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Verification of Einstein’s principle of equivalence using a laser gyroscope in terrestrial conditions
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It is shown that the use of a laser gyroscope permits us to verify Einstein’s equivalence principle for photons
with an accuracy up to 10216. It is proposed to carry out an experiment with the laser gyroscope mounted on
the mechanical gyroscopic platform. Since the mechanical gyroscopic platform, on the whole, consists of
nucleons, then the laser gyroscope can be regarded as mounted in a nonrotational frame of reference for the
nucleons with a high level of accuracy. If the equivalence principle with respect to rotation is violated on a
certain level of accuracy, then this frame of reference will be a rotational one for photons moving inside the
laser gyroscope and the laser gyroscope will register the presence of this relative rotation.
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PACS number~s!: 04.20.Cv, 04.40.2b
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Einstein’s principle of equivalence is considered to be o
of the pillars on which stands the modern theory of grav
tion. In accordance with this principle, the gravitational i
teraction in Einstein’s theory is defined by the metric ten
of the pseudo-Riemannian space-timegmn and this tensor is
unique for all forms of matter.

Like all other fundamental laws of physics, the princip
of equivalence has been subjected to numerous attemp
experimental verification and in each successive attempt
validity has been established with an increasing accuracy
particular, the latest measurements of the ratio of inertial
passive gravitational masses in a laboratory scale have e
lished @1# the validity of this principle with a relative accu
racy of 10212. However, this seemingly high accuracy m
not be sufficient to establish the universal validity of t
principle of equivalence.

Therefore, a number of experiments are being planne
verify the validity of this principle with accuracies highe
than before. One such experiment could be carried out wi
the framework of the Stanford-NASA Gravity Probe-B Re
tivity Gyroscope Program which is being planned in t
USA. This program@2# basically aims at measuring the ge
desic and frame dragging precessions of the mechanica
perconducting gyroscope located in the polar circular orbi
is suggested@3# that experimental data obtained from th
program can also be used for verifying the principle
equivalence with an enhanced accuracy of 10213210214.
However, the design and construction of such a superc
ducting gyroscope to be mounted on a polar satellite re
sents a task of immense technical complexity which in
opinion of the authors and co-ordinators of the project Gr
ity Probe-B may not be accomplished at least until the
ginning of the next century.

In this regard, we would like to propose an experime
much more simple from the technical point of view, whic
aims at determining the validity of the principle of equiv
lence using a laser gyroscope. As will be evident from
following argument, the principle of equivalence can be ve
fied with an enhanced accuracy up to 10216 without any
major upgrading of the existing laser gyroscope.
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In order to prove this statement we shall calculate
accuracy of measuring the parameters which could vio
the weak principle of equivalence in an analogous manne
the calculations carried out@3# in project Gravity Probe-B.

In accordance to this work, one of the most general p
nomenological models that violates the Einstein’s equi
lence principle is the Ni’sx2g framework for electromag-
netically coupled particles@4,5#.

In a world containing only particles coupled to an electr
magnetic field, thex2g Lagrangian density is

L52
A2g

16pc
xabmnFabFmn2

A2g

c2 AmJm

2(
A

mAcA12
vA

2

c2d3~rWA2rW !,

where

xabmn52xbamn52xabnm5xmnab. ~1!

The system of Maxwell’s tensor equations in this case ta
the form

1

A2g

]

]xb @A2gxabmnFmn#52
4p

c
Ja, ~2!

]Fab

]xn
1

]Fbn

]xa
1

]Fna

]xb
50.

Any violation of the equivalence principle for photons
a freely falling laboratory, which contains mainly nucleon
in the gravitational field of the Sun, the Galaxy and the U
verse should manifest itself in the form of anomalous e
ments in the Lagrangian of the free electromagnetic field.
a result, the tensorxabmn will slightly differ from the value

xabmn5
1

2
@gamgbn2gangbm#,
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which is prescribed to it in the case when the equivale
principle is strictly valid.

Therefore this tensor can be written as

xabmn5
1

2
@gamgbn2gangbm#1Pabmn, ~3!

wherePabmn is the ‘‘small’’ tensor, which if nonzero cause
the violation of the equivalence principle for photons.

Let us study the action of the tensorPabmn on the propa-
gation of plane electromagnetic waves in a freely falli
laboratory. In this caseA2g51, g0051, gnm52dnm ,
whered jn is the Kronecker symbol.

In the approximation of geometric optics, the system
equations~2! takes the form

xabmnFmnkb50,

Fabkn1Fbnka1Fnakb50,

wherekn5$k05v/c,2kW %-wave 4-vector,v is the frequency
andkn are the three dimensional components of the elec
magnetic wave vector.

