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Neutrino-nucleon interactions in magnetized neutron-star matter: The effects of parity violation

Phil Arras* and Dong Lai†

Center for Radiophysics and Space Research, Space Sciences Building, Cornell University, Ithaca, New York 14853
~Received 24 November 1998; published 22 July 1999!

We study neutrino-nucleon scattering and absorption in a dense, magnetized nuclear medium. These are the
most important sources of neutrino opacity governing the cooling of a proto-neutron star in the first tens of
seconds after its formation. Because the weak interaction is parity violating, the absorption and scattering cross
sections depend asymmetrically on the directions of the neutrino momenta with respect to the magnetic field.
We develop the moment formalism of neutrino transport in the presence of such asymmetric opacities and
derive explicit expressions for the neutrino flux and other angular moments of the Boltzmann transport equa-
tion. For a given neutrino species, there is a drift flux of neutrinos along the magnetic field in addition to the
usual diffusive flux. This drift flux depends on the deviation of the neutrino distribution function from thermal
equilibrium. Hence, despite the fact that the neutrino cross sections are asymmetric throughout the star, the
asymmetric neutrino flux can be generated only in the outer region of the proto-neutron star where the neutrino
distribution deviates significantly from thermal equilibrium. The deviation from equilibrium is similarly altered
by the asymmetric scattering and absorption, although its magnitude will still be quite small in the interior of
the star. We clarify two reasons why previous studies have led to misleading results. First, inelasticity must be
included in the phase space integrals in order to satisfy detail balance. Second, nucleon recoil must be included
in order to find the leading order asymmetric cross sections correctly, even though it can be ignored to leading
order to get the zero field opacities. In addition to the asymmetric absorption opacity arising from nucleon
polarization, we also derive the contribution of the electron~or positron! ground state Landau level. For
neutrinos of energy less than a few times the temperature, this is the dominant source of asymmetric opacity.
Last, we discuss the implication of our result to the origin of pulsar kicks: in order to generate kick velocity of
a few hundred km s21 from asymmetric neutrino emission using the parity violation effect, the proto-neutron
star must have a dipole magnetic field of at least 101521016 G. @S0556-2821~99!02616-8#

PACS number~s!: 97.80.Fk, 04.25.Dm, 04.40.Dg, 97.60.Jd
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I. INTRODUCTION

A. Astrophysical motivation

Neutrinos play an essential role in core-collapse supe
vas and the formation of neutron stars@1,2#. It is through
neutrino emission that a hot proto-neutron star release
gravitational binding energy and cools. The explosion its
also relies on the neutrinos for its success. The most im
tant ingredient of neutrino transport in proto-neutron star
the neutrino opacity in a dense nuclear medium. Much ef
has been devoted to understanding various effects
neutrino-matter interactions at supra-nuclear density~e.g.,
@3–11# and references therein!. Neutron stars, however, pos
sess strong magnetic fields. While the present-day, dip
magnetic fields of most radio pulsars lie in the range
101221013 G, it has been suggested that fields of 1015 G or
larger can be generated by a dynamo process in pr
neutron stars@12#. Several recent observations@13–15# have
lent support to the idea that soft gamma-ray repeaters
slowly spinning x-ray pulsars~‘‘anomalous x-ray pulsars’’!
in supernova remnants are neutron stars endowed with su
strong magnetic fieldsB*1014 G @16,17#. It is therefore nec-
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essary to understand how neutrino opacities are modified
the presence of a strong magnetic field. This is the subjec
our paper.

A direct motivation of our study is to explore whethe
strong magnetic fields can induce asymmetric neutrino em
sion from proto-neutron stars to explain pulsar ‘‘kicks.’’
has long been recognized that neutron stars have spac
locities that are about an order of magnitude greater t
their progenitors’~e.g., @18,19#!. Recent studies of pulsa
proper motion give 2002500 km s21 as the mean 3D veloc
ity of neutron stars at birth@20–23#, with possibly a signifi-
cant population having velocity of order or greater th
700 km s21. Direct evidence for pulsars with velocitie
*1000 km s21 comes from observations of the bow sho
produced by PSR B2224165 in the interstellar medium@24#
and studies of pulsar-supernova remnant associations@25#. A
natural explanation for such high velocities is that supern
explosions are asymmetric, and provide kicks to nascent n
tron stars. Support for supernova kicks has come from
detections of geodetic precession in the binary pulsar P
1913116 @26,27# and the orbital plane precession in the PS
J0045-7319/B star binary and its fast orbital decay@28,29#.
In addition, evolutionary studies of the neutron star bina
population imply the existence of pulsar kicks@30–33#.

Two classes of mechanisms for thenatal kickshave been
suggested. The first class relies on hydrodynamical insta
ties in the collapsed stellar core@34–38# that lead to asym-
metric matter ejection and/or asymmetric neutrino emissi
but numerical simulations indicate that these instabilities
©1999 The American Physical Society01-1
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not adequate to account for kick velocities*100 km s21

@36,39,40#. Global asymmetric perturbations in the presup
nova cores are required in order to produce the obse
kicks @39,41#. In this paper we are concerned with the seco
class of models in which the pulsar kicks arise from ma
netic field induced asymmetry in neutrino emissions fro
proto-neutron stars. The fractional asymmetrya in the radi-
ated neutrino energy required to generate a kick velo
Vkick is

a50.028S M

1.4M (
D S 331053 erg

Etot
D S Vkick

1000 km s21D ,

~1.1!

whereM is the mass of the neutron star andEtot is the total
neutrino energy radiated from the neutron star. Since 99%
the neutron star binding energy~a few times 1053 erg! is
released in neutrinos, tapping the neutrino energy would
pear to be an efficient means to kick the newly formed n
tron star. Magnetic fields are naturally invoked to break
spherical symmetry in neutrino emission, but the act
mechanism is unclear. We first review previous work rela
to this subject.

B. Review of previous work

Beta decay in a strong magnetic field was first inve
gated in Refs.@42,43# ~see also Refs.@44,45#!. A number of
authors have noted that parity violation in weak interactio
may lead to asymmetric neutrino emission from pro
neutron stars@46–49#. Chugai @46# and Vilenkin @48# ~see
also Ref.@50#! considered neutrino-electron scattering a
concluded that the effect is extremely small1 ~e.g., to obtain
Vkick5300 km s21 would require a magnetic field of at lea
1016 G!. However, neutrino-electron scattering is less imp
tant than neutrino-nucleon scattering in determining the ch
acteristics of neutrino transport in proto-neutron stars~e.g.,
@51,52#!. Similarly, Dorofeev et al.@47# considered neutrino
emission by Urca processes in strong magnetic fields. H
ever, as we shall see below~see Ref.@53#!, the asymmetry in
neutrino emission is cancelled by the asymmetry associ
with neutrino absorption for young proto-neutron stars wh
the neutrinos are nearly in thermal equilibrium. The size
the asymmetric flux due to absorption and emission p
cesses is then dependent on thedeviations from thermal
equilibrium at the neutrino photosphere.

Horowitz and Li@54# suggested that large asymmetries
the neutrino flux could result from thecumulativeeffect of
multiple scatterings of neutrinos by nucleons which a
slightly polarized by the magnetic field. In particular, th
found that the size of the asymmetry was proportional to
optical depth of the star to neutrinos (t;104). The result
was that kick velocities of a few hundred km s21 could be

1Note that Chugai’s estimate for the electron polarization in
relativistic and degenerate regime~the relevant physical regime! is
incorrect. This error leads to an overestimate of the effect as c
pared to Vilenkin’s result.
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generated by field strengths of only a few times 1012 G.
Initial neutrino cooling calculation@53# of a proto-neutron
star in magnetic fields appeared to indicate that a dipole fi
of order 1014 G is needed to produce a kick velocity o
200 km s21. The larger magnetic field required results fro
cancellations of the asymmetries associated withnm , nt and
their antiparticles as well as the opposite signs of polari
tions of neutrons and protons. A preliminary numerical stu
reported in Ref.@40# drew a similar conclusion although
was claimed that only 1013 G is needed to produce
200 km s21.

As appealing as the cumulative effect may be, we n
believe that it does not work in the bulk interior of the ne
tron star @55,56#, and the conclusions reached in Re
@40,53,54# are incorrect@57#. In spite of the fact that the
scattering cross section is asymmetric with respect to
magnetic field for individual neutrinos, detailed balance
quires that no asymmetric neutrino flux can arise in the s
lar interior where neutrinos are in thermal equilibrium to
good approximation. Since this issue is somewhat subtle
counter-intuitive, we discuss it in detail in Sec. II where w
also point out where previous studies went wrong.

A related, but different kick mechanism relies on th
asymmetric magnetic field distribution in proto-neutron st
@58–60#. Since the cross section forne ( n̄e) absorption on
neutrons ~protons! depends on the local magnetic fie
strength due to the quantization of energy levels for thee2

(e1) produced in the final state, the local neutrino flux
emerged from different regions of the stellar surface are
ferent. It was found@60# that to generate a kick velocity o
;300 km s21 using this mechanism alone would require th
the difference in the field strengths at the two opposite po
of the star be at least 1016 G.

There have also been several interesting ideas on pu
kicks which rely on nonstandard neutrino physics. It w
suggested@61# that asymmetricnt emission could result
from the Mikheyev-Smirnov-Wolfenstein flavor transform
tion betweennt and ne inside a magnetized proto-neutro
star because a magnetic field changes the resonance c
tion for the flavor transformation. Another similar idea@62#
relies on both the neutrino mass and the neutrino magn
moment to facilitate the flavor transformation. A more d
tailed analysis@63,64#, however, indicates that even with fa
vorable neutrino parameters~such as mass and magnetic m
ment! for neutrino oscillation, the induced pulsar kick
much smaller than previously estimated. We will not co
sider the issues related to nonstandard physics in this pa

Finally, we mention that previous calculations of neutri
processes in magnetic fields have generally neglec
nucleon recoils~e.g., @40,42,43,47,53,54#!. Although this
simplification is justified in most cases without a magne
field, it is invalid in a magnetic field because theasymmetric
part of the opacity depends sensitively on the phase sp
available in the scattering and absorption. This and ot
technical issues~such as Landau levels! will be addressed in
our paper.

C. Plan of this paper

In this paper, we carry out a systematic study of neutrin
nucleon (n,N) scattering and electron neutrino absorpti
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NEUTRINO-NUCLEON INTERACTIONS IN MAGNETIZED . . . PHYSICAL REVIEW D60 043001
and emission (ne1n
p1e2 and n̄e1p
n1e1) in a
dense, magnetized nuclear medium. These are the mos
portant sources of opacity for neutrino cooling of the pro
neutron star in the first tens of seconds after its formati
when most of the binding energy of the neutron star is ra
ated as neutrinos. Our study goes beyond merely calcula
differential cross sections of the neutrinos in a magneti
medium in that we derive the expression for the neutrino fl
and other angular moments from the Boltzmann equat
This is necessary in order to determine whether the effec
parity violation introduces any asymmetric ‘‘drift flux’’ in
addition to the usual ‘‘diffusive flux.’’ Indeed, there are
number of subtleties in these derivations such that sev
previous studies have arrived at incorrect results~see Secs.
I B and II!. We show that, despite the fact that the scatter
and absorption cross sections are asymmetric with respe
the magnetic field for individual neutrinos, there is no ‘‘dr
flux’’ when the neutrinos are in thermal equilibrium; the dr
flux is proportional to thedeviationsfrom equilibrium, which
are small below the neutrino-matter decoupling layer. Hen
asymmetric neutrino emission can be generated only nea
surface layer of the star.

In Sec. II we discuss a simplified calculation and point o
its problems. This serves as an illustration of various iss
that one must pay attention to in order to obtain the corr
answers. We begin our formal theoretical developmen
Sec. III, where the relevant cross sections are defined sta
from the Boltzmann transport equation. It is important
distinguish different cross sections~e.g., those related to
scattering into the beam and scattering out of the beam in
Boltzmann equation! in order to satisfy the principle of de
tailed balance, which states that in complete thermal equ
rium the collisional term in the Boltzmann equation va
ishes.

Section IV contains a detailed calculation ofn-N scatter-
ing in magnetic fields. Starting from the weak interacti
Hamiltonian, we compute the scattering opacity, carefu
including the effect of nuclear motion to lowest nonvanis
ing order. This opacity is then used to find the contribution
the angular moments of the transport equation. Explicit
pressions are obtained for the outer layer of the neutron
where nucleons are nondegenerate and where pa
violating asymmetric flux can be generated. A techni
complication arises from the effect of small inelasticit
Even in the regime where the nucleon recoil energy is m
smaller than the neutrino energy and temperature, ph
space considerations require that the inelasticity effect
included when deriving the asymmetric flux and other m
ments~the situation is similar to that found in the derivatio
of the Kompaneets equation in electron-photon scatter
see Ref.@65#!.

In Sec. V we calculate the cross sections for the abso
tion of ne andn̄e by nucleons. As in the scattering case, it
necessary to include nucleon recoil in the absorption ca
lation. Additional complications arise from the quantiz
Landau levels of the final state electrons~or positrons!. In
particular, the ground state Landau level of the electron
troduces an effective electron ‘‘polarization’’ term in th
04300
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asymmetric part of the opacity. For certain parameter
gimes, this electron ‘‘polarization’’ term dominates th
asymmetry in the absorption opacity. We also demonst
explicitly that the Landau levels of protons have no effect
the absorption opacity since many levels are summed o
for the situation of interest.

In Sec. VI we combine the results of Secs. IV and V
derive the angular moments of the Boltzmann transp
equation. These moment equations are truncated at qua
pole order, since we expect that the contributions of
higher order terms to the asymmetric flux are smaller.
expected, our explicit expression for the neutrino flux co
tains the usual diffusive flux plus a drift flux along the ma
netic field. This drift flux, however, depends on the deviati
for the neutrino distribution from thermal equilibrium. Al
though strictly speaking our truncated moment equati
break down near the neutron star surface, these equation
accurate below the neutrinosphere, and provide a reason
physical description of the neutrino radiation field throug
out the star. Finally in Sec. VII we use the moment equatio
to obtain an order-of-magnitude estimate of the asymme
neutrino emission from the proto-neutron star due to the p
ity violating processes considered in this paper.

