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Discrete ambiguities in the measurement of the weak phaseg
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Stanford Linear Accelerator Center, Stanford University, Stanford, California 94309

~Received 22 March 1999; published 12 August 1999!

Several methods have been devised for measuring the weak phaseg using decays of the typeB˜DK. It is
shown that these and other directCP-violation measurements suffer from discrete ambiguity which is at least
8-fold. Combining two measurement methods helps reduce the ambiguity and the experimental error. The
measurement sensitivity and new physics discovery potential are estimated using a full Monte Carlo detector
simulation with realistic background estimates, giving particular consideration to ambiguities.
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I. INTRODUCTION

B˜DK decays, recently observed by CLEO@1#, provide
several ways to measure the Cabibbo-Kobayashi-Mask
@2# phase g5arg(2VudVub* /VcdVcb* ). Since non-standard
model effects are expected to be small in such decays, c
paring these measurements with experiments which are m
sensitive to new physics may be used to test the stan
model @3#. Gronau and Wyler~GW! @4# have proposed to
measureg in the interference between theb̄˜ c̄us̄ decay
B1

˜D̄0K1 and the color-suppressedb̄˜ūcs̄ decay B1

˜D0K1. Interference occurs when theD is observed as one
of the CP eigenstatesD1,2

0 [(1/A2)(D06D̄0), which are
identified by their decay products. The interference am
tude is

A2 A~B1
˜D̄1,2

0 K1!5AB~B1
˜D0K1!ei (dB1g)

6AB~B1
˜D̄0K1!, ~1!

wheredB is a CP-conserving phase. The value ofg is ex-
tracted from this triangle relation and itsCP conjugate, dis-
regarding directCP violation in D0 decays@5#. Several
variations of the method have been developed@6,7#.

In practice, measuring the branching fractionB(B1

˜D0K1) requires that theD0 be identified in a hadronic
final state,f 5K2p1(np)0, since full reconstruction is im-
possible in semileptonic decays, resulting in unaccepta
high background. Atwood, Dunietz and Soni~ADS! @8#
pointed out that the decay chainB1

˜D0K1, D0
˜ f results

in the same final state asB1
˜D̄0K1, D̄0

˜ f , where theD̄0

undergoes doubly Cabibbo suppressed decay. Estimatin
ratio between the interfering decay chains, one obtains

UA~B1
˜D̄0K1! A~D̄0

˜ f !

A~B1
˜D0K1! A~D0

˜ f !
U

'UVcb*

Vub*
Vus

Vcs

a1

a2
U AB~D̄0

˜ f !

B~D0
˜ f !

'0.6. ~2!
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0556-2821/99/60~5!/054032~5!/$15.00 60 0540
a

m-
re
rd

i-

ly

the

The numerical value in Eq.~2! was obtained using
uVcb* /Vub* u51/0.08 @9#, uVus /Vcsu50.22, ua1 /a2u51/0.26
@10#, and

B~D̄0
˜ f !/B~D0

˜ f !50.0031, ~3!

which is the ratio measured forf 5K2p1 @11#. Equation~2!
implies that sizable interference makes it practically imp
sible to measureB(B1

˜D0K1), and the GW method fails
ADS proposed to use the interference of Eq.~2! to obtain

g from the decay rate asymmetries inB1
˜ f iK

1, where
f i , i 51,2, are twoD final states of the typeK2p1(np)0.
Measuring the four branching fractions,B(B1

˜ f iK
1),

B(B2
˜ f̄ iK

2), one calculates the four unknownsB(B1

˜D0K1), g, and the twoCP-conserving phases associat
with the two decay modes.B(B1

˜D̄0K1) and theD0 de-
cay branching fractions will have already been measured
high precision by the time the rare decaysB1

˜ f K1 are
observed. In addition to the similar magnitudes of the int
fering amplitudes, largeCP-conserving phases are known
occur inD decays@12#, making large decay rate asymmetri
possible in this method.

Jang and Ko~JK! @13# and Gronau and Rosner@14# have
developed ag measurement method similar to the G
method, but in whichB(B1

˜D0K1) is not measured di-
rectly. Rather, it is essentially inferred by using the larg
branching fractions of the decaysB0

˜D2K1, B0
˜D̄0K0

andB0
˜D1,2K

0, solving in principle the problem presente
by Eq. ~2!.

