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The B̄˜Xsg photon spectrum
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The photon energy spectrum in inclusive weak radiativeB̄→Xsg decay is computed to orderas
2b0. This

result is used to extract a value for the heavy quark effective theory~HQET! parameterL̄ from the average
^122Eg /mB&, and a value of the parameterl1 from ^(122Eg /mB)2&. An accurate measurement of
^122Eg /mB& can determine the size of the nonperturbative contributions to theY(1S) mass which cannot be
absorbed into theb quark pole mass.@S0556-2821~99!00217-9#

PACS number~s!: 13.25.Hw, 14.40.Nd
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Comparison of the measured weak radiativeB̄→Xsg de-
cay rate with theory is an important test of the stand
model. In contrast with the decay rate itself, the shape of
photon spectrum is not expected to be sensitive to new p
ics, but it can, nevertheless, provide important informati
First of all, studying the photon spectrum is important f
understanding how precisely the total rate can be predicte
the presence of an experimental cut on the photon energy@1#,
which is important for a model independent interpretation
the resulting decay rate. Secondly, moments of the pho
spectrum may be used to measure the heavy quark effe
theory ~HQET! parameters which determine the quark po
mass and kinetic energy@2,3#, much like the shape of the
lepton energy@4# or hadronic invariant mass@5# spectrum in
semileptonicB̄→Xcl n̄ decay. The main purpose of this p
per is to present the orderas

2b0 piece of the two-loop cor-
rection to the photon spectrum and to study its implicatio
A calculation to this order is required for a meaningful co
parison of the HQET parameters extracted fromB̄→Xsg
with those from other processes.

To leading order in small weak mixing angles, the effe
tive Hamiltonian is

Heff52
4GF

A2
VtbVts* (

i 51

8

Ci~m!Oi , ~1!

where GF is the Fermi constant,Vi j are elements of the
Cabibbo-Kobayashi-Maskawa matrix,Ci(m) are Wilson co-
efficients evaluated at a subtraction pointm, andOi are the
dimension six operators

O15~ c̄LbgmbLa!~ s̄LagmcLb!,

O25~ c̄LagmbLa!~ s̄LbgmcLb!,

O35~ s̄LagmbLa!(
q

~ q̄LbgmqLb!,

O45~ s̄LagmbLb!(
q

~ q̄LbgmqLa!,
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O55~ s̄LagmbLa!(
q

~ q̄RbgmqRb!,

O65~ s̄LagmbLb!(
q

~ q̄RbgmqRa!,

O75
e

16p2 mbs̄LasmnbRaFmn ,

O85
g

16p2 mbs̄LasmnTab
a bRbGmn

a . ~2!

In Eq. ~2!, e is the electromagnetic coupling,g is the strong
coupling,mb is theb quark mass,Fmn is the electromagnetic
field strength tensor,Gmn

a is the strong interaction field
strength tensor, andTa is a colorSU(3) generator. The sum
over q includeq5u,d,s,c,b and the subscriptsL,R denote
left and right handed fields. The Wilson coefficients ha
been calculated to next-to-leading order~NLO! @6–8#. Using
as(mZ)50.12, and the convention that the covariant deriv
tive is Dm5]m1 igAm

a Ta1 ieQAm ~whereQ is the fermion’s
electric charge!, the values we need areC2(mb)51.13,
C7(mb)520.306,C8(mb)520.168@6#.

For the photon energy,Eg , not too close to its maxima
value, the photon spectrumdG/dEg for weak radiativeB
decay has a perturbative expansion in the strong interac
fine structure constantas . It is known at orderas and the
main purpose of this letter is to present the orderas

2b0 @so-
called Brodsky-Lepage-Mackenzie~BLM ! @9## contribution.
It is well known that the part of the orderas

2 piece propor-
tional to the one-loop beta function,b051122nf /3 usually
provides a reliable estimate of the full orderas

2 piece. This
part of the orderas

2 contribution is straightforward to com
pute using the method of Smith and Voloshin@10#.

Using the dimensionless variable,1 xb52Eg /mb , the
photon energy spectrum inB̄→Xsg takes the form

1Later we will introduce a dimensionless photon energy varia
normalized by theB meson mass,xB52Eg /mB .
©1999 The American Physical Society19-1
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1

G0

dG

dxb
uxb,15A0~xb!1

as~mb!

p
A1~xb!