Throughout this paper, we treat nucleons as noninter
ing particles. This is clearly a simplifying assumption.
reality, strong interaction correlations may significan
change the neutrino opacities~e.g., @10,11# and references
therein!. However, the goal of this paper is to consid
whether there is any new effect associated with strong m
netic fields. For this purpose, it is certainly appropriate
focus on noninteracting nucleons, particularly since there
still large uncertainties in our understanding of matter
super-nuclear densities. Moreover, for certain nuclear po
tials, the nuclear medium effects merely amount to givi
the nucleon an effective mass, and therefore the result of
paper can be easily extended. For general nuclear inte
tions, it is likely that the qualitative conclusion reached
this paper will remain valid, although this issue is beyond
scope of this paper.

Unless noted otherwise, we shall use units in which\, c
and the Boltzmann constantkB are unity.

II. SIMPLIFIED CALCULATION OF THE SCATTERING
EFFECT AND ITS PROBLEMS

As indicated above, the effect of asymmetric neutrin
nucleon scattering is sufficiently subtle that several previ
studies have led to a wrong conclusion. It is therefore
structive to consider a simplified treatment of the problem
understand how previous work went wrong. This section a
serves as an illustration of the various issues that one m
pay attention to in doing such a calculation~our systematic
calculation is presented in Secs. III–VI!.

A. Calculation

We shall follow the treatment as given in Ref.@53# ~Refs.
@40,54# used a Monte Carlo method for the neutrino tran
port, which is less transparent for our analysis!. For the pur-
pose of clarity, we consider the scattering of neutrinos
1-3
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PHIL ARRAS AND DONG LAI PHYSICAL REVIEW D 60 043001
nondegenerate neutrons. Assuming the scattering is el
~which is a good approximation since the neutrino energk
is much less than the neutron mass!, one can easily obtain
the matrix elements when the initial neutron has spin alo
the magnetic axis~the z axis!:

uHk↑˜k8↑u
252 GF

2cV
2 Fcos

1

2
~u82u!1l cos

1

2
~u1u8!G2

,

~2.1!

uHk↑˜k8↓u
252 GF

2cA
2 S 2 sin

1

2
u8cos

1

2
u D 2

, ~2.2!

wherek (k8) is the initial~final! neutrino momentum,u (u8)
is the angle betweenk (k8) and thez axis ~assuming azi-
muthal anglef50), andGF , cV , cA , l are weak interac-
tion constants as defined in Appendix A. The different
cross section, for the initial nucleon with spin along thez
axis, is given by

S ds

dV8
D

k↑˜k8

5
k2

~2p!2 @ uHk↑˜k8↑u
21uHk↑˜k8↓u

2#

5
k2

~2p!2 GF
2cV

2@~113l2!12l~l11!cosu

22l~l21!cosu81~12l2!cos~u2u8!#.

~2.3!

One can similarly obtain (ds/dV8)k↓˜k8 when the initial
nucleon spin is anti-parallel to thez axis. For general nucleon
spin polarizationP5^sz&, the differential cross section i
given by

S ds

dV8
D

k˜k8

5S 11P

2 D S ds

dV8
D

k↑˜k8

1S 12P

2 D S ds

dV8
D

k↓˜k8

5S GFcVk

2p D 2

~113l2!F11e incosu1eoutcosu8

1
12l2

113l2cos~u2u8!G , ~2.4!

where

e in52P
l~l11!

~113l2!
, eout522P

l~l21!

~113l2!
. ~2.5!

This clearly indicates that the scattering is asymmetric w
respect to the magnetic field, a direct consequence of pa
violation in weak interaction. A similar expression was d
rived in Ref. @54#, although a different sign ine in and eout
was given.

Next we study the consequence of the asymmetric c
section on the neutrino flux. The Boltzmann transport eq
tion for the neutrino distribution functionf n(k) can be writ-
ten in the form
04300
tic

g

l

h
ity
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ss
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] f n~k!

]t
1V•¹ f n~k!5E dV8S dk

dV D
V8˜V

f n~k8!@12 f n~k!#

2E dV8S dk

dV8
D

V˜V8

3 f n~k!@12 f n~k8!#, ~2.6!

whereV and V8 are unit vectors alongk and k8, respec-
tively, and the~elastic! differential cross section per unit vol
ume can be written in the form

S dk

dV8
D

V˜V8

5
k

4p
@11e inV•B̂1eoutV8•B̂

1const3~V•V8!#, ~2.7!

with B̂ the unit vector along the magnetic field. Note that
Eq. ~2.6! we have neglected neutrino absorption for simpl
ity. The first order moment of the transport equation is o
tained by multiplying Eq.~2.6! by V and then integrating
over dV. The specific neutrino flux is then given by2

Fn52
c

3k
¹Un1

1

3
~eout2e in!cUn~12 f n!B̂, ~2.8!

whereUn is the specific neutrino energy density. Accordin
to Eq. ~2.8!, the neutrino flux consists of the usual diffusiv
flux, Fdiff}¹Un , and a ‘‘drift’’ flux Fdrift along the magnetic
field. The drift flux induces asymmetric neutrino transpo
One can easily see that the ratioFdiff /Fdrift is of order (eout
2e in)t, wheret;kR is the optical depth of the star (R is
the stellar radius!; i.e., the asymmetry increases witht. This
is the origin of the cumulative effect discussed in Re
@40,53,54#.

B. Problems

The calculation presented above, while physically mo
vated, is actually incorrect. There are two problems: first,
asymmetry terms~those proportional toe in and eout) in Eq.
~2.4! are incomplete. Even in the regime where the elas
approximation is highly accurate from the energy point
view, small inelasticity will affect the asymmetric part of th
cross section. This comes about because the asymm
terms depend in a subtle way on the available phase spa
the scattering. Indeed, our full calculation presented in S
IV reveals additional terms in the expressions ofe in andeout.
Moreover, to obtain the correct expression for the asymm
ric neutrino flux, the elastic cross section is inadequate;
must incorporate the full inelastic effect in the Boltzma
equation~see Sec. IV!. A similar comment can be made fo
neutrino-nucleon absorption, where one must incorporate

2An overall factor of (12const/3)21 has been dropped in thi
equation.
1-4



fo

x

-
ng

th

-

. A

g

tl
qu
t
n

e
t
in

l—
tri

d
t i
on
s

en

nd
n
a

a

,

try
g in
ton
ere-
is
the
the
ible.
on

nly
ate

on-

ion

NEUTRINO-NUCLEON INTERACTIONS IN MAGNETIZED . . . PHYSICAL REVIEW D60 043001
recoil motion of the nucleon as well as the Landau levels
the electron in order to obtain the correct cross section~see
Sec. V!.

Second, and more importantly, Eq.~2.6! is incorrect;
therefore Eq.~2.8! is also incorrect and there is no drift flu
proportional toUn . The problem with Eq.~2.6! can easily be
seen by considering detailed balance~e.g., Ref.@66#!: The
right-hand side~RHS! of Eq. ~2.6! must vanish when neutri
nos are in thermal equilibrium with the matter. Substituti
f n(k) and f n(k8) by the equilibrium distributionf n

(0)(k) and
using Eq.~2.7!, we find the RHS of Eq.~2.6! to bek f n

(0)(1

2 f n
(0))(eout2e in)V•B̂. It is exactly this violation of detailed

balance that gives rise to the drift flux term in Eq.~2.8!. It is
also clear that any physical drift flux must depend on
deviationfrom the equilibrium distribution.

Equation ~2.6! is the starting point of almost all astro
physical radiative transport studies~e.g., Ref.@67#!. How-
ever, it is invalid in the presence of asymmetric scattering
crucial ~but incorrect! assumption implicit in Eq.~2.6! is that
the cross section for scattering into the beam~propagating
along V), (dk/dV)V8˜V , is related to that for scatterin
into the beam, (dk/dV8)V˜V8 , by merely switchingV and
V8. In reality, however, the two cross sections have sligh
different forms such that detailed balance is satisfied in e
librium @see Eq.~3.9!#. In other words, although the firs
~second! term in Eq.~2.6! represents a good approximatio
to the actual probability of scattering into~out of! the beam,
the error in their difference is significant. It will becom
clear in our study presented the following sections that
properly take into account the detailed balance constra
one must incorporate inelasticity—no matter how smal
into the Boltzmann equation when deriving the asymme
neutrino flux.

III. GENERAL FORMALISM

In this section, we set up the general framework to stu
neutrino transport in magnetic fields. As Sec. II shows, i
important to properly define the relevant cross secti
which enter the transport equation. The actual calculation
the cross sections are given in Secs. IV and V.

The Boltzmann equation for neutrino transport is writt
in the form

] f n~k!

]t
1V•¹ f n~k!5F] f n~k!

]t G
sc

1F] f n~k!

]t G
abs

~3.1!

wherek5kV is the neutrino momentum, both scattering a
absorption collisions terms are included on the right-ha
side of the equation and we have suppressed the position
time dependence in the neutrino distribution functionf n .

A. Scattering term

The collision term due to neutrino-nucleon scattering c
be written as~e.g., Ref.@68#!
04300
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F] f n~k!

]t G
sc

5(
ss8

E d3k8

~2p!3

d3p

~2p!3

d3p8

~2p!3
~2p!4

3d4~P1K2P82K8!uMss8~V,V8!u2

3@~12 f n!~12 f N! f N8 f n8

2 f n f N~12 f N8 !~12 f n8!#, ~3.2!

wheref n5 f n(k) and f n85 f n(k8) are the initial and final state
neutrino distribution functions,f N5 f N(E) and f N8 5 f N(E8)
are the initial and final state nucleon distribution functionsP
(P8) and K (K8) are the initial ~final! state nucleon and
neutrino four vectors, respectively, ands,s8561 specify
the initial and final nucleon spins. Time-reversal symme
has been used to relate the matrix element for scatterin
and out of the beam. Note that in the case of neutrino-pro
scattering, we neglect the Landau levels of proton, and th
fore the proton momentum is a well-defined quantity. This
justified because many Landau levels are occupied for
conditions in a proto-neutron star, and the change in
available phase space due to the Landau levels is neglig
Nucleons are always in thermal equilibrium, and the nucle
distribution function is given by

f N~E!5
1

exp@~E2mN!/T#11
, ~3.3!

wheremN is the nucleon chemical potential~excluding rest
mass!. As the neutrinos exchange energy with matter o
through the weak interactions, their distribution can devi
from equilibrium, especially in the outer layer of the star.

The scattering rate can be rewritten in a more conventi
ial form as follows. Define the differential cross section~per
unit volume! to be

dG

dk8dV8
5

k82

~2p!3 (
ss8

uMss8~V,V8!u2Sss8~q0 ,q!,

~3.4!

where the ‘‘nucleon response function,’’Sss8(q0 ,q), is

Sss8~q0 ,q!5E d3p

~2p!3

d3p8

~2p!3
~2p!4

3d4~P1K2P82K8! f N~12 f N8 !. ~3.5!

Here we have defined the energy transferq0 and the momen-
tum transferq via

q05k2k8, q5uk2k8u5~k21k8222kk8V•V8!1/2.
~3.6!

For nucleons in thermal equilibrium, energy conservat
gives

~12 f N! f N8

f N~12 f N8 !
5exp@~E2E8!/T#

5exp@2~k2k8!/T#5exp~2q0 /T!. ~3.7!
1-5
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Using this expression to relate the scattering into and ou
the beam and plugging in the differential cross section,
scattering rate becomes

F] f n~k!

]t G
sc

5E
0

`

dk8E dV8
dG

dk8dV8

3@e2q0 /T~12 f n! f n82 f n~12 f n8!#. ~3.8!

Note that one can also explicitly define a differential cro
section,@dG/(dk8dV8)#1 , for scattering into the beam b
writing

F] f ~k!

]t G
sc

5E
0

`

dk8E dV8F S dG

dk8dV
D

1

3~12 f n! f n82S dG

dk8dV8
D f n~12 f n8!G .

~3.9!

Clearly we have

S dG

dk8dV
D

1

5e2q0 /TS dG

dk8dV8
D . ~3.10!

All the microphysics is now contained indG/(dk8dV8).
It depends only onk, k8, andV•V8, or equivalently,k, q0
and q, as can be seen from Eq.~3.5!. Note that if one sets
q0 /T50, then the neutrino Fermi blocking terms propo
tional to f n(k) f n(k8) cancel~e.g., Ref.@69#!. Hence, the neu-
trino degeneracy does not enter the scattering rate if the e
tic limit is taken in the phase space integrals.

It is instructive to compare Eq.~3.9! with the ~wrong!
equation~2.6!. In general, the cross section for scatteri
into the beam has a different form as that for scattering ou
the beam. This difference, even though numerically smal
essential for maintaining detailed balance in thermal equi
rium ~see Sec. III C below!. Also, as we show in the next few
sections, one cannot trivially take the elastic limit in E
~3.10!, because this will lead to zero drift flux even when t
neutrino distribution deviates from thermal equilibrium.

B. Absorption term

The collision term in Eq.~3.1! for absorption and emis
sion is

F] f n~k!

]t G
abs

5E dPedPndPp Wi f
(abs)@ f pf e~12 f n!~12 f n!

2~12 f p!~12 f e! f n f n# ~3.11!

whereWi f
(abs) is the transition rate (S matrix squared divided

by time! for absorption, and we have used time-reversal
variance of the weak Hamiltonian to relate theS matrix for
each direction. The notationdP denotes sum of states~in-
cluding spins!. Note that since we will include Landau leve
for electrons and protons,dPe,p is not equal to
04300
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d3pe,p /(2p)3 ~see Appendix C!. The components of the
transverse momentum~perpendicular to the magnetic field!
are not conserved, although we still have conservation of
z momentum and energy conservation,

k1En1Q5Ee1Ep , ~3.12!

whereQ is the mass difference between neutron and pro
~recall thatEn and Ep do not include rest mass!. Since the
electron, proton, and neutron are in thermal equilibrium w
Fermi-Dirac distributions, we have the equality

f pf e~12 f n!