II. DISCRETE AMBIGUITIES

GW recognized that their method has a 4-fold discr
ambiguity in the determination ofg, due to the invariance o
the cos(dB6g) terms in the decay widths under the two sym
metry operations

Ssign:g˜2g, dB˜2dB

Sexchange:g↔dB . ~4!

GW noted that application ofSsign to g values within the
currently allowed range@15#,

g[$40°&g&100°%, ~5!
ni-
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ABNER SOFFER PHYSICAL REVIEW D 60 054032
yields values which are far fromg, and can therefore be rule
out within the standard model. We note, however, the e
tence of a third symmetry,

Sp :g˜g1p,dB˜dB2p, ~6!

which doubles the ambiguity to 8-fold. Ifg85SpSsigng and
gPg, theng8 may be within or indistinguishably close tog.
Sp thus causes the seemingly unphysicalSsign ambiguity to
have serious implications for the ability to test the stand
model using such measurements. These observations a
not only to theB˜DK measurement methods discuss
above, but to allCP-violation experiments in which the
measurable widths depend only on trigonometric functio
of the sum of a weak phase and aCP-conserving phase
Note that this includes decay rate asymmetries of the fo
sindB sing. The existence of multipleCP-conserving phase
may break theSp symmetry, but often does not, as in th
case of the JK method.

When the magnitude of an amplitude is not knowna pri-
ori, such asB(B1

˜D0K1) in the ADS method, new ambi
guities may exist in addition to those of Eqs.~4! and~6!, for
certain values of the unknowns. This is because the m
sured branching fractions may be satisfied, or almost sa
fied, by several different values ofB(B1

˜D0K1) and g.
Such accidental ambiguities may be resolved by using a
tional decay modes with differentCP-conserving phases o
by constraints arising from improved theoretical understa
ing of color suppression in these decays.

III. COMBINING THE ADS AND THE GW METHODS

Since theb̄˜ūcs̄ amplitude inB˜DK is very small and
hard to detect, several methods will have to be combine
order to make best use of the limited data. Quantitative e
mates of the resulting gain in sensitivity are rarely co
ducted, since they require realistic efficiency and backgro
estimates, and depend on specific phase values. Here w
dertake this task for the case of combining the ADS and G
methods~contributions of the JK method are commented
later!. In this scheme, one obtains the unknown paramet

j[$B~B1
˜D0K1!, g, dB , dD%, ~7!

where dD5arg@A(D0
˜ f )A(D̄0

˜ f )* #, by minimizing the
function

x2~j!5S a~j!2am

Dam
D 2

1S ā~j!2ām

Dām
D 2

1S b~j!2bm

Dbm
D 2

1S b̄~j!2b̄m

Db̄m
D 2

~8!

with respect to the parametersj. In Eq. ~8! we use the sym-
bols

am[B~B1
˜ f K1!

bm[B~B1
˜D1,2

0 K1! ~9!

to denote the experimentally measured decay rates of in
est, and
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a~j![uAB~B1
˜D̄0K1! B~D̄0

˜ f !

1AB~B1
˜D0K1! B~D0

˜ f !ei (dD1dB1g)u2

b~j![
1

2
u6AB~B1

˜D̄0K1!

1AB~B1
˜D0K1!ei (dB1g)u2 ~10!

to denote the corresponding theoretical quantities.ām , b̄m ,
ā(j) and b̄(j) are theCP conjugates ofam , bm , a(j) and
b(j), respectively.Dxm represents the experimental error
the measurement of the quantityxm .