1S as~mb!

p D 2

b0A2~xb!1•••, ~3!

where

G05
GF

2 uVtbVts* u2aemC7
2

32p4
mb

5 , ~4!

is the contribution of the tree level matrix element ofO7 to
the B→Xsg decay rate, and

Ap~xb!5(
i< j

ap
i j ~xb!S Ci~mb!Cj~mb!

C7~mb!2 D . ~5!

The sums overi , j in Eq. ~5! give the contributions of the
various operators in Eq.~2! to the photon energy spectrum

It is important to note that since the coefficients inHeff are
known only to NLO accuracy, the BLM calculation of th
O12O8 contribution to the photon spectrum is only mea
ingful away from the endpoint. At the endpoint, orderas

2

contributions to the matrix elements are the same orde
the unknown NNLO running@whereasln(mW/mb) is counted
asO(1)#. Neglecting the small contribution toA0 from O1
2O6 discussed in the next paragraph, at least one gl
must be in the final state to populate the spectrum forxb

,1, so it is consistent to combine theas
2 matrix elements

with the NLO Wilson coefficients.~Strictly speaking, we
should for consistency only use theb0 part of the NLO run-
ning of the operators with the BLM calculation, but for sim
plicity, we will use the full NLO result. The difference be
tween these two approaches is small.! Thus, powers ofas in
Eq. ~3! and elsewhere reflect the perturbation expansion
the matrix elements only, and not of the Wilson coefficien

At zeroth order in the strong coupling, the spectrum
xb,1 arises from matrix elements of the four-quark ope
tors O12O6 in Eq. ~2!. Of these,O1 and O2 include two
charm quarks in the final state, and therefore they contrib
to the photon spectrum only for lower values ofxb than what
we consider in this paper. These contributions are diverg
in perturbation theory and the divergence can be abso
into the definition of the quark to photon fragmentation fun
tion, Dq→g(x), which depends on an infrared scaleL.
Dq→g(x) is calculable in the leading logarithmic approxim
tion @11,12#. There is some data onDq→g(x), however, the
experimental errors are still quite large@13#. This fragmen-
tation contribution to the coefficientsa0

i j (x) vanishes asxb

→1, and it is small in the region of largexb , 0.65,xb ,
which we consider in this paper.

A very important B decay background to theB̄→Xsg

photon spectrum is from nonleptonicb→cūd and b→uūd
decays, where a massless quark in the final state radia
photon. Such backgrounds due to the operat
( c̄LgmbL)(d̄LgmuL) and (ūLgmbL)(d̄LgmuL) are shown in
Fig. 1 ~using uVub /Vcbu50.1). We used the Duke-Owen
03401
-

as

n

f
.
r
-

te

nt
ed
-

s a
rs

parameterization of the fragmentation function@14#, setting
L51.3 GeV andQ25mb

2 . ~This value ofL is motivated by
a fit to the ALEPH data@13#.! The uncertainty of this resul
is sizable, since theL-dependence is large andmb may not
be large enough to justify keeping only the leading log
rithms. Close to maximalxb , the resummed fragmentatio
function may predict too large a suppression of the pho
spectrum, since the lightest exclusive final states domin
there. The background fromb→cūd (b→uūd) is more than
50% of the 77 contribution to (1/G0)dG/dxb below xb
;0.75 (xb;0.65).2 Therefore, we will concentrate on th
regionxb.0.65; to measure theB→Xsg photon spectrum a
lower values ofxb would not only require excluding fina
states with charm with very good efficiency, but also d
manding a strange quark in the final state. Note that foB

→Xdg, the fragmentation contribution fromb→uūd is
larger than the short distance piece unlessxb is very close to
1.

Neglecting the strange quark mass,a1
88 is also divergent in

perturbation theory. This divergence can also be absor
into the definition of fragmentation functions. In the leadin
logarithmic approximation@15#,

a1
88~x!5S 4p

3aem
D @Ds→g~x!1Dg→g~x!#, ~6!

whereDs→g(x) andDg→g(x) are the strange quark to pho
ton and gluon to photon fragmentation functions, which ha
large uncertainties. In the regionxb.0.65, thea1

88 contribu-
tion to the photon spectrum (1/G0)dG/dxb is less than 0.01.
Given the uncertainty ina1

88 and its small magnitude, it doe
not appear useful to calculatea2

88.

