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Neutrino-nucleon interactions in magnetized neutron-star matter: The effects of parity violation
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We study neutrino-nucleon scattering and absorption in a dense, magnetized nuclear medium. These are the
most important sources of neutrino opacity governing the cooling of a proto-neutron star in the first tens of
seconds after its formation. Because the weak interaction is parity violating, the absorption and scattering cross
sections depend asymmetrically on the directions of the neutrino momenta with respect to the magnetic field.
We develop the moment formalism of neutrino transport in the presence of such asymmetric opacities and
derive explicit expressions for the neutrino flux and other angular moments of the Boltzmann transport equa-
tion. For a given neutrino species, there is a drift flux of neutrinos along the magnetic field in addition to the
usual diffusive flux. This drift flux depends on the deviation of the neutrino distribution function from thermal
equilibrium. Hence, despite the fact that the neutrino cross sections are asymmetric throughout the star, the
asymmetric neutrino flux can be generated only in the outer region of the proto-neutron star where the neutrino
distribution deviates significantly from thermal equilibrium. The deviation from equilibrium is similarly altered
by the asymmetric scattering and absorption, although its magnitude will still be quite small in the interior of
the star. We clarify two reasons why previous studies have led to misleading results. First, inelasticity must be
included in the phase space integrals in order to satisfy detail balance. Second, nucleon recoil must be included
in order to find the leading order asymmetric cross sections correctly, even though it can be ignored to leading
order to get the zero field opacities. In addition to the asymmetric absorption opacity arising from nucleon
polarization, we also derive the contribution of the electfon positron ground state Landau level. For
neutrinos of energy less than a few times the temperature, this is the dominant source of asymmetric opacity.
Last, we discuss the implication of our result to the origin of pulsar kicks: in order to generate kick velocity of
a few hundred km's' from asymmetric neutrino emission using the parity violation effect, the proto-neutron
star must have a dipole magnetic field of at leasf+0.0'® G. [S0556-282(99)02616-9

PACS numbegps): 97.80.Fk, 04.25.Dm, 04.40.Dg, 97.60.Jd

[. INTRODUCTION essary to understand how neutrino opacities are modified by
the presence of a strong magnetic field. This is the subject of
our paper.

Neutrinos play an essential role in core-collapse superno- A direct motivation of our study is to explore whether
vas and the formation of neutron stdfs2]. It is through strong magnetic fields can induce asymmetric neutrino emis-
neutrino emission that a hot proto-neutron star releases if3°" Ifrombproto—neutrqn sdtarhs to explain pulsahr “kicks.” It
gravitational binding energy and cools. The explosion itself@S 10Ng been recognized that neutron stars have space ve-

also relies on the neutrinos for its success. The most impmlpcItIeS that are about an order of magnitude greater than

tant ingredient of neutrino transport in proto-neutron stars isthe'r progenitors'(e.g., [18,19). Recent studies of pulsar

the neutrino opacity in a dense nuclear medium. Much eﬁorproper motion give 206 500 km s ! as the mean 3D veloc-
pacity j ity of neutron stars at birth20—23, with possibly a signifi-

has _been devqted to_ understanding various ef_fects ant population having velocity of order or greater than
neutrino-matter interactions at supra-nuclear denéity., 700 kms *. Direct evidence for pulsars with velocities
[3-11 and references thergirNeutron stars, however, pos- — 14500 kms® comes from observations of the bow shock

sess strong magnetic fields. While the present-day, dipo'?ﬁroduced by PSR B222465 in the interstellar mediuri24]
magnetic fields of most radio pulsars Iie_ in the range ofy.q studies of pulsar-supernova remnant associa&HjsA
10"*-10" G, it has been suggested that fields of*18 or  natural explanation for such high velocities is that supernova
larger can be generated by a dynamo process in protexplosions are asymmetric, and provide kicks to nascent neu-
neutron star§12]. Several recent observatioffs3—15 have  tron stars. Support for supernova kicks has come from the
lent support to the idea that soft gamma-ray repeaters angetections of geodetic precession in the binary pulsar PSR
slowly spinning x-ray pulsarg‘anomalous x-ray pulsars’ 1913+16[26,27 and the orbital plane precession in the PSR
in supernova remnants are neutron stars endowed with supeJ8045-7319/B star binary and its fast orbital de¢2§,29.
strong magnetic fieldB= 10" G [16,17. It is therefore nec- In addition, evolutionary studies of the neutron star binary
population imply the existence of pulsar kick30—33.
Two classes of mechanisms for thatal kickshave been
*Also at Department of Physics, Cornell University. Email ad- suggested. The first class relies on hydrodynamical instabili-

A. Astrophysical motivation

dress: arras@spacenet.tn.cornell.edu ties in the collapsed stellar cof84—3§ that lead to asym-
TAlso at Department of Astronomy, Cornell University. Email ad- metric matter ejection and/or asymmetric neutrino emission,
dress: dong@spacenet.tn.cornell.edu but numerical simulations indicate that these instabilities are
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not adequate to account for kick velocities100 kms'®  generated by field strengths of only a few times?1G.
[36,39,40. Global asymmetric perturbations in the presuper-nitial neutrino cooling calculatior53] of a proto-neutron
nova cores are required in order to produce the observe¥far in magnetic fields appeared to indicate that a dipole field
kicks[39,41]. In this paper we are concerned with the second?f order_%é“ G is needed to produce a kick velocity of
class of models in which the pulsar kicks arise from mag-200 kms =. The larger magnetic field required results from
netic field induced asymmetry in neutrino emissions fromc@ncellations of the asymmetries associated wjth v, and
proto-neutron stars. The fractional asymmetryn the radi- their antiparticles as well as the opposite signs of polariza-

neutrino enerav requir ner kick veloci ions of ngutrons and protons._A_preliminary_numerical stqdy
ated neutrino energy required to generate a kick veloc tieported in Ref[40] drew a similar conclusion although it

Vidck 1S was claimed that only #8 G is needed to produce
3 | 200 kms .
azo_ozg( M 3x10° erg) Viick , As appealing as the cumulative effect may be, we now
1.4Mg Etot 1000 kms'? believe that it does not work in the bulk interior of the neu-

(1.1 tron star [55,56, and the conclusions reached in Refs.
[40,53,54 are incorrect{57]. In spite of the fact that the

whereM is the mass of the neutron star ag; is the total  scattering cross section is asymmetric with respect to the
neutrino energy radiated from the neutron star. Since 99% ahagnetic field for individual neutrinos, detailed balance re-
the neutron star binding energg few times 18° erg) is  quires that no asymmetric neutrino flux can arise in the stel-
released in neutrinos, tapping the neutrino energy would agdar interior where neutrinos are in thermal equilibrium to a
pear to be an efficient means to kick the newly formed neugood approximation. Since this issue is somewhat subtle and
tron star. Magnetic fields are naturally invoked to break thecounter-intuitive, we discuss it in detail in Sec. Il where we
spherical symmetry in neutrino emission, but the actuaRlSo point out where previous studies went wrong.

mechanism is unclear. We first review previous work related A related, but different kick mechanism relies on the
to this subject. asymmetric magnetic field distribution in proto-neutron stars

[58—60. Since the cross section far, (v,) absorption on
neutrons (protong depends on the local magnetic field
strength due to the quantization of energy levels forghe
Beta decay in a strong magnetic field was first investi-(e*) produced in the final state, the local neutrino fluxes
gated in Refs[42,43 (see also Ref§44,45). A number of  emerged from different regions of the stellar surface are dif-
authors have noted that parity violation in weak interactiongerent. It was found60] that to generate a kick velocity of
may lead to asymmetric neutrino emission from proto-~300 km s ! using this mechanism alone would require that
neutron star§46—49. Chugai[46] and Vilenkin [48] (see the difference in the field strengths at the two opposite poles
also Ref.[50]) considered neutrino-electron scattering andof the star be at least 1DG.
concluded that the effect is extremely srha#.g., to obtain There have also been several interesting ideas on pulsar
Vyiek=300 km s * would require a magnetic field of at least kicks which rely on nonstandard neutrino physics. It was
10'° G). However, neutrino-electron scattering is less impor-suggested61] that asymmetricv, emission could result
tant than neutrino-nucleon scattering in determining the charfom the Mikheyev-Smirnov-Wolfenstein flavor transforma-
acteristics of neutrino transport in proto-neutron starg., ton betweenv, and v inside a magnetized proto-neutron
[51,52). Similarly, Dorofeev et al[47] considered neutrino Star because a magnetic field changes the resonance condi-
emission by Urca processes in strong magnetic fields. Howdon for the flavor transformation. Another similar idgé2]
ever, as we shall see belqgee Ref[53]), the asymmetry in  'elies on both the neutrino mass and the neutrino magnetic
neutrino emission is cancelled by the asymmetry associate@#oment to facilitate the flavor transformation. A more de-
with neutrino absorption for young proto-neutron stars wherdailed analysig63,64, however, indicates that even with fa-
the neutrinos are nearly in thermal equilibrium. The size ofvorable neutrino parametefsuch as mass and magnetic mo-
the asymmetric flux due to absorption and emission promeno for neutrino OSCIII§t|0n, the induced puIS.ar kick is
cesses is then dependent on teviationsfrom thermal ~much smaller than previously estimated. We will not con-
equilibrium at the neutrino photosphere. sider the issues related to nonstandard physics in this paper.
Horowitz and Li[54] suggested that large asymmetries in  Finally, we mention that previous calculations of neutrino
the neutrino flux could result from theumulativeeffect of ~ Processes in magnetic fields have generally neglected
multiple scatterings of neutrinos by nucleons which arehucleon recoils(e.g., [40,42,43,47,53,54. Although this
slightly polarized by the magnetic field. In particular, they Simplification is justified in most cases without a magnetic
found that the size of the asymmetry was proportional to thdi€ld, it is invalid in a magnetic field because thsymmetric
optical depth of the star to neutrinos+10%. The result Part of the opacity depends sensitively on the phase space

was that kick velocities of a few hundred kmiscould be @vailable in the scattering and absorption. This and other
technical issuessuch as Landau leveglsvill be addressed in

our paper.

B. Review of previous work

INote that Chugai's estimate for the electron polarization in the
relativistic and degenerate regirtthe relevant physical regimés
incorrect. This error leads to an overestimate of the effect as com- In this paper, we carry out a systematic study of neutrino-
pared to Vilenkin's result. nucleon (,N) scattering and electron neutrino absorption

C. Plan of this paper
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and emission ge+n=p+e~ and v,+p=n+e*) in a asymmetric part of the opacity. For certain parameter re-
dense, magnetized nuclear medium. These are the most iffimes, this electron “polarization” term dominates the
portant sources of opacity for neutrino cooling of the proto-8Symmetry in the absorption opacity. We also demonstrate

neutron star in the first tens of seconds after its formation€XPIiCitly that the Landau levels of protons have no effect on

when most of the binding energy of the neutron star is radiine absorption opacity since many levels are summed over
the situation of interest.

. . for
ated as neutrinos. Our study goes beyond merely calculatm& In Sec. VI we combine the results of Secs. IV and V to

differential cross sections of the neutrinos in a magnetized, .
L ) . . derive the angular moments of the Boltzmann transport
medium in that we derive the expression for the neutrino flux : X
equation. These moment equations are truncated at quadru-

?ﬂd (_)ther angular_ modmentts ;rcim the Bohltztrr\]wantl; eq#at'?aiole order, since we expect that the contributions of the
IS 1S necessary in order {o determiné whether the efiec igher order terms to the asymmetric flux are smaller. As

parity violation introduces any asymmetric “drift flux” in gypected, our explicit expression for the neutrino flux con-
addition to the usual “diffusive flux.” Indeed, there are a (ying the usual diffusive flux plus a drift flux along the mag-
number of subtleties in these derivations such that severgletic field. This drift flux, however, depends on the deviation
previous studies have arrived at incorrect res(dte Secs. for the neutrino distribution from thermal equilibrium. Al-

I B and ”) We show that, despite the fact that the Scatteringhough Stricﬂy Speaking our truncated moment equations
and absorption cross sections are asymmetric with respect treak down near the neutron star surface, these equations are
the magnetic field for individual neutrinos, there is no "“drift accurate below the neutrinosphere, and provide a reasonable
flux” when the neutrinos are in thermal equilibrium; the drift physical description of the neutrino radiation field through-
flux is proportional to theleviationsfrom equilibrium, which  out the star. Finally in Sec. VIl we use the moment equations
are small below the neutrino-matter decoupling layer. Henceto obtain an order-of-magnitude estimate of the asymmetric
asymmetric neutrino emission can be generated only near theeutrino emission from the proto-neutron star due to the par-
surface layer of the star. ity violating processes considered in this paper.

