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Testing QCD with hypothetical tau leptons
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We construct new phenomenological tests of perturbative QCD by considering a hypothd&psadn of
arbitrary mass which decays hadronically through the electromagnetic current. Its hadronic branching ratio can
be computed directly as an integral over #fee™ annihilation cross section rati®.+.-. More generally, we
can design a set of commensurate scale relations which test the applicability and self-consistency of leading
twist QCD predictions by varying the weight function away from the form associated witt th& decay of
the physicalr. This method allows the wide range Rf+.- data(or other similar observables which define an
effective charggto be used as renormalization scheme and scale invariant probes of QCD.
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The 7 lepton hadronic width is potentially one of the most PQCD corrections to the lepton’s width ratio,R,=T'(7~
important sources for the high precision determination of the_w +hadrons)F (7~ — v e‘?) and those foR. .. As-
QCD coupling ays [1,2]. The perturbative QCOPQCD sumTing for nowf massless flavors, PQCD yieldes °
analysis of ther width has been refined by constructing mo-
ments of hadronic decay distributions which minimize sen- Rete-(VS)=( 3 o ar(Vs) )
sitivity to the low energy part of the hadronic spectr{idi. ee o T |
However, it is still uncertain whether the mass is high \ypere ag can be written as a series i/ in any given
enough to trust PQCD, mainly due to the distortion of had-gnormalization scheme. Note thag, is an effective charge
ronic final stateg4]. 7] because it satisfies the Gell-Mann-Low renormalization

In this paper we construct new renormalization scale- an roup equation with the same coefficierig and 8, as the
scheme-independent tests of PQCD which can be applied {Qs,a couplinga,. Similarly, we can define an effective
any observable which defines an effective charge. These Se'(f,harge o as follows:

consistency tests are motivated by the relation between the

1+

hadronic width of a hypotheticat lepton of arbitrary mass RAM,)=RAM )[1+ a(M)/]. @)
which decays hadronically through the vector current to & eading-twist QCD predicta (M) = ar(\/s*) to all orders
specific integral over the measured annihilation réio .- in perturbation theory. The ratio of the commensurate scales

=o(e*e” —hadrons)b(e*e”—u" ). Such hypotheti- is known in NLO PQCD:
cal 7 leptons, with massesl <M ., have already been con- _ 19 169
sidered in Ref[3]. The hypothetical character of these lep- VSHIM = exp{— - iR [ar(M )] + -} (3)

tons allows us to generalize these tests to a more generghjs result was originally obtained if6] by using NNLO
class of physical observables and to generalized functiongyeictions foray and «.. obtained in the modified minimal

moments. As we shall show, these relations are fundamem@hbtraction M_S) scheme and eliminatingy;s. However, as
properties of QCD which severely test the applicability andWe shall show here, the QCD prediction fg&*/M aiso

re“gz'gxuor;lﬁ:ﬂ:ﬁ:g;ferrt:(;?:;[(')vnes F\’,;ﬁ?éﬁt'?er?;t'e h SiCaIfollows from the fact that both effective charges evolve with
P ; phy Lwiversal Bo and B, coefficients. The fact thaR, can be
observables cannot depend on theoretical conventions suc

L Written as
as the renormalization scheme or scale. The most well-

known example is the “generalized Crewther relatiof8] RT(MT)ZLJNGE 5 1+§
in which the leading twist PQCD corrections to the Bjorken S |0 M2 M2 M2
sum rule at a given lepton momentum tran€d&rare inverse T di

to the QCD corrections t&R.+.- at a corresponding c.m. YR -(\E) (4)

energy squareds* =s*(Q?), independent of the choice of ee

renormalization scheme. The ratio of the sca®sQ? has implies, by the mean value theorem, tha; and «, are

been computed to next leading orddILO) in PQCD. Such related by a scale shiffwe have usetV,4°+|V,J*=1, as

leading-twist predictions between observables are calleéh [8]. Notice that in order to include NNLO corrections in

“commensurate scale relations” and are identical for confor-e,, we must modify theD(a?2) coefficient ofag by setting

mal and nonconformal theori¢6]. (2¢05)?=0.] However, the prediction for the ratigs*/M ,

Another important example of commensurate scale relain Eq. (3) is a specific property of PQCD.