Experimentally, because of backgrounds, onlyB̄→Xsg
photons with large energies can be detected. The pre
experimental cut isEg.2.1 GeV at CLEO@1#, which cor-

2Note that these backgrounds are steeply falling functions ofxb ,
and are indeed negligible in the present CLEO region ofEg

.2.1 GeV. The tree level contribution of the operatorsO32O6 in

Eq. ~2! to the photon spectrum is about a fifth of theb→uūd
background.

FIG. 1. B decay background to the photon spectrum due to

operators (c̄LgmbL)(d̄LgmuL) ~solid curve! and (ūLgmbL)

3(d̄LgmuL) ~dashed curve!.
9-2
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THE B̄→Xsg PHOTON SPECTRUM PHYSICAL REVIEW D 60 034019
responds toxb.0.875 with mb54.8 GeV. In the largexb

region, the most important contribution to the sum in Eq.~5!
come from the 77 term, with moderate corrections from
22, 78, and 27 terms. The other contributions~88, 28, and the
ones involvingO1 andO32O6) are very small, and will be
neglected in this paper.

Simple analytic expressions fora1
77 anda1

78 are available
@16,17#:

a1
77~x!5

~2x223x26!x12~x223!ln~12x!

3~12x!
, ~7!

a1
78~x!5

8

9 S 41x2

4
1

12x

x
ln~12x! D . ~8!

Neglecting the smallA0 term in Eq.~3!, we can calculate the
shape of the photon spectrum away fromx51 to orderas

2b0

accuracy knowing the effective Hamiltonian to orderas

~NLO! only. At order as
2b0, we find thata2

77 and a2
78 are

given by

a2
77~x!5

1

18S 38x3293x216x236

4~12x!

2
6x4231x3124x2230x118

2x~12x!
ln~12x!

13~32x2!
3ln2~12x!12L2~x!

2~12x! D , ~9!

a2
78~x!5

1

9 S 19x2224x188

12

2
3x3212x2156x232

6x
ln~12x!

2~12x!
3ln2~12x!12L2~x!

x D , ~10!

where L2(z)52*0
zdtln(12t)/t is the dilogarithm. The

strange quark mass is neglected throughout this paper; it
enters the final results quadratically, asms

2/@mb
2(12xb)#.

The functions ofa1
22 and a1

27 are known in the literature
@16,17#, and we agree analytically with those results. T
order as

2b0 contributions,a2
22 and a2

27, are computed nu-
merically. We find it most useful to present simple appro
mations to these functions:

a1
22~x!.20.084210.3333x20.2005x210.0227x3

1S mc

mb
2

1.4

4.8D ~20.45410.061x!,

a2
22~x!.20.127210.3957x20.3227x210.0952x3

20.0180ln~12x!1S mc

mb
2

1.4

4.8D @20.155

20.106x10.106ln~12x!#, ~11!
03401
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a1
27~x!.20.106410.4950x20.4361x210.0373x3

1S mc

mb
2

1.4

4.8D ~21.20712.901x!,

a2
27~x!.20.015610.0463x10.3467x220.3045x3

10.0027ln~12x!1S mc

mb
2

1.4

4.8D
3@21.52312.538x20.448ln~12x!#. ~12!

These approximations are accurate to within 1% in the
gion xb.0.6 for mc /mb51.4/4.8. Note that the perturbatio
series inas is particularly badly behaved for the 27 contr
bution. The 27 contribution is also very sensitive tomc /mb .
Changingmc /mb from 1.4/4.8 to 1.2/4.6 or 1.6/5.0@a varia-
tion of approximatelyd(mc /mb)560.03# modifiesa1

27 and
a2

27 dramatically. The approximation Eq.~12! is accurate at
the 20% level whenmc /mb changes in this range. The 2
contribution only varies by 25% in the previously mention
range ofmc /mb , and the approximation in Eq.~11! is accu-
rate to 1% over this region. Roughly 2/3 of the 22 contrib
tion is from absorptive parts corresponding to real interm
diate states.