In Sec. Il we discuss a simplified calculation and point out ~ Throughout this paper, we treat nucleons as noninteract-
its problems. This serves as an illustration of various issue#lg particles. This is clearly a simplifying assumption. In
that one must pay attention to in order to obtain the correcteality, strong interaction correlations may significantly
answers. We begin our formal theoretical development irchange the neutrino opacitiés.g.,[10,11 and references
Sec. lIl, where the relevant cross sections are defined startirierein. However, the goal of this paper is to consider
from the Boltzmann transport equation. It is important towhether there is any new effect associated with strong mag-
distinguish different cross sectiori®.g., those related to netic fields. For this purpose, it is certainly appropriate to
scattering into the beam and scattering out of the beam in thi9cus on noninteracting nucleons, particularly since there are
Boltzmann equationin order to satisfy the principle of de- still large uncertainties in our understanding of matter at
tailed balance, which states that in complete thermal equilibsuper-nuclear densities. Moreover, for certain nuclear poten-
rium the collisional term in the Boltzmann equation van-tials, the nuclear medium effects merely amount to giving
ishes. the nucleon an effective mass, and therefore the result of this

Section IV contains a detailed calculation ®N scatter- paper can be easily extended. For general nuclear interac-
ing in magnetic fields. Starting from the weak interactiontions, it is likely that the qualitative conclusion reached in
Hamiltonian, we compute the scattering opacity, carefullythis paper will remain valid, although this issue is beyond the
including the effect of nuclear motion to lowest nonvanish-scope of this paper.
ing order. This opacity is then used to find the contribution to  Unless noted otherwise, we shall use units in whigie
the angular moments of the transport equation. Explicit exand the Boltzmann constakg are unity.
pressions are obtained for the outer layer of the neutron star
where nucleons are nondegenerate and where paritydl. SIMPLIFIED CALCULATION OF THE SCATTERING
violating asymmetric flux can be generated. A technical EFFECT AND ITS PROBLEMS
complication arises from the effect of small inelasticity: - . .
Even in the regime where the nucleon recoil energy is much As |nd|cated. abpve, t.h‘? effect of asymmetric neutrmo—
smaller than the neutrino energy and temperature, phaggjcleon scattering is sufficiently subtle that several previous

space considerations require that the inelasticity effect bétUd'e_s have qu to a wrong conclusion. It is therefore in-
included when deriving the asymmetric flux and other mo-STUctive to consider a simplified treatment of the problem to
ments(the situation is similar to that found in the derivation understand how previous work went wrong. This section also

of the Kompaneets equation in electron-photon Scattermgserves as an illustration of the various issues that one must
see Ref[65]) pay attention to in doing such a calculatiéwur systematic

In Sec. V we calculate the cross sections for the absorp@lculation is presented in Secs. 1115V

tion of v, and v, by nucleons. As in the scattering case, it is
necessary to include nucleon recoil in the absorption calcu-
lation. Additional complications arise from the quantized We shall follow the treatment as given in RE53] (Refs.
Landau levels of the final state electrofts positronsg. In [40,54) used a Monte Carlo method for the neutrino trans-
particular, the ground state Landau level of the electron inport, which is less transparent for our analyskor the pur-
troduces an effective electron “polarization” term in the pose of clarity, we consider the scattering of neutrinos by

A. Calculation
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nondegenerate neutrons. Assuming the scattering is elastigf (k)
(which is a good approximation since the neutrino endegy at
is much less than the neutron mgassne can easily obtain

the matrix elements when the initial neutron has spin along

the magnetic axigthe z axis):

f(kD[1=1,(k)]

d
+Q~ny(k)=fdﬂ’(—

1 1 2 -0’
|HkT—>k’T|2:2Gl2:C\2/ CO%(G’_0)+7\CO%(9+ 9')} ) Xfy(k)[l_f,,(k/)], (26)
(2.1
where Q) and ' are unit vectors alongg andk’, respec-
1 1 \2 tively, and the(elastig differential cross section per unit vol-
|Hyi ke |?=2 GEca | 2 Sini 0’CO§ 0) \ (2.2 ume can be written in the form

dx

wherek (k') is the initial (final) neutrino momentumg (6") (
dQ’

is the angle betweeh (k') and thez axis (assuming azi-
muthal angle$p=0), andGg, ¢y, Ca, A are weak interac-
tion constants as defined in Appendix A. The differential
cross section, for the initial nucleon with spin along the
axis, is given by

K ~ ~
) Zﬂ[l-f—finQ-B-i-Eouﬂ,'B
Q—-Q/

+constx (Q-Q')], (2.7
with B the unit vector along the magnetic field. Note that in
Eq. (2.6) we have neglected neutrino absorption for simplic-
do . 2 2 5 ity. The first order moment of the transport equation is ob-
40" _(27)7[|HkTﬁk’T| [ Hi e |*] tained by multiplying Eq.(2.6) by Q and then integrating
KT —k! overdQ. The specific neutrino flux is then given by

2

=(2—)2(3%0\2,[(1+3)\2)+2)\(>\+1)c059 c 1 A
i F,==3-VU,+ 3(cou€n)cU,(1-F,)B, (28
—2 (A —1)cosd’ +(1—\?)cog 6—6")].
(2.3 whereU , is the specific neutrino energy density. According

to Eq.(2.8), the neutrino flux consists of the usual diffusive
flux, Fgqiz<VU,, and a “drift” flux Fy,; along the magnetic
field. The drift flux induces asymmetric neutrino transport.
One can easily see that the rakq /F g7 IS Of order (gqy

One can similarly obtaindo/dQ"),,_,» when the initial
nucleon spin is anti-parallel to tteaxis. For general nucleon
spin polarizationP={o,), the differential cross section is

given by —€n) 7, Wherert~ kR is the optical depth of the staR(is
the stellar radius i.e., the asymmetry increases withThis
do 1+P\/ do 1-P\/ do is the origin of the cumulative effect discussed in Refs.
dQ’/, dQ Kok’ dQ KLk’
Greyk)| 2 ) , B. Problems
_( 2 ) (1+3\7)| 1+ €nCOSO+ €6,€0S0 The calculation presented above, while physically moti-
) vated, is actually incorrect. There are two problems: first, the
— _ asymmetry termsthose proportional t@;, and €., in Eq.
* 1+3)\zcos{6 0 )}' 24 (2.4) are incomplete. Even in the regime where the elastic
approximation is highly accurate from the energy point of
where view, small inelasticity will affect the asymmetric part of the
cross section. This comes about because the asymmetric
NN+1) ANA—1) terms depend in a subtle way on the available phase space of
€in=2 (1+3\%)" €out™ sz_)- 295  the scattering. Indeed, our full calculation presented in Sec.

IV reveals additional terms in the expressionggfande,;.

This clearly indicates that the scattering is asymmetric witdloreover, to obtain the correct expression for the asymmet-
respect to the magnetic field, a direct consequence of parit§c Neutrino flux, the elastic cross section is inadequate; one
violation in weak interaction. A similar expression was de-Must Incorporate the full inelastic effect in the Boltzmann
rived in Ref.[54], although a different sign i, and e,,, ~ cduation(see Sec. I A similar comment can be made for
was given. neutrino-nucleon absorption, where one must incorporate the

Next we study the consequence of the asymmetric cross
section on the neutrino flux. The Boltzmann transport equa-

tion for the neutrino distribution functiof,(k) can be writ-
ten in the form

2An overall factor of (1-const/3) * has been dropped in this
equation.
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recoil motion of the nucleon as well as the Landau levels for af (k) d*k’  d3p d3p’
the electron in order to obtain the correct cross sectse® [ - } = f (2m)*
Sec. V. at sc ss (277)3 (277)3 (2’77)3
Second, and more importantly, EqR.6) is incorrect; X SHP+K—P'—K')[Mgo (2,Q)[2
therefore Eq(2.9) is also incorrect and there is no drift flux
proportional toU . The problem with Eq(2.6) can easily be X[(A—f)(1—fp)fyf)
seen by considering detailed balaneeg., Ref.[66]): The ) ,
right-hand sidgRHS) of Eq. (2.6) must vanish when neutri- —fin(=FO=1)], (3.2

nos are in thermal equilibrium with the matter. Substituting
f, (k) andf (k") by the equilibrium distributiorf(vo)(k) and

sing Eq.(2.7), we find the RHS of Eq(2.6) to be «f{®(1 : - SIS .
using £q.(2.7), we fi q(2.6 <, are the initial and final state nucleon distribution functidas,

— £ (eou— €in) Q- B. It is exactly this violation of detailed (P') and K (K') are the initial (final) state nucleon and
balance that gives rise to_the dr?ft flux term in E8.9). It is neutrino four vectors, respectively, arsds’=+1 specify
also clear that any physical drift flux must depend on thepe initial and final nucleon spins. Time-reversal symmetry
deV|at|on_from the. equmbrlum d'St“F’”“O”- has been used to relate the matrix element for scattering in
Equation(2.6) is the starting point of almost all astro- 54 gyt of the beam. Note that in the case of neutrino-proton
physical radiative transport studiée.g., Ref.[67]). How-  catering, we neglect the Landau levels of proton, and there-
ever, it is invalid in the presence of asymmetric scattering. A e the proton momentum is a well-defined quantity. This is
crucial (but incorrect assumption implicit in Eq(2.6) is that  j,qtified because many Landau levels are occupied for the
the cross section for scatt.ering into the beépmpagating conditions in a proto-neutron star, and the change in the
along ), (dx/dQ) g, is related to that for scattering ,y4jjaple phase space due to the Landau levels is negligible.

into the beam, dx/dQ") o_, o', by merely switchind2 and ~ \ycleons are always in thermal equilibrium, and the nucleon
Q'. In reality, however, the two cross sections have slightlygistribution function is given by

different forms such that detailed balance is satisfied in equi-

librium [see EQ.(3.9)]. In other words, although the first

(secondl term in Eq.(2.6) represents a good approximation fn(E) = XA (E— s/ T+ 1" (3.3

to the actual probability of scattering intout of) the beam, N

the error in their difference is significant. It will become where ., is the nucleon chemical potentiéxcluding rest

clear in our study presented the following sections that timass. As the neutrinos exchange energy with matter only

properly take into account the detailed balance constrainthrough the weak interactions, their distribution can deviate

one must incorporate inelasticity—no matter how small—from equilibrium, especially in the outer layer of the star.

into the Boltzmann equation when deriving the asymmetric The scattering rate can be rewritten in a more convention-

neutrino flux. ial form as follows. Define the differential cross sectiper
unit volume to be

wheref ,=f (k) andf,=f (k') are the initial and final state
neutrino distribution functionsfy="fy\(E) and fy=f\(E’)

Ill. GENERAL FORMALISM

12
In this section, we set up the general framework to study dr = k > Mo (2,925 (00.9),
neutrino transport in magnetic fields. As Sec. Il shows, it is dk'dQ’  (27)° &
important to properly define the relevant cross sections (3.4

which enter the transport equation. The actual calculations of . . .
the cross sections are given in Secs. IV and V. Where the “nucleon response function3;s(do.a)., is

The Boltzmann equation for neutrino transport is written

i d3p d3pr
in the form ) :j 2.4
Sss(do, ) (277)3 (277_)3( )
af (k) ot (k) ot (k) X 8HP+K—P'—K")fy(1—fy). (3.5
+Q-Vf (k)= + (3.2
at at g I | abs Here we have defined the energy transfgand the momen-

tum transferg via

wherek =kq is the neutrino momentum, both scattering and  do=k—k’, g=[k—k'|=(k’+k'?—2kk' Q- Q")"2
absorption collisions terms are included on the right-hand (3.9
side of the equation and we have suppressed the position al

. . i r nucleons in thermal ilibrium, ener nservation
time dependence in the neutrino distribution functfgn r[‘;% ucleons in thermal equilibrium, energy conservatio

gives

. (1-fO)fg
A. Scattering term ———=exd(E—E")/T]

fa(1—f§
The collision term due to neutrino-nucleon scattering can g v
be written age.g., Ref[68]) =exd —(k—=Kk")/T]=exp(—qo/T). (3.7
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Using this expression to relate the scattering into and out 0tﬂ3pe,p/(27r)3 (see Appendix © The components of the
the beam and plugging in the differential cross section, theransverse momenturfperpendicular to the magnetic figld

scattering rate becomes are not conserved, although we still have conservation of the
z momentum and energy conservation,
[af”(k) de’fdn' ar k
= +E,+Q=E.+E,, 3.1
)l Sdo "+ Q=E.+E, (3.12

whereQ is the mass difference between neutron and proton
(recall thatE,, andE, do not include rest magsSince the

Note that one can also explicitly define a differential crossE/€ctron, proton, and neutron are in thermal equilibrium with
section,[dT'/(dk'dQ")]. , for scattering into the beam by Fermi-Dirac distributions, we have the equality

x[e %/T(1—f )f/—f,(1-f.)]. (3.9

writing fofe(1—fp) :exp[_ k—u, 313
af (k) oo (1-fp)(1-fo)f, L '
— zf dk’f dQ’ -

gt s Jo dk'd/ | where we have defined the neutrino chemical potential

dr V=Mt = un— Q. 3.1
X(l_mf;_< / ’)f”(l_f;)]' 1= et p— in—Q (3.14
dk’dQ Equation(3.11) then takes on the standard form
(3.9
af (k) .
v - _ (abs)
Clearly we have [ ot } K oty (319
abs

dr I dr _ (3.10 vv.here.éfyl=flv(k)—f(yo)(k) measures the deviation of neu-

dk'dQ/ dk' dQ’ trino distribution from thermal equilibriurtsee below. Here

All the microphysics is now contained ohl'/(dk’dQ"). i (abs)— K(abs{l_’_eXF{'u”’_k) ' (3.16

It depends only ork, k', and Q- €', or equivalentlyk, qq T

and g, as can be seen from E(B.5). Note that if one sets
0o/T=0, then the neutrino Fermi blocking terms propor-
tional tof (k) f,(k’) cancel(e.g., Ref[69]). Hence, the neu-
trino degeneracy does not enter the scattering rate if the elas-  ,(abs)— f dHedHndeWi(,f"bS)(l— fo)(1—fo)f,.

tic limit is taken in the phase space integrals.