tions is the connection between the all-orders leading-twist An empirical test of the commensurate relation, 8, is
problematic since the real lepton mass seems uncomfort-
ably low for the applicability of leading-twist QCD predic-
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massM which decays hadronically through the vector cur-Eg. (3). Also, since\; is a constant to leading ordes;
rent. Its hadronic width ratio is given by a specific integral should satisfy the same renormalization gréBs) equation
over the measureR.+.-. More generally, we can design a asag with the same coefficientg, and 8;. In other words,
set of commensurate scale relations and PQCD tests by varys is an effective charge.
ing the weight function away from the form associated with As an example we will apply this self-consistency test to
theV—A decay. In fact, this method can be applied to func-the O=R.+.- data, using different weight functionf{x)
tional moments of any observable which defines an effectivand varyingM to see whether we obtain the PQCD behavior.
charge as a function of a Mandelstam variable. In general, the weight functiof(x) should be chosen to

In this paper we shall apply the new commensurate scalsuppress the low energy region, where non-perturbative ef-
relations to generalized moments integrated over a largéects are important. Thus in the following, we shall set
range of availableR.+.- data. In order to test the leading- f(x)=x*, wherek is some positive number. In such a case,
twist PQCD predictions, it will be important to take into we have
account the specific scale-breaking effects attributable to the a (M)=ar(\ M) with \,=e'12ok, 9
ss,cc,bb quark thresholds. Also, following9], we shall i
smear theq annihilation data in order to regulate resonancaéhere | =/ gx“Inxdx and I .= fgxdx. Note that as k in-
and other distortions due to final state interactions. Bycréasesly/2lo—0, and therefqre/s—*—>M. For very large
smearingR.+.- over a range of energ\E, we focus the k we Io;;e sensitivity to the details of PQCD. It is partlgularly
physics to the time\t=1/AE where an analysis in terms of interesting to use such a test to probe the energy region close
PQCD quark and gluon subprocesses is appropriate. Thig the 7 massM . _ _ _ _
this method can also be interpreted as a test of duality. 1he main difficulty in comparing witlR.+.- data is that
Scheme-independent relations betwddn .- and 7 decay W€ can no Iong_er consider massless flavors and that we ob-
have also been recently discusseddh serve hadrons instead of quarks. Follow[i8g the effect of

Given an observabl©(s), and its associated effective duark masses can be approximately taken into account if we

chargeaq, we can define new effective charges as follows:US€ f Lvi(3—v?) ar(V5)
w2ds [ s w2ds [ s Rete-(V8) =32 of ——5——| 1+g(v)—
m(M)zf —fl =] @o(Vs) f —fl=5. ®
o M2 \M 0 M Js
_ ar(Vs)
We can choosé(x) to be any smooth, integrable function of =Ry(\/S)+RscH V5) - (10
— 2 ; P — _yv)2
)J(r_;/M .d[lcz)o_rRthe pa}:tlculfa:r. chglcel,ff(x)—frlh x)“(1 C4mlw 3tv(m 3 .
x) and O=Rg+e-,af=ay is simply a,.] The mean 00 =55, "2 |3 72 (11)

value theorem then impliesa;(M)=ag( \/§), O<s}
<M?2. Note that this relation only involves data for the ob- wherev, = \/m is the velocity of the initial quarks in
servable O(s) and thus provides an interesting Sself- thejr c.m. frame. The;(3—v?)/2 factor is the parton model
consistency test for the applicability of leading twist QCD. 4355 dependence aggv) is a QCD modificatior{10] of
Dimensional analysis ensures thaff =\¢M, wherek pos-  the Schwinger correctiofl1]. The quark masses have been
sibly depends omrg . To obtain an estimate fot; we con-  taken as effective parameters in order to provide a good fit to

sider the running otxg up to third order: the smeared data. In principle, all these corrections spoil the
p M s M)\ 2 relation in Eq.(9). Howe_ver these factors are only relevant

ol Vs) = @o(M) —@| — (aO( )) close to the corresponding quark thresholds. At higher ener-