The coefficientsa2
i j are determined by calculating the o

der as
2nf piece and making the identification,22nf /3→b0.

There is a subtlety in applying this method to weak radiat
B decay. There is a contribution of orderas

0nf from the tree

level b→sgqq̄ matrix elements ofO32O6, coming from
Feynman diagrams where the photon couples to the bot
or strange quarks. It is not associated with a term of or
as

0b0. To avoid adding an analogous spurious orderas
2b0

contribution toa2
27 anda2

22, only diagrams where the photo
couples to the charm quark were included in the calculat
of the matrix element ofO2.

Part of the B̄→Xsg matrix element ofO2 is not ad-
equately calculated in perturbation theory. It corresponds
the processB̄→J/cXs followed by the decayJ/c→g
1(light hadrons). There will be large corrections to the p
of the charm quark loop where thecc̄ are almost on-shel
and have the same velocity. In this region, there are la
‘‘Coulombic QCD corrections’’ that produce theJ/c state.
However, cutting this small part of thecc̄ phase space out o
our calculation of the matrix element ofO2 has a negligible
effect. Hence, at the order of perturbation theory to which
are working, calculating thecc̄ loop, while removingJ/c ’s
from the data would be a consistent approximation.

The sum of the 77, 22, 78, and 27 contributions is plot
in Fig. 2 in the region 0.65,xb,0.9 @using as(mb)50.22
and b0525/3#. For very largex, other effects that we have
not calculated become important. There are both nonper
bative and perturbative terms that are singular asx→1. They
sum into a shape function that modifies the spectrum in
region@18#. Unfortunately, at the present time, it is not po
sible to make a model independent estimate of these effe
Therefore, we do not plot the perturbation theory predictio
9-3
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for xb.0.9. In the plotted region, the 22, 78, and 27 ter
make a moderate correction to the dominant 77 contribu
to (1/G0)dG/dx, which is shown in Fig. 2 with the thin
curves. Although the orderas

2b0 corrections are importan
away fromxb51, their influence on the decay rate integrat
over a region that includesxb51 is small.

The b quark mass can be eliminated in favor of theB
meson mass by a change of variables to

xB52Eg /mB . ~13!

Using mb5mB2L̄1(l113l2)/(2mb)1•••, the photon
spectrum becomes

dG

dxB
5S 11

L̄

mB
1••• D dG

dxb
U

xb5xB(11L̄/mB1•••)

. ~14!

For xB within a region of orderLQCD/mB of unity ~its maxi-
mal value!, nonperturbative effects are very important. Ho
ever, for integrals ofxB over a large enough range, the
nonperturbative effects are small.

An important integral of this type is

~12xB!uxB.12d5

E
12d

1

dxB~12xB!~dG/dxB!

E
12d

1

dxB~dG/dxB!

. ~15!

The parameter d5122Eg
min/mB has to satisfy d

.LQCD/mB ; otherwise, nonperturbative effects are not u
der control. It is straightforward to show that

~12xB!uxB.12d5
L̄

mB
1S 12

L̄

mB
D ^12xb&uxb.12d

2
L̄

mB
d~12d!

1

G0

dG

dxb
U

xb512d

1•••,

~16!

where

FIG. 2. The sum of the 77, 22, 78, and 27 contributions
(1/G0)dG/dxb at orderas ~thick dashed curve! and as

2b0 ~thick
solid curve!. The thin curves show the 77 contribution only. Th
scale is the same as in Fig. 1.
03401
s
n

-

^12xb&uxb.12d5E
12d

1

dxb~12xb!
1

G0

dG

dxb
. ~17!

Note that all terms but the first one in Eq.~16! have pertur-
bative expansions which begin at orderas . The ellipses de-
note contributions of order (LQCD/mB)3, as(LQCD/mB)2,
and as

2 terms not enhanced byb0, but it does not contain
contributions of order (LQCD/mB)2 or additional terms3 of
order as(LQCD/mB). Terms in the operator product expa
sion proportional tol1,2/mb

2 enter precisely in the form, so
that they are absorbed inmB in Eq. ~16! @3#. There are also
nonperturbative corrections suppressed by (LQCD/mc)

2 in-
stead of (LQCD/mb)2 @19#. These do not contribute to Eq
~16!.

