
PHYSICAL REVIEW D, VOLUME 60, 064015
Chaos may make black holes bright
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Black holes cannot be seen directly since they absorb light and emit none, the very quality which earned
them their name. We suggest that black holes may be seen indirectly through a chaotic defocusing of light. A
black hole can capture light from a luminous companion in chaotic orbits before scattering the light in random
directions. To a distant observer, the black hole would appear to light up. If the companion were a bright radio
pulsar, this estimate suggests the black hole echo could be detectable.@S0556-2821~99!02716-2#
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Black holes evade direct detection precisely because
do not emit light. The existence of black holes hidden beh
accretion disks or in the centers of galaxies has been infe
from astrophysical observations. Despite these indirect
servations, we cannot know for certain that the compact
jects lurking there are in fact Einstein’s black holes. A
signal which originates near the event horizon would prov
more explicit evidence of their existence. In this paper
describe how chaotic scattering of light in an inner regi
around the event horizon could effectively render the bla
hole bright. If perturbed, a stochastic region develops aro
the last unstable photon orbit. The disturbance could be
orbiting companion or the emission of gravitational waves
any asymmetry in the evolution. The black hole can then t
incident photons in the stochastic region for some time
fore throwing off half and absorbing the other half, effe
tively shrouding it in light. We estimate the cross section
this gravitational defocusing generically and then illustr
with an extremal binary black hole spacetime.

Around an isolated black hole of massM and chargeQ,
light follows the simple orbits

S dR

df D 2

5
R4

b2 2R2S 12
2M

R
1

Q2

R2 D . ~1!

The motion of massless particles depends only on the im
parameterb5L/E and not on the energyE and the angular
momentumL separately. Given the mass and charge of
black hole, there is a critical value of the impact parame
bc at which light gets trapped in a perfectly circular, unsta
orbit. For smaller impact parameters, light will fall into th
black hole, while for larger impact parameters, light escap
Just abovebc , the light can come close to a circular orb
executing one or more full rotations before being cast o
Only black holes are compact enough to bend light by m
than p. The phenomenon of back scattering by a fullp is
known as the glory@1# and was thought to be the weake
way to observe black holes.

In the stochastic region around a black hole pair, the
unstable orbit becomes the site for chaotic scattering.
lone periodic orbit is replaced by a glut of periodic orbi
These proliferating orbits are packed so densely into ph
space that they form a fractal set. Fractals are a way of m
mizing the area while maintaining a bounded volume. Lig
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scatters chaotically as it skips from one periodic orbit
another. The cross section for catching light in multip
windings around the hole is then amplified. As well, t
black hole hangs on to the light for longer and reemits
light more evenly. A bright light directed onto the blac
hole, say, from a pulsar companion, could illuminate t
black hole for a time before the light decayed away and
star fell dark again.

The defocusing cross section can be approximated ge
ally in terms of the topological features of the chaotic frac
set. The importance of the general approach is that the s
tering cross section for any candidate system can be
mated in this manner. We assume isotropy which will in fa
be broken by an actual perturber. The perturbation is larg
at the point of closest approach and is presumably large
the orbital plane. This whole system is also moving relat
to the observer. For the purposes of estimating the magni
of defocusing, it is reasonable to assume isotropy. In fa
isotropy could be approached for complex orbital motio
since light may no longer be confined to a plane. The cr
sections is roughly the geometric area of the annulus

s52pbcDb ~2!

as shown in Fig. 1. As light is shot at the black hole w
impact parameter nearbc , it will travel on nearly periodic
orbits for a time before diverging from these unstable wo
lines. The cross-sectional thicknessDb is thus given by the
number of periodic orbits times the thickness around e
orbit in phase spacee. With N(n) the number of fixed points

FIG. 1. A black hole with a bright companion captures lig
aroundR53M for a few windings before the light scatters off.
©1999 The American Physical Society15-1
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lying on periodic orbits which executen windings around the
black hole,s can be written as a sum over all winding num
bers:

s52pbc
2(

n51

`

N~n!e~n!. ~3!