~12 f p!~12 f e! f n
5expF2S k2mn

T D G , ~3.13!

where we have defined the neutrino chemical potential

mn[me1mp2mn2Q. ~3.14!

Equation~3.11! then takes on the standard form

F] f n~k!

]t G
abs

52k* (abs)d f n , ~3.15!

whered f n5 f n(k)2 f n
(0)(k) measures the deviation of neu

trino distribution from thermal equilibrium~see below!. Here

k* (abs)5k (abs)F11expS mn2k

T D G , ~3.16!

andk (abs) is the absorption opacity:

k (abs)5E dPedPndPp Wi f
(abs)~12 f p!~12 f e! f n .

~3.17!

The factor@11e(mn2k)/T# in k* (abs) takes into account the
effect of stimulated absorption~e.g., Ref.@70#!.

C. Detailed balance

In thermal equilibrium, the neutrino has the Fermi-Dir
distribution function

f n5 f n
(0)~k!5

1

exp@~k2mn!/T#11
. ~3.18!

We then find

f n
(0)~12 f n8

(0)!

~12 f n
(0)! f n8

(0)
5exp@~k82k!/T#5exp~2q0 /T!,

~3.19!

so that the scattering rate in Eq.~3.8! is zero, as required by
detailed balance. Similarly, forf n5 f n

(0) , the absorption rate
in Eq. ~3.15! vanishes. Therefore the only nonzero contrib
tion to (] f n /]t)sc and (] f n /]t)abs must be proportional to
the deviation of neutrino distribution from thermal equilib
rium. This implies that there is no drift flux along the ma
netic field proportional tof n

(0) ~see Sec. II A!.
1-6
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As noted before~Sec. III A!, when one writes the scatte
ing rate in the form of Eq.~3.9!, it is essential to distinguish
(dG/dk8dV)1 from (dG/dk8dV8) in order to satisfy de-
tailed balance.

D. Deviation from thermal equilibrium

In order to calculate the size of the asymmetric flux,
must consider the deviation of neutrino distribution fro
thermal equilibrium:

d f n~k!5 f n~k!2 f n
(0)~k!. ~3.20!

For ne and n̄e , the neutrino-matter energy exchange is m
diated primarily by absorption and emission via the URC
processes~and to a lesser extent by electron-neutrino scat
ing!, while neutrino transport is affected by both absorpti
andn-N scattering. The result is that the decoupling sph
of electron type neutrinos lies only slightly deeper than
neutrinosphere and there is only a small region over wh
the cumulative asymmetry can develop. Form andt neutri-
nos, the transport opacity is primarily fromn-N scattering,
while energy exchange is due to inelasticn-e2 scattering. As
a consequence, the decoupling layer is much deeper tha
neutrinosphere and the asymmetric flux has a large op
depth over which to develop. Unfortunately, as we w
show, the flux asymmetry due to them and t neutrinos is
cancelled by that from the corresponding antineutrinos.

For the purpose of deriving the moment equations of n
trino transport, we shall expandd f n(k) in spherical harmon-
ics up to quadrupole order as

d f n~k![g~k!13V•h~k!1
10

3
I i j ~k!Pi j ~V!1•••

~3.21!

where

Pi j 5
1

2
~3V iV j2d i j ! ~3.22!

~the components ofPi j can be explicitly expressed solely i
terms of the quadrupole spherical harmonicsY2m). In Eq.
~3.21!, g(k) is the spherically symmetric deviation from
equilibrium,h(k) represents the dipole deviation which lea
to the flux, andI i j (k) is the tensor describing the pressu
asymmetry. SincePi j is symmetric, we can chooseI i j to be
symmetric, leaving six independent elements. Moreover,
shall chooseI i j to be traceless~the nonzero trace can alway
be incorporated intogn).

To be explicit about the physical meaning of each co
ponent ofd f n , one can relateg, h, and I i j to more com-
monly used quantities. The energy density per unit ene
interval is

Uk5E k2dV

~2p!3
k fn5

4pk3

~2p!3
@ f n

(0)~k!1g~k!#. ~3.23!

The energy flux per unit energy interval is
04300
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Fk5E k2dV

~2p!3
kVf n5

4pk3

~2p!3
h~k!. ~3.24!

Using the identity

E dV

4p
V iV jPkl52

1

15
d i j dkl1

1

10
~d ikd l j 1d i l d jk!

~3.25!

and the fact thatI i j is traceless, the pressure tensor per u
energy interval is

@Pk# i j 5E k2dV

~2p!3
kV iV j f n

5
4pk3

~2p!3 F1

3
d i j „f n

(0)~k!1g~k!…1
2

3
I i j ~k!G

5
1

3
d i j Uk1

2

3

4pk3

~2p!3
I i j ~k!. ~3.26!

Thus I i j is the anisotropic portion of the pressure tensor.
Note that we have truncated our expansion at the qua

pole order angular dependence, since each successive
will be smaller than the previous by a factor of@71# ;t21

~where t is the optical depth!. It will be shown thath
} f n

(0)t21, and g and I i j both scale asf n
(0)t22 ~for B50).

The l th spherical harmonic would have coefficients whi
scale asf n

(0)t2 l .

IV. NEUTRINO-NUCLEON SCATTERING

In this section, we calculate the differential cross sect
for n-N scattering in magnetic fields for general conditio
of nucleons~non-relativistic but arbitrary degeneracy!. We
also obtain explicit expressions for the angular moments
the scattering term of the Boltzmann equation. These m
ments are then used in~Sec. VI! to obtain the neutrino flux,
as well as the spherical and quadrupole deviations from t
modynamic equilibrium, on which the asymmetric flux d
pends.

We approximate the nucleons as nonrelativistic partic
with energy~excluding rest mass!

E~p,s!5
p2

2m
2smBB, ~4.1!

whereB is the magnetic field strength,s561 is the nucleon
spin projection along thez axis ~in the directionB̂), and
mB5ge\/(2mc) is the nucleon magnetic moment (gn
521.913 for the neutron andgp52.793 for the proton!. In
this section, we shall omit the labeln or p whenever possible
denoting final-state quantities by a prime. Also, the qua
zation of the proton energy levels and nucleon-nucleon in
actions are neglected~see Sec. II A!, although we shall in-
clude proton Landau levels in our calculation of th
absorption opacity~Sec. V!.
1-7
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A. Differential cross section

The differential cross section, defined in Eq.~3.4!, can be
evaluated analytically to linear order inB for general condi-
tions of nucleons. SincemBB53.1531024gB14 MeV
~whereB14 is the field strength in units of 1014 G! is much
smaller than the temperature or nucleon Fermi energy in
proto-neutron star, an expansion in the lowest nonvanish
power ofB is an excellent approximation.

The matrix element,uMss8(V,V8)u2, for the case in
which both the initial and final nucleon states are polariz
has been derived in Appendix A with the result@Eq. ~A11!#

uMss8~V,V8!u25
1

2
GF

2cV
2$~113l2!1~12l2!V•V8

12l~l11!~sV1s8V8!•B̂22l~l21!

3~sV81s8V!•B̂1ss8@~12l2!

3~11V•V8!14l2V•B̂V8•B̂#% ~4.2!

whereGF , cV , andl5cA /cV are the weak interaction con
stants defined in Appendix A. The nucleon response fu
tion, defined in Eq.~3.5!, has been calculated in Appendix B
It can be written asSss85S01dSss8 , whereS0 is the spin-
independentB50 result anddSss8 is the correction linear in
B. Combining the expressions foruMss(V,V8)u2 and Sss8
into Eq. ~3.4!, we find

dG

dk8dV8
5A0~k,k8,m8!1dA1~k,k8,m8!V•B̂

1dA2~k,k8,m8!V8•B̂, ~4.3!

where m85V•V8 ~not to be confused with the nucleo
magnetic moment,mB , or the nucleon chemical potentia
mN). The first term in Eq.~4.3! is theB50 result:

A0~k,k8,m8!5
k82

~2p!3 (
s,s8

uMss8~V,V8!u2S0~q0 ,q!

5
k82

~2p!3
2GF

2cV
2@~113l2!

1~12l2!m8#S0~q0 ,q!, ~4.4!

with

S0~q0 ,q!5
m2T

2pq

1

12e2z
lnF 11exp~2x0!

11exp~2x02z!G , ~4.5!

and we have defined

x05
~q02q2/2m!2

4T~q2/2m!
2

mN

T
and z5

q0

T
. ~4.6!

The second and third terms in Eq.~4.3! correspond to the
corrections arising from nonzeroB:
04300
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dA1V•B̂1dA2V8•B̂

5
k82

~2p!3 (
s,s8

uMss8~V,V8!u2dSss8~q0 ,q!, ~4.7!

with the coefficients

dA6~k,k8,m8!5
k82

~2p!3

2GF
2cV

2m2lmBB

pq

3
1

@exp~x0!11#@11exp~2x02z!#

3S 16l
2mq0

q2 D . ~4.8!

The reason for writing the cross section in the form of E
~4.3! is that the angular dependence needed to find the
ment equations~see Sec. IV C! is now manifest. Note tha
the cross section in Eq.~4.3! exhibits parity violation. If the
parity operation is taken, the vectorsV andV8 reverse sign
and the pseudovectorB̂ keeps the same sign so that the cro
section does not retain the same form. Also note that
cross section for scattering from the stateV to the stateV8
does not have the same numerical value as the reverse
cess. However, this does not mean that time reversal inv
ance is violated. The inequality arises from averaging
matrix element over the nucleon distribution functions. I
deed, the matrix element in Eq.~4.2! can be explicitly shown
to satisfy time reversal invariance by simultaneously int
changing all initial and final state labels.

B. Differential cross section: Nondegenerate nucleon limit

Even after expanding the cross section in Eqs.~4.4! and
~4.8! for small magnetic fields, the expressions are still qu
difficult to evaluate in general. However, as discussed in S
III, asymmetric drift flux can develop only when the neutrin
distribution deviates from thermal equilibrium~i.e., above
the decoupling sphere!. This occurs in the regime wher
nucleons are nondegenerate~at density r;1012

21013 g cm23). In this subsection we derive simplified ex
pressions ofA0 anddA6 which will be useful for obtaining
the angular moments of the scattering term~Secs. IV C and
IV D ! and neutrino flux.

For nondegenerate nucleons, the characteristic neut
energy transfer in each scattering is of orderq0;k(T/m)1/2

!k. The cross section peaks sharply aroundk85k, and we
can evaluateA0 , dA6 in a series in the small paramete
(T/m)1/2. Define the dimensionless quantities

e5@4~12m8!T/m#1/2, u5
k82k

ek
, ~4.9!

so that the range ofu, the dimensionless neutrino energy,
from 21/e to `. Using the expansion of the nucleon r
sponse function derived in Appendix B, we have, to line
order ine,
1-8
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A0.S GFcVk

2p D 2

@113l21~12l2!m8#
n

kep1/2

3e2u2F11
3

2
eu1eu322

k~12m8!

em
uG ~4.10!

and

dA6.S GFcVk

2p D 22mBB

T
l

n

kep1/2

3e2u2F11
3

2
eu1eu322

k~12m8!

em
u

7
lem

k~12m8!
S u1

1

2
eu21eu422

k~12m8!

em
u2D G .

~4.11!

In deriving these expressions we have used theB50 equa-
tion

expS mN

T D5nS 2p3

m3T3D 1/2

~4.12!

to relate the nucleon chemical potentialmN to its number
densityn ~the corrections due to finiteB are of orderB2).
These expansions ofA0 , dA6 are valid under the condition
~see Appendix B for details! T!m, k!(mT)1/2, mBB!T
and k*kmin5mBB(m/T)1/2.1022uguB14T

21/2 MeV. These
conditions are satisfied for the conditions of interest in o
study.3

Note that, dimensionally,dA6 is smaller thanA0 by a
factor of ordermBB/T, but also note that the quantityem/k
@which appears on the second line of Eq.~4.11!# is of order
AmT/k;Am/T, which can be quite large. This point will b
important when we consider the size of the neutrino d
flux.

C. Moments of the scattering rate

To derive the expression for the neutrino flux, one ne
to take the angular moments of the Boltzmann transp
equation~i.e., multiply the equation by some power ofV and
then integrate overdV). In this subsection we derive th
general expressions for the moments of the scattering ra
the Boltzmann equation. In the next subsection we s
evaluate these expressions explicitly for the regime when
nucleons are nondegenerate and the scattering is app
mately elastic.

3For k&kmin , the expansions leading to Eqs.~4.10! and~4.11! are
no longer valid, so that different approximations must be made~the
k˜0 limit!. Since this is a relatively small range of neutrino e
ergy, we ignore this complication here.
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We first write the scattering rate@Eq. ~3.8!# in terms of
d f n[ f n2 f n

(0) :

F] f n~k!

]t G
sc

5E
0

`

dk8E dV8
dG

dk8dV8
@C~k,k8!d f n8

1D~k,k8!d f n1E~k,k8!d f n8d f n#, ~4.13!

where theC, D, E coefficients, and theirq0 /T!1 expan-
sions, are

C~k,k8!5e2q0 /T~12 f n
(0)!1 f n

(0)

.11S 2
q0

T
1

q0
2

2T2D ~12 f n
(0)!, ~4.14!

D~k,k8!52@e2q0 /Tf n
(0)8112 f n

(0)8#

.211
q0

T
f n

(0)2
q0

2

2T2 S f n
(0)12T

] f n
(0)

]k D , ~4.15!

E~k,k8!512e2q0 /T.
q0

T
2

q0
2

2T2
. ~4.16!

The nonlinear termsE(k,k8)d f nd f n8 in Eq. ~4.13! will be
dropped since we consider the regime where the deviatio
f n from thermal equilibrium is relatively small~the regime
where the moment formalism is valid!; for the electron neu-
trinos this requiresr*1011212 g cm23 and T*3 MeV, and
for the mu and tau neutrinos the required temperature
density are slightly larger~e.g.,@72#!.