™ m 4 M 77 gies the correction factors tend to unity and the precise val-

ues of the quark masses become irrelevant. Our main analy-

1| , o s s ao(M)\3 sis will be restricted to this regime, although it could be
+ 16 Boln W —Biln W p ... (6) possible to extend it by relating the quark masses directly to
those of the resonanc¢$2]. Nevertheless, we still cannot
We substitute forg in Eq. (5) to find compare directly with the data since there is no direct corre-
5 spondence between quark and hadronic thresholds. To obtain
M: @o(M) _@(I_l) ( aO(M)) a meaningful comparison we have to smear both the PQCD
™ ™ 4 \1lg ™ results and the data. Followin@] we define smeared quan-
1 I, I\ ] ag(M)\3 tities as follows:
+—,6’2—)—,8<—)( o (D — A (= R(ys
16|70\ 1, N, T R(\/S)=— (—\/—)ds’. (12)

mJo (s—8')?—A?
where |, = [3f(x)(Inx)'dx. By settings=s* in Eq. (6) and  Note that in the\— 0 limit, we recover the original quantity.

comparing with Eq(7), we extract In what follows we use the standard valde=3 Ge\?
i Bol(11\2 1,] ao(M) [9,13]. The smearing effect can be seen by comparing Fig. 1,
Ni=ex T'F?[(l— T ] (8)  which shows an interpolation of the.+.- data[14], with
0 0 0

Fig. 2. For completeness, we also include in Fig. 2 the
Note that iff(x) is positive on the intervdl0,1], thenl,/l;  smeared results from NLO PQCD and from the naive parton
is negative as expected. Usiig(x), Eq. (8) is nothing but model (@g=0).

037501-2



BRIEF REPORTS PHYSICAL REVIEW D 60 037501

8 " 0.16
. . . Log
7 Data interpolation without 0.14 L fit
narrow resonances
6 0.12 |
5t 0.1 | 1.
& .
= 0.08 |
£33t 0.06 |
— o (Vs )in \
2t 0.04 1 — ao(M)/n
-—-a(M)/x
1} 0.02 |
------- @(Vs)in A=3 GeV?
0.5 1 2 3 5 10 20 35 12 2 3 5 10 20 35
Vs (GeV) Vs* (GeV)

FIG. 1. Interpolation of the central values B+ data[14] FIG. 3. Comparison betweeER(\/s—*) and dif'ferent;k mo-

Narrow resonances are taken into account using their Breit-Wignefents atv = \/s*/\,.. The dotted line shows how the agreement is
form. Note that there is a discrepancy in the central values of eXspoiled if we do not shift/s* to M.

periments between 5 and 10 GeV, that above 20 GeV we have two
or three clearly different central values at the safiseand that the

_ _ X are multiplied by other functions inside the smearing inte-
point at 13 GeV is much higher than other nearby data.

gral. However, using Eq$10) and(12), we define smeared

In order to integrate oveR.+o-, we need to interpolate, charges: _ _ _
but not fit, the data. Notice thany fit using the QCD func- ar(\S) =[Re+e-(\S) —Ro(S)l/RscH \S),  (13)
tional dependence will always satisfy the commensurate o — o
scale relationseven if its quality is poor. To avoid this bias, and similarly fore,.. In the masslesa —0 limit we recover
we have interpolated the central values of the data by mearf§€ standard effective charges. We expect the smeared
of “ r-term simple moving averages” up to 30 Gé\s avoid charges to_satlsfy E@8) in energy regions where the thresh-
electroweak contributions That is, if we have a series of 0ld corrections can be neglected. _
raw dataz,, .. .z,, we obtain the new set of smoothed data In Fig. 3 we comparexy at Js* with a, moments a

E};éwjzt,j fort=r,...n, with E};lw]:l. We have used =\/s—*/7\k. The agreement fo is poor since the low en-
r ranging from 2 to 6 for different energy regions, and ourergy region is not sufficiently suppressed. However we find a
moving averages are “simple” because all the weights reasonable agreement fer; in several regions; we also
are equal. Finally, the resulting smoothed data have beeshow how this agreement disappears if we do not shift the
interpolated using cubic-splines. In addition, the narrowargument ofa; from \/s* to M=/s*/\,. Above 30 GeV
resonances that do not appear in Fig. 1 are parametrizétle commensurate scale relations are satisfied almost identi-
using the Breit-Wigner formula. cally, which is not surprising since above that energy we
We have thus eliminated the QCD biases up to 30 GeVhave fitted with a QCD-inspired behavior. From 15 GeV up
Above that energy we have matched a logarithmic functiorto 30 GeV different experiments have measured rather dif-
whose functional dependence is inspired by QCD, but itferent central values at very similar, or even the same, ener-
contribution in the smearing integrals is negligible for smallgies. The smooth interpolation of these points produces arti-
Vs. ficial oscillations around the mean values of the data. Since
Unfortunately we cannot extract directly the effective these oscillations are centered on dagcurves, the agree-
charges from their corresponding smeared ratios since they

