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The photon energy spectrum in inclusive weak radiagvexsy decay is computed to ordetﬁﬂo. This
result is used to extract a value for the heavy quark effective th¢dQET) parametevT from the average
(1-2E,/mg), and a value of the parameter; from ((1—2E,/mg)?). An accurate measurement of
(1-2E,/mg) can determine the size of the nonperturbative contributions t& {11&5) mass which cannot be
absorbed into thé quark pole mas4.S0556-282(99)00217-9

PACS numbes): 13.25.Hw, 14.40.Nd

Comparison of the measured weak radiadre> Xy de- T o —
cay rate with theory is an important test of the standard Os=(SLaY bLa)% CLE LI
model. In contrast with the decay rate itself, the shape of the
photon spectrum is not expected to be sensitive to new phys- _ _
ics, but it can, nevertheless, provide important information. O6=(SLa¥"DLp) 2 (UrpYulra),
First of all, studying the photon spectrum is important for a
understanding how precisely the total rate can be predicted in
the presence of an experimental cut on the photon erjéigy (oF
which is important for a model independent interpretation of
the resulting decay rate. Secondly, moments of the photon 9 o
spectrum may be used to measure the heavy quark effective Osz—zmbSLa(T“”TiﬁbRﬁGZ,,- 2
theory (HQET) parameters which determine the quark pole 16m
mass and kinetic enerdy?,3], much like the shape of the |5 gq (2) eis the electromagnetic coupling,is the strong
lepton energy4] or hadronic invariant mag$] spectrum in o, 5jing, m, is theb quark massFE ,, is the electromagnetic
semileptonicB— Xl » decay. The main purpose of this pa- field strength tensorG?, is the strong interaction field
per is to present the order3, piece of the two-loop cor-  strength tensor, ant? is a colorSU(3) generator. The sums
rection to the photon spectrum and to study its implicationsover q includeq=u,d,s,c,b and the subscripts,R denote
A calculation to this order is required for a meaningful com-left and right handed fields. The Wilson coefficients have
parison of the HQET parameters extracted fr@wm-X,y  been calculated to next-to-leading ordiitO) [6—8]. Using

= — _m.s o’
167T2mbSLao- bRaF/uu

with those from other processes. ag(m;)=0.12, and the convention that the covariant deriva-
To leading order in small weak mixing angles, the effec-tive is Dﬂzaﬂ+igAiTa+ieQAﬂ (whereQ is the fermion’s
tive Hamiltonian is electric chargg the values we need ar€,(m,)=1.13,

i 8 C,(m,) =—0.306, Cg(my) = —0.168[6].

B F % For the photon energ).,, not too close to its maximal

Her=— fvtbvtszfl Cilw)Os, @ value, the photon spectruhf/d E, for weak radiativeB
decay has a perturbative expansion in the strong interaction

where Gg is the Fermi constanty;; are elements of the fine structure constants. It is known at orderas and the

Cabibbo-Kobayashi-Maskawa matrig;(x) are Wilson co- main purpose of this letter is to present the ordég, [so-

efficients evaluated at a subtraction pointandO; are the called Brodsky-Lepage-Mackenz{BLM) [9]] contribution.

dimension six operators It is well known that the part of the order§ piece propor-
_ _ tional to the one-loop beta functiopy=11—2n:/3 usually
O1=(CLg¥*PLa)(SLaVuCLp): provides a reliable estimate of the full ordef piece. This
_ _ part of the orderag contribution is straightforward to com-
O2=(CLaY*bLa)(SLgYuCLp) s pute using the method of Smith and Volosir0].

Using the dimensionless variaki1exb=2E7/mb, the

Oaz(gLaY“bLa)Zq (E_B‘y,u.QL,B)v photon energy spectrum B— Xgy takes the form

JR— —_— l . . . . .
O4:(SLa7MbLﬁ)2 (ALpYu0La), Later we will introduce a dimensionless photon energy variable
q normalized by theB meson massxg=2E,/mg.
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1 dr

_ ag(Mp)
T, d_xblxb<1_A0(Xb)+

Aq(Xp)

2
+ ( el b)) Bohslp)+ o (3

where

_ GF2:|thV?s| 2aemC%

o 3274

My, (4)

is the contribution of the tree level matrix element@f to
the B— X,y decay rate, and

Ci(my)Cj(mp)
C(my)?