Using our results,̂12xb&uxb.12d in Eq. ~17! is known to

orderas
2b0. Writing

^12xb&uxb.12d5B0~d!1
as~mb!

p
B1~d!

1S as~mb!

p D 2

b0B2~d!1•••, ~18!

Bp have decompositions analogous to Eq.~5!,

Bp~d!5(
i< j

bp
i j ~d!S Ci~mb!Cj~mb!

C7
2~mb!

D . ~19!

NeglectingB0(d), Eqs.~7! and~9! yield for the dominant 77
contribution

b1
77~d!5

d

54
@29d3114d2172d254112~d223d26!lnd#,

~20!

b2
77~d!5

1

2592
@2369d41116d311800d223852d1408p2

112d~9d3134d22102d166!lnd

2216d~d223d26!ln2d

2144~d323d226d117!L2~12d!#. ~21!

Our prediction for^12xb&uxb.12d is shown in Fig. 3 as a

function of d, both at orderas andas
2b0. The bad behavior

of the perturbation expansion would improve somewhat
evaluating the strong coupling at a smaller scale thanmb ,
such asmbAd, the maximal available invariant mass of th
hadronic final state. This bad behavior may also be relate
the renormalon ambiguity@20# in L̄.

3There are actually additional contributions formally of ord
as(LQCD/mB) coming from the expansion ofmc /mb in the 22 and
27 terms. Although the 27 term is very sensitive to the value

mc /mb , this L̄-dependence is negligible for (12xB)̄uxB.12d .
9-4
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THE B̄→Xsg PHOTON SPECTRUM PHYSICAL REVIEW D 60 034019
A determination ofL̄ is straightforward using Eq.~16!.
The left hand side is directly measurable, wh
^12xb&uxb.12d and (1/G0)dG/dxbuxb512d in the second and
third terms on the right hand side can be read off from Fi
3 and 2, respectively. Using the CLEO data in the regi
Eg.2.1 GeV @1#, we obtain the central valuesL̄a

s
2b0

.270 MeV andL̄as
.390 MeV. We have indicated the or

der kept in the perturbation expansion to determineL̄, since
a value ofL̄ extracted from data can only be used cons
tently in predictions valid to the same order inas . These
values are consistent with the ones obtained from a fit to
B̄→Xcl n̄ lepton spectrum@4#, and from the CLEO fit@21# to
the B̄→Xcl n̄ hadron mass distribution@5#.

At the present time, this extraction ofL̄ has large uncer-
tainties. The potentially most serious one is from both n
perturbative and perturbative terms that are singular ax
→1 and sum into a shape function that modifies the sp
trum near the endpoint. A model independent determina
of these effects is not available at the present time; howe
it may be possible to address this issue using lattice Q
@22#. For sufficiently larged, these effects are not importan
They have been estimated in Refs.@23,24# using phenom-
enological models for the shape function. We have implic
neglected these effects throughout our analysis. The vali
of this can be tested experimentally by checking whether
value of L̄ extracted from Eq.~16! is independent ofd in
some range. This would also improve our confidence that
total decay rate in the regionxB.12d can be predicted in
perturbative QCD without model dependence.

The value ofL̄ at orderas has a sizable scale depe
dence: lowering the scale such thatas changes from 0.22 to
0.3 reduces the value ofL̄as

by about 40 MeV. At order

as
2b0, this scale dependence is much smaller. Uncertain

due to the unknown order (LQCD/mB)3 terms in the operato
product expansion~OPE! @24# are largely uncorrelated to
those in the analyses of the lepton energy or hadron m
spectra inB̄→Xcl n̄ @25#. The effect of the boost from theB
rest frame into theY(4S) is small for(12xB)uxB.12d @23#.