Plugging Eqs.~3.21! and ~4.3! into Eq. ~4.13! and then
performing the azimuthal integrals using the indentities

E
0

2pdf8

2p
V i85m8V i

E
0

2pdf8

2p
V i8V j85P2~m8!V iV j1

1

3
@12P2~m8!#d i j ,

E
0

2pdf8

2p
Pi j ~V8!5P2~m8!Pi j ~V!

E
0

2pdf8

2p
V i8Pjk~V8!5

3

5
Pi jk~V!2

1

5
m8V id jk

1
3

10
m8@V jdki1Vkd i j #,

~4.17!

where the three-index tensor equivalent to theY3m is defined
by Pi jk(V)5(5V iV jVk2V id jk2V jdki2Vkd i j )/2, we find
1-9
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F] f n~k!

]t G
sc

5E
0

`

dk8E
21

1

dm8E
0

2p

df8@A01dA1V•B̂1dA2V8•B̂#

3FCS g813V8•h81
10

3
I i j8Pi j8 D1DS g13V•h1

10

3
I i jPi j D G

52pE
0

`

dk8E
21

1

dm8@A01dA1V•B̂#H ~Cg81Dg!13~Cm8h81Dh!•V1
10

3
@CP2~m8!I i j8 1DI i j #Pi j J

12pE
0

`

dk8E
21

1

dm8dA2H m8~Cg81Dg!V•B̂13CP2~m8!~V•B̂!~V•h8!

1C@12P2~m8!#B̂•h813Dm8~V•B̂!~V•h!

1
10

3
CB̂i I jk8 F3

5
Pi jk2

1

5
m8V id jk1

3

10
m8~V jdki1Vkd i j !G1

10

3
Dm8I i jPi j V•B̂J . ~4.18!
fo

t-
To calculate the moments of the scattering rate, the
lowing identities are needed:

E dV

4p
V iV j5

1

3
d i j

E dV

4p
Pi j 50

E dV

4p
Pi jPkl52

1

10
d i j dkl1

3

20
~d ikd l j 1d i l d jk!

E dV

4p
V iV jPkl52

1

15
d i j dkl1

1

10
~d ikd l j 1d i l d jk!

E dV

4p
Pi jk50

E dV

4p
Pi jkV l50. ~4.19!

Also note that any integral of an odd number ofV i ’s over the
solid angle gives zero. The zeroth moment of Eq.~4.18! is

E dV

4p F] f n~k!

]t G
sc

52pE
0

`

dk8E
21

1

dm8@A0~Cg81Dg!

1dA1~Cm8h81Dh!•B̂1dA2

3~Dm8h1Ch8!•B̂#, ~4.20!

the first moment is
04300
l-E dV

4p
V iF] f n~k!

]t G
sc

52pE
0

`

dk8E
21

1

dm8A0@Cm8hi81Dhi #

1
2p

3 E
0

`

dk8E
21

1

dm8~Cg81Dg!~dA11m8dA2!B̂i

1
4p

3 E
0

`

dk8E
21

1

dm8$dA1@CP2~m8!I i j8 1DI i j #

1m8dA2~CIi j8 1DI i j !%B̂j , ~4.21!

and the second moment is

E dV

4p
Pi j ~V!F] f n~k!

]t G
sc

52pE
0

`

dk8E
21

1

dm8A0@CP2~m8!I i j8 1DI i j #

12p
3

10E0

`

dk8E
21

1

dm8FC@m8dA11P2~m8!dA2#

3S hi8B̂j1hj8B̂i2
2

3
d i j h8•B̂D1D~dA11m8dA2!

3S hiB̂j1hjB̂i2
2

3
d i j h•B̂D G . ~4.22!

D. Moments of the scattering rate:
Nondegenerate nucleon limit

We now evaluate the moments in Eqs.~4.20!–~4.22! ex-
plicitly for nondegenerate nucleons~near the stellar surface!
using the expressions ofA0 anddA6 @Eqs.~4.10! and~4.11!#
as derived in Sec. IV B for small inelasticity. After substitu
1-10
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ing Eqs.~4.14! and ~4.15!, it will be necessary to evaluat
moments ofq0 /T againstA0 anddA6 . These moments ar
defined as

M0
n[E

0

`

dk8A0~k,k8,m8!S q0

T D n

5ekS 2ek

T D nE
2`

`

duA0un

~4.23!

and

dM 6
n [E

0

`

dk8dA6S q0

T D n

5ekS 2ek

T D nE
2`

`

dudA6un,

~4.24!

where we have used Eq.~4.9! and in thedu integrals we
have extended the lower limit (2e21) to 2` ~sincee!1).
Only the following values will be needed:4

M0
05S GFcVk

2p D 2

n@113l21~12l2!m8#

M0
15S GFcVk

2p D 2

n@113l21~12l2!m8#

3F k

m
~12m8!S k

T
26D G

M0
25S GFcVk

2p D 2

n@113l21~12l2!m8#

3F2
k2

mT
~12m8!G

dM 6
0 5S GFcVk

2p D 2

n
2mBB

T S l6l274l2
T

k D
dM 6

1 56S GFcVk

2p D 2

n
2mBB

T
2l2. ~4.25!

Let the notationO(n) mean a term which contains a fa
tor of (q0 /T)n in the integrands of Eqs.~4.20!–~4.22!. In the
zeroth moment, theO(0) term is zero andM0

1 is of the same
size asM0

2 so we need to expand toO(2) for theB50 piece.
For theBÞ0 piece, theO(0) term is not zero, butdM 6

0 is of
the same size asdM 6

1 so we need to expand toO(1). The
zeroth moment is then given by

4In A0 @Eq. ~4.10!#, the leading order term ine is an even function
of u, and the higher order term is an odd function ofu. Hence, when
q0

n}un is integrated againstA0 to find the momentsM0
n , the n

50 moment is larger than then51,2 moments by a factor o
;k/m, which are larger than then53,4 moments by a factor o
;k/m, etc. On the other hand, the leading order term indA6 is an
odd function ofu. The moments ofq0

n againstdA6 , calleddM 6
n ,

will then have then50,1 terms larger thann52,3 by a factor of
k/m and so on.
04300
E dV

4p F] f n~k!

]t G
sc

5k0
(sc) k

m H 6FT
]g

]k
1~122 f n

(0)!gG
1

k

T FT2
]2g

]k2
1T

]g

]k
~122 f n

(0)!22gT
] f n

(0)

]k G J
1esck0

(sc)S T
]h

]k
14

T

k
hD •B̂, ~4.26!

where we have defined the zero-field scattering opacity~per
unit volume!

k0
(sc)5

8p

3 S GFcVk

2p D 2

~115l2!n ~4.27!

and the dimensionless asymmetry parameter

esc5
6l2

~115l2!

mBB

T
. ~4.28!

For the first moment, theB50 terms are nonvanishing a
O(0) so that only theq0 /T50 terms are needed. The term
involving g cancel atO(0) and so only theO(1) terms are
needed~note thatdM 6

1 @dM 6
2 ). Last, both theO(0) and the

O(1) terms are needed for theI i j terms sincedM 6
0 is the

same size asdM 6
1 . The first moment is then given by

E dV

4p
V iF] f n~k!

]t G
sc

52k0
(sc)hi2

1

3
esck0

(sc)H FT
]g

]k
1~122 f n

(0)!gG B̂i

1S 122 f n
(0)1

1

l
24

T

k D I i j B̂ j J . ~4.29!

For the second moment, theB50 piece is nonzero atO(0)
so that only lowest order is needed. TheBÞ0 terms must be
kept at bothO(0) andO(1). Theresult is

E dV

4p
Pi j ~V!F] f n~k!

]t G
sc

52
3

2 S 113l2

115l2D k0
(sc)I i j

2
3

20
esck0

(sc)S 122 f n
(0)1

1

l
24

T

k D
3S hiB̂j1hjB̂i2

2

3
d i j h•B̂D .

~4.30!

E. Elastic cross section

As discussed before~see Sec. III A!, it is essential to re-
tain the inelasticity in the differential cross section in ord
1-11
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to derive the correct neutrino flux~as we have done in th
previous subsections!. Nevertheless, from the energeti
point of view, n-N scattering is highly elastic near the su
face of the proto-neutron star,5 and it is instructive to con-
sider the ‘‘elastic’’ scattering rate,dG/dV8, obtained by in-
tegrating (dG/dk8dV8) over all final neutrino energiesk8.
Using Eqs.~4.10! and ~4.11!, together with Eq.~4.25!, we
find

dG

dV8
5E

0

`

dk8
dG

dk8dV8

5M0
01dM 1

0 V•B̂1dM 2
0 V8•B̂

5S GFcVk

2p D 2

nH 113l21~12l2!m8

1
2mBB

T FlS 11l24l
T

k DV•B̂

1lS 12l14l
T

k DV8•B̂G J . ~4.31!

The resulting cross section per particle, (dG/dV)/n, is simi-
lar to Eq.~2.4! ~recall that polarizationP5mBB/T for non-
degenerate nucleons!, obtained by assuming complete ela
ticity of the scattering process. The difference involves
terms with 4lT/k in Eq. ~4.31!. These terms appear in th
phase space integral of the asymmetric part of the cross
tion, which can be affected by even a small inelasticity.
fact, for low energy neutrinos~with k&4T), the T/k terms
dominates the asymmetry in the cross section.6

F. Antineutrino cross section

The expressions derived in previous sections apply o
for neutrinos. Forn̄1N˜ n̄1N, the differential cross sec
tion of the form Eq.~4.3! still applies, except that one need
to switch the coefficients in front ofV•B̂ andV8•B̂. This is
due to the crossing symmetry of the tree-level Feynman
gram.

V. NEUTRINO ABSORPTION BY NUCLEONS

In this section we derive an explicit expression the cr
section for neutrino absorption (ne1n˜p1e2) in magnetic
fields as formulated in Sec. III B.

In the regime where the neutrino energy is much sma
than the nucleon rest mass, one might be tempted to con
an ‘‘elastic’’ cross section, obtained by treating the nucleo

5In fact, the scattering is elastic~i.e., uq0u!k) to a good approxi-
mation in most regions of the proto-neutron star. The only exc
tion is during the first second or so after core collapse, whenne’s
are highly degenerate in the stellar core.

6Note, however, that Eq.~4.31! is valid only for k*kmin

5mBB(m/T)1/2 ~see the end of Sec. IV B!. This means that the
maximum asymmetry is;mBB/kmin5(T/m)1/2.
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infinitely massive~i.e., neglecting nucleon recoil!.7 Further
neglecting the effects of electron Landau levels and Fe
blocking, we obtain~e.g., Ref.@53#!

s5
1

p
~GFcVk!2@~113l2!12Pnl~l11!V•B̂#,

~5.1!

wherePn is the neutron polarization,k5kV is the incident
neutrino momentum, andGF , cV , l are ~charge-current!
weak interaction constants~see Appendix D!. This simplified
treatment, however, leads to an incomplete expression
the asymmetric part~proportional to V•B̂) of the cross
section.8 As we show in this section, by incorporating th
effects of electron Landau levels and small inelasticity, a
ditional asymmetric terms which relate to electron and p
ton polarizations are revealed. These additional terms
important in determining asymmetric flux from the prot
neutron star.

Note that the quantization of electron energy levels c
induce oscillatory features in the total absorption cross s
tion as a function of the neutrino energy@60#. This effect
results purely from the modification of the electron pha
space due to the Landau levels~similar to the magnetization
of an electron gas at low temperatures!. This oscillatory fea-
ture is particularly prominent in the low density regim
where only a few electron Landau levels are filled. Our foc
in this paper is the asymmetric part of the cross secti
which arises from parity violation. We shall therefore restr
to the regime where more than a few electron Landau lev
are filled. In this regime, we can replace the sum over L
dau levels by an integral, and obtain an explicit express
for the asymmetric parameter in the cross section.

In the calculation presented below, we also include
effect of proton Landau levels. As expected, this introdu
no new term in the cross-section since many proton Lan
levels are filled for the typical conditions of proto-neutro
stars. Our result therefore also serves as an explicit dem
stration on the validity of using proton plane waves in c
culating neutrino-nucleon opacities~absorption and scatter
ing; see Sec. VI!. It turns out that, after using some standa
identities involving Landau wave functions, the calculati
with electron and proton Landau levels is not more diffic
than the calculation with only electron Landau levels.

-

7Previous authors have all neglected the recoil effect. Referen
@42,43# focus on the rate of neutron decay~including the effect of
electron Landau levels! and do not address the angular distributio
Ref. @47# discusses the electron contribution to the asymme
emission ine21p˜n1ne , but the authors did not give an explic
expression. Moreover, the cancellation of asymmetric emission
absorption was not considered~see Sec. III B!.

8In traditional laboratory experiments of parity violation~e.g.,
Ref. @73#!, the approximation~of neglecting nucleon recoil and
electron Landau levels! is valid because the temperatureT is much
smaller than the neutrino energyk. In the supernova context,k is
comparable toT and this simple approximation leads to significa
error.
1-12
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NEUTRINO-NUCLEON INTERACTIONS IN MAGNETIZED . . . PHYSICAL REVIEW D60 043001
A. Expression for absorption opacity

The absorption opacity is defined in Eq.~3.17!. The en-
ergy of a relativistic electron in a magnetic field is given

Ee5~me
212eBNe1pe,z

2 !1/2, ~5.2!

whereNe50,1,2, . . . is theLandau level index andpe,z is
the electronz momentum. The other quantum numbers spe
fying the electron states arese561, the spin projection
alongP5p1eA, andRe50,1,2, . . . , which determines the
radius of the electron guiding center~see Appendix C!. Note
that for the ground Landau level, the electron spin is oppo
to the magnetic field; thus only the spin projectionse0
52sgn(pe,z) is allowed. The sum over electron states
then

E dPe5 (
Ne50

`

(
se561

c~Ne ,se! (
Re50

Rmax E
2`

` Ldpe,z

2p
~5.3!

wherec(Ne ,se)512dNe,0dse ,2se0
is 0 if both Ne50 and

se52se,0 and 1 otherwise. The cutoffRmax.eBA/2p ~the
degeneracy of the Landau level! limits the guiding center to
lie within the normalization volumeV5AL ~whereA is the
area!. The proton energy is given by

Ep5
eB

m S Np1
1

2D2spmBpB1
pp,z

2

2m
, ~5.4!

where Np specifies the Landau level,sp561 is the spin
projection along thez axis, mBp is the proton magnetic mo
ment, andpp,z is the protonz momentum. The summatio
over states for the proton takes the form

E dPp5 (
Np50

`

(
Rp50

Rmax

(
sp561

E
2`

` Ldpp,z

2p
~5.5!

whereRp is the quantum number for the proton guiding ce
ter, andRmax is the same as for the electron. Finally, t
neutron phase space is simply that of a free particle, w
energyEn5pn

2/(2m)2snmBnB.
In Appendix D, we find that the transition rate for absor

tion (S matrix squared divided by time! takes on the form

Wi f
(abs)5L21V22~2p!2d~Ee1Ep2k2En2Q!