©)

Ap(Xp) = 2, all(Xp)

i<j

The sums ovei,j in Eq. (5) give the contributions of the

various operators in Ed2) to the photon energy spectrum.

It is important to note that since the coefficientdHg; are
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FIG. 1. B decay background to the photon spectrum due to the
operators ¢ _y*b.)(d y,u) (solid curve and (U y*b.)
X(d_y,u) (dashed curve

parameterization of the fragmentation functiid@], setting
A=1.3 GeV andQ?= mﬁ. (This value ofA is motivated by

a fit to the ALEPH datd13].) The uncertainty of this result
is sizable, since thd -dependence is large amg, may not

be large enough to justify keeping only the leading loga-

known only to NLO accuracy, the BLM calculation of the fithms. Close to maximak,, the resummed fragmentation
0, — Oy contribution to the photon spectrum is only mean-function may predict too large a suppression of the photon

ingful away from the endpoint. At the endpoint, ordef

spectrum, since the lightest exclusive final states dominate

contributions to the matrix elements are the same order a&ere. The background from—cud (b— uud) is more than

the unknown NNLO runningwherea¢n(my,/m) is counted
as O(1)]. Neglecting the small contribution t&, from O,

50% of the 77 contribution to (Lp)dI'/dx, below Xy
~0.75 (x,~0.65)2 Therefore, we will concentrate on the

— Qg discussed in the next paragraph, at least one gluoregionx,>0.65; to measure thB— X4y photon spectrum at

must be in the final state to populate the spectrumxipr
<1, so it is consistent to combine thé matrix elements
with the NLO Wilson coefficients(Strictly speaking, we
should for consistency only use tifi part of the NLO run-

lower values ofx,, would not only require excluding final
states with charm with very good efficiency, but also de-
manding a strange quark in the final state. Note thatBfor

—Xq7, the fragmentation contribution fromb—uud is

ning of the operators with the BLM calculation, but for sim- larger than the short distance piece unbesss very close to

plicity, we will use the full NLO result. The difference be- 1.

tween these two approaches is smalhus, powers ofxs in Neglecting the strange quark maa§; is also divergent in

Ed. (3) and elsewhere reflect the perturbation expansion operturbation theory. This divergence can also be absorbed

the matrix elements only, and not of the Wilson coefficients.into the definition of fragmentation functions. In the leading
At zeroth order in the strong coupling, the spectrum for|ogarithmic approximatiofi15],

Xxp<1 arises from matrix elements of the four-quark opera-

tors O;—Og in Eq. (2). Of these,0; and O, include two

charm quarks in the final state, and therefore they contribute

to the photon spectrum only for lower valuesxgfthan what

we consider in this paper. These contributions are divergerwhereD>~?(x) andD9~7(x) are the strange quark to pho-

in perturbation theory and the divergence can be absorbeién and gluon to photon fragmentation functions, which have

into the definition of the quark to photon fragmentation func-large uncertainties. In the regiog>0.65, thea?8 contribu-

tion, D977(x), which depends on an infrared scale. tion to the photon spectrum (I14)dI'/dx, is less than 0.01.

D9~ 7(x) is calculable in the leading logarithmic approxima- Given the uncertainty im® and its small magnitude, it does

tion [11,12. There is some data dd9~*(x), however, the not appear useful to Calculaég_

experimental errors are still quite lar¢&3]. This fragmen- Experimentally, because of backgrounds, Ogy*XsV

tation contribution to the coefficienta; (x) vanishes as,  photons with large energies can be detected. The present

—1, and it is small in the region of large,, 0.65<X,,  experimental cut i€,>2.1 GeV at CLEQ[1], which cor-
which we consider in this paper.