The number of fixed points is given by the topological e
tropy

S5 lim
n˜`

1

n
N~n! ~4!

so thatN(n);eSn in the limit of long orbits. Perturbatively
the deviation isdr /r;l with l the Lyapunov exponent, a
measure of the instability of the orbit. The width in pha
space is thene(n);be2ln. The instability can vary from
orbit to orbit. As an approximation we takel to be the av-
erage over all fixed points. Although the Lyapunov expon
is a notoriously coordinate-dependent quantity, in this c
text we are measuring the instability in units of windin
around the black hole and the winding number does not v
from observer to observer. Under the assumption of erg
icity, half of the photons fall into the black hole and half a
cast off, so we divide the cross section in half to find

s5pbc
2(

n51

`

@exp~S2l!#n. ~5!

Performing the sum gives

s5pbc
2 e(S2l)

12e(S2l)
. ~6!

We can recasts in terms of the fractal properties of the s
of periodic orbits. The fractal dimension is defined as

D5 lim
e˜0

ln N~e!

ln~1/e!
, ~7!

whereN(e) is the number of boxes of sizee needed to cover
the set. We can relateD to the entropy by noting thate
}e2ln for orbits of lengthn, from which it follows that

D5 lim
n˜`

ln N~e!

nl
5

S

l
. ~8!

Again, this assumes thatl is the same across the set or th
a suitable average will fare well enough. There is an en
spectrum of weighted entropies and dimensions to chara
ize the fractal for which relationships similar to Eq.~8! have
been conjectured@2,3#. Using Eq. ~8! in Eq. ~6!, we then
estimate the cross section to be

s5pbc
2 e2l(12D)

12e2l(12D)
. ~9!
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We could have deduced the cross section directly fr
the fractal property. The proliferation of periodic orbi
forms a fractal set which fills an area in the oribital plan
The set, by definition of the fractal dimensionality, therefo
has a thickness. That thickness is determined by the fra
dimension. According to the usual determination of t
width of a fractal set, the number of fixed points in the d
rectiondr which can be covered by boxes of sizee is given
by N;(e/b)2D. The length of this set is thenNe
5b(e/b)12D with e;be2ln. Summing and dividing by 2
we again derive the area of Eq.~9!.

We can conservatively evaluates by using the unper-
turbed values. The dimension of the boundary is zero in
unperturbed, nonchaotic system. To estimatel, we vary Eq.
~1! around the unstable circular orbit. For a chargele
Schwarzschild black hole of massM, the last unstable circu
lar orbit lies atR53M with bc53A3M . The perturbed ra-
dial motion grows asdR/R;e2f, or in units of f52pn,
the exponent is l52p. We then estimate s
;O(1023)pbc

2 . For an extremal black hole (Q5M ), the
last unstable circular orbit occurs atR52M with bc54M .
At second order we finddR/R.e2f/A2. Measuringf in
terms of the winding number,f;2pn, we read off l
.A2p. For an extremal black hole, the cross section
larger withs;O(1022)pbc

2 , that is, 1022 the capture cross
section.

Unlike other more conventional estimates of the width
a stochastic layer, this estimate requires knowledge of on
few simple properties of the system and does not requir
complicated examination of the dynamical equations. Unl
other more conventional estimates, there are inherent sh
comings. As with the glory calculations@1#, the effect is
dominated by the trajectories which wind around the bla
hole the fewest number of times. These trajectories may
model the fractal set of underlying periodic orbits as well
those which execute many windings and spend the most
chaotically scattering off the set. In other words, the sum
Eq. ~5! is dominated by the first fewn while Eq.~4! is a large
n limit. Given this caveat, we can see how well the appro
mation fares in a given dynamical system. To explicitly
lustrate, we consider scattering around two extremal bl
holes. A pair of black holes with equal charge and mass
able to coexist in a static configuration with the electrosta
repulsion caused by their charge just balancing the grav
tional attraction of their masses. While the resulta
Majumdar-Papapetrou spacetime@4,5# is static, the geodesic
flows around the pair of black holes are known to be chao
@6,7#. We isolate fractal basin boundaries@7–11# for mass-
less particles as has already been done for massive par
@7#.