It is instructive to compare Eq3.9) with the (wrong (3.17
_equation(2.6). In gen_eral, the cross section for sc_:attering he factor[1+ e /T] in «* (@9 takes into account the
into the beam_hag a different form as that for scattering out Of ¢+ of stimulated absorptiofe.g., Ref[70]).
the beam. This difference, even though numerically small, is
essential for maintaining detailed balance in thermal equilib-
rium (see Sec. Il C beloyv Also, as we show in the next few
sections, one cannot trivially take the elastic limit in Eq. In thermal equilibrium, the neutrino has the Fermi-Dirac
(3.10, because this will lead to zero drift flux even when thedistribution function
neutrino distribution deviates from thermal equilibrium.

and <@ is the absorption opacity:

C. Detailed balance

1
f= 10 = . 3.1
B. Absorption term »=1,7(K) expl (K— )/ T]+ 1 (3.18
The collision term in Eq(3.1) for absorption and emis- \ye then find
sion is
af (k) fS}O)(l_f;}(O))
i :fdHedH”deWi(?bs{fpfe(l_f”)(l_fv) (1= 1O SR —lITI=exa=ao/T),
abs v v

(3.19

so that the scattering rate in E®.8) is zero, as required by
whereW( is the transition rate§ matrix squared divided ~detailed balance. Similarly, fof,= (9 the absorption rate
by time) for absorption, and we have used time-reversal inin Eq. (3.1 vanishes. Therefore the only nonzero contribu-
variance of the weak Hamiltonian to relate t8enatrix for  tion to (9f,/dt)s. and (@f,/dt) s Must be proportional to
each direction. The notatiodlI denotes sum of statéi-  the deviation of neutrino distribution from thermal equilib-
cluding sping. Note that since we will include Landau levels rium. This implies that there is no drift flux along the mag-
for electrons and protonsdll,, is not equal to netic field proportional td(” (see Sec. Il A

_(1_fp)(l_fe)fvfn] (31])
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As noted beforéSec. Ill A), when one writes the scatter- K2dO 477k3
ing rate in the form of Eq(3.9), it is essential to distinguish szf BkaV=—3h(k). (3.29
(dr'/dk’'dQ) . from (d/dk’dQ’) in order to satisfy de- (2) (2)
tailed balance. ) ) )
Using the identity
D. Deviation from thermal equilibrium d0 1 1
In order to calculate the size of the asymmetric flux, we j 27 4 Pa=~ 751 0t 75(0idij G dj)

must consider the deviation of neutrino distribution from (3.25
thermal equilibrium:

and the fact that;; is traceless, the pressure tensor per unit

(320  energy interval is

8t () =1,() — 1 (k).
For ve and?e, the neutrino-matter energy exchange is me-
diated primarily by absorption and emission via the URCA
processegand to a lesser extent by electron-neutrino scatter-
ing), while neutrino transport is affected by both absorption

k?dQ
[Py = | sk,

3
and »-N scattering. The result is that the decoupling sphere = Amk [1 8. (FO(k) +g(k)+ E| 1 (K)
of electron type neutrinos lies only slightly deeper than the (2m33 7" 3
neutrinosphere and there is only a small region over which 5
the cumulative asymmetry can develop. goand 7 neutri- :}5 U+ 2 4mk (3.26

nos, the transport opacity is primarily fromN scattering, 3 3 (277)3|”(k)'

while energy exchange is due to inelastie™ scattering. As

a consequence, the decoupling layer is much deeper than thus; is the anisotropic portion of the pressure tensor.
neutrinosphere and the asymmetric flux has a large optical Note that we have truncated our expansion at the quadru-
depth over which to develop. Unfortunately, as we will pole order angular dependence, since each successive term

show, the flux asymmetry due to the and = neutrinos is
cancelled by that from the corresponding antineutrinos.

will be smaller than the previous by a factor [of1] ~ 71
(where 7 is the optical depth It will be shown thath

For the purpose of deriving the moment equations of neus{(97-1 andg and l;; both scale a9 772 (for B=0).

trino transport, we shall expangf, (k) in spherical harmon-
ics up to quadrupole order as

10
of (k)=g(k) +3Q-h(k)+ glij(k)’Pij(Q)—}— e
(3.2)

where

1

2

(the components oP;; can be explicitly expressed solely in
terms of the quadrupole spherical harmonits,). In Eq.
(3.21), g(k) is the spherically symmetric deviation from

The Ith spherical harmonic would have coefficients which
scale agf{¥7!.

IV. NEUTRINO-NUCLEON SCATTERING

In this section, we calculate the differential cross section
for v-N scattering in magnetic fields for general conditions
of nucleons(non-relativistic but arbitrary degeneracyVe
also obtain explicit expressions for the angular moments of
the scattering term of the Boltzmann equation. These mo-
ments are then used {Sec. V) to obtain the neutrino flux,
as well as the spherical and quadrupole deviations from ther-
modynamic equilibrium, on which the asymmetric flux de-
pends.

We approximate the nucleons as nonrelativistic particles

equilibrium, h(k) represents the dipole deviation which leadswith energy(excluding rest mags

to the flux, andl;;(k) is the tensor describing the pressure

asymmetry. Sincé’; is symmetric, we can choosg to be

symmetric, leaving six independent elements. Moreover, we
shall choosé;; to be traceles&the nonzero trace can always

be incorporated intg,).

To be explicit about the physical meaning of each com-

ponent of5f,, one can relatg, h, andl;; to more com-

monly used quantities. The energy density per unit energ{/:B

interval is

o

The energy flux per unit energy interval is

47k

k’d€) 0
:(277)3“” (k+g(k)]. (323

(2m)®

v

2

p
E(p,s):ﬁ—sMBB, 4.1

whereB is the magnetic field strength= =1 is the nucleon

spin projection along the axis (in the directionB), and
=gefi/(2mc) is the nucleon magnetic momeng,(
—1.913 for the neutron ang,=2.793 for the protoh In

this section, we shall omit the labelor p whenever possible,
denoting final-state quantities by a prime. Also, the quanti-
zation of the proton energy levels and nucleon-nucleon inter-
actions are neglecte@ee Sec. Il A although we shall in-
clude proton Landau levels in our calculation of the
absorption opacitySec. .
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A. Differential cross section SA. Q. B+sA Q'-B
The differential cross section, defined in E§.4), can be )
evaluated analytically to linear order Bifor general condi- k’

> Mo (Q,9)[2654 (00, ), (4.7

s,s’

tions of nucleons. SinceugB=3.15x10 “gB;, MeV - (2m)3
(whereB,, is the field strength in units of 30 G) is much

smaller than the temperature or nucleon Fermi energy in thgjith the coefficients
proto-neutron star, an expansion in the lowest nonvanishing

power of B is an excellent approximation. k2 2G2cZm2\ ugB
The matrix element|M.y(Q,Q")|?, for the case in SAL (kK u")= 3
which both the initial and final nucleon states are polarized (2m) mq
has been derived in Appendix A with the reslifig. (A11)] 1
X
1 [exp(Xg) +1][1+exp —Xp—2)]
Moo (2,01)[2=5 GECEH{(1+302) + (1-22) Q- 0’ ° °
2ma,
. X|1£N . (4.8
+2NA+1)(sQ+s'Q')-B-2\(A—1) q°
X(sQ'+5'Q)-B+ss[(1-2\?) The reason for writing the cross section in the form of Eq.

(4.3 is that the angular dependence needed to find the mo-
ment equationgsee Sec. IV €is now manifest. Note that
the cross section in Eq4.3) exhibits parity violation. If the

stants defined in Appendix A. The nucleon response funcparlty operation is taken, the vectdfand{}’ reverse sign

tion, defined in Eq(3.5), has been calculated in Appendix B. and _the pseudovectd keeps the same sign so that the cross
It can be written asS,y = Sy+ 6S.y , WhereS, is the spin- section does not retain the same form. Also note that the
independenB=0 result andsS.y is the correction linear in  Cr0SS section for scattering from the stéeto the state(2’

B. Combining the expressions foM.(Q,Q')|2 and S.q does not have the same numerical value as the reverse pro-

X(1+Q-Q')+4\2Q-BQ'-B]} (4.2

whereGg, cy, and\=cu/cy are the weak interaction con-

into Eq. (3.4), we find cess. _Hovx_/ever, this do_es not mean that time reversa_l invari-
ance is violated. The inequality arises from averaging the
dr matrix element over the nucleon distribution functions. In-
=Ag(kk', ")+ A (kK ,u')Q-B deed, the matrix element in E@t.2) can be explicitly shown
dk'dQ’ to satisfy time reversal invariance by simultaneously inter-
. changing all initial and final state labels.
+0A_(k,k',u")Q'-B, 4.3
where 1’ =Q-Q' (not to be confused with the nucleon B. Differential cross section: Nondegenerate nucleon limit
magnetic momentug, or the nucleon chemical potential, Even after expanding the cross section in E4s4) and
un)- The first term in Eq(4.3) is theB=0 result: (4.8 for small magnetic fields, the expressions are still quite
difficult to evaluate in general. However, as discussed in Sec.
k’? I, asymmetric drift flux can develop only when the neutrino
Ao(k,K' ") = PR 2 Mo (2,27)2S4(00,9) distribution deviates from thermal equilibriuiie., above
(2m)" s the decoupling sphere This occurs in the regime where
’2 nucleons are nondegeneratgat density p~10
=—2G2c[(1+3)\?) —10" gcm 3). In this subsection we derive simplified ex-
(2m)® pressions of\, and SA.. which will be useful for obtaining
PN the angular moments of the scattering tei®ecs. IV C and
(A=A 1S0(do.0), (4.4 IVD) agnd neutrino flux. ’
with For nondegenerate nucleons, the characteristic neutrino
energy transfer in each scattering is of ordgr k(T/m)*?
m2T 1 1+ exp( — Xo) <k. The cross section. peaks gharply arolmekk, and we
So(Qo,0) = —In , (45  can evaluateA,, 6A. in a series in the small parameter
2mq 1—e % |1+exp—Xp—2) (T/m)*2. Define the dimensionless quantities
and we have defined k' —k
e=[4(1—u")T/m]*?, u=—-—. 4.9
(do—a%2m)%  uy do
Xo=—————— = and z=—. (4.6) ) ) ) .
4AT(g%/2m) T T so that the range af, the dimensionless neutrino energy, is

from —1/e to ». Using the expansion of the nucleon re-
The second and third terms in E@.3) correspond to the sponse function derived in Appendix B, we have, to linear
corrections arising from nonzeig order ine,
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A Gk 2 (12 n . V!ef firs%t(s/)v'rite the scattering rafeeq. (3.8)] in terms of
0~ o [ +3A +( -\ )Iu‘ ]kE’JTl/Z v= v by
o, 3 k(1—p') f(k o dr
xe ! 1+—EU+EU3_2—U (410) [07 V( )} :f dk,f do’ C(k.k") 5!
2 em .o g LGkt
and +D(k,k")5f,+E(k,k') 5/ 8f,], (4.13

) where theC, D, E coefficients, and theig,/T<1 expan-
Gecyk ZMBB)\ n sions, are
2 T kell?

L=

3 K(1— ') C(k,k")=e %/T(1— )40
xe ¥ 14 S eut eud—2—— 2
2 em 4% q
=1+| -+ 5 (11 (4.14
hem 1 k(1—p') T 2t2 v
€ —
o B 01|
k(1—pn") 2 €m
(4 1]) D(k,k,):—[equ/TfE/O)’_Fl_fE/O)I]
z (0)
of
In deriving these expressions we have usedBke0 equa- — 14+ $f§/o)_ qoz(f(yo)+2T a& ) (4.15
tion —

2
’ - Qo qo
3\ 1/2 E(k,k')=1—e QO/TZ?_ 3
MN 2 oT
AT (4.12
The nonlinear termsE(k,k') 5f,8f,, in Eq. (4.13 will be

dropped since we consider the regime where the deviation of
f, from thermal equilibrium is relatively smaithe regime

These expansions @f,, dA.. are valid under the conditions vvhere the mom_ent formalism is vajidor the electron neu-

(see Appendix B for aetaﬁsT<m ke(mT)2 poB<T  UiNOS this requirep=10'*"12gcm 2 and T=3 MeV, and

and k=K, ;= B (m/T) 2= 10‘2|g;|B T 12 M;ev BThese for the mu and tau neutrinos the required temperature and
~Bmin™ B - 14 .

conditions are satisfied for the conditions of interest in ourdenSity are slightly largefe.g.,[72]).

study?
Note that, dimensionallygA. is smaller thanA, by a
factor of orderugB/T, but also note that the quantigm/k

(4.16

to relate the nucleon chemical potentja), to its number
densityn (the corrections due to finitB are of orderB?).