Several gains over the individual methods are imme
ately apparent: In the ADS method, aD decay mode is
‘‘wasted’’ on measuring the uninterestingCP-conserving
phases. By contrast, when combining the methods, kno
edge ofam , bm , ām and b̄m in a single mode is in principle
enough to determine the four unknowns,j, even if dD5dB

50. In practice, adding theD1,2
0 modes will decrease the

statistical error of the measurement. In both the GW and
ADS methods, the ability to resolve theSexchangeambiguity
depends on the degree to whichdB varies from oneB1 de-
cay mode to the other. Experimental limits o
CP-conserving phases inB˜Dp, D* p, Dr andD* r @16#
suggest thatdB may be small, making theSexchangeresolution
difficult. When combining the methods, however, we no
thatb(j) andb̄(j) are invariant underg↔dB , whereasa(j)
and ā(j) are invariant underg↔dB1dD . TheSexchangeam-
biguity is thus resolved in a singleB1 andD decay mode in
which dD is far enough from 0 orp.

IV. SIGNAL AND BACKGROUND ESTIMATES

We proceed to estimate the sensitivity of theg measure-
ment combining the ADS and GW methods, at a future, sy
metric e1e2 B-factory, operating at theY~4S! resonance.
The detector configuration is taken to be similar to that
CLEO-III @17#. The integrated luminosity is 600 fb21, corre-
sponding to three years of running at the full luminosity
331034 cm22 s21 @18# with an effective duty factor of 20%

Crucial to evaluating the measurement sensitivity is a r
sonably realistic estimate of the background rate in the m
surement ofam , whose statistical error dominates theg
measurement error,Dg. We estimated the background b
applying reconstruction criteria to Monte Carlo events ge
erated using the full,GEANT-based@19# CLEO-II detector
simulation. The event sample consisted of about
3106 e1e2

˜BB̄ events and 143106 continuum e1e2

˜qq̄ events, whereq stands for a non-b quark. Since the
full simulation did not include a silicon vertex detector
C̆erenkov particle identification system, these systems w
simulated using simple Gaussian smearing. The C˘ erenkov
detector was taken to cover the polar regionucosuu,0.71.

D0 candidates~reference to the charge conjugate modes
implied! were reconstructed in the final statesK2p1,
K2p1p0, andK2p1p2p1. The p0 andD0 candidate in-
variant masses were required to be within 2.5 standard
2-2



s
ic
be
as

-
te
in

ic
n

n

m

n
ck

el
ifi
bl
n-
n
lit
at
LE
ck

fi-
io

d
n
s

-

l
ti

of
ss

of

of

ues
e

n

i-
-
ns

Effi-

and

DISCRETE AMBIGUITIES IN THE MEASUREMENT OF . . . PHYSICAL REVIEW D60 054032
viations (s) of their nominal values. A Dalitz plot cut wa
applied in theK2p1p0 mode to suppress combinator
background. TheB1 candidate energy was required to
within 2.5s of the beam energy. The beam-constrained m
AEb

22PB
2, whereEb is the beam energy andPB is the mo-

mentum of theB1 candidate, was required to be within 2.5s
of the nominalB1 mass. Since theK1 and theD0 fly back-
to-back, all charged daughters of theB1 candidate were re
quired to be consistent with originating from the same ver
point. Continuum background was suppressed by apply
cuts on the cosine of the angle between the the spher
axis of theB1 candidate and that of the rest of the event, a
on the output of a Fischer discriminant@2#. In background
events, the reconstructedK1 andK2 come from two differ-
ent D mesons, or are due toss̄ popping, while signal events
often contain a third kaon, originating from the otherB me-
son in the event. As a result, 90% of the background eve
are rejected by requiring that an additionalK2 or KS be
found in the event and be inconsistent with originating fro
the B1 candidate vertex.

With the above event selection criteria, we find that co
tinuum events account for over 80% of the remaining ba
ground, with a rate of 7 events per 108 chargedB mesons
produced. This is comparable to the expected signal yi
Under such low signal, high background conditions, sign
cant improvement is obtained by conducting a multi-varia
maximum likelihood fit. In this technique, cuts on the co
tinuous variables are greatly loosened, and the separatio
signal from background is achieved by use of a probabi
density function, which describes the distribution of the d
in these variables. As has been the case in several C
analyses of rareB decays, we assume that the effective ba
ground level in the likelihood analysis,B, as inferred from
the signal statistical error,DS5AS1B, will be similar to the
level obtained with the Monte Carlo simulation. Signal ef
ciency will increase, however, due to the looser select
criteria.