A very importantB decay background to th§—>XSy
photon spectrum is from nonleptoniz—cud and b—uud Note that these backgrounds are steeply falling functions, of

decays, where a massless quark in the final state radiates;a4 are indeed negligible in the present CLEO regionEqf
photon. Such backgrounds due to the operators.2 1 Gev. The tree level contribution of the operat@rs— Oy in

(cLy*b)(dLy,u) and @ y*b)(d y,u.) are shown in  Eq. (2) to the photon spectrum is about a fifth of the-uud
Fig. 1 (using |V,u/Vc|=0.1). We used the Duke-Owens background.

41
a?s(x)=(3a

)[Ds_’y(XHDg_"(X)], (6)

em,
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responds tox,>0.875 withm,=4.8 GeV. In the largex,  and
region, the most important contribution to the sum in &.
come from the 77 term, with moderate corrections from the
22,78, and 27 terms. The other contributid@8, 28, and the
ones involvingD,; andO3;— Og) are very small, and will be
neglected in this paper.

Simple analytic expressions far.’ anda!® are available
[16,17:

PHYSICAL REVIEW D 60 034019

a7’(x)=—0.1064+ 0.495X— 0.436 >+ 0.037%°

[ D 14 1.207+ 2.901
m, 28T 90K,

a5'(x)=—0.0156+ 0.046X+ 0.346&>— 0.3045

m. 1.4
oo (2X2— 3x— 6)x+ 2(x?— 3)In(1—X) . +0.0027IM1=x) + m__ﬂg)
a;'(x)= — ;
3(1=x) X[—1.523+2.53&—0.448I(1—x)]. (12
78 8(4+x?> 1-x These approximations are accurate to within 1% in the re-
ar(X)=gl—7— T Ih@=x)]. ®  gionx,>0.6 form./m,=1.4/4.8. Note that the perturbation

series inag is particularly badly behaved for the 27 contri-
Neglecting the smal\, term in Eq.(3), we can calculate the bution. The 27 contribution is also very sensitiventg/m,, .
shape of the photon spectrum away frem1 to orderaglgo Changingm./my, from 1.4/4.8 to 1.2/4.6 or 1.6/5[@& varia-
accuracy knowing the effective Hamiltonian to ordeg  tion of approximatelys(m/mp) = +0.03] modifiesa’ and
(NLO) only. At order a283,, we find thataj’ and a’® are a3’ dramatically. The approximation E¢12) is accurate at

given by
1 [38x3—93x%>+6x— 36
al(x)=
2 18 4(1—x)
6x4—31x3+24x2—30x+18| L
2x(1—x) n(1=x)
3IN?(1—x) + 2L 5(X)
_ 2
+3(3—x%) 2(1-%) : )
e . 1[19x°—24x+88
a, (X)=§ 1
3x3—12><2+56x—32I L
X n(1—x)
3IN?(1—x)+ 2L (X
B~ ( ) 2()’ (10

X

where L,(z)=—[§dtin(1-t)/t is the dilogarithm. The

the 20% level whemm./m,, changes in this range. The 22
contribution only varies by 25% in the previously mentioned
range ofm./m,, and the approximation in Egl1) is accu-
rate to 1% over this region. Roughly 2/3 of the 22 contribu-
tion is from absorptive parts corresponding to real interme-
diate states. B

The coefficientsa) are determined by calculating the or-
der agnf piece and making the identificatior, 2n/3— 8.
There is a subtlety in applying this method to weak radiative
B decay. There is a contribution of ordefn; from the tree
level b—syqq matrix elements 0fO;— Og, coming from
Feynman diagrams where the photon couples to the bottom
or strange quarks. It is not associated with a term of order
agﬁo. To avoid adding an analogous spurious ordéﬁo
contribution toa3’ anda3?, only diagrams where the photon
couples to the charm quark were included in the calculation
of the matrix element 00,.

Part of theB— Xgy matrix element ofO, is not ad-
equately calculated in perturbation theory. It corresponds to

the processB—J/y X, followed by the decayld/y—y

strange quark mass is neglected throughout this paper; it only (light hadrons). There will be large corrections to the part

enters the final results quadratically, @$/[ mZ(1—x,)].
The functions ofai? and aiY. are known in the literature  and have the same velocity. In this region, there are large

[16,17, and we agree analytically with those results. The“Coulombic QCD corrections” that produce th# ¢ state.