The Lagrangian for motion in this space can be written
isotropic coordinates as

L52
1

2
U22 ṫ21

1

2
U2~ ṙ 21r 2V̇2!, ~10!

with V̇25sin2uu̇21ḟ2 and an overdot denotes differentiatio
5-2
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with respect to an affine parameter. Schwarzschild coo
nates are recovered withR5Ur . The metric components ar
determined by

U511
M

r 1
1

M

r 2
, ~11!

wherer 1 is the coordinate distance from one black hole a
r 2 is the coordinate distance from the other. The event h
zons occur atr 150 and atr 250. We place a black hole with
massM and chargeQ5M at (r ,u,f)5(M ,p/2,p/2) and an
identical companion at (M ,p/2,2p/2) so that

r 1
25r 222Mr sinf1M2,

r 2
25r 212Mr sinf1M2. ~12!

The geodesic motion is found by evolving the conjugate m
menta,Pq5]L/]q̇. Two coordinates are automatically co
served with

P t5
ṫ

U2
5E,

Pu5r 2U2u̇5Lu . ~13!

while two are dynamical,

Pf5r 2U2ḟ,

P r5U2ṙ , ~14!

and evolve according to the equationṖq5]L/]q. There is
an additional constraint equation, equivalent to the conse
tion of energy obtained by settingL50, so that the photons
travel along null geodesics:

ṙ 21r 2ḟ25E2. ~15!

We have assumed thatLu50 and so consider motion in th
plane defined by the binary system (u5p/2).

We numerically evolve the goedesic equations, ensu
that the energy is conserved according to Eq.~15!. In isotro-
pic coordinates, the last unstable circular orbit around
isolated black hole occurs atr 5M . So, in the black hole
pair, we expect to see chaos aroundr 15M and r 25M ,
which is precisely what we find as illustrated by the frac
basin boundaries of Fig. 2@7,8#. We look at an initial slice
through the plane of the binary system. We submerge
black holes and their surrounding area in a bath of ligh
photon at each location in space withṙ 50 initially and ḟ
.0 set by Eq.~15!. We color code the initial location blac
if the photon which originated there fell into the hole atr 1
50, gray if it fell into r 250, and white if it escaped. Th
result is the mixed, fractal basin boundary as shown in F
2. The lower panel focuses in on one region to show
repetition of the fractal structure. The dimension of th
boundary is 11D.1.1.
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If we takeDb to be roughly the size of the white strip i
the lower panel of Fig. 2, we would estimatedr /M;0.02.
Of course, the meaning of this coordinate thickness is a
biguous. Still it is reassuring that it is comparable in mag
tude to the value we would have guessed from our gen
approximation using the unperturbedl and the measured
value ofD;0.1, which givesDb/bc;0.02, although the ex-
treme agreement is certainly fortuitous. The cross sectio
again abouts;O(1022)pbc

2 .
It is not immediately obvious if the approximation unde

estimates or overestimates the cross section. Some elem
are underestimated. For instance, there are additional co
butions to the defocused light from the inner regions of
binary system which are not included in the estimate of E
~9!. Also, any realistic astrophysical black hole with a com
panion will only be more chaotic than this crisp examp
The metric will not be static and it is likely that the evolutio
of the spacetime itself will be chaotic. The compani
needed to provide the luminous source may well be on
unpredictable trajectory contributing to the probability of d
focusing. On the other hand, the calculation was restricte

FIG. 2. The color-coded fractal basin boundaries for two e
tremal black holes withQ5M51. The initial location of the pho-
ton is painted black if it sticks to the mass at (0,1), gray if it stic

to (0,21), and white if it escapes. The initial radial velocity isṙ

50 andḟ.0 is set by Eq.~15!. The error tolerance was;1028.
5-3
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JANNA LEVIN PHYSICAL REVIEW D 60 064015
the orbital plane where the effect would be largest and
relative orientation of the observer may decrease the sig