3d~pe,z1pp,z2kz2pn,z!uM u2, ~5.6!

where the matrix element, summed over the guiding ce
quantum numbersRe andRp for the electron and proton a
well as electron spinse , can be written as

(
Re50

Rmax

(
Rp50

Rmax

(
se561

c~Ne ,se!uM u25
GF

2

2
A

eB

2p
LmnNmn.

~5.7!

HereLmn is the lepton tensor andNmn is the nucleon tensor
which takes on precisely the same form as in the zero fi
case. Plugging this back into Eq.~3.17! gives
04300
i-

te

-

h

-

er

ld

k (abs)5
GF

2

2

eB

2p (
Ne50

` E
2`

` dpe,z

2p
~12 f e!

3 (
Np50

` E d2pn,'

~2p!2 (
sn ,sp561

Ssnsp
LmnNmn, ~5.8!

where we have defined a ‘‘response function’’ for abso
tion:

Ssnsp
5E

2`

` dpn,z

2p E
2`

` dpp,z

2p
~2p!2d~Ee1Ep2k2En2Q!

3d~pe,z1pp,z2kz2pn,z! f n~12 f p!. ~5.9!

By integrating over the delta functions~see Appendix E!, we
derive a general expression for the nucleon response f
tion:

Ssnsp
5

m

uqzu S 1

ey11
D S 1

11e2y2zD , ~5.10!

where qz5kz2pe,z , q'
2 5eB(2Np11)2pn,'

2 , q25qz
2

1q'
2 , q05k2Ee ,

y5
En2mn

T
52

mn

T
1

pn,'
2

2mT

1
@q01Q2q2/2m1~mBpsp2mBnsn!B#2

4T~qz
2/2m!

2
mBnsnB

T

~5.11!

and

z5
mn2mp1q01Q

T
. ~5.12!

The above expressions apply for arbitrary values
nucleon degeneracy, recoil energy, and magnetic field
this general case, the nucleon tensorNmn depends onsn and
sp , the lepton tensorLmn depends onNe , pe,z , and w'

[upn,'1k'u, and the response functionSsnsp
depends onsn ,

sp , Np , Ne , pe,z , andw' . To evaluate Eq.~5.8!, we are left
with two infinite sums and three integrals left to perform.

To make progress, we shall proceed in the next subsec
with an approximate method appropriate to the outer lay
of the proto-neutron star in which the nucleons are non
generate and the recoil energies and nucleon spin ene
are small in comparison to other energy scales. As discus
before ~see Sec. III!, only in the outer layers~where the
neutrino distribution deviates from thermal equilibrium! can
asymmetric neutrino flux develops.

B. Evaluation of the absorption opacity:
Nondegenerate nucleon regime

For small nucleon spin energies and nucleon recoil,
dependence onsn , sp , andNp can be taken out of the ex
ponential in the nucleon response function so that th
1-13
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quantities can easily be summed over. SinceSsnsp
is ex-

panded to linear order inmBB, it contains only terms linea
in sn or sp , but not bothsnsp . As a consequence, any term
in Lmn containingsnsp can immediately be dropped, consi
erably simplifying this expression. We will also drop a
terms inLmn which will give small corrections to the angle
independent,B50 opacity. Last, we drop terms inLmn

which will give zero in the sums overNp ~see Appendix D
for a discussion!.

1. Contribution from the Ne50 state

Since the electron in the the ground Landau level can o
have a spin opposite the magnetic field, theNe50 term in
the opacity expression@Eq. ~5.8!# requires special treatmen
As Eq. ~5.8! already contains a prefactorB, we can drop all
nucleon polarization terms when evaluating theNe50 con-
tribution to the asymmetric opacity~this cannot be done
when summing over all theNe>1 states sinceNe

5pe,'
2 /2eB is summed over a large number of states so t

the prefactor of B effectively cancels!. Since only the
nucleon polarization terms contain pieces with large coe
cients, theNe50 state can be evaluated to lowest order
inelasticity.

In Appendix E, it was shown that to lowest order in th
inelasticity, the nucleon response function forNe50 can be
written

Ssnsp
5

m

uqz,0u
expS mn

T
2

pn,'
2

2mT
2u2D ~Ne50 state!,

~5.13!

whereu is a dimensionless electronz momentum defined by

pe,z56~k1Q!~11eu!, ~5.14!

and

e5S 2T

m D 1/2 uqz,0u
k1Q

~5.15!

is a small parameter@qz,05kz7(k1Q)#. As this expression
for Ssnsp

is independent ofNp , we may sum overNp in Lmn ,
with the result~Appendix D!

(
Np50

`

NmnLmn~Ne50!5Q~pe,z!~cV
22cA

2 !V•B̂. ~5.16!

Since this expression is independent ofsn andsp , their sums
give a factor of 4. The asymmetric opacity from the electr
ground state is then given by
04300
ly

t

-

n

k (abs)~Ne50!5
GF

2

2

eB

2pE2`

` dpe,z

2p
~12 f e!

3E d2pn,'

~2p!2
4

m

uqz,0u

3expS mn

T
2

pn,'
2

2mT
2u2D

3Q~pe,z!~cV
22cA

2 !V•B̂

5
GF

2

2

eB

2p
4

mT

2p

m

uqz,0u

3expS mn

T D ~cV
22cA

2 !V•B̂

3E
0

`dpe,z

2p
~12 f e!e

2u2

5
GF

2eBnn

2p
@12 f e~k1Q!#~cV

22cA
2 !V•B̂,

~5.17!

where we have used Eq.~4.12! to relate the neutron chemica
potentialmn to its number densitynn . In evaluating thepe,z
integral in Eq. ~5.17!, we have approximatedf e(Ee) by
f e(k1Q) since the first term in an expansion off e(Ee)
about this value is odd inu and hence gives vanishing con
tribution and the second order term in the expansion is do
by a factorT/m.

2. Contribution from the Ne>1 states

For electrons in the excited Landau levels (Ne>1), the
relevant matrix element can be written as~see Appendix D!

NmnLmn~Ne>1!5T01Te1Tn , ~5.18!

with

T05
1

2
~cV

213cA
2 !F I Ne21,Np

2 ~v!S 12
pe,z

uLu D
1I Ne ,Np

2 ~v!S 11
pe,z

uLu D G , ~5.19!

Te5
1

2 F2I Ne21,Np

2 ~v!S 12
pe,z

uLu D1I Ne ,Np

2 ~v!

3S 11
pe,z

uLu D G~cV
22cA

2 !V•B̂, ~5.20!

Tn5@cA~cA1cV!snV•B̂2cA~cA2cV!spV•B̂#

3F I Ne21,Np

2 ~v!S 12
pe,z

uLu D1I Ne ,Np

2 ~v!S 11
pe,z

uLu D G ,
~5.21!
1-14
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where uLu5(pe,z
2 12eBNe)

1/2, v5w'
2 /(2eB)5(pn,'

1k')2/(2eB), and the functionI Ne ,Np
~the shape of the Lan

dau wave function! is defined by Eq.~C4!. Note that in these
expressions, we have dropped all terms that will give z
contribution to the opacity~such as those terms involvin
snsp).

The Ne>1 contribution to the absorption opacity@Eq.
~5.8!# can be written as

k (abs)~Ne>1!5k0
(abs)1k (abs)~e,Ne>1!1k (abs)~np!,

~5.22!

where each piece corresponds to a different part
NmnLmn(Ne>1):

k0
(abs)5

GF
2

2

eB

2p (
Ne51

` E
2`

` dpe,z

2p
~12 f e!

3 (
Np50

` E d2pn,'

~2p!2 (
sp ,sn

Ssnsp
T0 , ~5.23!

k (abs)~e,Ne>1!5
GF

2

2

eB

2p (
Ne51

` E
2`

` dpe,z

2p
~12 f e!

3 (
Np50

` E d2pn,'

~2p!2 (
sp ,sn

Ssnsp
Te , ~5.24!

k (abs)~np!5
GF

2

2

eB

2p (
Ne51

` E
2`

` dpe,z

2p
~12 f e!

3 (
Np50

` E d2pn,'

~2p!2 (
sp ,sn

Ssnsp
Tn . ~5.25!

We are going to evaluate the sum(Ne
by replacing it with

an integral. Such a procedure effectively eliminates any p
sible oscillatory behavior of the opacity as a function of e
ergy ~see the beginning of Sec. V!, but is valid when more
than a few electron Landau levels are filled. For infin
nucleon mass, energy conservation requiresk1Q5(pe,z

2

12eBNe)
1/2 ~neglectingme). For given Ne and pe,z , the

nucleon recoil energy is of orderuqzuAT/m. Thus it is natural
to define a dimensionless recoil energyu via

2eBNe5E'
2 ~11eu!, ~5.26!

where
04300
o

f

s-
-

E'
2 5~k1Q!22pe,z

2 , e5S 8T

m D 1/2uqzu~k1Q!

E'
2

.

~5.27!

The nucleon response function@Eq. ~5.10!# can be expanded
for small eu, with the result~Appendix E!

Ssnsp
5

m

uqzu
exp~2y0!~12dy!, ~5.28!

where

exp~2y0!.expS mn

T
2

pn,'
2

2mT
2u2D

3F11
eu3E'

2

2~k1Q!2
2

2u~k1Q!q2

emE'
2 G

~5.29!

and

dy52
mBnsnB

2T F12
q'

2

qz
2

2
eumE'

2

~k1Q!qz
2 S 12

euE'
2

4~k1Q!2D G
2

mBpspB

2T F11
q'

2

qz
2

1
eumE'

2

~k1Q!qz
2 S 12

euE'
2

4~k1Q!2D G .

~5.30!

Similarly, for small eu, the electron Fermi blocking facto
can be expanded to first order ine as

12 f e~Ee!.12 f e~k1Q!2
] f e~k1Q!

]Ee

euE'
2

2~k1Q!

5@12 f e~k1Q!#F11
euE'

2

2T~k1Q!
f e~k1Q!G .

~5.31!

Now considerk0
(abs) in Eq. ~5.23!. Since onlySsnsp

depends

on spin, the spin sums(sn ,sp
effectively setdy50. The

factor exp(2y0) can be evaluated at lowest order. The su
(Np

can be calculated using the summation rule forI NS
2 ~Ap-

pendix D!. Replacing(Ne
by *dNe5*eE'

2 du/(2eB) and

integrating overpn,' ~see Appendix F!, we arrive at
1-15
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k0
(abs)5

GF
2

2

eB

2p
~cV

213cA
2 !

mT

2p
4emn /TE

2(k1Q)

(k1Q) dpe,z

2p

m

uqzu
E

2`

` eE'
2 du

2eB
exp~2u2!~12 f e!

5
GF

2

2

eB

2p
~cV

213cA
2 !

mT

2p
4emn /TmS 8T

m D 1/2~k1Q!

2eB
p1/2E

2(k1Q)

(k1Q) dpe,z

2p
~12 f e!

5
GF

2

p
~k1Q!2nn~cV

213cA
2 !@12 f e~k1Q!#, ~5.32!

which is exactly the usualB50 opacity.
Next considerk (abs)(e,Ne>1), the ‘‘electron contribution’’ from theNe>1 states to the opacity@Eq. ~5.24!#. We may

evaluate all quantities to lowest order in the inelasticity. The spin sums and nucleon response function are evaluated
Performing all integrals butpe,z gives

k (abs)~e,Ne>1!}E
2(k1Q)

(k1Q)

dpe,zpe,z50. ~5.33!

So the electron contribution from the higher Landau levels is zero to lowest order in the inelasticity. The next order co
scales asT/m, and can be neglected.

Finally, k (abs)(np) @Eq. ~5.25!# gives the contribution of nucleon polarizations to the opacity. Performing the spin sum
integral overpn,' , and using the results of Appendix D for the sum overNp yields

k (abs)~np!5
GF

2

2

eB

2p
4

mT

2p
emn /TV•B̂E

2`

` dpe,z

2p

m

uqzu
(

Ne51

`

~12 f e!exp~2u2!H mBnB

T
cA~cA1cV!2

mBpB

T
cA~cA2cV!

1FmBnB

T
cA~cA1cV!1

mBpB

T
cA~cA2cV!GF e2u2mE'

4

4~k1Q!3qz
2

2
2eBNe1k'

2 1eBpe,z /uLu

qz
2

2
eumE'

2

~k1Q!qz
2

2
e2u4mE'

4

2~k1Q!3qz
2

12u2
qz

212eBNe1k'
2 1eBpe,z /uLu

qz
2 G J . ~5.34!
i

ss
Again changing the sum overNe into an integral overu,
expandingf e , and then performing the trivialpe,z integral
gives the final result

k (abs)~np!5
GF

2

p
~k1Q!2nnV•B̂@12 f e~k1Q!#

3H 2
mBnB

T
cA~cA1cV!2

T

~k1Q!

3F11
~k1Q!

T
f e~k1Q!GF2

mBnB

T
cA~cA1cV!

12
mBpB

T
cA~cA2cV!G J . ~5.35!