Plugging Egs.(3.2) and (4.3 into Eqg. (4.13 and then
performing the azimuthal integrals using the indentities

[which appears on the second line of E4.11)] is of order 2rdgp’ ’
ymT/k~m/T, which can be quite large. This point will be fo Eﬂi =pn'Q;

important when we consider the size of the neutrino drift
flux.
2ndep’ o , 1 ,
C. Moments of the scattering rate 0 Eﬂi Qj=Pa(pn") i+ §[1_ Pa(n')16;,

To derive the expression for the neutrino flux, one needs
to take the angular moments of the Boltzmann transport ,
. . . 27Td¢
equation(i.e., multiply the equation by some power@Qfand ——P(Q) =Py )P (Q)
then integrate oved(}). In this subsection we derive the 2m " J
general expressions for the moments of the scattering rate in
the Boltzmann equation. In the next subsection we shall )
evaluate these expressions explicitly for the regime when the 2ndg” / _E _ l /
A : Qi P () =P () — = " Q0
nucleons are nondegenerate and the scattering is approxi- o 2m 5 5
mately elastic.

3
+ EM'[Qj5ki+Qk5ij],
SFork=Kk,,,, the expansions leading to E¢4.10 and(4.11) are (4.1
no longer valid, so that different approximations must be méue

k—0 limit). Since this is a relatively small range of neutrino en- Where the three-index tensor equivalent to Yhg, is defined
ergy, we ignore this complication here. by Piji () = (50Q;Q— Q; 5 — Q 6ki— 0 5i) /2, we find
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[ﬁfy(k)

o0 1 27 R ~
} =f dk'f du' | do'[Ag+ 5A.Q-B+5A Q' B]
gt | Jo -1 0

X|C +D

10
g+39 h+ ?Iijlpij

’ N 10/ ’

= r1 . 10
=2wf0 dk’ fﬁld,u’[Ao-I— 5A,Q-B]| (Cg'+Dg)+3(Cp'h'+Dh)- -+ Z[CPy(u)1{j+ DIy IP;

o 1 ~ ~
+27Tf dk'f d,u’éA[,u’(Cg’+Dg)Q~B+3CP2(,u')(Q~ B)(Q-h')
0 -1

+C[1—Py(x')]B-h'+3Du'(Q-B)(Q-h)

0 . (3 1 3
+ 3 CBilj| 5Pk g Qidjkt Tom

To calculate the moments of the scattering rate, the fol

lowing identities are needed:

dQ 1
f 27 =39
dQ
f 27070

dQ 1 3
f Epijpklz - R)aij O+ %(5ik5|j + 8 0j)

dQ 1 1
J EQinPkF - 1—55ij Ot 1—0(5ik5|j + 61 Sjk)

dQ
f 47 k=0

dQ
f _Piij|:O. (419

4

Also note that any integral of an odd numbeKlfs over the
solid angle gives zero. The zeroth moment of E418 is

J dﬂ{afy(k)

o 1
P chzwjo dk J_ldﬂ [Ay(Cg’ +Dg)

+8A,(Cu’h’+Dh)-B+ SA_

X (Du'h+Ch’)-B], (4.20

the first moment is

"(Q; 6+ Qi)

10 .
+§D,LL/|”'P”Q-B]. (4.18

[ de  [af
IE o ],

o 1
:27TJ dk’j dM'AO[C,U,’hi'-i—Dhi]
0 -1
2T (= 1 ~
+?f dk’f du'(Cg' +Dg)(SA,. +u' 6A_)B,;
0 -1
477 * ! 1 ! ! ’

and the second moment is

dQ
f Epij(ﬂ)

% 1
:27TJ dk,f dM,AQ[sz(ILL’)lI’]‘l‘DI”]
0 -1

af (k)
|

©

3
+27—

1
dk’J’ dM’{C[M’5A++P2(M’)5A]
10Jo -1

. . 2 .
X hI,BJ+hJIB|_§5”h,B +D(5A++/.L’5A,)

(4.22

D. Moments of the scattering rate:
Nondegenerate nucleon limit

We now evaluate the moments in E¢4.20—(4.22 ex-
plicitly for nondegenerate nucleorisear the stellar surfage
using the expressions éf, and 5A-. [Egs.(4.10 and(4.11)]
as derived in Sec. IV B for small inelasticity. After substitut-
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ing Egs.(4.14 and (4.15), it will be necessary to evaluate dQ[af (k)
moments ofgy/T againstAy and SA.. . These moments are J
SC

-
defined as m|
o n —ek\" [ _ k ag 0
MSEJ’Odk’Ao(k,k’,M’)<$) =ek(—T ) jﬁxdquu” —KBSC)E{B[Ter(l—Zf(V))Q
(4.23 k T2‘929 199 o0y ogr? (0)

and T T e T T2 ) 72975

5Mn:Jocdk/5A @ n_ k __Ek nJoo duﬁA Un +e€ (SC) T@+4Ih B (4 2@

=~ s =\ 7] TF€ T . U scko E K , :

4.2
(429 where we have defined the zero-field scattering opapity

where we have used E@.9 and in thedu integrals we  unit volume
have extended the lower limit{e 1) to — (sincee<1).

2
Only the following values will be need€d: KgSC):S?W(G;_CVk (1+5\2)n (4.2
a
0 Greyk|? 2 5 . .
Mo= o N[1+3N+(1-N)u'] and the dimensionless asymmetry parameter
6)\2 ,LLBB
Geeyk |2 €5 —. (4.28
=% ) N[L1+302+(1-\2)u'] i+ T
For the first moment, th&=0 terms are nonvanishing at
X|—=(1—u')|=—6 O(0) so that only theyy/T=0 terms are needed. The terms
m T ; ;
involving g cancel atO(0) and so only the)(1) terms are
5 needednote thatsM' > 5M2). Last, both the?(0) and the
Mg: Gchk) N[1+3\2+ (1= ) u'] O(1) tgrms arelneeded. for thg terrr_ls since(jM?: is the
2m same size agM . . The first moment is then given by
k2
x 2—(1—,/)} [d0g [
mT e
Grcyk|? 2ugB T
0 _ Flv MB 2 2 1 ag R
5|v|+—< o ) nT(u)\ FAN E) :—Kg50>hi—§esd<gsc){[Twﬂl—zf(f))g B
Greyk|2 2ugB LA T
5|v|£:i< o ) . MTB ~ 4.2 | 1-20+ =138, (4.29

For the second moment, tlB=0 piece is nonzero &b(0)
so that only lowest order is needed. TBe& 0 terms must be
kept at bothO(0) andO(1). Theresult is

Let the notationO(n) mean a term which contains a fac-
tor of (go/T)" in the integrands of Eq$4.20—(4.22. In the
zeroth moment, th&(0) term is zero and!/l(l) is of the same

size asl\/l% so we need to expand t9(2) for theB=0 piece. do 2

of (k 3(1+3\
For theB=+0 piece, the)(0) term is not zero, busM? is of f = Pij(ﬂ)[ ;(t )} =-3 . k&N
the same size a8M* so we need to expand ©©(1). The ™ c 1+5)n

zeroth moment is then given by

3 1 T
- Z_OGSCKE)SC)( 1- Zf(VO)‘FX _4E)
“In Aq [Eq. (4.107, the leading order term ia is an even function
of u, and the higher order term is an odd functioruoHence, when
ggecu” is integrated againsd, to find the momentaM g, the n
=0 moment is larger than the=1,2 moments by a factor of (4.30
~k/m, which are larger than the=3,4 moments by a factor of
~k/m, etc. On the other hand, the leading order terndAn. is an
odd function ofu. The moments ofj againstsA.. , called M1,
will then have then=0,1 terms larger than=2,3 by a factor of As discussed beforesee Sec. Il A, it is essential to re-
k/m and so on. tain the inelasticity in the differential cross section in order

x 3

~ . 2 .
E. Elastic cross section
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to derive the correct neutrino flufas we have done in the infinitely massive(i.e., neglecting nucleon rechil Further
previous subsectiohs Nevertheless, from the energetics neglecting the effects of electron Landau levels and Fermi
point of view, v-N scattering is highly elastic near the sur- blocking, we obtaine.g., Ref[53])

face of the proto-neutron starand it is instructive to con-
sider the “elastic” scattering ratel'/d()’, obtained by in-
tegrating @I'/dk’d()") over all final neutrino energiels’.
Using Egs.(4.10 and (4.11), together with Eq(4.25, we
find
dr ° d

—= j dk'———
dQ’ Jo dk’dQ’

=M3+sMIQ-B+6M°Q'-B

B Gecyk
B v

2
) n{1+3)\2+(1—)\2),u’

21158 T\ .
= 1+)\—4)\E)Q-B
T .
A 1—)\+4)\E)Q’~BH. (4.30)

The resulting cross section per particld]'(dQ)/n, is simi-
lar to Eq.(2.4) (recall that polarizatio?= wgB/T for non-

o= %(GFCVK)Z[(l-F37\2)+2Pn)\()\+ 1)Q-B],
(5.0

whereP,, is the neutron polarizatiork=Kk{2 is the incident
neutrino momentum, an&g, cy, \ are (charge-current
weak interaction constan(see Appendix D This simplified
treatment, however, leads to an incomplete expression for

the asymmetric par{proportional to Q-B) of the cross
section® As we show in this section, by incorporating the
effects of electron Landau levels and small inelasticity, ad-
ditional asymmetric terms which relate to electron and pro-
ton polarizations are revealed. These additional terms are
important in determining asymmetric flux from the proto-
neutron star.

Note that the quantization of electron energy levels can
induce oscillatory features in the total absorption cross sec-
tion as a function of the neutrino enerd§0]. This effect
results purely from the modification of the electron phase
space due to the Landau levéssmilar to the magnetization
of an electron gas at low temperatureBhis oscillatory fea-

degenerate nucleonsobtained by assuming complete elas-ture is particularly prominent in the low density regime
ticity of the scattering process. The difference involves thewhere only a few electron Landau levels are filled. Our focus
terms with AT/k in Eq. (4.31). These terms appear in the in this paper is the asymmetric part of the cross section,
phase space integral of the asymmetric part of the cross seahich arises from parity violation. We shall therefore restrict
tion, which can be affected by even a small inelasticity. Into the regime where more than a few electron Landau levels

fact, for low energy neutrinoéwith k<4T), the T/k terms
dominates the asymmetry in the cross section.

F. Antineutrino cross section

are filled. In this regime, we can replace the sum over Lan-
dau levels by an integral, and obtain an explicit expression
for the asymmetric parameter in the cross section.

In the calculation presented below, we also include the
effect of proton Landau levels. As expected, this introduces

The expressions derived in previous sections apply only,g new term in the cross-section since many proton Landau
for neutrinos. Forv+N—wv+N, the differential cross sec- levels are filled for the typical conditions of proto-neutron
tion of the form Eq.(4.3 still applies, except that one needs stars. Our result therefore also serves as an explicit demon-

to switch the coefficients in front d®- B and Q' - B. This is

stration on the validity of using proton plane waves in cal-

due to the crossing symmetry of the tree-level Feynman diaculating neutrino-nucleon opacitigabsorption and scatter-

gram.

V. NEUTRINO ABSORPTION BY NUCLEONS

ing; see Sec. VI It turns out that, after using some standard
identities involving Landau wave functions, the calculation
with electron and proton Landau levels is not more difficult
than the calculation with only electron Landau levels.

In this section we derive an explicit expression the cross

section for neutrino absorption{+n—p-+e~) in magnetic
fields as formulated in Sec. Il B.

In the regime where the neutrino energy is much smalle
than the nucleon rest mass, one might be tempted to consid
an “elastic” cross section, obtained by treating the nucleon

%In fact, the scattering is elastite., || <k) to a good approxi-

"Previous authors have all neglected the recoil effect. References
L42,4:ﬂ focus on the rate of neutron decéycluding the effect of
elrectron Landau levelsand do not address the angular distribution.

Ref. [47] discusses the electron contribution to the asymmetric

emission ine” + p—n+ v, but the authors did not give an explicit
expression. Moreover, the cancellation of asymmetric emission and
absorption was not consider¢see Sec. 111 B.

mation in most regions of the proto-neutron star. The only excep- “In traditional laboratory experiments of parity violatide.g.,

tion is during the first second or so after core collapse, whes
are highly degenerate in the stellar core.