The upsilon expansion@26# yields parameter free predic
tions for(12xB)uxB.12d in terms of theY(1S) meson mass
The analog of Eq.~16! is

FIG. 3. The sum of the 77, 22, 78, and 27 contributions
^12xb&uxb.12d at orderas ~thick dashed curve! and as

2b0 ~thick
solid curve!. The thin curves show the 77 contribution only.
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~12xB!uxB.12d512
mY

2mB
@110.011e10.019~e2!BLM

2^12xb&uxb.(2mB /mY)(12d)#, ~22!

wheree[1 denotes the order in the upsilon expansion. F
Eg.2.1 GeV, this relation gives 0.111, whereas the cen
value from the CLEO data is around 0.093.4 In Fig. 4 we plot
the prediction for(12xB)uxB.12d as a function ofd, both at

order e and (e2)BLM . The perturbation expansion is muc
better behaved than the one shown in Fig. 3. The most
portant uncertainty in this approach is the size of nonper
bative contributions to theY(1S) mass other than thos
which can be absorbed into theb quark mass. These hav
been neglected in Eq.~22!. If the nonperturbative contribu
tion to theY(1S) mass,DY , were known, it could be in-
cluded by replacingmY by mY2DY . For example,DY

51300 MeV increases(12xB) by 21%, so measuring
(12xB) with such accuracy will have important implication
for the physics of quarkonia as well as forB physics.

The variance of the photon energy distribution can
used to determinel1 @3,24#. The analog of Eq.~16! in this
case is

~12xB!2uxB.12d2@~12xB!uxB.12d#2

52
l1

3mB
2 1

b2

3
1S 12

2L̄

mB
D ^~12xb!2&Uxb.12d

2
L̄

mB
d2~12d!

1

G0

dG

dxb
U

xb512d

1•••, ~23!

4It is interesting to note that including the CLEO data point in t
1.9 GeV,Eg,2.1 GeV bin, the experimental central value

(12xB) over the regionEg.1.9 GeV is 0.117, whereas the ups
lon expansion predicts 0.120.

FIG. 4. Prediction for (12xB)̄uxB.12d in the upsilon expansion
at ordere ~thick dashed curve! and (e2)BLM ~thick solid curve!. The
thin curves show the 77 contribution only.
9-5
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LIGETI, LUKE, MANOHAR, AND WISE PHYSICAL REVIEW D 60 034019
where b.0.064 is the magnitude of the velocity of theB
meson in theY(4S) rest frame, and only the leadin
b-dependence has been kept. The ellipses denote term
order (LQCD/mB)3, as(LQCD/mB)2, and as

2 terms not en-
hanced byb0. Our prediction for ^(12xb)2&uxb.12d is
shown in Fig. 5. Note that unlike the case
(12xB)uxB.12d , the effect of the boost is very important i

Eq. ~23!. Using the CLEO data in the regionEg.2.1 GeV,
we obtain the central valuel1.20.1 GeV2, with large ex-
perimental errors. The uncertainty in this value ofl1 due to
L̄ is small. Nonperturbative effects from the cut onEg @24#,
and the unknown higher order contributions to Eq.~23! are
expected to have a larger impact on the determination ol1
than the corresponding effects have on the determinatio
L̄ from Eq. ~16!.

In summary, we calculated orderas
2b0 corrections to the

FIG. 5. The sum of the 77, 22, 78, and 27 contributions
^(12xb)2&uxb.12d at orderas ~thick dashed curve! andas

2b0 ~thick
solid curve!. The thin curves show the 77 contribution only.
s.
.

isz

e
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shape of the photon energy spectrum in weak radiativeB̄
→Xsg decay. The dominant 77 contribution is given b
simple analytic formulas in Eqs.~7! and~9!. The other terms
relevant in the regionxb.0.65 are the 22 and 27 contribu
tions given in Eqs.~11! and ~12!, and the 78 term given in

Eqs.~8! and ~10!. The HQET parameterL̄ can be extracted
from the averagê122Eg /mB& using Eq.~16!, and it can
also be used to test whether the nonperturbative contribu
to the Y(1S) mass is small. The CLEO data in the regio

Eg.2.1 GeV implies the central valuesL̄as
.390 MeV

and L̄a
s
2b0

.270 MeV at orderas and as
2b0, respectively.

Possible contributions to the total decay rate from phys
beyond the standard model are unlikely to affect this de

mination ofL̄. In the future, checking thed-independence of

the extracted value ofL̄, and comparing the experimenta
and theoretical shapes of the photon spectrum forxb,0.9
can provide a check that nonperturbative effects and ba
grounds are under control. This would also improve our c
fidence that the total decay rate in the regionxB.12d can
be predicted model independently, and used to search
signatures of new physics with better sensitivity.
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