However, as a result of the symmetric properties~1! of
the tensorxabmn and the electromagnetic field tensorFab ,
only following two equations in this system will be indepe
dent:

x j bmnFmnkb50, ~4!

v

c
Fmn1Fn0km1F0mkn50.

Multiplying the first equation of this system byv/c, expand-
ing the summation on indicesm andn, and using the secon
equation of system~4!, we bring the first equation to th
form:

x j bmnkbkmF0n50.

Denoting

En5F0n , hjn52x j bmnkbkm ,

we rewrite this system of equations in the 3-dimensio
form:

hjnEn50. ~5!

Taking into account Eq.~3!, we writehjn as

hjn5kjkn2Fv2

c2 2kW2Ggjn12j jn, ~6!

where

j jn5P j bmnkbkm .

In order to obtain nontrivial solutions of the equation sy
tem ~5! it is necessary to satisfy the following condition:

detuuhjnuu50.
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In order to represent this equation in its explicit form, w
shall use the tensor analysis formulas proved in@6#. Follow-
ing @6,7#, let us inductively define theS-th powerF ik

(S)(x) of
the arbitrary second rank tensorF ik(x) in theN-dimensional
Riemannian space:

F ik
(0)5gik for S50,

F ik
(S)5F imgmnFnk

(S21) for S>1,

wheregjn is the metric tensor. The contraction of the indic
in this expression will give an invariant with respect to t
S-th power of this tensor:

F (S)5Fml
(S)~x!•gml.

In accordance with this definition, whenS50 we get
F (0)5N.

In the works@6,7# it has been shown that theN-th power
of any tensorF ik of second rank in theN-dimensional Eu-
clidean space is a linear combination of the lower power
this tensor:

Fml
(N)~x!52 (

S51

N

Fml
(N2S)Y(S),

where the coefficientsY(S) are defined by the recurrent equ
tion

Y(S)52
1

S (
k50

S21

F (S2k)Y
(k), S51,2, . . . ,N ~7!

andY(0)51.
The determinant of the tensorF ik(x) is directly associ-

ated with the coefficientsY(N):

detuuF lmuu5~21!N
•Y(N). ~8!

For N53, ratios~7! and ~8! give

detuuF lmuu5
2F (3)23F (1)F (2)1F (1)

3

6
.

Using this formula, the condition detihlmi50 can be ex-
pressed in the following form:

2h(3)23h(1)h(2)1h(1)
3 50. ~9!

Substituting the expression~6! in the relation~9!, we get

3~knkn!2@2j (1)2kaka1knkn#16knkn@kjknj jn2knknj (1)#

16@knkn2knkn#@j (2)2j (1)
2 #112kjknj (2)

jn

212j (1)kjknj jn18j (3)14j (1)
3 212j (1)j (2)50.

Using the expression for the 3-dimensional tensorj jn, we
find the final form of the dispersion equation which conne
the frequencyv with the wave vectorkW :
1-2
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3~knkn!2@2Pn
•abnkakb2kaka1knkn#16knkn@P j abnkakbkjkn2knknPm

•abmkakb#16@knkn2knkn#

3@P j
•abmPm

•st j kakbkskt2~Pm
•abmkakb!2#112P j abmPm

•stnkjknkakbkskt212Pm
•abmP j mnnkjknkakbkmkn

18P j
•abnPn

•mnmPm
•st j kakbkmknkskt14~Pn

•abnkakb!3212Pn
•abnP j

•mnmPm
•st j kakbkmknkskt50.

This dispersion equation is an algebraic equation of sixth order with respect to the frequency and the components of
vector.

Since the expected violation of the equivalence principle will be extremely small~in no case will it exceed 10212, as in@1#!,
the components ofPabmn are small too, and we can solve this equation using the method of sequential approximatio

Assumingv5ck@11h#, whereh is a small term proportional to the small tensorPabmn, from the dispersion equation w
obtain an equation which determinesh. Restricting ourselves to a second order accuracy with respect toPabmn andh we have

2h2k422hk2@Ai j kikj12kNiki #2Bi jnmkikjknkm24kCi jnkikjkn50, ~10!

where we denote

Ai j 5Pa
• i j a1d i j Pn

•00n , Ni5P j
•0i j , ~11!

Bi jnm5P l
• i jpPp

•nml12P0i jpPp
•nm022Pp

• i jpP0nm02P l
• i j l Pp

•nmp12d i j @Pp
•00lP l

•nmp1Pp
•0nlP l

•0mp1Pp
•0nlP l

•m0p

22Pp
•0npP l

•0ml2P l
•00lPp

•nmp1P0n0pPp
•0m02Pp

•00pP0nm0#1d i j dnm@Pp
•00lP l

•00p2~Pp
•00p!2#,

Ci jn5d i j @Pp
•00lP l

•0np2Pp
•00pP l

•onl#1Pp
•0i l P l

•n jp1P0n0pPp
• i j 02Pp

•0npP0i j 02Pp
•0npP l

• i j l .