We can use the estimate of the cross section from
Majumdar-Papapetrou spacetime to give rough predicti
for the observability of the effect. To a distant observer
black hole with a pulsar companion will appear to radia
with a luminosity

LBH.L* S s

sbeam
D S t*

t D , ~16!

whereL* is the observed luminosity of the star, the bina
lies at a distanced from Earth, andd* is the relative star and
black hole separation as shown in Fig. 3. The cross sectio
the beam is roughlypd

*
2 sin2(ubeam) whereubeam is the half-

angle subtended by the pulse. We further assume that
time it takes the beam to sweep over the black holet* is
comparable to the characteristic timet for the captured light
to decay off the black hole. We take the companion to be
a distance ofd* ;10nMBH . Usings;O(1023)p27M2 and
assumingubeam;5° we estimate

LBH.3.631022n11 L* . ~17!

Notice that this is the most pessimistic estimate. The bl
hole luminosity is suppressed relative to the incident lum
nosity by s/sbeam. Since sbeam is much larger than the
scattering cross section, the returned radiation looks sm
However, the incident radiation can accumulate as the p
returns again and again feuling a larger returned radiation
fact, this is how pulsars are observed here on Earth.
entire beam luminosity is collected as the signal swe
across the telescope. Pursuing this rough most conserv
estimate for a pulsar at a distanced* 5100M , a signal 1024

times fainter would be seen just behind the original pul

FIG. 3. A black hole, pulsar, Earth configuration.
06401
e
l.
e
s

a

of

he

at

k
-

ll.
se
In
e
s

ive

.

The luminosity is also transient, decaying in a time sc
related to the instability of the orbits.~For a solar mass black
hole t;2GM( /c3;1025–1026 sec.! Even if the beam
pointed away from Earth, as it swept over the black hole
would feed the stochastic layer and we would see a fa
echo of the unseen pulsar from the diffuse light defocu
off the black hole. The gravitational Doppler shift will als
separate the frequency of the echo from that of the orig
pulse for nonstatic systems. As a last point, superradianc
scattered light from the ergosphere of a rotating black h
could also be significant.

A more realistic calculation will be challenging as is r
flected by the imfamous full relativistic binary problem
What is clear is that as the companion gets closer, chaos
be more important and the signal will get brighter, but t
lifetime of the binary will also be shorter. The last stages
inspiral may be characterized by the defocused echo in
ordination with the gravity wave signal expected.

Most black hole systems currently accessible to obse
tion involve the accretion of material from a luminous com
panion and the defousing effect would be completely o
scured. Only in the most minimal binary pairs will th
chaotic scattering lead to a visible glow around the bla
hole such as black-hole–neutron-star pairs and black-ho
puslar pairs in particular. Since these are amoung the
tems the future gravity wave experiments hope to discov
this could offer a valuable electromagnetic observatio
counterpart to any gravity wave detection. The gravity wa
experiments hope to detect quite distant coalescing bina
It is unlikely that a pulsar would ever be visible at such lar
distances. Nonetheless, during the last stages of inspiral
stresses will undoubtedly heat up the companion providin
brighter electromagnetic signal to observe. The details
such a scenario are far from clear but the possibilities
worth investigating.

While we have been promoting chaotic defocusing a
means to view the inner orbits around a black hole, there
other observable consequences of the chaotic flows. Fo
stance gravity waves are a natural and inevitable source
the perturbations@12,13# and the implications for the direc
detection of gravity waves from the last stages of inspira
a compact binary will certainly be significant. More imm
diately observable, the disrupted motions of an accretion d
around black hole candidates could lead to an indirect de
tion of gravity waves. Whether in radio waves or gravi
waves, chaos may in fact make black holes bright.

I am particularly grateful to Neil Cornish for numerou
critical discussions. Many of these ideas grew out of o
related collaborations. I also thank John Barrow, Pedro F
reira, John Hibbard, Andrew Jaffe, and Mike Eracleous
their interest and valuable comments.
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