%Note, however, that Eq(4.31) is valid only for k=km;,
=ugB(M/T)Y? (see the end of Sec. IV)BThis means that the
maximum asymmetry is- ugB/Kpin= (T/m)%2

Ref. [73]), the approximation(of neglecting nucleon recoil and
electron Landau levelss valid because the temperatufés much
smaller than the neutrino enerdy In the supernova contexk, is
comparable tdl' and this simple approximation leads to significant
error.
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A. Expression for absorption opacity G2 eB = dp,
. o ) . (@)= —F =7 > 221 —f,)
The absorption opacity is defined in EQ.17). The en- 2 2w o ) 27 e
ergy of a relativistic electron in a magnetic field is given by ¢
Ee=(m2+2eBN,+p2 %2 (5.2 X > Po.L Sss,LusN*", (5.8

N,=0 (277)2 Sp.Sp==1
whereN,=0,1,2 ... is theLandau level index ang, , is
the electrore momentum. The other quantum numbers speciwhere we have defined a “response function” for absorp-
fying the electron states are.=*1, the spin projection ton:
alongIl=p+eA, andR,=0,1,2 . .., which determines the . d - d
radius of the electron guiding centesee Appendix € Note S zj pﬂlf %(2#)26(Ee+ E,—k—E,—Q)

that for the ground Landau level, the electron spin is opposite o ) o 27

to the magnetic field; thus only the spin projection,

=—sgn(,,) is allowed. The sum over electron states is X 0(Pe,z+ Ppz~ Kz Pn ) Ta(1=Tp). (5.9
then

By integrating over the delta functiorisee Appendix E we
derive a general expression for the nucleon response func-

*© Rmax  re Ldp !
[an=3 % oo X [ Pt ion
Ne=0 go=*1 Re=0 J-w 27
(5.3 m( 1 1
) ) Ssnsp:ﬁ v v (510)
wherec(Ne, o) =1—6y_00,,, o, iS O if both Ne=0 and Gzl \ e¥+1/\1+e

0e=—0gpand 1 otherwise. The cutoR,,,~=eBA27 (the
degeneracy of the Landau leydimits the guiding center to
lie within the normalization volum& =AL (whereA is the
area. The proton energy is given by

where q,=k,—Pe,, qu_:eB(ZNp'*'l)_pﬁ,J_’ qzzqg

+q?, do=k—Ee,

2
En_/“n__ﬂ Pn,.

o _eB[ 1 5 Poz 54 U T 2mT
= 5| ~SpsepBt 5 :
P P pMBp

m 2 2m +[q0+Q_q2/2m+(MBpSp_MBnSn)B]2 _ “BnSnB
where N, specifies the Landau leveb,=*1 is the spin AT(q3/2m) T
projection along the axis, ug, is the proton magnetic mo- (5.11)
ment, andp,, , is the protonz momentum. The summation '
over states for the proton takes the form and

% R
max = Ldpp, M~ ppt ot Q
Jon-2 2 2 [ 52 69 S (512
Np=0 Rp=0 sp=+1 J—w 27

whereR, is the quantum number for the proton guiding cen- The above expressions apply for arbitrary values of
ter, andRy,ay is the same as for the electron. Finally, the ucleon degeneracy, recoil energy, and magnetic field. In
neutron phase space is simply that of a free particle, witihis general case, the nucleon teni8t” depends ors, and
energyE, = pZ/(2m) — SnugnB. Sp. the lepton tensot ,, depends oNe, Pe., andw,
In Appendix D, we find that the transition rate for absorp- =|Pn.. + K. [, and the response functi® ; depends os;,
tion (S matrix squared divided by timgakes on the form Sp» Np, Ne, Pe 2, andw, . To evaluate Eq5.9), we are left
with two infinite sums and three integrals left to perform.

W)= L7V~ 2(277)28(Ee+ Ep—k—E,— Q) To make progress, we shall proceed in the next subsection
5 with an approximate method appropriate to the outer layers
X 8(Pe,zt Pp.2— Kz~ Pn2) M7, (36 of the proto-neutron star in which the nucleons are nonde-

e(_?enerate and the recoil energies and nucleon spin energies
are small in comparison to other energy scales. As discussed
before (see Sec. ll, only in the outer layergwhere the
neutrino distribution deviates from thermal equilibriugan
asymmetric neutrino flux develops.

where the matrix element, summed over the guiding cent
quantum number®, andR,, for the electron and proton as
well as electron spimr,, can be written as

R R 2
max “max e

> 2 c(Ne,oo)|M| =7AZLWN’”-
Re=0 Rp=0 ge==1 B. Evaluation of the absorption opacity:

(5.7) Nondegenerate nucleon regime
Herel ,, is the lepton tensor an*" is the nucleon tensor, For small nucleon spin energies and nucleon recaoil, all
which takes on precisely the same form as in the zero fieldiependence os,, s,, andN, can be taken out of the ex-
case. Plugging this back into E@.17) gives ponential in the nucleon response function so that these
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guantities can easily be summed over. Sil&%p is ex-

. . . : . b
panded to linear order ipgB, it contains only terms linear b
in's, ors,, but not boths,;s,. As a consequence, any terms
inL,, cqntai_nir_lgsnsp_can immet_:liately be o_Iropped, consid- deM m
erably simplifying this expression. We will also drop all —24ﬁ
terms inL ,,, which will give small corrections to the angle- (2m)* 19z0

independentB=0 opacity. Last, we drop terms ih,,,
which will give zero in the sums oveM, (see Appendix D
for a discussion

1. Contribution from the N,=0 state

Since the electron in the the ground Landau level can only

have a spin opposite the magnetic field, tig=0 term in

the opacity expressiofEq. (5.8)] requires special treatment.

As Eq. (5.8 already contains a prefact®&; we can drop all
nucleon polarization terms when evaluating tg=0 con-
tribution to the asymmetric opacitithis cannot be done
when summing over all theN.=1 states sinceN,

= péLIZeB is summed over a large number of states so that

the prefactor ofB effectively cancels Since only the

nucleon polarization terms contain pieces with large coeffi-
cients, theN,=0 state can be evaluated to lowest order in

inelasticity.

In Appendix E, it was shown that to lowest order in the

inelasticity, the nucleon response function fdy=0 can be
written

2
m 4/'% Pn.

- An_Fal 2 _
SSnsp IqZ10|ex T omT u) (Ne=0 state,

(5.13

whereu is a dimensionless electramomentum defined by

Pe.= = (K+Q)(1+ eu), (5.14
and
2T 12 |qz,O|
62(? k+Q (5.19

is a small parametdr, o=k, + (k+Q)]. As this expression
for Ss ¢ isindependent oRl,, we may sum oveN,inL,,,
n>p

with the result(Appendix D

2 N (Ne=0) =0 (pe,2) (¢~ cR) - B.
=~

(5.1

Since this expression is independensgfnds,, their sums

give a factor of 4. The asymmetric opacity from the electron

ground state is then given by

xXex

T 2mT Y

2
Hn Pn,. 2)

X ®(pe,z)(c\2/_ C»ZA)Q B

_G,Z: eB4mT m
T2 27 27 |q,

GZeBn, .
=~ 1= fo(k+ Q)l(cf—cR 0B,

(5.19

where we have used E@.12) to relate the neutron chemical
potential ., to its number density, . In evaluating thep, ,
integral in Eq.(5.17, we have approximated.(E.) by
fo(k+Q) since the first term in an expansion 6f(E.)
about this value is odd in and hence gives vanishing con-
tribution and the second order term in the expansion is down
by a factorT/m.

2. Contribution from the N,=1 states

For electrons in the excited Landau leveN.&1), the
relevant matrix element can be written @ge Appendix D

N#L,(Ne=1) = To+ T+ Ty, (5.18
with
1 Pe,
To= 5 €36 an ()| 1- P2
112 ()| 1+ Pez (5.19
Ne N AT |
1 Pe,
=5 —Iﬁe_l,Np(w)(l—ﬁ 1R, (@)
Pe,z 2 2 -
X 1+m (cy—ca)2-B, (5.20
Ty=[ca(Ca+Cy)Sy 2 B—ca(Ca—Cy)S, 2 B]
2 _Pez) 2 Pe
X INel'Np(w)(l A +|Nepr(w) 1+ Al |
(5.21)
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where  |A|=(p3,+2eBN,)Y2  w=w’/(2eB)=(p,, , , 8T\ 22|q,|(k+ Q)
+k,)?/(2eB), and the funct|onN N, (the shape of the Lan- E?=(k+Q)%— Pe.z E:(F E—2
dau wave functiohis defined by Eq(C4) Note that in these L (5.27

expressions, we have dropped all terms that will give zero
contribution to the opacitysuch as those terms involving
SnSp) - The nucleon response functipBq. (5.10] can be expanded

The N.=1 contribution to the absorption opacifffq.  for small eu, with the result(Appendix B
(5.8)] can be written as

m
(@Y N_=1)= K(()abs)+ (@Y e N.=1) + <@\ np), Ssnsp: mexp( —Yo)(1-48y), (5.28
(5.22
. ) where
where each piece corresponds to a different part of
N“L,,(Ne=1):

2
Mn Pn. 2
expl—Yo)= exp< T omT u)
eu’E?  2u(k+Q)q?
d?py,. 2(k+Q)?  emE
n,
X > ST (623 (5.29

Np=0 (277')2

GZ eB <
=22 5 [T Pexg g

2 2'7TN_1

X1+

o0

and
eB ”
K@ e,N=1)= = Cr 2 S (1)
- N wesBl @2 eumEf( €UE?
xE C(’anl S ST (5.2 2T A (k+QaZl 4(k+Q)?
S,
™ pepSpB| o eumEf( euEf)
o7 [Tt 2| 1T 2
d; (k+Q)aq; 4(k+Q)
eB . (5.30
<@=np)= —- G Z (-t

Similarly, for small eu, the electron Fermi blocking factor
can be expanded to first order énas

)

dzan
xE f(zw)z 2 S5, 70 (5:29

We are going to evaluate the suig_ by replacing it with L f(E)=1—f(k+Q)— Ife(k+Q) euEl
an integral. Such a procedure effectively eliminates any pos- ee € JEe  2(k+Q)
sible oscillatory behavior of the opacity as a function of en- 2
ergy (see the beginning of Sec.)Vbut is valid when more —r1_
than a few electron Landau levels are filled. For infinite [1=Te(k+ Q)] (k+Q) fe(k+Q) .
nucleon mass, energy conservation requikesQ= (pe 5 (5.31)
+2eBN,) Y2 (neglectingm,). For givenN, and p,,, the

nucleon recoil energy is of ordéa,|T/m. Thus it is natural (abs) :
to define a dimensionless recoil enengyia Now considerxy™" in Eq. (5.23. Since onlyS; ; depends

on spin, the spin sum§sn,Sp effectively setéy 0. The

factor expfyy) can be evaluated at lowest order. The sum
2,\, can be calculated using the summation ruIelf\pg(Ap—

pend|x D. ReplacngN by [dNg feEzdu/(Ze B) and
where integrating overp, | (see Appendix | we arrive at

2eBN,=E?(1+eu), (5.26)
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G2 eB

T k+Q) dpg, M [= eE du
(abs)_F&B o oMb /Tf e,z
K 5 27_r(c\,+3cA)2ﬁ_4e n

(k+Q) 27T |qz| —» 2eB

8T\ Y2(k+Q) mf(kw) dpe ,
—_— = T
m 2eB (k+Q) 2

————exp(—u?)(1—f,)

Gt eB mT .
=72—( V+3CA) 4e“ m ——(1—1y)

G'Z: 2 2 2
= —E(kt Q)ng(ch+ 3R 1 Folk+Q)], (5.32

which is exactly the usu@=0 opacity.
Next consider<(®s{e,N,=1), the “electron contribution” from theN,=>1 states to the opacithEq. (5.24]. We may

evaluate all quantities to lowest order in the inelasticity. The spin sums and nucleon response function are evaluated as before.
Performing all integrals bup, , gives

(k+Q)

K(abs)(e:NeBJ-)ocf dpe,zpe,zzo- (5.33
—(k+Q)

So the electron contribution from the higher Landau levels is zero to lowest order in the inelasticity. The next order correction
scales a§/m, and can be neglected.