2 : : 22 27 —
order a5f3, contributions,ay” and a3, are computed nu-  However, cutting this small part of thec phase space out of
merically. We find it most useful to present simple approxi- o, calculation of the matrix element @, has a negligible

mations to these functions:

a3q(x)=—0.0842+0.333%— 0.200%>+ 0.022%>

m. 14 0.454+0.061x
+ E_E(_ : 06X),

asi(x)=—0.1272+0.395% — 0.322%>+ 0.095X°

—0.0180If1—x) +

m. 1.4 0.155
m, a8l *

—0.106¢+0.106In1—x)],

(11)

of the charm quark loop where thec are almost on-shell

effect. Hence, at the order of perturbation theory to which we

are working, calculating thec loop, while removingd/’s
from the data would be a consistent approximation.

The sum of the 77, 22, 78, and 27 contributions is plotted
in Fig. 2 in the region 0.65x,<0.9 [using as(m,)=0.22
and Bo=25/3]. For very largex, other effects that we have
not calculated become important. There are both nonpertur-
bative and perturbative terms that are singulax-asl. They
sum into a shape function that modifies the spectrum in this
region[18]. Unfortunately, at the present time, it is not pos-
sible to make a model independent estimate of these effects.
Therefore, we do not plot the perturbation theory predictions
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1 —fl dx,(1 tdar 1
(1=%p)|x,>1-5= L Xp( _Xb)I‘_od_xb' (17)

15—

Note that all terms but the first one in E{.6) have pertur-
bative expansions which begin at OrdEJ The ellipses de-
note contrlbutlons of order/‘(QCD/mB) aS(AQCD/mB)
and a terms not enhanced bﬁo, but it does not contain
contrlbutlons of order ASQCD/mB) or additional terms of
order ag(Aqcp/Mg). Terms in the operator product expan-
sion proportional to\; »/mZ enter precisely in the form, so
that they are absorbed mg in Eq. (16) [3]. There are also

FIG. 2. The sum of the 77, 22, 78, and 27 contributions tononperturbative corrections suppressed Bysdp/mc)? i
(1T 4)dT'/dx, at orderas (thick dashed curyeand a2g, (thick  Stead of (ocp/my)? [19]. These do not contribute t0 Eq
solid curve. The thin curves show the 77 contribution only. The (16).
scale is the same as in Fig. 1. Using our resuIts(l—xb>|Xb>1,5 in Eq.(17) is known to

_ order 2o Writing

for x,>0.9. In the plotted region, the 22, 78, and 27 terms
make a moderate correction to the dominant 77 contribution S( b)
to (1M o)dI'/dx, which is shown in Fig. 2 with the thin (1= Xp)|x,>1-5=Bo(8) +
curves. Although the ordewgﬂo corrections are important
away fromx,=1, their influence on the decay rate integrated
over a region that includeg,=1 is small.

The b quark mass can be eliminated in favor of tBe

meson mass by a change of variables to B, have decompositions analogous to E3),

XB:2E7/mB. (13)

05 |

B1(6)

2
) a3, (19

Ci(mp)Cj(my)
Ci(my)

NeglectingBy( ), Eqgs.(7) and(9) yield for the dominant 77
contribution

(19

Bpw):gj bB(&)(

Using my=mg—A+(A;+3\,)/(2my)+---, the photon
spectrum becomes

A
=1+ —+4+...
Mg

dr
dxg

dr

dx,

14
Xp=Xg(l+A/mg+---) S
bi(8)= —[—96°+ 146%+ 726— 54+ 12(6°— 35— 6)In4],
For xg within a region of orden\ ocp/mg of unity (its maxi- 54
mal valug, nonperturbative effects are very important. How- (20)
ever, for integrals ofxg over a large enough range, these
nonperturbative effects are small. b2’(8)=

An important integral of this type is 2592[
1 +128(95%+346°—1025+66)InS
dxg(1—xg)(dI'/dx
- L—a a(1=e)( 2 —2165(8°—35—6)In%s
(1=Xp)[xg>1-5= I . (19 ,
f dxg(dl'/dxg) — 144 - 382— 65+ 17)L,(1- 5)]. 21)
1-6

3695*+ 1165%+ 18005% — 38525+ 40872

Our prediction for(l—xb>|xb>1_5 is shown in Fig. 3 as a

function of &, both at orderxg and ag,BO. The bad behavior
of the perturbation expansion would improve somewhat by
evaluating the strong coupling at a smaller scale thgn
N such asm,/8, the maximal available invariant mass of the
1— _) (1=Xp)|y ~1-5 hadronic final state. This bad behavior may also be related to
Mg b

the renormalon ambiguit§20] in A.