The expected number ofB1
˜ f K1 signal events is

Na5NB1 a~j! e~K1 f !, ~11!

where NB1 is the number ofB1 mesons produced, an
e(K1 f ) is the probability that the final state be detected a
pass the loosened selection criteria of the likelihood analy
For given values ofdD , dB andg, we calculatea(j) using
the D0

˜K2p1, K2p1p0,K2p1p2p1 branching frac-
tions from @20#, Eq. ~3!, B(B1

˜D̄0K1)52.5731024 @2#,
and B(B1

˜D0K1)52.331026 @obtained from B(B1

˜D̄0K1) and the values used in Eq.~2!#.
To estimate the efficiencye(K1 f ), we start with the val-

ues in@2#, 44% for theK2p1 mode, 17% for theK2p1p0

mode, and 22% for theK2p1p2p1 mode. These are mul
tiplied by the efficiency of finding the third kaon~45%!, and
the particle-ID efficiency~68%!. The particle-ID efficiency is
composed of the probability that a well-reconstructedK1 be
in the particle-ID system’s fiducial region~83%! and that
half theK2 daughters of theD meson also be in the fiducia
region. The momentum of the other half allows good iden
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fication using specific ionization, as does the momentum
the third kaon in most events. An additional efficiency lo
of 10% is assumed due to non-Gaussian tails, C˘ erenkov ring
overlaps, etc. The final efficiencies are 13% for theK2p1

mode, 5% for the K2p1p0 mode and 7% for the
K2p1p2p1 mode.

Since bm@am , suppression and accurate knowledge
the background in the measurement ofbm is much less criti-
cal. Starting from the continuum background level in@2# and
applying vertex and particle-ID criteria, we arrive at a rate
60 background events per 108 chargedB mesons. The num-
ber of signal events observed in this channel is

Nb5NB1 b~j! e~K1! (
i
B~D0

˜ci ! e~ci !, ~12!

wheree(K1) is the efficiency for detecting theK1 with the
particle-ID criteria described above, andci are
CP-eigenstate decay products ofD1,2. Using Table I, we
obtain( iB(D0

˜ci) e(ci)50.011.

V. MEASUREMENT SENSITIVITY

To estimate the measurement sensitivity for given val
of the ‘‘true’’ parametersj5j0, we compute the averag
numbers of observed signal events using Eqs.~11! and~12!.
An integrated luminosity of 600 fb21 yields NB15640
3106. We assume that statistics will effectively triple if, i
addition toB1

˜D0K1, one uses the modesB1
˜D0K* 1,

B1
˜D* 0K1, B1

˜D* 0K* 1, B̄0
˜D0K* 0 and B̄0

˜D* 0K* 0. We therefore takeNB1519003106. The result-
ing Na , Nb and theirCP conjugates determine the exper
mental quantitiesam , bm , ām and b̄m in the average experi
ment, i.e., the experiment in which statistical fluctuatio
vanish. The minimization packageMINUIT @21# is then used
to find the parametersj, for which x2(j) is minimal in this

TABLE I. Branching fractions@20# of D0 decays toCP eigen-
states, assumed reconstruction efficiencies, and their products.
ciencies include sub-mode branching fractions, such asKS

˜p1p2, and are constructed assuming 80% track efficiency
50% p0 efficiency.

t B(D0
˜t) e(t) B3e

KS p0 0.011 0.22 0.0024
KS h(˜gg) 0.0036 0.087 0.0003
KS r0 0.0061 0.28 0.0017
KS v(˜p1p2p0) 0.011 0.13 0.0014
KS h8(˜p1p2h) 0.0086 0.062 0.0005
KS h8(˜r0g) 0.0086 0.068 0.0006
KS f(˜K1K2) 0.0043 0.14 0.0006
K1K2 0.0043 0.64 0.0028
p1p2 0.0015 0.64 0.0010

Total 0.011
2-3
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ABNER SOFFER PHYSICAL REVIEW D 60 054032
experiment. Since the measurement is expected to
statistics-limited, only statistical errors are used to evalu
x2(j).