Finally, «®®Xnp) [Eq. (5.25] gives the contribution of nucleon polarizations to the opacity. Performing the spin sums, the
integral overp, , , and using the results of Appendix D for the sum oMgryields

GF eB mT dp snB MepB
<abs><np)——2—42 en'TQ. B f 2;Z|q| 2 (1—foexp(—u?)| & T CalCa+Cy) — ——Ca(CA—Cy)
. Z
202me* 2eBN.+k’+eBp.,/|A =
+MBHBC(C+C)+ BC(C—C) umL_eNe Lepe,z||_6umL
ALLVA Vv ALLA \%
T T 4(k+Q)%q2 q? (k+Q)q?
2u*mE} L0 +2eBNe+ ki +eBp, ,/|A]
+

 2(k+Q)32 Q2 (539

Again changing the sum ovéX, into an integral oven,  where« (" is theB=0 opacity as given by Eq5.32, and

expandingf,, and then performing the trivigb, , integral  the asymmetry parametey,is given by
gives the final result

€abs™ €apd €) T €apd NP), (5.37
GZ . with
K@(np) = — (k+ Q)N Q- B[~ fo(k+Q)]
5 T (o= 1 eB ci-ci (5.38
MBn €ah - .
2 c2 2
X| 2= —ca(Catoy) = Q) (k+Q)? cy+3cp
(k+Q) BnB ca(catc B T
X[H fe(k+Q) || 2=———ca(CatCy) €apdNP) =2 A(ZA ZV) o= _
ci+3c:; T (k+Q)
NBpB K+
+2—— T calCa—cy) ] (5.395 w|14 ( Q) f.(k+Q)
3. Result ca(CatCy) mgnB N ca(Ca—Cy) upgpB
We can summarize our result for the absorption opacity in cg+3cq T cg+3cy T
the following transparent formula: (5.39
(abs)__ _(abs . Comparing this result with Eq(5.1), which was obtained
K@= (O 1+ €, B), (5.360  from a simplified calculation assuming infinite nucleon mass
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and neglecting Landau levels for electrons, we see that thieinction (which is rather small and ug, by — ug,. Thus,
simplified calculation gave an incorrect result for the asym-he absorption opacity for, is given by
metry parameter. Only a neutron polarization term was in-
cluded in Eq.(5.1). The correct expression fos,,s [EQs.
(5.39—(5.39] contains an electron contributiofarising —ab — .
. _(abs
from from the ground-state Landau leyaind an additional K@= (TP (1+ €552 B), (5.44
contribution from both neutron and proton polarizations
(which arises from our more careful treatment of inelastic-where (@), is theB=0 opacity as given by
ity). These news terms dominate the asymmetric parameter
for neutrino energk/T=< a few. It is interesting to note that

the particles in the final state of this reactiop énde™) G2
contribute to the asymmetry parameter. Previous investiga- ?abs):_F(k_Q)zn (c2+3c2)
tors found a contribution only from the initial state particles. 0 ™ PV A

C. Moments of the absorption or emission rate XA fer(k=Q)10(k=Q), (549
With the absorption opacity given in previous subsectionand the asymmetry parame@bsis given by
it is straightforward to calculate the moments of the absorp-
tion or emission rate in the Boltzmann equation. The absorp-
tion rate is given by Eq(3.15 with &§f, given by Eq.(3.21). _ _
Using the opacity(5.36 and the integrals in Eq4.19, we €abs= €and €") + €apdNP), (5.46
obtain the zeroth, first and second moments

with
dQ | of (k R
f —[ ( )} = — i3 @ g+ e B), (5.40 ,
4m dt abs —s( +) 1 eB Cy—Cx (5 47)
€nd€) =5 .
2 (k-Q)? cg+3c]
J' @Qi[a“(k)} :_Kg(abs)(hﬁlfabgéi
41 N ] s 3 - _ B T
c 4np)__ZCA(CA Cv) MBp
2 - s T c2+3c2 T (k=Q)
+§€absliij), (5.41) VoA
(k—=Q) ca(Ca—Cy) upgpB
x| 1+ fer(k—Q) || 2
T ci+3ca T
dQ | af (k) . 3 R
p | o ek(@bs) o T h ca(catc B
f 47772,[ at Lbs Ko I|,+106ab Bih; 42 A(2:3 2v) Mr?rn (5.48
CyT9Cx
. 2 N
+Bjhi—34ih- B” (542 The theta function in Eq5.45 comes from the fact that the
reaction is not energetically allowed unldszQ since the
where proton is lighter than the neutron.
VI. MOMENT EQUATIONS OF NEUTRINO TRANSPORT
(@S, (abs) 1 4 oy mo—K (5.43 In the last two section§Secs. IV and Y we have carried
0 0 T ' out detailed calculations of neutrino scattering and absorp-

tion in magnetic fields. Explicit expressions have been ob-

[see Eq(3.16)]. tained in the nondegenerate nucleon regime, which is appro-
priate for the outer layer the of proto-neutron star where
asymmetric neutrino fluXdrift flux) is expected. We now
use these results to derive the moments of the Boltzmann

So far we have been concerned with the opacity for  transport equatior3.1). We focus onv, below, although
+n—p+e. The opacity forv,+p—n+e* can be obtained similar results can also be obtained for other neutrino spe-
by a similar calculation. The result can be found from thecies.
equations in Sec. V B 3 by replacin@ by —Q, n, by n,, The zeroth moment is obtained by integrating E8}1)
the electron distribution function by the positron distribution over d{). Combining Egqs(4.26) and (5.40 we find

D. Absorption opacity for ;e
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AfO+q) The time derivative term can almost always be drop(ile

v 19 i e

T+V -h corresponds to a rapid redistribution of matter temperature,
the time scale of which is of order the mean free path divided

by ¢, much smaller than neutrino diffusion time of the star;

:J@ af (k) +f@ af (k) see Ref.[74]). Defining the totalB=0 opacity, «{*
4m| ot 4| gt |, = k* (@94 (59 we have
iITT S ) gx. (o) gx.
Kk 9 3Ky [ 3Ky j
IKE)SC)E{G[Ta—i-F(l_ZfEJO))g} )
9
- (sc) + 2 _ (0)
(92g (79 (Qf(o) sKgot)lescKO [Tﬁk+(1 2fv )g}
i 21250 _ i
| TP T (12— 29T )
sh T +Ks(abs)6absg]Bi_m ZKS (abS)eabs
+ kS| T— +4—h|-B—«k @) g+ B) 3x0
scKo gk K Ko g+ € B). L T
6.1) +esd<gsc>(1—2fg°>+x—4i) 1;B;. (6.9

The zeroth moment equation governs the energy exchandelearly, in addition to the usual diffusive flUthe first line
between matter and neutrinos. TBe=0 part of the scatter- of Eq. (6.4)], there is also a drift fluxthe second and third
ing opacity can be ignored in the zeroth moment equatiotines of Eq.(6.4)] which depends on the direction of the
since it is suppressed by a factor lofim (i.e., only the in-  magnetic field. This asymmetric drift flux is a unique feature
elastic part of the scattering contributes to matter-neutrinaf parity violation in weak interactions. Equatidf.4) ex-
energy exchange; recall that we have not included inelastiplicitly shows that the drift flux is nonzero only when the
electron-neutrino scattering which can be a much larger efreutrino distribution deviates from thermal equilibrium, as
fec). The term —«% @y represents the usual neutrino expected from general consideration of detailed balance
emission and absorption. It is of interest to note that thdSec. IlIC; see also Sec. Il for a discussiofihe spherical
asymmetric parts of the scattering and absorption introducgeviation,g, always gives rise to a drift flux along. How-
new terms to the zeroth moment equation. The importance adver, the drift flux fromi; is along the direction of the vector
these terms will depend strongly on the field strength a”qijéj , which does not have to be directed along the magnetic
optical depth. In a steady stateeglecting the time deriva- fie|q at all points in the star. For cylindrical symmetry, how-

tive term we have ever, one would expect that the net flux produced by the
) b 1;;B; term would average to thB direction.
V-h=—«p (absly — €abd<o @h. B Finally, the second moment equation can be obtained by
sh T multiplying Eq.(3.1) by P;;=(3Q;Q;— §;;)/2 and then inte-
+€Sd<gsc)[-|-_+4_h} B. (6.2) gra_ting ovefdQ. Cqmb!ning Eq_s(4.3() and (5.42 and ig-
ak Tk noring the time derivative, we find

The first moment equation is obtained by multiplying Eq. i(‘?_hur ‘9_hj_ z&--V-h)
(3.1) by Q; and then integrating ovat(). Combining Egs. 10\9x; ax; 37V
(4.29 and(5.41) we find

dQ | af (k) dQ | af (k)
= e S e
oh; 1 ﬁ(fg,o)‘F g 2 alj; m sc m abs
+ —

ot 3 ax 3 9x; 2
' : e Y T
_JdQQ af (k) +fdQQ af (k) 2\ 145)\2/70 0 2075¢70
N I 47 at
sc abs ©0) 1 T R . 2 R
X 1—2fV +X—4F hlBJ+hJB|—§5”hB

1 ag .
=—K§f°>hi—gescxéSC)[[Tﬁ+<1—2fﬁ°>>g}8i 5 ,
_Kg(abs{lij +E€abi( Bihj+éjhi_ §5Ijh é)}

(6.9

The above equations apply . Similar equations can
be derived for other species of neutrinos. Note that since

* K

1T
o R
1—2f§>+x—4—)|ij5j

* (abs 1 B 2 B
— Kp hi+§5absgBi+§6ainij . (63)
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v, (n andv,, are always created in pairs inside the proto- €dNP)=0.006B T 1+ O(T/E,)], (7.2
neutron star, they have the same energy density distribution.
Because of the crossing symmetsee Sec. IVF, the drift ~ whereE, is the neutrino energy in MeV. Thus for high en-
flux of v, exactly cancels the drift flux of ergy neutrinos the asymmetry is dominated by and
expdnp) (arising from nucleon polarizationy~ ugB/T),
while for lower energy neutrinos it is dominated ky,{ €)
(arising from electrons in the ground Landau lgvelhe

In this paper we have presented a detailed study o€lectron neutrinos decouple from matter near the neutrino-
neutrino-nucleon scattering and absorption in strong magsphere, where the typical density and temperature gare
netic fields. Specifically, we focused on the effect of parity~210 gcm 3, andT~3 MeV. For a mean, energy of 10
violation in weak interactions which can induce asymmetricMeV, e, is greater thares.. The asymmetry in the,, je
neutrino transport in the proto-neutron star. Starting from thélux is approximately given by the ratio of the drift flux and
weak interaction Hamiltonian, we found the macroscopicthe diffusive flux, of ordereabgkgab%goﬂ]. Averaging over
moment equations of neutrino transport. Explicit results apa|| neutrino species, we find the total asymmetry in the neu-
plicable to the outer region of a proto-neutron star are giveRring flux, a~0.2¢,,s. To generate a kick of a few hundreds
in Egs. (6.2), (6.4 and (6.9. Despite the fact that the neu- per second would require a dipole field of order:010'°
trino cross sections are asymmetric with respect to the mags
netic field throughout the star, asymmetric neutrino flux can  since the asymmetric neutrino flux depends crucially on
be generated only in the outer region of the proto-neutrofhe deviation of the neutrino distribution function from ther-
star where the neutrino distribution deviates from thermaia| equilibrium, it is of interest to consider how the function
equilibrium. g="f,— 1 (or I;;) scales with the depth of the star mea-

Previous studies based on simplified treatmésé® Sec. g red from the surface. Without a magnetic field, we expect
I) have led to misleading results. We have tried to clarifyy 1, gecrease exponentially toward zero below the decou-
many of the subtleties in deriving the correct expressions

. . LT ling layer (which is close to the neutrinosphere far and
The main technical complication lies in the proper treatmemp— g layer P A

of the inelasticity of neutrino-nucleon scattering and absorp? e). In the presence of asymmetric absorption and scattering

tion: although these processes are highly elastic from thgpacities, this spaling may be modified. InSpeCtng,the zeroth
energetics point of view, it is essential to include the smallmoment equatior(6.2), we may concludeg~eh-B in the
inelastic effect in order to obtain the correct expression foideep interior of the stafrecall that in radiative equilibrium
the asymmetric neutrino flux. In addition, it is necessary toone always hav& - fhdk=0). This effect may increase our
use Landau wave functions for the electron since the quargstimate for the asymmetric flux. We hope to address some
tum mechanical ground state of the electron gives the domicf these issues in a future paper.

nant contribution to the asymmetry for low energy electron

u(r) -

VIl. DISCUSSION

neutrinos. To obtain simple formulas for the respective ACKNOWLEDGMENTS
opacities, we developed a method to expand phase space _ )
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spondingly small spin energieand also for small inelastic- Uuseful discussion. This work is partly supported by a NASA
ity. This method has general applicability for computing theATP grant. D.L. acknowledges support from the Alfred P.
effects of nucleon recoil in phase space integrals in power§loan Foundation.

of T/m.
To quantitatively determine the asymmetry in neutrino APPENDIX A: MATRIX ELEMENT
emission from a magnetized proto-neutron star one has to FOR »-N SCATTERING

solve the moment equatiol8.2), (6.4) and(6.5) in the outer

layer of the star. This is beyond the scope of this paper. Here In the usual case in which the spin projection of the par-
we shall be content with an order-of-magnitude estimateticles is not “measured,” one can sum the matrix element
First note that the net drift flux associated with),, and  OVer the f|n_a| spins and average over Fhe_ initial spins. How-
v.(» i zero, and we only need to considerand v,. The ever, for spin 1/2 particles in a magnetic field, the initial and
key quantities that determine the asymmetric flux are thé'naI st{:\te spin dependence n the matrix elenumtnotpe .
dimensionless asymmetry parameters, and e For immediately summed over since the nucleon distribution

: ; function and the energy conservation delta function both
neutrino-nucleon scattering, we hajeg. (4.2 . X
g (4.28] have spin dependence of the forasugB/T. To obtain the

differential cross section one needs to calculate the matrix
element My (£2,Q)|? for initial (final) nucleon spirs (s')
and initial (final) neutrino directionQ) ('). We neglect the

whereB,sis the field strength in units of 180G, andT is the . effect of Landau levels of proton in theN scattering cross
temperature in MeV. The asymmetry parameter for neum”%ection(but see Appendixes C and)D

absorption has contributions from electron and nucleons:

€=0.006B,5T 1, (7.2

The low energy effective Hamiltonian density for neutral
, current scattering of a spin-1/2 fermion with a neutrino is
€and€)=0.6B1:E, “, given by (see, e.g., Ref§10,75)
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Ge

V2

Hine= \I_,l,\l YulCy— CA)’S)\PN\I—,L'}’#( 1-vy5)¥,+H.c,

(A1)

where neutral current vector and axial coupling constants are

[10] given by cy=—1/2 andc,=—1.23/2 for v+n—v
+n andc, = 1/2— 2 sirfA,=0.035 andc,=1.23/2 forv+p

—v+p. Here GE=1.166x10"° GeV ? is the universal
Fermi constant and si,=0.2325 (,, is the Weinberg

angle.