3. Result

We can summarize our result for the absorption opacity
the following transparent formula:

k (abs)5k0
(abs)~11eabsV•B̂!, ~5.36!
04300
n

wherek0
(abs) is theB50 opacity as given by Eq.~5.32!, and

the asymmetry parametereabs is given by

eabs5eabs~e!1eabs~np!, ~5.37!

with

eabs~e!5
1

2

eB

~k1Q!2

cV
22cA

2

cV
213cA

2
~5.38!

eabs~np!52
cA~cA1cV!

cV
213cA

2

mBnB

T
2

T

~k1Q!

3F11
~k1Q!

T
f e~k1Q!G

3F2
cA~cA1cV!

cV
213cA

2

mBnB

T
12

cA~cA2cV!

cV
213cA

2

mBpB

T G .

~5.39!

Comparing this result with Eq.~5.1!, which was obtained
from a simplified calculation assuming infinite nucleon ma
1-16
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and neglecting Landau levels for electrons, we see that
simplified calculation gave an incorrect result for the asy
metry parameter. Only a neutron polarization term was
cluded in Eq.~5.1!. The correct expression foreabs @Eqs.
~5.37!–~5.39!# contains an electron contribution~arising
from from the ground-state Landau level! and an additional
contribution from both neutron and proton polarizatio
~which arises from our more careful treatment of inelas
ity!. These news terms dominate the asymmetric param
for neutrino energyk/T& a few. It is interesting to note tha
the particles in the final state of this reaction (p and e2)
contribute to the asymmetry parameter. Previous invest
tors found a contribution only from the initial state particle

C. Moments of the absorption or emission rate

With the absorption opacity given in previous subsecti
it is straightforward to calculate the moments of the abso
tion or emission rate in the Boltzmann equation. The abso
tion rate is given by Eq.~3.15! with d f n given by Eq.~3.21!.
Using the opacity~5.36! and the integrals in Eq.~4.19!, we
obtain the zeroth, first and second moments

E dV

4p F] f n~k!

]t G
abs

52k0*
(abs)~g1eabsh•B̂!, ~5.40!

E dV

4p
V iF] f n~k!

]t G
abs

52k0*
(abs)S hi1

1

3
eabsgB̂i

1
2

3
eabsI i j B̂ j D , ~5.41!

E dV

4p
Pi j F] f n~k!

]t G
abs

52k0*
(abs)F I i j 1

3

10
eabsS B̂ihj

1B̂jhi2
2

3
d i j h•B̂D G ~5.42!

where

k0*
(abs)5k0

(abs)F11expS mn2k

T D G ~5.43!

@see Eq.~3.16!#.

D. Absorption opacity for n̄e

So far we have been concerned with the opacity forne

1n˜p1e. The opacity forn̄e1p˜n1e1 can be obtained
by a similar calculation. The result can be found from t
equations in Sec. V B 3 by replacingQ by 2Q, nn by np ,
the electron distribution function by the positron distributi
04300
he
-
-

-
ter

a-
.

,
-

p-

function ~which is rather small!, andmBn by 2mBp . Thus,
the absorption opacity forn̄e is given by

k̄ (abs)5k̄0
~abs!~11 ēabsV•B̂!, ~5.44!

wherek̄ (abs)
0 is theB50 opacity as given by

k̄0
~abs!5

GF
2

p
~k2Q!2np~cV

213cA
2 !

3@12 f e1~k2Q!#Q~k2Q!, ~5.45!

and the asymmetry parameterēabs is given by

ēabs5 ēabs~e1!1 ēabs~np!, ~5.46!

with

ēabs~e1!5
1

2

eB

~k2Q!2

cV
22cA

2

cV
213cA

2
~5.47!

ēabs~np!522
cA~cA2cV!

cV
213cA

2

mBpB

T
1

T

~k2Q!

3F11
~k2Q!

T
f e1~k2Q!GF2

cA~cA2cV!

cV
213cA

2

mBpB

T

12
cA~cA1cV!

cV
213cA

2

mBnB

T G . ~5.48!

The theta function in Eq.~5.45! comes from the fact that the
reaction is not energetically allowed unlessk>Q since the
proton is lighter than the neutron.

VI. MOMENT EQUATIONS OF NEUTRINO TRANSPORT

In the last two sections~Secs. IV and V! we have carried
out detailed calculations of neutrino scattering and abso
tion in magnetic fields. Explicit expressions have been
tained in the nondegenerate nucleon regime, which is ap
priate for the outer layer the of proto-neutron star whe
asymmetric neutrino flux~drift flux! is expected. We now
use these results to derive the moments of the Boltzm
transport equation~3.1!. We focus onne below, although
similar results can also be obtained for other neutrino s
cies.

The zeroth moment is obtained by integrating Eq.~3.1!
over dV. Combining Eqs.~4.26! and ~5.40! we find
1-17
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]~ f n
(0)1g!

]t
1“•h

5E dV

4p F] f n~k!

]t G
sc

1E dV

4p F] f n~k!

]t G
abs

5k0
(sc) k

m H 6FT
]g

]k
1~122 f n

(0)!gG
1

k

T FT2
]2g

]k2
1T

]g

]k
~122 f n

(0)!22gT
] f n

(0)

]k G J
1 esck0

(sc)S T
]h

]k
14

T

k
hD •B̂2k0*

(abs)~g1eabsh•B̂!.

~6.1!

The zeroth moment equation governs the energy excha
between matter and neutrinos. TheB50 part of the scatter-
ing opacity can be ignored in the zeroth moment equa
since it is suppressed by a factor ofk/m ~i.e., only the in-
elastic part of the scattering contributes to matter-neutr
energy exchange; recall that we have not included inela
electron-neutrino scattering which can be a much larger
fect!. The term 2k0*

(abs)g represents the usual neutrin
emission and absorption. It is of interest to note that
asymmetric parts of the scattering and absorption introd
new terms to the zeroth moment equation. The importanc
these terms will depend strongly on the field strength a
optical depth. In a steady state~neglecting the time deriva
tive term! we have

“•h52k0*
(abs)g2eabsk0*

(abs)h•B̂

1esck0
(sc)FT

]h

]k
14

T

k
hG•B̂. ~6.2!

The first moment equation is obtained by multiplying E
~3.1! by V i and then integrating overdV. Combining Eqs.
~4.29! and ~5.41! we find

]hi

]t
1

1

3

]~ f n
(0)1g!

]xi
1

2

3

]I i j

]xj

5E dV

4p
V iF] f n~k!

]t G
sc

1E dV

4p
V iF] f n~k!

]t G
abs

52k0
(sc)hi2

1

3
esck0

(sc)H FT
]g

]k
1~122 f n

(0)!gG B̂i

1S 122 f n
(0)1

1

l
24

T

k D I i j B̂ j J
2k0*

(abs)S hi1
1

3
eabsgB̂i1

2

3
eabsI i j B̂ j D . ~6.3!
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The time derivative term can almost always be dropped~this
corresponds to a rapid redistribution of matter temperatu
the time scale of which is of order the mean free path divid
by c, much smaller than neutrino diffusion time of the sta
see Ref. @74#!. Defining the total B50 opacity, k0

(tot)

5k* (abs)1k0
(sc) , we have

hi52
1

3k0
(tot)

]~ f n
(0)1g!

]xi
2

2

3k0
(tot)

]I i j

]xj

2
1

3k0
(tot) H esck0

(sc)FT
]g

]k
1~122 f n

(0)!gG
1k0*

(abs)eabsgJ B̂i2
1

3k0
(tot) F2k0*

(abs)eabs

1esck0
(sc)S 122 f n

(0)1
1

l
24

T

k D G I i j B̂ j . ~6.4!

Clearly, in addition to the usual diffusive flux@the first line
of Eq. ~6.4!#, there is also a drift flux@the second and third
lines of Eq. ~6.4!# which depends on the direction of th
magnetic field. This asymmetric drift flux is a unique featu
of parity violation in weak interactions. Equation~6.4! ex-
plicitly shows that the drift flux is nonzero only when th
neutrino distribution deviates from thermal equilibrium,
expected from general consideration of detailed bala
~Sec. III C; see also Sec. II for a discussion!. The spherical
deviation,g, always gives rise to a drift flux alongB̂. How-
ever, the drift flux fromI i j is along the direction of the vecto
I i j B̂ j , which does not have to be directed along the magn
field at all points in the star. For cylindrical symmetry, how
ever, one would expect that the net flux produced by
I i j B̂ j term would average to theB̂ direction.

Finally, the second moment equation can be obtained
multiplying Eq.~3.1! by Pi j 5(3V iV j2d i j )/2 and then inte-
grating overdV. Combining Eqs.~4.30! and ~5.42! and ig-
noring the time derivative, we find

3

10S ]hi

]xj
1

]hj

]xi
2

2

3
d i j“•hD

5E dV

4p
Pi j F] f n~k!

]t G
sc

1E dV

4p
Pi j F] f n~k!

]t G
abs

52
3

2 S 113l2

115l2D k0
(sc)I i j 2

3

20
esck0

(sc)

3S 122 f n
(0)1

1

l
24

T

k D S hiB̂j1hjB̂i2
2

3
d i j h•B̂D

2k0*
(abs)F I i j 1

3

10
eabsS B̂ihj1B̂jhi2

2

3
d i j h•B̂D G .

~6.5!

The above equations apply tone . Similar equations can
be derived for other species of neutrinos. Note that si
1-18
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nm(t) and n̄m(t) are always created in pairs inside the pro
neutron star, they have the same energy density distribu
Because of the crossing symmetry~see Sec. IV F!, the drift
flux of nm(t) exactly cancels the drift flux ofn̄m(t) .

VII. DISCUSSION

In this paper we have presented a detailed study
neutrino-nucleon scattering and absorption in strong m
netic fields. Specifically, we focused on the effect of par
violation in weak interactions which can induce asymme
neutrino transport in the proto-neutron star. Starting from
weak interaction Hamiltonian, we found the macrosco
moment equations of neutrino transport. Explicit results
plicable to the outer region of a proto-neutron star are gi
in Eqs. ~6.2!, ~6.4! and ~6.5!. Despite the fact that the neu
trino cross sections are asymmetric with respect to the m
netic field throughout the star, asymmetric neutrino flux c
be generated only in the outer region of the proto-neut
star where the neutrino distribution deviates from therm
equilibrium.

Previous studies based on simplified treatments~see Sec.
II ! have led to misleading results. We have tried to clar
many of the subtleties in deriving the correct expressio
The main technical complication lies in the proper treatm
of the inelasticity of neutrino-nucleon scattering and abso
tion: although these processes are highly elastic from
energetics point of view, it is essential to include the sm
inelastic effect in order to obtain the correct expression
the asymmetric neutrino flux. In addition, it is necessary
use Landau wave functions for the electron since the qu
tum mechanical ground state of the electron gives the do
nant contribution to the asymmetry for low energy electr
neutrinos. To obtain simple formulas for the respect
opacities, we developed a method to expand phase s
integrals for both small magnetic field strengths~and corre-
spondingly small spin energies! and also for small inelastic
ity. This method has general applicability for computing t
effects of nucleon recoil in phase space integrals in pow
of T/m.

To quantitatively determine the asymmetry in neutri
emission from a magnetized proto-neutron star one ha
solve the moment equations~6.2!, ~6.4! and~6.5! in the outer
layer of the star. This is beyond the scope of this paper. H
we shall be content with an order-of-magnitude estima
First note that the net drift flux associated withnm(t) and
n̄m(t) is zero, and we only need to considerne and n̄e . The
key quantities that determine the asymmetric flux are
dimensionless asymmetry parametersesc and eabs. For
neutrino-nucleon scattering, we have@Eq. ~4.28!#

esc.0.006B15T
21, ~7.1!

whereB15 is the field strength in units of 1015 G, andT is the
temperature in MeV. The asymmetry parameter for neutr
absorption has contributions from electron and nucleons

eabs~e!.0.6B15En
22 ,
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eabs~np!.0.006B15T
21@11O~T/En!#, ~7.2!

whereEn is the neutrino energy in MeV. Thus for high en
ergy neutrinos the asymmetry is dominated byesc and
eabs(np) ~arising from nucleon polarization,;mBB/T),
while for lower energy neutrinos it is dominated byeabs(e)
~arising from electrons in the ground Landau level!. The
electron neutrinos decouple from matter near the neutr
sphere, where the typical density and temperature arr
;1012 g cm23, andT;3 MeV. For a meanne energy of 10
MeV, eabs is greater thanesc. The asymmetry in thene , n̄e
flux is approximately given by the ratio of the drift flux an
the diffusive flux, of ordereabs@k0

(abs)/k0
(tot)#. Averaging over

all neutrino species, we find the total asymmetry in the n
trino flux, a;0.2eabs. To generate a kick of a few hundred
per second would require a dipole field of order 101521016

G.
Since the asymmetric neutrino flux depends crucially

the deviation of the neutrino distribution function from the
mal equilibrium, it is of interest to consider how the functio
g5 f n2 f n

(0) ~or I i j ) scales with the depth of the star me
sured from the surface. Without a magnetic field, we exp
g to decrease exponentially toward zero below the dec
pling layer ~which is close to the neutrinosphere forne and
n̄e). In the presence of asymmetric absorption and scatte
opacities, this scaling may be modified. Inspecting the zer
moment equation~6.2!, we may concludeg;eh•B̂ in the
deep interior of the star~recall that in radiative equilibrium
one always have¹•*h dk50). This effect may increase ou
estimate for the asymmetric flux. We hope to address so
of these issues in a future paper.
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APPENDIX A: MATRIX ELEMENT
FOR n-N SCATTERING

In the usual case in which the spin projection of the p
ticles is not ‘‘measured,’’ one can sum the matrix eleme
over the final spins and average over the initial spins. Ho
ever, for spin 1/2 particles in a magnetic field, the initial a
final state spin dependence in the matrix elementcannotbe
immediately summed over since the nucleon distribut
function and the energy conservation delta function b
have spin dependence of the form2smBB/T. To obtain the
differential cross section one needs to calculate the ma
elementuMss8(V,V8)u2 for initial ~final! nucleon spins (s8)
and initial ~final! neutrino directionV (V8). We neglect the
effect of Landau levels of proton in then-N scattering cross
section~but see Appendixes C and D!.