To demonstrate ambiguities, the trial value ofg is stepped
between 2180° and 180°, anddD , dB and B(B1

˜D0K1) are varied byMINUIT so as to minimizex2(j).
Such g scans are shown in Fig. 1 for cases of particu
interest. Evident from these scans is the fact that a la
]2x2(j)/]g2 at the true valueg5g0 does not guarantee tha
x2(j) will obtain large values before dipping into a near
ambiguity point. As a result, the quantity that meaningfu
represents the measurement sensitivity is not the meas
ment errorDg, but f exc, the fraction ofg which is excluded
by theB˜DK measurement, i.e., for whichx2(j).10. The
larger the value off exc, the greater thea priori likelihood
that predictions ofg based on new physics-sensitive expe
ments will be inconsistent with theB˜DK measurement
leading to the detection of new physics.

To evaluatef exc, 540 Monte Carlo experiments were ge
erated, using randomly selected input values in the ra
g0Pg, 2180°,dD

0 ,180°, 2180°,dB
0,180° ~note that in

reality, the CP-conserving phases will be different in th
different decay modes!. Depending on the input phases, t
numbers of observed signal events varied between 700,Nb
,1050, 0,Na,130. For each set of phases, ag scan was
conducted in the rangegPg, and f exc was taken to be the

FIG. 1. x2(j) as a function ofg for different values of the
actual phases,dD

0 , dB
0 , g0. For each value ofg, x2(j) is minimized

with respect toB(B1
˜D0K1), dD anddB . The pointsg5g0 and

g5dB
0 are shown by a solid and a dotted line, respectively. So

asymmetry and noise are due to the dependence of the fit on
initial j values.~a! The 8-fold ambiguity of Eqs.~4! and ~6! is
demonstrated for smalldD

0 . ~b! IncreasingdD , the Sexchangeambi-
guity is resolved.~c! With g close to 90°, theSp and Ssign ambi-
guities overlap.~d! TheSexchangeambiguity is resolved, but an acc
dental ambiguity shows up atg'28°, with B(B1

˜D0K1) at
approximately 4/3 its input value.
05403
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fraction of the area of the scan for whichx2(j).10.
The f exc distribution of the 540 random experiments

shown in Fig. 2. Also shown is the distribution of the 9
experiments for whichusin(dB)u,0.25. f exc tends to be larger
in this case, since small values ofx2(j) associated with the
Sexchangeambiguity ~even if the ambiguity is resolved! are
pushed away from the center ofg. Since the distributions of
phases used in the Monte Carlo experiments cannot be
pected to represent the actual phases in nature, it is not m
ingful to study thef exc distribution in detail. Nevertheless
Fig. 2 indicates that this measurement may reduce the
lowed region ofg by as much as 60%.

VI. DISCUSSION AND CONCLUSIONS

We have studied in detail the measurement ofg usingB
˜DK at a symmetricB factory. Use of this measurement t
detect new physics effects is complicated by low statis
and an ambiguity which is at least 8-fold, not 4-fold, as oft
stated. We show that combining the ADS and GW metho
helps resolve theSexchangeambiguity and decreases the stat
tical error, compared with the ADS method alone. The a
biguities associated with theSsign and Sp symmetries are
irremovable in measurements of this kind. Even when
Sexchangeambiguity is in principle resolved, in practice it sti
deteriorates the measurement by reducingx2(j) ~or other
experimental quantity of significance!.

Being ambiguity-dominated, the sensitivity of future e
periments should be evaluated in terms of the exclusion f
tion f exc, rather than the weak phase errorDg. With a lumi-
nosity of 600 fb21, we find that theB˜DK measurement
can exclude up to aboutf exc&0.6 of the currently allowed
range ofg.

With 33108 B mesons, 100% efficiency and no bac
ground, JK findDg in their method to be between about 5
and 40° for 40°,g,100°. Using more realistic estimate

e
he

FIG. 2. The f exc distribution of all Monte Carlo experiment
conducted and experiments withusin(dB)u,0.25.
2-4
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and comparing with our results, one would conclude t
combining their method with the ADS and GW method
while probably useful for the actual experiment, will not r
sult in a dramatic change in the predictions of our analys
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