The (nonrelativisti¢ nucleon wave function with four-

momentumP=(m+E,p)=(m,0) and spin four-vectorS
~sB s given by
\I,sz—]./ZUNeipX—iEt, (AZ)

(where V is the normalization volume andJy is the

4-spinoy, while the neutrino wave function with four mo-

mentumK = (k,kQ) is

) :V*l/ZU eik-X*ikt. (A3)
For the antineutrino,
V, exp(ik-x+ikt).
Plugging the wave functions into E¢AL), the transition
rate W (S matrix squared divided by timean be written

W({p,s,Q},{p’,s".Q2'})

replaceU ,exp(k-x—ikt) with

= %(277)464(P+K—P’—K’)|Mss,(ﬂ,ﬂ’)|2 (Ad)

where
2 1 2
Mo (Q,Q)] =§GFLWNW(s,s’), (A5)
L=U",7.(1= 75U, U, 7,(1- y5)U,
1T[K’ (1= y5)Ky, (1= s)]
= —-1Y — " —
AKK' Yu Ys)RY Vs
2 K" *KAX (AB)
Kk’ awpr
1
Xaupr=7 T Ya¥uVp¥o(1= 75)]
:gaugﬁv_gaﬁgﬂv+gavgﬁﬂ_i601;1,,811! (A7)

NW(S,S'):U'N)’”(Cv_CA?’S)UNUNYV(CV_CA%)U((\], :
A8

9Raffelt and Seckd]75,76 considered the isoscalar contributions
to the scattering amplitude as well as the usual isospin pieces, athere  u=p-q/pq

suggestedcy=—1/2 andcp=—1.15/2 for v+n—v+n and cy
=1/2—2 sirf6, andc,=1.37/2 forv+p—v+p.
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and we use the sign conventiogg=+1, g;;=— §;;, and
€012~ 1. The nucleon piece can be evaluated using the
spin projection operatd77] (1+ vysysS)/2 and the energy
projection operator (¥ vyy)/2 so that

1
NW(S,S'):ZTV[(l"‘ ¥5Y3S')(1+ y0) Y*(Cy—CaYs)
X(1+ y5y38)(1+ y0) y"(Cy—Cays)].
(A9)
Explicit computation of each component gives

1
NO0= 50\2,(1+ss’)

N°‘=Ni°=—£c ca(s+s')6;
2 VA i3

1
N = ECf\[ﬁij(l—SS')JrZSS' QEDE

+i€0ij3(S,_S)] (AlO)
where €,,,,, is the completely antisymmetric tensor with
€9103= + 1. The remaining traces can be evaluated by stan-
dard method$77,78 with the result

1
|MSS,(Q,Q’)|2=§G,Z:C\2,{(1+3}\2)4—(1—)\2)Q~Q’

+2N (A +1)(sQ+s'Q')-B—2\(A—1)
X(sQ'+5'Q)-B+ss[(1—-\?)
X(1+Q-Q')+4\?Q-BQ’'-B]} (A11)

where we have defined=c,/cy .

Time-reversal invariance can be explicitly checked for the
matrix element in Eq(A11), or equivalently theS matrix in
Eq. (A4), by simultaneously exchanging all initial and final
state labels.

For antineutrinos, one would just swit€h and€Q’ in Eq.
(Al11).

APPENDIX B: NUCLEON RESPONSE FUNCTION FOR
SCATTERING

Following the procedure outlined ifil0], we first use
d3p’ to integrate oves>(p+q—p’) and then integrate over
the azimuthal angle fop, with the result

1 (= 1
Sss'(o,0) = ﬂfo dppzf_lduﬁ(qﬁ E—E")fn(E)

X[1-fN(ED], (B1)

and E’'=—ugBs' +(p+0)?%2m

=— ugBs' +(p?+ g%+ 2pqu)/2m. Care must now be taken
to correctly integrate over the energy-conservation delta
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f;J?rc]:tion with thte cfo%rdir(ljatltfc; fthe il_’\teg_ral is or}ly nonzero s | mT 1 1+ exp(—Xo)
if the argument of the delta function is zero far=puge Q)= n
(-1,1). We find Pt VT 2mg 1 e (Tre % 2)
Qo—9%/2m— ugB(s—s') m?T 5%
o= (B2) 0S5y =~ 1
pg/m 2 [exp(Xg) + 1][1+exp(—Xo—2)]
(B8)
so thatu2<1 for
#0 Note that the asymmetry in the the coefficients in Eq.
Qo—9%/2m— ugB(s—s')]? (4.8) is entirely due to the Bq,/q? terms, which first appear
p?= pﬁqiﬁ g/m . (B3) in Eq. (B7) as a consequence of the energy and momentum

conservation delta function. Had one initially sat>o in
S(E+qp—E’), these terms would not have appeared.

In the limit of nondegenerate nucleons wiil /T<—1
and expfu/T)=(2%72n)/(m*?T%7?)  we find

Changing variables fronp to E=—sugB+p?2m in the
remaining integral gives

m? [
S(0.0)= 5og | GERENL-TWET®W]. (B4

1 1+expl—Xp)

1—e 2 n 1+exp(—Xo—2)
where
1
E,.= — ugBs+ F’Zi;n [exp(Xo) + 1][1+exp —Xxo—2)]
2 2 exp(—Xo) exp{MN (Go—q7/2m)* (B9)
—q°/(2m)— ugB(s—¢' = —Xo)= _— T o |
=_MBBS+[qO q°/(2m) — ugB( )] (B5) T AT(q2/2m)

4(g?/2m)

which takes the form of a Gaussiankh. The center of the
is the minimum energy allowed for the initial state nucleonGaussian is located dt’=k and has a width of order
in order for energy and momentum conservation to be satiscT/m)*% due to the recoil motion of the nucleons. We can
fied givenqg, g, S, ands’. The last integral can be done by further simplify this expression by defining the small quan-

first defining the dimensionless variables (E— upn)/T,
Xmin= (Emin—xn)/ T, andz=q, /T, yielding

1
1+e 2

1+ exp( — Xmin)
1+exp —Xmin—2)

1
e“+1

B m?T (= g
Sss’(quq)_ 27Tq Yo X
m’T 1
= n
2mq 1—e ?

(B6)

This expression agrees wiffi0] for B=0 keeping in mind
that our definition ofSis a factor of two smaller than theirs.
Expandingx, to linear order inB we find

Xmin= X+ 6X
o (o= a/2m)®
" aT(gt2m) T
—ugB 2m 2m
ox= 22| 14 qo)s+(1— qo)s’]
2T q2 q2

(B7)

For 6x<1, Sy can be written as a sum &, the zero field
value, andéS,y , the correction due to the magnetic field,
ie.,

S (o) =Sp(do,q) + 5S¢ (do,d)

tity e and the dimensionless variahleby

4(1_,“!)-'- 1/2

m

K=k

(B10)

’ ek

€=

so thatk’ =k(1+ eu). Then the recoil momentum is

9°=2k?*(1— ') (1+ eu)+ O(ek)? (B11)
and
2k(1—-pn')
21,2,,2
(0o—q%/2m)? eku [1+ emu
AT(g%2m)  4AT[2k%(1—u')/2m](1+ eu)
K(1— '
21— s ) (B12)
emu

The criteria for the expansion of tlie=0 part areT<m (so
thate<1) andk<(mT)Y2 TheB+0 terms require the ad-
ditional assumptions that bothugB/T<1 and (ugB/
T)(JTm/k)<1. To first order ine we then find

’771/2n 1
= —udl1-= 3
So(do,0) =~ —exp(—u%)| 1— S euteu
k(1—pu'
em

and §S,¢ = — Sy6x involves the quantity
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2m em
2%:_ —(u—eu?).
q k(1—u')
The range of the variable is from uy,j,= —1/e<—1 to ».
Sincee<<1, we may extend the lower limit te-c with only
exponentially small error.

(B14)

APPENDIX C: WAVE FUNCTIONS FOR THE
ABSORPTION OPACITY

PHYSICAL REVIEW D 60 043001

that A reduces to helicity whe®=0. The coefficientC;
are found by requiring the spinors to satisfy the the Dirac
equation, the normalization condition, and by diagonalizing
A. The functionsl ,,(t) are the same as V9], except that
we have written them in terms of the Laguerre polynomials
as defined irf80].

As the properties of the ground state are crucial to our
results, we now describe them in some detail. The lowest
energy state had.=0. As the functionsLlRe are not well

defined, only the spin projectionr, o= —sgnp.,) is al-

The electron wave functions in cylindrical coordinateslowed forNe=0; hence the coefficient ¢f ; z_will be zero.

(p,¢,2) are given in[79]. In the standard representation for To interpret this restriction, remember thag is the projec-
the Dirac matrice$77], these wave functions are written as tion of the spin on the vectotr, not the magnetic field.

\Pe: L*l/Zeipe’sziEetUe(p, ¢),

Ee=(m3+2eBN,+p3 )2 (C1)

where pe, is the z momentum, andN=0,1,2 . ..
Landau level index. The 4-spintt, is given by

is the

Ciln,-1r(D)E?

Y e rg| (G2 RLD
U , ): e!(Ne™Re .
p.é 2m\? Caln,-1r (D€
iC4ln, R, (D)
(C2
with
C1:CY+A+
/1 Pe,
Co=0cea_ A, a.= E(liaeﬁ)
1 me
Cy=0cea A A = 5 1'_"E—e
Ci=a_A_ (C3

rl 1/2 o
Im(t)=(m) e V(N2 (070, fo dtiZ (t)=1.

(C4

Herex =(eB) Y2 is the cyclotron radius,=p?/2\? (not to
be confused with the symbol for timeand V=LA is the
normalization volume(with length L along thez axis and
areaA in the x-y plane, and one particle in volumé). The

However, by expressing in terms of raising and lowering
operators one may easily show thal,fr,+2,7y) ¥ (N,
=0)=0, and hence AV (N.=0)=2,7,7(N.,=0)
=3,p,¥(Ne=0)=—pe ,¥(Ne=0). Hence thé\,=0 state
with oe=0¢o has spin opposite to the magnetic field, as
expected of the electron ground state. Since only one value
of o, is allowed forN.=0, this state is expected to have a
different form for the matrix element than tiNy=1 states.

We assume that the protons are non-relativistic in which
case the wave functions can be written[ @g|

‘Pp: L—1/2eippvzz—iEthp(p,¢), (C5)
where
5sp,+1|Rp,Np(t)
1/2
- Os —1lr N (1)
Up(p,d)= el (Rp=Np)g| "= Tp T
p(p ®) (277)\2> 0
0
(Co)

The energy for the proton isE,=(eB/m)(N,+1/2)

— uppBSyt pIZJ,Z/Zm. When there is no subscript on the mass,
we have approximatedn,=my=m. The spin projection
along the magnetic field is,==1. The non-relativistic
spinors differ from the relativistic spinors in that they are
completely decoupled from each other. Furthermore, the dif-
ferent components of the spinors correspond to different en-
ergies due to the anomalous magnetic monfestall that in

the electron case, one could arrange the spinors so that the
energy depends only oN.). This complicates the calcula-
tion of the matrix element since the proton distribution func-
tion will now depend on spirtthrough the energyand the
matrix element cannot be directly summed over. Last, note
that the order oN andR was switched going from the elec-
tron to proton case, since the electron has angular momen-

operators which have been simultaneously diagonalized, antdm L,(e) =N.— R, and the proton has angular momentum
their corresponding eigenvalues, are perpendicular enerdy,(p)=R,—N, due to the sign of the charge. The ground

E, =(eB/m)(Ne+1/2), zmomentunp, ,, the radius of the

guiding centeRy.=\(2R.+1)"? (R,=0,1,2...) and the
“longitudinal” spin polarization operator A=X,-1I
= 0e(p5 ,+2eBN,) Y2 wherell=p+eA ando,= + 1. Note

state of the proton is the state with,=0 ands,=+ 1. Both
Sp==*1 are allowed foN,=0.

