harari and P. Sikivie, Phys. Rev. D37, 3448~1988!.
@6# R. Gregory, Phys. Lett. B215, 663 ~1988!.
@7# A. D. Cohen and D. B. Kaplan, Phys. Lett. B215, 65 ~1988!.
@8# A. Banerjee, N. Banerjee, and A. A. Sen, Phys. Rev. D53,

5508 ~1996!.
@9# E. Witten, Nucl. Phys.B249, 557 ~1985!.

@10# P. Peter, Phys. Rev. D49, 5052~1994!.
@11# T. Vachaspati, Phys. Lett. B265, 258 ~1991!.
@12# R. H. Bradenberger, A. C. Davis, A. M. Matheson, and

Trodden, Phys. Lett. B293, 287 ~1992!.
@13# I. Moss and S. Poletti, Phys. Lett. B199, 34 ~1987!.
@14# M. Demiansky, Phys. Rev. D38, 698 ~1988!.
@15# C. Brans and R. H. Dicke, Phys. Rev.124, 925 ~1961!.
06750
@16# D. La and P. J. Steinhardt, Phys. Rev. Lett.62, 376 ~1989!.
@17# A. H. Guth, Phys. Rev. D23, 347 ~1987!.
@18# M. B. Green, J. H. Schwarz, and E. Witten,Superstring Theory

~Cambridge University Press, Cambridge, England, 1987!.
@19# C. Gundlach and M. Ortiz, Phys. Rev. D42, 2521~1990!; A.

Barros and C. Romero, J. Math. Phys.36, 5800~1995!; A. A.
Sen, N. Banerjee, and A. Banerjee, Phys. Rev. D56, 3706
~1997!.

@20# A. Barros and C. Romero, Phys. Rev. D56, 6688 ~1997!; A.
Banerjee, S. Chatterjee, A. Beesham, and A. A. Sen, Cl
Quantum Grav.15, 645 ~1998!.

@21# T. Damour and A. Vilenkin, Phys. Rev. Lett.78, 2288~1997!;
R. Gregory and C. Santos, Phys. Rev. D56, 1194~1997!; O.
Dando and R. Gregory,ibid. 58, 023502~1998!.

@22# O. Dando and R. Gregory, Class. Quantum Grav.15, 985
~1998!.

@23# H. B. Nielsen and P. Olesen, Nucl. Phys.B61, 45 ~1973!.
1-4