6 0.15 |
charm bottom  A=3 GeV?
51 0.125 |
WAl T 0.1y
o T 0.075 |
=3l — @ (Vs')/n
§ 0.05 | : — @M/x
G2l K. fomd : - @M/
______ *e from data 0.025 | : o @MY
il : — R+, from NLO QCD :
---- Ry (parton model) 0t : - . , .
‘ ‘ . . . . . 0 1 2 3 4 5 6
1.2 2 3 5 10 20 35 Vs (GeV)
Vs (GeV) FIG. 4. Comparison betweeag(+/s*) and differente, mo-
FIG. 2. Effect of smearing oRg+-. ments atM = /s*/\, in the low energy region.
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ment is reasonable, given the quality of the data. In the rein the case oR, andR.+.-. We have seen, however, that a
gion between 5 and 10 GeV, there seems to be some contrdirect application to timelike observables suchRas - is
versy about the compatibility between different experimentsomplicated by the distortions of narrow and broad reso-
(see Fig. 1 and Ref15]). It has become standard not to use nances, the physical effects of the quark pair thresholds, and
the older cross section data poirtghich are high as we  the imprecision of much of the data. Smearing the data over
have done in Fig. 1. Although the most recent data are coman energy range helps, but does not totally remove, the ef-
patible within their experimental errors with QCD expecta-fects due to final-state interactions. Quark threshold distor-
tions, their central values are systematlt_:ally lower, which isigng are partially alleviated by using the Schwinger correc-
why Eq. (9) does not seem to hold. Given more accurat€iong at small velocity, but the domain of non-relativistic
data, the tests we are proposing, together with a thorougfly, ity introduces its own complications, including sensitiv-

error analysis, will shed light on this situation. ity of the QCD running coupling to the sofiym, scale[16].

The low energy region is shown in more detail in Fig. 4. ) q -
Taking into account that we are only using LO QCD and!\leverth(.aless, these self-consistency tgsts still yield relevant
central data values, the agreement between the shaded Ilg[ormatmn, such_a_s s.upport for the.clalms that t.he measure-
gions looks quite satisfactory. This is encouraging for thehents of the annihilation cross section may be inaccurate in

real 7 lepton, which sits in a region where PQCD results mayCeMain energy regions. On the positive side, our analysis
indicates that the mass range of the physiclpton is po-

be applicable since it is primarily sensitive to the lightl,s - X - >
flavors. Nevertheless, by looking at energi&s~1.5 GeV tentially clear of large quark mass corrections since it is well

our results seem to support the claims that Rye.- data  below thecc threshold. Higher precision measurements of
could be 6—7% lower than expected frdRn data[2]. Re+o- throughout the energy domain below tBboson are
Motivated by the commensurate scale relations connectvery much needed in order to definitively test the new com-
ing the moments of the lepton hadronic decay spectrum tonensurate relations derived here. Further applications to
Re+e-, We have derived basic scheme-independent tests afther observables are in progress.
leading-twist PQCD which depend only on the universal We are indebted to M. Swartz for assistance with the
terms of theB function. By employing generalized weight experimental data. J.R.P. thanks the Spanish Ministerio de
functions, we have obtained relations of an observable t&ducacim y Cultura for financial support, and the SLAC
itself at a different scale. We have emphasized that thes€heory Group for their hospitality. This research was par-
relations are self-consistency tests which in principle can béally supported by the U.S. Department of Energy under
applied to any observable which defines an effective chargeontract DE-AC03-76SF00515 and the Spanish CICYT un-
It is not necessary to have a relation to another observable agr contract AEN97-1693.
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