The neutron and neutrino wave functions are the same as
those used for the scattering calculati@gyppendix A).
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APPENDIX D: MATRIX ELEMENT FOR ABSORPTION .
_ iRy _Kk—E —

The S matrix is given by St '\/§L V 2w o(Bet By —k—En—Q)
X2mS(Pe,+ pp,z_kz_ pn,z)

su=1 | a*x oD -

Xf dppf dge™ LU (p, ¢)
0 0
where the weak interaction, low energy effective Hamil- -
tonian is[10,79 Xyu(Cy=Cays)UnUe(p, @) y*(1—ys5)U, (D3)

where w, =(pnxtko)et(pnytky)e, and x, =xe

Gg— _
Him=—F‘I’pm(Cv—CAvs)‘I’n‘l’eV"(l— ve)¥,+H.c. +yey. Thg tran_smon ratéthe square o§;; divided by time
V2 can be written in the form

(D2)
) W(abs) |Sf |

where the neutral current coupling constants for the absorp-
tion process ar¢75] c,=1.00 andc,=1.26 (we shall use o 5
the same notation for these coupling constants for absorption =LV A(2m)°6(Eet Ep—k—Ey—Q)
and scattering, even though their values are diffgrent > L 2

Plugging in the wave functions from Appendix C and the 8(Pezt Ppz= ke~ Pn2) M| (©4)
Hamiltonian in Eq.(D2) we find where we have defined

G2 2
IM[?=—- f dppf dgpe™ X1 Up(p, ) yu(Cy—Cays)UnUelp, ) (1 y5)U, (D5)

The integrals ovep and ¢ can be accomplished using Egs. where we have defined
(4.6) and(4.7) in Ref.[79], which in our notation give

85, +1 C1|N871,Np()\2Wi/2)
o :
j d¢ gl (N1—Rp) ¢l (Ry—Np) pg—iw, x| -~ Os 1 - |C2|Ne,Np()\2Wf/2)
0 27 ° Up= P and U= P
0 Calng-1n, (A WL/2)
=J(N;~Rp)~(N,~Rp) (W1 P), (D6) 0 iC4|Ne,Np()\2Wf/2)

whereJy(z) is thenth Bessel function, and (DY)

At this point, the summation rule for thig [Eq. (2.24) in
Ref.[79]] may be used to sum over the guiding center coor-

J“dpp dinates with the result

. 7' Ny R, (DTRN, (DI, —Ry) — (N~ Ry) ( V2taw, )

=(—DN2Rel  (N2W212)Ig g (N2W2/2). (D7) Rmax Rmax Rmax
NN, L R;R, N E E z - A_ 010
Re=0 Rp:O

After performing these two integrals, the matrix element

IM|? can be written as Since only the matrix element depends @p, it may be
directly summed over. As a result, the matrix element may
be put into the form

2
||v||2=%|2 (N2W2/2)
2 ReRp 1

Rmax Rmax 2
X|Dp7u(CV_CA75)UnUe7M(1_75)Uu|2 ZO RE_:OUZ C(NeaUe)|M|2:_A_2 L N#Y
o=
(D8) (D11
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where the lepton piece is where we have taken the relativistic limitng—0) for the
electrons. For simplicity, several terms in this expression
L= 2 C(Ne,Ue)Dem(l— ye)U,U,v,(1— 75U, Whlch do not. affect the final result for the opacny havg been
oe=*1 discarded. First, we have thrown away terms which will only

1 - give corrections to the angle-independent piece of the opac-
= > C(Ne,Ue)Tf[UeUen(l—Vs)K%(l—?’s)] ity. Second, any terms witl,s, have been dropped since

2K =1 they will always give zero in the sum ovey ands, (since

(D12) Wwe are expanding the nucleon response function to linear

order in the spin energigsFinally, we have dropped terms
like s,Q-B ands,Q-B since theN,=0 contribution is al-
ready proportional td3; these terms will yield an additional
factor of B from the nucleon polarization which will be much
smaller.

) . We shall need. ,,N*"(N,=0) summed over alN,,. Us-
A moment of inspection shows that the form of the nucleoning the summation rule forys,

tensor is exactly the same as Eé10) for the scattering

problem if we replace the initial nucleon with the neutron

and the final nucleon with the proton. The dependence on the o

shape of the proton wave functions is contained entirely in 2 |§IS(X):1, (D15)
thel Ne N, functions. $=0

The lepton tensor is more complicated. In particular, no-

tice that theN.= 0 electron Landau level is the only state for

which there is only one polarization. Consequently, the maye find

trix element will have quite a different structure for the elec-

tron ground Landau level and will contain the important

electron contribution to the parity violation effect. The an- o

swers forNe=0 andNe=1 will be given separately. > L, ,N*"(Ne=0)=0(p,,)(cZ—c2) Q- B,
In the No=0 case, by representing U, in terms of Np=0

gamma matrices, performing the traces, and then summing

againstN#”, we find

and the nucleon piece is

NW:Up)’”(cv_CA75)UnUn7V(Cv_CA75)Dp- (D13

(D16)

Lo N*"(Ne= O):®(pe,z)|S,Np(WilzeB) where® is the step function.

For theN.=1 case, all terms containing a factsys,,
which gives zero in the sums ovey ands,, and corrections
to the angle independent opacity will be dropped. Further-
more, we drop terms with no spin dependence which are

X[cZ+3ci+(ci—c2)Q-B

+2ca(CatCy)(Sp+5,2-B)

—ZCA(CA—CV)(Sn+SpQ'|§) proportional oln, N N1 Since these terms have no
. ) ) . spin dependence, they cannot couple to the nucleon polariza-
+SpSp{cy—Cat(cy+3cy) Q- B} tion terms in the response functidgeee Appendix E and

hence they can be evaluated to lowest order in the inelastic-
ity. In the sum ovem,, INe’NpINe_l'Np will then give zero.

(D14)  For relativistic electrons we then find

—0(pe,) g, (Wi/2eB)(cy—ci) Q- B,

_ Pez
Al

+I,2\,epr(wf/2eB)(l+ &”

1
Al

1
L N7 (Ng=1) = z{ | ,%,e,l'Np(wfIZe B)

X[ €4+ 3C3+2Ca(Ca+Cy) Sy B—2cA(Ca—Cy)Sp Q- B]

—1 ﬁ,e,lpr(wf/Ze B)( 1- %) +1 ﬁ,e,Np(wfIZeB)

L
|A]

5 (c2—c3)Q-B. (D17

pez)
14 o2
[Al
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Summing this expression over &, gives
> LuNA(Ne=1)
N,=0

=c2+3c2+2ca(CatCy)sQ2-B

pez

TA] (c3—c3)Q-B.

—2ca(Ca—Cy)SpL2- B+ ot

(D18)

PHYSICAL REVIEW D60 043001

. 0o+ Q— q2/2m+ (MBpSp_ HgnSn) B

In addition, it will be necessary to sum the matrix elementwhere the neutron energy is
against nucleon recoil terms from the response function

which contains

=eB(2N,+1)—p2 . (D19)
The needed summation rule[is9]
Séo SIRgX)=N+x. (D20)
In our case this gives
y w_o Npl,z\,eNp(Wf/ZeB): N.+w?/2eB, (D21

so that
PORCHE Np(wf/ZeB)=2eB(Ne+Wf/2eB)+eB— p2 |
Np=o = Ne :

=eB(2N+1)+k*+2k, -py, | -
(D22)

Note that the large neutron momentum ternpxﬁi) can-

nz— qz/m ’ (El)
where we have defined the energy transfqurssk E. and
the momentum transfer by,=k,— pe ;. qL eB(2N, +1)
—pM , andg®=qg®+q2>. The result is
m
S o) fa(En)[1=f(Ep)], (E2
2 2 2
_Pni Pnz _ Pna
En=%m T om #eB%= 5,
[qO+Q q2/2m+(MBpsp MBnSn)B]
2 — mBnSnB,
4(q5/2m)
(E3

and the proton energy B,=Q+E,+q,. Defining dimen-
sionless parametess z via

celled so that the “averaged” recoil momentum has the ex-

pected size. The final result needed is then

> 2L, N*"(Ne=1)
Np=0

pez

=|2eBN+Kk?+2k, -p,. +€eBrr|[cZ+3ci

_ En_:un Mn+ pﬁj_
T 2mT
[QO+Q q/2m+(MBpSp MBnSn)B] :"LBnSnB
4T(gZ/2m) T
(E4)
and
— o+ got
S Mn— MpT 0o Q7 (E5)
T
the response function can be written as
SN - (E6)
o [0, \e¥+1)\ 1+

|A| The above expression is exact. We now consider the re-
gime where the nucleons are nondegenerate. This is valid for
the outer layers of the neutron star where asymmetric flux
can develop. Since the nucleon spin energies are small, we

shall expancBSns to first order inugB. Using the nondegen-
erate nucleon condition,<1 ande <1, we find

+2CA(Ca+Cy) Sy B—2ca(cp—Cy)S, Q2 B]

+|eB+(2eBN.+ k> +2k, - pM)rXf

X (cZ—c3)Q-B. (D23)

Sss Yo(1-9y), (E7)

APPENDIX E: NUCLEON RESPONSE FUNCTION FOR "% |qZ|
ABSORPTION
wherey=y,+ dy, and

The response function for absorption is defined in Eq.

(5.9).. Usmg Pp,z tg integrate over thg—moment_um delta s pﬁ‘l (Qo+ Q—q2/2m)2
function givespy, ,=pn .+ K,—Pe,,. Using p, , to integrate Yo=— Tt o7 5
over the energy delta function gives m 4T(qz/2m)
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The allowed range ofp., is now pe,e[—(k+Q),(k

s.B +Q—q?/2m
Sy=— ManTn ( do Qz al +Q)] in order to keefE? a positive number. The electron
az/2m energy is
spB +Q—q?/2m
_MszTp (1_ . QZ/ztran ) 9 g (p2, +p2 )= (k+ Q)| 1+ wB, _ euEl)
9 ° et Te 2(k+Q)? 8(k+Q)*
(E19

The 8y term now contains all the dependence on the nucleon
spins. This term will give rise to the nucleon contribution to

: LD The expressions needed for are then
the asymmetric parity violation effect. P HE7)

In evaluating the absorption opaciiiZg. (5.8)], it will be 2 cUE2
necessary to expanﬁSnsp for small “inelasticity.” If the exp(—y@zexp(ﬂ— Pn,. —@? 1+ L
nucleon mass were infinite, energy conservation would give T 2mT 2(k+Q)?

exactly E;=k+ Q. Thus we expectSSnsp to be sharply

peaked about this electron energy, with a width proportional _M
to (T/m)Y2. We can expand the electron energy around the em Ef
peak in a series in the small paramet&frt)2. There are

two cases to consider: for the electron ground stdde ( and

=0), we shall want to define the dimensionless electron en-

ergy in terms ofp,,, but for the case in which we are 1BShB
summing over a continuum of electron Landau levels it will dy=—

(E15

qf eum Ef eu Ef

- 1_
qz <k+Q>q§< 4(k+Q)?

. : . . 2T
be more convenient to define the dimensionless electron en-
irg)éBlliL terms of the perpendicular momentup;ﬁL 1185,B . ¢ N cumE? ( cUE?
In the Ne=0 caseE.=|pe .| (neglectingm,), we define 2T q;  (k+Q)q2 4(k+Q)?/ |
the dimensionless electron enengyy (E16)
Pez=*(k+Q)(1+eu), (E9) Note that, as in the scattering case, there is a teryiwith
a coefficient which scales as
where
mE2 12 1/2
Eed mEL_m
€= m k+Q’ dz0= 2+ ( Q) ( ) (k+ Q)qg |qz| T

(sincee<1, we can sefl+ eu|=1+ eu over the interesting for k~T, and this term can be much greater than unity.
range ofu). As discussed in Sec. V B, we will only need the
dominant term for th&.=0 response function. Thus we can APPENDIX F: REPLACING THE SUMS OVER N, WITH

drop the nucleon polarization terms &y and work to the INTEGRALS
lowest order in inelasticity. With these approximations, we ] ) ) )
find In this appendix, we turn the sum o in Eq. (5.8) into

an integral. Let the sum be called
2
m Mn Pny
=—exp = 5-=—
Ssos |d2,0l F( T 2mT

n>p

u2> (Ng=0 state,

(E11) * NZl F(Ne) 1
which takes the form of a simple GaussianunSincee  where the functiorF is given by
<1, we can consider the range wfo extend from—« to «©
in the phase space integrals with exponentially small error. * d?p, |

When summing oveN, in Eq. (5.9), it will be more F(Ng)=(1—fg) > >
convenient to definel in terms ofp3 | =2eBN,. Let Np=0 1 (2)% sn Sp= =1

SO

(F2)
2 _ _ =2
Pe. =2eBN.=EL(1+eu), (E12  |ntegrating the identitysee Ref[81))
where % o
, > S(x—n)= >, exp2mikx) (F3)
8T\? K+ n=-e k==
E?=(k+ Q)Z—péy e=(—) |q2|(—2Q) (E13
m ET againstF(x) over the regiorxe[1,°) gives the result
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o0 1 o
> F(Ne)=—§F(1)+f dNgF (N,) + oscillatory terms.
Ne=1 1

(F4)

As discussed at the beginning of Sec. V, we shall ignore the

oscillatory terms.

The F(1) terms will give expressions smaller than the

integral overN, for both Eqs.(5.23 and(5.25. The reason
is that the integral ovel, effectively divides bye B, so that
the factor ofeB is Eq.(5.8) is cancelled. For Eq5.24), the
F(1) term is odd inp., so that it integrates to zer@o

PHYSICAL REVIEW D60 043001

lowest order in inelasticityin the p , integral. The correc-
tions involving inelasticity will make this term smaller by a
factor of T/m than theN.,=0 term. Our result is then

I= Fd NeF(Ny). (F5)
1

When changing the variable of integration frasa to u
using the expressioneBN,=E?(1+ eu) in Eq. (5.2, we
can letu range from— to « sincee~ (T/m)Y?<1.
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