The parameter 6= 1—2Ery”i”/mB has to satisfy &
>Aqcp/Mg; otherwise, nonperturbative effects are not un-
der control. It is straightforward to show that

(1_><B)|><B>1—5:m_Jr

A 1 dr
- 5(1_ 0) =— +o,
Iy dxb 3 - -

-0 There are actually additional contributions formally of order

a(Aocp/mg) coming from the expansion @, /my, in the 22 and
(16) Q
27 terms. Although the 27 term is very sensitive to the value of
where m¢/m,, this A-dependence is negligible for 61xB)|XB>1_5.
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FIG. 3. The sum of the 77, 22, 78, and 27 contributions to  FIG. 4. Prediction for (1—xB)|XB>1,5in the upsilon expansion
(1—xb)|xb>l_,; at orderay (thick dashed curjeand a2, (thick  at ordere (thick dashed curyeand (e2) g, (thick solid curve. The
solid curvg. The thin curves show the 77 contribution only. thin curves show the 77 contribution only.

A determination ofA is straightforward using Eq.16).
The left hand side is directly measurable, while
(1=Xp)|x,>1- 5 @nd (1 )dT'/dxy|, —1 - 5 In the second and
third terms on the right hand side can be read off from Figs.
3 and 2, respectively. Using the CLEO data in the region, _<1_Xb)lxb>(2mslmy)(1—5)]' (22)
E,>2.1 GeV [1], we obtain the central valueﬁagﬁo

=270 MeV andAaS:SQO MeV. We have indicated the or- wheree=1 denotes the order in the upsilon expansion. For

der kept in the perturbation expansion to determinesince  E,>2.1 GeV, this relation gives 0.111, whereas the central
a value of A extracted from data can only be used consis-value from the CLEO data is around 0.098: Fig. 4 we plot
tently in predictions valid to the same order iny. These the prediction fo'(l_—XB)|xB>l—5 as a function o, both at
values are consistent with the ones obtained from a fit to thtarder e and (€2)gy . The perturbation expansion is much

B— Xl lepton spectrurfi4], and from the CLEO fif21]to  petter behaved than the one shown in Fig. 3. The most im-

the B— Xl v hadron mass distributiofb]. portant uncertainty in this approach is the size of nonpertur-
At the present time, this extraction df has large uncer- bative contributions to thér(1S) mass other than those
tainties. The potentially most serious one is from both nonwhich can be absorbed into thequark mass. These have
perturbative and perturbative terms that are singulax as peen neglected in Eq22). If the nonperturbative contribu-
—1 and sum into a shape function that modifies the spec;y, 1 the Y(1S) mass,Ay, were known, it could be in-

trum near the endpoint. A model independent determinatio : B
of these effects is not available at the present time; howeve?’l,IUded by replacingmy by my—Ay. For example,Ay

it may be possible to address this issue using lattice QCr 300 MeV increaseq1-xg) by 21%, so measuring
[22]. For sufficiently larges, these effects are not important. (1—Xg) with such accuracy will have important implications
They have been estimated in Ref&3,24 using phenom- for the physics of quarkonia as well as fBrmphysics.
enological models for the shape function. We have implicitty ~The variance of the photon energy distribution can be
neglected these effects throughout our analysis. The validitysed to determina [3,24]. The analog of Eq(16) in this

of this can be tested experimentally by checking whether thease is

value of A extracted from Eq(16) is independent of in
some range. This would also improve our confidence that the