By solving Eq.~10! we can express the frequency of the electromagnetic wave as a function of the wave vector:

v~kW !1,25ckH 11
1

2k2 @Ai j kikj12kNiki #66
1

2k2A@Ai j kikj12kNiki #
212~Bi jnmkm14kCi jn !kikjknJ . ~12!

Thus, in the general case when the tensorPabmn has an arbitrary structure and the equivalance principle is violated,
possible to excite two plane electromagnetic waves having same wave vector but different frequencies in the freel
laboratory. And, conversely, in this case two plane electromagnetic waves having equal frequencies and different in
tudes wave vectors can be excited in vacuum.

When the principle of equivalence is strictly applicable, thenPabmn50 and from Eqs.~11! and~12!, as expected, we ge
v5ck.

In the general case, when the tensorPabmnÞ0 has arbitrary structure, the frequency of generation of electromag
waves in the laser gyroscope depends also on the direction of propagation~substitution ofkW by 2kW ).

As a result, the relative difference in the frequencies of the two electromagnetic waves propagating in a laser gyro
mutually opposite directions will be

Dv1

v1
5

v1~kW !2v1~2kW !

v1
52

2PW •kW

k
. ~13!

where the 3-dimensional vectorPW has the components

Pi5Ni1
2@Ai j Nm1AjmNi1AmiNj12~Ci jm1Cjmi1Cmi j!#kjkm

3@AS1A1AS2A#
~14!

and for convenience the even and odd functions of the wave vectorkW are denoted as

S5~Ai j kikj !
214k2~Niki !

212Bi jnmkikjknkm ,

A54k@Ai j Nn12Ci jn #kikjkn .

Since in laser gyroscopekW5keWw , the expression~13! takes the form
047301-3
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Nowadays, laser gyroscopes having linear dimensions
;10 cm interfaced with special microcomputers allow us
fix Dv/v at the level 10216. Therefore, from Eqs.~14! and
~15! it follows that by measuringDv/v at different orienta-
tions of the laser gyroscope with respect to the laborat
~with respect to the vectorPW ), we can measure the compo
nentPw of this vector with an accuracy of 10216.

Thus, the validity of the principle of equivalence using
laser gyroscope can be determined with an accuracy w
exceeds that of the proposed by Gravity Probe-B exp
ments in two or three orders of magnitude.

In conclusion, we would like to point out that the rotatio
of the Earth and its complicated movement in the Unive
gives rise to a large Sagnac effect. Therefore the laser g
scope must be mounted on the top of the mechanical g
scopic platform. Since the mechanical gyroscopic platfo
on the whole, consist of nucleons, then the laser gyrosc
b

-
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can be regarded as mounted in a nonrotational frame of
erence for the nucleons with high level of accuracy. If t
equivalence principle with respect to rotation is violated o
certain level of accuracy, then this frame of reference will
a rotational one for photons moving inside the laser gy
scope and the laser gyroscope will register the presenc
this relative rotation.

The maximum level of the accuracy 10216 for the verifi-
cation of the equivalence principle can be achieved if, wh
carrying out the measurements, the mechanical gyrosc
platform ensures stabilization of the laser gyroscope aga
the rotation at a level of 0.02 arcsecond per second. M
chanical gyroscopic platforms having such stabilization
widely used at present in the space research.

This work was supported in part by RFBR under Contr
No 98-02-17448a.
ted
@1# V.B. Braginsky and V.I. Panov, Zh. E´ ksp. Teor. Fiz.61, 873
~1971! @Sov. Phys. JETP34, 463 ~1972!#.

@2# C.W.F. Everitt, inGravity Probe B, Proceedings of the 6th
Marcel Grossmann Meeting on General Relativity, edited
Humitaka Sato~World Scientific, Singapore, 1992!, p. 1632.

@3# M.P. Reisenberger, inTesting the Einstein Equivalence Prin
ciple with the Stanford Gyro Experiment, Proceedings of the
y

6th Marcel Grossmann Meeting on General Relativity, edi
by Humitaka Sato~Ref. @2#!, p. 1670.

@4# W.-T. Ni, Phys. Rev. Lett.38, 301 ~1977!.
@5# M.D. Gabriel and M.P. Haugan, Phys. Rev. D41, 2943~1990!.
@6# I.P. Denisova and B.V. Mehta, Gen. Relativ. Gravit.29, 583

~1997!.
@7# I.P. Denisova and M. Dalal, J. Math. Phys.38, 5820~1997!.
1-4