The low energy effective Hamiltonian density for neutr
current scattering of a spin-1/2 fermion with a neutrino
given by ~see, e.g., Refs.@10,75#!
1-19
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Hint5
GF

A2
C̄N8 gm~cV2cAg5!CNC̄n8g

m~12g5!Cn1H.c.,

~A1!

where neutral current vector and axial coupling constants
@10# given by9 cV521/2 and cA521.23/2 for n1n˜n
1n andcV51/222 sin2uW50.035 andcA51.23/2 forn1p
˜n1p. Here GF51.16631025 GeV22 is the universal
Fermi constant and sin2uW50.2325 (uW is the Weinberg
angle!.

The ~nonrelativistic! nucleon wave function with four-
momentumP5(m1E,p).(m,0) and spin four-vectorS
.sB̂ is given by

CN5V21/2UNeip•x2 iEt, ~A2!

~where V is the normalization volume andUN is the
4-spinor!, while the neutrino wave function with four mo
mentumK5(k,kV) is

Cn5V21/2Uneik•x2 ikt. ~A3!

For the antineutrino, replaceUnexp(ik•x2 ikt) with
Vnexp(2ik•x1 ikt).

Plugging the wave functions into Eq.~A1!, the transition
rateW (S matrix squared divided by time! can be written

W~$p,s,V%,$p8,s8,V8%!

5
1

V3
~2p!4d4~P1K2P82K8!uMss8~V,V8!u2 ~A4!

where

uMss8~V,V8!u25
1

2
GF

2LmnNmn~s,s8!, ~A5!

Lmn5U 8̄ngm~12g5!UnŪngn~12g5!Un8

5
1

4kk8
Tr@K” 8gm~12g5!K” gn~12g5!#

5
2

kk8
K8aKbXambn , ~A6!

Xambn5
1

4
Tr@gagmgbgn~12g5!#

5gamgbn2gabgmn1gangbm2 i eambn , ~A7!

Nmn~s,s8!5U 8̄Ngm~cV2cAg5!UNŪNgn~cV2cAg5!UN8 ,
~A8!

9Raffelt and Seckel@75,76# considered the isoscalar contribution
to the scattering amplitude as well as the usual isospin pieces,
suggestedcV521/2 and cA521.15/2 for n1n˜n1n and cV

51/222 sin2uW andcA51.37/2 forn1p˜n1p.
04300
re

and we use the sign conventionsg00511, gi j 52d i j , and
e0123511. The nucleon piece can be evaluated using
spin projection operator@77# (11g5g3s)/2 and the energy
projection operator (11g0)/2 so that

Nmn~s,s8!5
1

4
Tr@~11g5g3s8!~11g0!gm~cV2cAg5!

3~11g5g3s!~11g0!gn~cV2cAg5!#.

~A9!

Explicit computation of each component gives

N005
1

2
cV

2~11ss8!

N0i5Ni052
1

2
cVcA~s1s8!d i3

Ni j 5
1

2
cA

2@d i j ~12ss8!12ss8d i3d j 3

1 i e0i j 3~s82s!# ~A10!

where emnls is the completely antisymmetric tensor wit
e0123511. The remaining traces can be evaluated by st
dard methods@77,78# with the result

uMss8~V,V8!u25
1

2
GF

2cV
2$~113l2!1~12l2!V•V8

12l~l11!~sV1s8V8!•B̂22l~l21!

3~sV81s8V!•B̂1ss8@~12l2!

3~11V•V8!14l2V•B̂V8•B̂#% ~A11!

where we have definedl5cA /cV .
Time-reversal invariance can be explicitly checked for t

matrix element in Eq.~A11!, or equivalently theS matrix in
Eq. ~A4!, by simultaneously exchanging all initial and fin
state labels.

For antineutrinos, one would just switchV andV8 in Eq.
~A11!.

APPENDIX B: NUCLEON RESPONSE FUNCTION FOR
SCATTERING

Following the procedure outlined in@10#, we first use
d3p8 to integrate overd3(p1q2p8) and then integrate ove
the azimuthal angle forp, with the result

Sss8~q0 ,q!5
1

2pE0

`

dpp2E
21

1

dmd~q01E2E8! f N~E!

3@12 f N~E8!#, ~B1!

where m5p•q/pq and E852mBBs81(p1q)2/2m
52mBBs81(p21q212pqm)/2m. Care must now be taken
to correctly integrate over the energy-conservation de

nd
1-20
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function with the coordinatem; the integral is only nonzero
if the argument of the delta function is zero form[m0P
(21,1). We find

m05
q02q2/2m2mBB~s2s8!

pq/m
~B2!

so thatm0
2<1 for

p2>pmin
2 5Fq02q2/2m2mBB~s2s8!

q/m G2

. ~B3!

Changing variables fromp to E52smBB1p2/2m in the
remaining integral gives

Sss8~q0 ,q!5
m2

2pqEEmin

`

dE fN~E!@12 f N~E1q0!#, ~B4!

where

Emin52mBBs1
pmin

2

2m

52mBBs1
@q02q2/~2m!2mBB~s2s8!#2

4 ~q2/2m!
~B5!

is the minimum energy allowed for the initial state nucle
in order for energy and momentum conservation to be sa
fied givenq0 , q, s, ands8. The last integral can be done b
first defining the dimensionless variablesx5(E2mN)/T,
xmin5(Emin2mN)/T, andz5q0 /T, yielding

Sss8~q0 ,q!5
m2T

2pqExmin

`

dxS 1

ex11
D S 1

11e2x2zD
5

m2T

2pq

1

12e2z
lnF 11exp~2xmin!

11exp~2xmin2z!G .
~B6!

This expression agrees with@10# for B50 keeping in mind
that our definition ofS is a factor of two smaller than theirs

Expandingxmin to linear order inB we find

xmin.x01dx

x05
~q02q2/2m!2

4T~q2/2m!
2

mN

T

dx5
2mBB

2T F S 11
2mq0

q2 D s1S 12
2mq0

q2 D s8G .

~B7!

For dx!1, Sss8 can be written as a sum ofS0, the zero field
value, anddSss8 , the correction due to the magnetic fiel
i.e.,

Sss8~q0 ,q!5S0~q0 ,q!1dSss8~q0 ,q!
04300
s-

S0~q0 ,q!5
m2T

2pq

1

12e2z
lnF 11exp~2x0!

11exp~2x02z!G
dSss852

m2T

2pq

dx

@exp~x0!11#@11exp~2x02z!#
.

~B8!

Note that the asymmetry in the the coefficients in E
~4.8! is entirely due to the 2mq0 /q2 terms, which first appea
in Eq. ~B7! as a consequence of the energy and momen
conservation delta function. Had one initially setm˜` in
d(E1q02E8), these terms would not have appeared.

In the limit of nondegenerate nucleons withmN /T!21
and exp(mN /T)5(21/2p3/2n)/(m3/2T3/2), we find

1

12e2z
lnF 11exp~2x0!

11exp~2x02z!G
.

1

@exp~x0!11#@11exp~2x02z!#

.exp~2x0!5expFmN

T
2

~q02q2/2m!2

4T~q2/2m!
G , ~B9!

which takes the form of a Gaussian ink8. The center of the
Gaussian is located atk8.k and has a width of orde
(T/m)1/2k due to the recoil motion of the nucleons. We c
further simplify this expression by defining the small qua
tity e and the dimensionless variableu by

e5F4~12m8!T

m G1/2

, u5
k82k

ek
~B10!

so thatk85k(11eu). Then the recoil momentum is

q252k2~12m8!~11eu!1O~ek!2 ~B11!

and

~q02q2/2m!2

4T~q2/2m!
.

e2k2u2F11
2k~12m8!

emu G
4T@2k2~12m8!/2m#~11eu!

.u2F12eu12
k~12m8!

emu G . ~B12!

The criteria for the expansion of theB50 part areT!m ~so
that e!1) andk!(mT)1/2. The BÞ0 terms require the ad
ditional assumptions that bothmBB/T!1 and (mBB/
T)(ATm/k)!1. To first order ine we then find

S0~q0 ,q!5
p1/2n

ek
exp~2u2!F12

1

2
eu1eu3

22
k~12m8!

em
uG , ~B13!

anddSss852S0dx involves the quantity
1-21
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2mq0

q2
.2

em

k~12m8!
~u2eu2!. ~B14!

The range of the variableu is from umin521/e!21 to `.
Sincee!1, we may extend the lower limit to2` with only
exponentially small error.

APPENDIX C: WAVE FUNCTIONS FOR THE
ABSORPTION OPACITY

The electron wave functions in cylindrical coordinat
(r,f,z) are given in@79#. In the standard representation f
the Dirac matrices@77#, these wave functions are written a

Ce5L21/2eipe,zz2 iEetUe~r,f!,

Ee5~me
212eBNe1pe,z

2 !1/2 ~C1!

where pe,z is the z momentum, andNe50,1,2, . . . is the
Landau level index. The 4-spinorUe is given by

Ue~r,f!5S 1

2pl2D 1/2

ei (Ne2Re)fS C1I Ne21,Re
~ t !e2 if

iC2I Ne ,Re
~ t !

C3I Ne21,Re
~ t !e2 if

iC4I Ne ,Re
~ t !

D
~C2!

with

C15a1A1

C25sea2A1 a65A1

2 S 16se

pe,z

uLu D
C35sea1A2 A65A1

2 S 16
me

Ee
D

C45a2A2 ~C3!

I nr~ t !5S r !

n! D
1/2

e2t/2t (n2r )/2Lr
(n2r )~ t !, E

0

`

dtInr
2 ~ t !51.

~C4!

Herel5(eB)21/2 is the cyclotron radius,t[r2/2l2 ~not to
be confused with the symbol for time!, and V5LA is the
normalization volume~with length L along thez axis and
areaA in the x-y plane, and one particle in volumeV). The
operators which have been simultaneously diagonalized,
their corresponding eigenvalues, are perpendicular en
E'5(eB/me)(Ne11/2), z momentumpe,z , the radius of the
guiding centerRgc5l(2Re11)1/2 (Re50,1,2, . . . ) and the
‘‘longitudinal’’ spin polarization operator L5S•P
5se(pe,z

2 12eBNe)
1/2, whereP5p1eA andse561. Note
04300
nd
gy

that L reduces to helicity whenB50. The coefficientsCi
are found by requiring the spinors to satisfy the the Dir
equation, the normalization condition, and by diagonaliz
L. The functionsI nr(t) are the same as in@79#, except that
we have written them in terms of the Laguerre polynomi
as defined in@80#.

As the properties of the ground state are crucial to
results, we now describe them in some detail. The low
energy state hasNe50. As the functionsI 21,Re

are not well

defined, only the spin projectionse,052sgn(pe,z) is al-
lowed forNe50; hence the coefficient ofI 21,Re

will be zero.

To interpret this restriction, remember thatse is the projec-
tion of the spin on the vectorp, not the magnetic field.
However, by expressingp in terms of raising and lowering
operators one may easily show that (Sxpx1Sypy)C(Ne
50)50, and hence LC(Ne50)5SzpzC(Ne50)
5SzpzC(Ne50)52pe,zC(Ne50). Hence theNe50 state
with se5se,0 has spin opposite to the magnetic field,
expected of the electron ground state. Since only one va
of se is allowed forNe50, this state is expected to have
different form for the matrix element than theNe>1 states.

We assume that the protons are non-relativistic in wh
case the wave functions can be written as@77#

Cp5L21/2eipp,zz2 iEptUp~r,f!, ~C5!

where

Up~r,f!5S 1

2pl2D 1/2

ei (Rp2Np)fS dsp ,11I Rp ,Np
~ t !

dsp ,21I Rp ,Np
~ t !

0

0

D .

~C6!

The energy for the proton isEp5(eB/m)(Np11/2)
2mBpBsp1pp,z

2 /2m. When there is no subscript on the mas
we have approximatedmn.mp[m. The spin projection
along the magnetic field issp561. The non-relativistic
spinors differ from the relativistic spinors in that they a
completely decoupled from each other. Furthermore, the
ferent components of the spinors correspond to different
ergies due to the anomalous magnetic moment~recall that in
the electron case, one could arrange the spinors so tha
energy depends only onNe). This complicates the calcula
tion of the matrix element since the proton distribution fun
tion will now depend on spin~through the energy! and the
matrix element cannot be directly summed over. Last, n
that the order ofN andR was switched going from the elec
tron to proton case, since the electron has angular mom
tum Lz(e)5Ne2Re and the proton has angular momentu
Lz(p)5Rp2Np due to the sign of the charge. The groun
state of the proton is the state withNp50 andsp511. Both
sp561 are allowed forNp50.

The neutron and neutrino wave functions are the sam
those used for the scattering calculation~Appendix A!.
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APPENDIX D: MATRIX ELEMENT FOR ABSORPTION

The S matrix is given by

Sf i52 i E d4xHint ~D1!

where the weak interaction, low energy effective Ham
tonian is@10,75#

Hint5
GF

A2
C̄pgm~cV2cAg5!CnC̄eg

m~12g5!Cn1H.c.

~D2!

where the neutral current coupling constants for the abs
tion process are@75# cV51.00 andcA51.26 ~we shall use
the same notation for these coupling constants for absorp
and scattering, even though their values are different!.

Plugging in the wave functions from Appendix C and t
Hamiltonian in Eq.~D2! we find
s.

n

04300
-

p-

on

Sf i52 i
GF

A2
L21V212pd~Ee1Ep2k2En2Q!

32pd~pe,z1pp,z2kz2pn,z!

3E
0

`

drrE
0

2p

dfeiw'•x'Ūp~r,f!

3gm~cV2cAg5!UnŪe~r,f!gm~12g5!Un ~D3!

where w'5(pn,x1kx)ex1(pn,y1ky)ey , and x'5xex
1yey . The transition rate~the square ofSf i divided by time!
can be written in the form

Wi f
(abs)5

uSf i u2

T

5L21V22~2p!2d~Ee1Ep2k2En2Q!