- My
(1=Xg)|xg>1-6= 1—2—mB[1+ 0.011e+0.019 €2)g

total decay rate in the regioxg>1— 6 can be predicted in (1—XB)2|XB>1,5—[(1—xB)|XB>1,5]2
perturbative QCD without model dependence. .
The value ofA at orderag has a sizable scale depen- M B A) 2
dence: lowering the scale such thagchanges from 0.22 to - 3_m§jL 3t 1- mg ((1=X0)%) [xy>1-5
0.3 reduces the value ofas by about 40 MeV. At order _
aﬁﬂo, this scale dependence is much smaller. Uncertainties _ Aﬁz(l— 5)i d_F ... (23)
due to the unknown order\(ocp/mg)° terms in the operator Mg To dXol, ;5 ’

product expansiofOPE [24] are largely uncorrelated to
those in the analyses of the lepton energy or hadron mass

spectra inB— Xl v [25]. The effect of the boost from th@
rest frame I_nto thé((4$) IS Sm_a” for(l_XB)leM"S [23]'_ 41t is interesting to note that including the CLEO data point in the
The upsilon expansiof26] yields parameter free predic- g Ge\<E,<2.1 GeV bin, the experimental central value of

tions for (1—Xg)|x,>1-» i terms of theY (1S) meson mass. ~(1—yy over the regiorE,>1.9 GeV is 0.117, whereas the upsi-
The analog of Eq(16) is lon expansion predicts 0.120.
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0.006

shape of the photon energy spectrum in weak radiaive
—Xgy decay. The dominant 77 contribution is given by
simple analytic formulas in Eq$7) and(9). The other terms
relevant in the regiorx,>0.65 are the 22 and 27 contribu-
tions given in Egs(11) and (12), and the 78 term given in

Egs.(8) and(10). The HQET paramet(-*X can be extracted
from the averaggl—2E,/mg) using Eq.(16), and it can
also be used to test whether the nonperturbative contribution

0 PRI | P L. . . .
0.15 02 0.25 03 035 to the' Y (1S) mass is small. The CLEO data in the region

3 . E,>2.1 GeV implies the central vaIueKaSZBQO MeV

0.004

0.002

_ 5 .
FIG. 5. The sum of the 77, 22, 78, and 27 contributions to@Nd A 425 =270 MeV at ordera, and a3, respectively.
((1=xp)?)|x,~1- » at orderas (thick dashed curyeandag, (thick  Possible contributions to the total decay rate from physics
solid curve. The thin curves show the 77 contribution only. beyond the standard model are unlikely to affect this deter-
mination of A.. In the future, checking thé-independence of
the extracted value o\, and comparing the experimental
d theoretical shapes of the photon spectrumxfar 0.9

can provide a check that nonperturbative effects and back-
grounds are under control. This would also improve our con-

where 8=0.064 is the magnitude of the velocity of tlige
meson in theY (4S) rest frame, and only the leading
B-dependence has been kept. The ellipses denote terms
order (Agcn/Me)®, @s(Agcp/Mg)?, and a2 terms not en-

co! 5 :
hanced _by’BO'_ Our prediction for((l.—xb) Nip=1-5 18 fidence that the total decay rate in the regigy>1— 6 can
shown in Fig. 5. Note that unlike the case of ho predicted model independently, and used to search for
(1—Xg)|xz>1- 5, the effect of the boost is very important in signatures of new physics with better sensitivity.

Eq. (23). Using the CLEO data in the regidf,>2.1 GeV,
we obtain the central value;=—0.1 Ge\?, with large ex-

We thank Mikolaj Misiak for several useful discussions.
. A M.L. thanks the Caltech Theory Group for hospitality while
p_erlmental errors. The ur_wertalnty in this valuengfdue to part of this work was completed. This work was supported in
A is small. Nonperturbative effects from the cutgp [24], part by the Department of Energy under Grant Nos. DE-
and the unknown higher order contributions to E2@) are FG03-92-ER40701 and DOE-EG03-97ER40546. M.L. was
expected to have a larger impact on the determinatian,of  sypported in part by the Natural Sciences and Engineering
than the corresponding effects have on the determination Qtesearch Council of Canada and the Sloan Foundation. Fer-
A from Eq. (16). milab is operated by Universities Research Association, Inc.,

In summary, we calculated ordefé,Bo corrections to the under DOE Contract No. DE-AC02-76CH03000.
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