3d~pe,z1pp,z2kz2pn,z!uM u2 ~D4!

where we have defined
uM u25
GF

2

2 U E
0

`

drrE
0

2p

dfeiw'•x'Ūp~r,f!gm~cV2cAg5!UnŪe~r,f!gm~12g5!UnU2

. ~D5!
or-

ay
The integrals overr andf can be accomplished using Eq
~4.6! and ~4.7! in Ref. @79#, which in our notation give

E
0

2pdf

2p
ei (N12R1)fei (R22N2)fe2 iw'•x'

5J(N12R1)2(N22R2)~w'r!, ~D6!

whereJN(z) is thenth Bessel function, and

E
0

`drr

l2
I N1R1

~ t !I R2N2
~ t !J(N12R1)2(N22R2)~A2tlw'!

5~21!N22R2I N1N2
~l2w'

2 /2!I R1R2
~l2w'

2 /2!. ~D7!

After performing these two integrals, the matrix eleme
uM u2 can be written as

uM u25
GF

2

2
I ReRp

2 ~l2w'
2 /2!

3uŨ̄pgm~cV2cAg5!UnŨ̄eg
m~12g5!Unu2

~D8!
t

where we have defined

Ũp5S dsp ,11

dsp ,21

0

0

D and Ũe5S C1I Ne21,Np
~l2w'

2 /2!

iC2I Ne ,Np
~l2w'

2 /2!

C3I Ne21,Np
~l2w'

2 /2!

iC4I Ne ,Np
~l2w'

2 /2!

D .

~D9!

At this point, the summation rule for theI ns @Eq. ~2.24! in
Ref. @79## may be used to sum over the guiding center co
dinates with the result

(
Re50

Rmax

(
Rp50

Rmax

I ReRp

2 5 (
Re50

Rmax

15A
eB

2p
. ~D10!

Since only the matrix element depends onse , it may be
directly summed over. As a result, the matrix element m
be put into the form

(
Re50

Rmax

(
Rp50

Rmax

(
se561

c~Ne ,se!uM u25
GF

2

2
A

eB

2p
LmnNmn

~D11!
1-23
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where the lepton piece is

Lmn5 (
se561

c~Ne ,se!Ũ̄egm~12g5!UnŪngn~12g5!Ũe

5
1

2k (
se561

c~Ne ,se!Tr@ŨeŨ̄egm~12g5!K” gn~12g5!#

~D12!

and the nucleon piece is

Nmn5 Ũ̄pgm~cV2cAg5!UnŪngn~cV2cAg5!Ũp . ~D13!

A moment of inspection shows that the form of the nucle
tensor is exactly the same as Eq.~A10! for the scattering
problem if we replace the initial nucleon with the neutr
and the final nucleon with the proton. The dependence on
shape of the proton wave functions is contained entirely
the I Ne ,Np

functions.
The lepton tensor is more complicated. In particular, n

tice that theNe50 electron Landau level is the only state f
which there is only one polarization. Consequently, the m
trix element will have quite a different structure for the ele
tron ground Landau level and will contain the importa
electron contribution to the parity violation effect. The a
swers forNe50 andNe>1 will be given separately.

In the Ne50 case, by representingŨeŨ̄e in terms of
gamma matrices, performing the traces, and then summ
againstNmn, we find

LmnNmn~Ne50!5Q~pe,z!I 0,Np

2 ~w'
2 /2eB!

3@cV
213cA

21~cV
22cA

2 !V•B̂

12cA~cA1cV!~sp1snV•B̂!

22cA~cA2cV!~sn1spV•B̂!

1snsp$cV
22cA

21~cV
213cA

2 !V•B̂%#

˜Q~pe,z!I 0,Np

2 ~w'
2 /2eB!~cV

22cA
2 !V•B̂,

~D14!
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where we have taken the relativistic limit (me˜0) for the
electrons. For simplicity, several terms in this express
which do not affect the final result for the opacity have be
discarded. First, we have thrown away terms which will on
give corrections to the angle-independent piece of the op
ity. Second, any terms withsnsp have been dropped sinc
they will always give zero in the sum oversn andsp ~since
we are expanding the nucleon response function to lin
order in the spin energies!. Finally, we have dropped term

like snV•B̂ and spV•B̂ since theNe50 contribution is al-
ready proportional toB; these terms will yield an additiona
factor ofB from the nucleon polarization which will be muc
smaller.

We shall needLmnNmn(Ne50) summed over allNp . Us-
ing the summation rule forI NS,

(
S50

`

I NS
2 ~x!51, ~D15!

we find

(
Np50

`

LmnNmn~Ne50!5Q~pe,z!~cV
22cA

2 !V•B̂,

~D16!

whereQ is the step function.
For theNe>1 case, all terms containing a factorsnsp ,

which gives zero in the sums oversn andsp , and corrections
to the angle independent opacity will be dropped. Furth
more, we drop terms with no spin dependence which
proportional to I Ne ,Np

I Ne21,Np
. Since these terms have n

spin dependence, they cannot couple to the nucleon pola
tion terms in the response function~see Appendix E!, and
hence they can be evaluated to lowest order in the inela
ity. In the sum overNp , I Ne ,Np

I Ne21,Np
will then give zero.

For relativistic electrons we then find
LmnNmn~Ne>1!5
1

2 F I Ne21,Np

2 ~w'
2 /2eB!S 12

pe,z

uLu D1I Ne ,Np

2 ~w'
2 /2eB!S 11

pe,z

uLu D G
3@cV

213cA
212cA~cA1cV!snV•B̂22cA~cA2cV!spV•B̂#

1
1

2 F2I Ne21,Np

2 ~w'
2 /2eB!S 12

pe,z

uLu D1I Ne ,Np

2 ~w'
2 /2eB!S 11

pe,z

uLu D G~cV
22cA

2 !V•B̂. ~D17!
1-24
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Summing this expression over allNp gives

(
Np50

`

LmnNmn~Ne>1!

5cV
213cA

212cA~cA1cV!snV•B̂

22cA~cA2cV!spV•B̂1
pe,z

uLu ~cV
22cA

2 !V•B̂.

~D18!

In addition, it will be necessary to sum the matrix eleme
against nucleon recoil terms from the response func
which contains

q'
2 5eB~2Np11!2pn,'

2 . ~D19!

The needed summation rule is@79#

(
S50

`

SINS
2 ~x!5N1x. ~D20!

In our case this gives

(
Np50

`

NpI NeNp

2 ~w'
2 /2eB!5Ne1w'

2 /2eB, ~D21!

so that

(
Np50

`

q'
2 I NeNp

2 ~w'
2 /2eB!52eB~Ne1w'

2 /2eB!1eB2pn,'
2

5eB~2Ne11!1k'
2 12k'•pn,' .

~D22!

Note that the large neutron momentum terms (pn,'
2 ) can-

celled so that the ‘‘averaged’’ recoil momentum has the
pected size. The final result needed is then

(
Np50

`

q'
2 LmnNmn~Ne>1!

5F2eBNe1k'
2 12k'•pn,'1eB

pe,z

uLu G@cV
213cA

2

12cA~cA1cV!snV•B̂22cA~cA2cV!spV•B̂#

1FeB1~2eBNe1k'
2 12k'•pn,'!

pe,z

uLu G
3~cV

22cA
2 !V•B̂. ~D23!

APPENDIX E: NUCLEON RESPONSE FUNCTION FOR
ABSORPTION

The response function for absorption is defined in E
~5.9!. Using pp,z to integrate over thez-momentum delta
function givespp,z5pn,z1kz2pe,z . Using pn,z to integrate
over the energy delta function gives
04300
t
n

-

.

pn,z5
q01Q2q2/2m1~mBpsp2mBnsn!B

qz /m
, ~E1!

where we have defined the energy transfer byq0[k2Ee and
the momentum transfer byqz[kz2pe,z , q'

2 [eB(2Np11)
2pn,'

2 , andq2[q'
2 1qz

2 . The result is

Ssnsp
5

m

uqzu
f n~En!@12 f p~Ep!#, ~E2!

where the neutron energy is

En5
pn,'

2

2m
1

pn,z
2

2m
2mBnBsn5

pn,'
2

2m

1
@q01Q2q2/2m1~mBpsp2mBnsn!B#2

4~qz
2/2m!

2mBnsnB,

~E3!

and the proton energy isEp5Q1En1q0. Defining dimen-
sionless parametersy, z via

y[
En2mn

T
52

mn

T
1

pn,'
2

2mT

1
@q01Q2q2/2m1~mBpsp2mBnsn!B#2

4T~qz
2/2m!

2
mBnsnB

T

~E4!

and

z5
mn2mp1q01Q

T
, ~E5!

the response function can be written as

Ssnsp
5

m

uqzu S 1

ey11
D S 1

11e2y2zD . ~E6!

The above expression is exact. We now consider the
gime where the nucleons are nondegenerate. This is valid
the outer layers of the neutron star where asymmetric
can develop. Since the nucleon spin energies are small
shall expandSsnsp

to first order inmBB. Using the nondegen

erate nucleon conditionsf p!1 ande2y!1, we find

Ssnsp
5

m

uqzu
e2y0~12dy!, ~E7!

wherey.y01dy, and

y052
mn

T
1

pn,'
2

2mT
1

~q01Q2q2/2m!2

4T~qz
2/2m!
1-25
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dy52
mBnsnB

2T S 11
q01Q2q'

2 /2m

qz
2/2m

D
2

mBpspB

2T S 12
q01Q2q'

2 /2m

qz
2/2m

D . ~E8!

Thedy term now contains all the dependence on the nucl
spins. This term will give rise to the nucleon contribution
the asymmetric parity violation effect.

In evaluating the absorption opacity@Eq. ~5.8!#, it will be
necessary to expandSsnsp

for small ‘‘inelasticity.’’ If the
nucleon mass were infinite, energy conservation would g
exactly Ee5k1Q. Thus we expectSsnsp

to be sharply
peaked about this electron energy, with a width proportio
to (T/m)1/2. We can expand the electron energy around
peak in a series in the small parameter (T/m)1/2. There are
two cases to consider: for the electron ground stateNe
50), we shall want to define the dimensionless electron
ergy in terms ofpe,z , but for the case in which we ar
summing over a continuum of electron Landau levels it w
be more convenient to define the dimensionless electron
ergy in terms of the perpendicular momentumpe,'

2

[2eBNe .
In the Ne50 case,Ee.upe,zu ~neglectingme), we define

the dimensionless electron energyu by

pe,z56~k1Q!~11eu!, ~E9!

where

e5S 2T

m D 1/2 uqz,0u
k1Q

, qz,05kz7~k1Q! ~E10!

~sincee!1, we can setu11euu511eu over the interesting
range ofu). As discussed in Sec. V B, we will only need th
dominant term for theNe50 response function. Thus we ca
drop the nucleon polarization terms indy and work to the
lowest order in inelasticity. With these approximations,
find

Ssnsp
5

m

uqz,0u
expS mn

T
2

pn,'
2

2mT
2u2D ~Ne50 state!,

~E11!

which takes the form of a simple Gaussian inu. Since e
!1, we can consider the range ofu to extend from2` to `
in the phase space integrals with exponentially small err

When summing overNe in Eq. ~5.8!, it will be more
convenient to defineu in terms ofpe,'

2 52eBNe . Let

pe,'
2 52eBNe5E'

2 ~11eu!, ~E12!

where

E'
2 5~k1Q!22pe,z

2 , e5S 8T

m D 1/2uqzu~k1Q!

E'
2

. ~E13!
04300
n

e

l
e

n-

l
n-

.

The allowed range ofpe,z is now pe,zP@2(k1Q),(k
1Q)# in order to keepE'

2 a positive number. The electro
energy is

Ee.~pe,'
2 1pe,z

2 !1/2.~k1Q!F11
euE'

2

2~k1Q!2
2

e2u2E'
4

8~k1Q!4G .

~E14!

The expressions needed for Eq.~E7! are then

exp~2y0!.expS mn

T
2

pn,'
2

2mT
2u2D F11

eu3E'
2

2~k1Q!2

2
2u~k1Q!q2

emE'
2 G ~E15!

and

dy52
mBnsnB

2T F12
q'

2

qz
2

2
eumE'

2

~k1Q!qz
2 S 12

euE'
2

4~k1Q!2D G
2

mBpspB

2T F11
q'

2

qz
2

1
eumE'

2

~k1Q!qz
2 S 12

euE'
2

4~k1Q!2D G .

~E16!

Note that, as in the scattering case, there is a term indy with
a coefficient which scales as

emE'
2

~k1Q!qz
2

.
~mT!1/2

uqzu
;S m

T D 1/2

~E17!

for k;T, and this term can be much greater than unity.

APPENDIX F: REPLACING THE SUMS OVER Ne WITH
INTEGRALS

In this appendix, we turn the sum overNe in Eq. ~5.8! into
an integral. Let the sum be called

I5 (
Ne51

`

F~Ne! ~F1!

where the functionF is given by

F~Ne!5~12 f e! (
Np50

` E d2pn,'

~2p!2 (
sn ,sp561

Ssnsp
LmnNmn.

~F2!

Integrating the identity~see Ref.@81#!

(
n52`

`

d~x2n!5 (
k52`

`

exp~2p ikx! ~F3!

againstF(x) over the regionxP@1,̀ ) gives the result
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(
Ne51

`

F~Ne!52
1

2
F~1!1E

1

`

dNeF~Ne!1oscillatory terms.

~F4!

As discussed at the beginning of Sec. V, we shall ignore
oscillatory terms.

The F(1) terms will give expressions smaller than t
integral overNe for both Eqs.~5.23! and ~5.25!. The reason
is that the integral overNe effectively divides byeB, so that
the factor ofeB is Eq. ~5.8! is cancelled. For Eq.~5.24!, the
F(1) term is odd inpe,z so that it integrates to zero~to
oc

.

oc

J.

. J

04300
e

lowest order in inelasticity! in the pe,z integral. The correc-
tions involving inelasticity will make this term smaller by
factor of T/m than theNe50 term. Our result is then

I5E
1

`

dNeF~Ne!. ~F5!

When changing the variable of integration fromNe to u
using the expression 2eBNe5E'

2 (11eu) in Eq. ~5.26!, we
can letu range from2` to ` sincee;(T/m)1/2!1.
c-

c.

l-

r
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