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Survey of heavy-meson observables
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We employ a Dyson-Schwinger equation model to effect a unified and uniformly accurate description of
light- and heavy-meson observables, which we characterize by heavy-meson leptonic decays, semileptonic
heavy-to-heavy and heavy-to-light transitions,B→D* , D, r, p; D→K* , K, p, radiative and strong decays,
B(s)* →B(s)g; D (s)* →D (s)g, Dp, and the rareB→K* g flavor-changing neutral-current process. We elucidate
the heavy-quark limit of these processes and, using a model-independent mass formula valid for all nonsinglet
pseudoscalar mesons, demonstrate that their mass rises linearly with the mass of their heaviest constituent. In
our numerical calculations we eschew a heavy-quark expansion and rely instead on the observation that the
dressedc,b-quark mass functions are well approximated by a constant, interpreted as their constituent mass:

we find M̂c51.32 GeV andM̂b54.65 GeV. The calculated heavy-meson leptonic decay constants and tran-
sition form factors are a necessary element in the experimental determination of CKM matrix elements. The
results also show that this framework, as employed hitherto, is able to describe vector meson polarization
observables well.@S0556-2821~99!08013-3#

PACS number~s!: 13.20.Fc, 13.20.He, 24.85.1p
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I. INTRODUCTION

Mesons are the simplest bound states in QCD, and t
nonhadronic electroweak interactions provide an import
tool for exploring their structure and elucidating the nonp
turbative, long-distance behavior of the strong interacti
That elucidation is accomplished most effectively by app
ing a single framework to a broad range of observables,
in this the bound state phenomenology@1,2# based on
Dyson-Schwinger equations~DSEs! @3# has been successfu
e.g., with its simultaneous application to phenomena as
verse asp-p scattering@4,5#, the electromagnetic form fac
tors of light pseudoscalar mesons@6–8#, anomalous pion@4#
and photopion@8–10# processes, and the diffractive electr
production @11# and electromagnetic form factors@12# of
vector mesons. Herein we extend this application and im
ment a simplification valid for heavy quarks, so obtaining
addition a description of heavy-meson observables. We il
trate that by reporting the simultaneous calculation of a ra
of light-meson observables and heavy-meson leptonic
cays, semileptonic heavy-to-heavy and heavy-to-light tra
tions,B→D* , D, r, p; D→K* , K, p, radiative and strong
decays,B(s)* →B(s)g; D (s)* →D (s)g, Dp, and the rareB
→K* g flavor-changing neutral-current process. This is
extensive but not exhaustive range of applications.

To introduce the heavy-quark simplification we obser
that mesons, whether heavy or light, are bound states
dressed-quark and -antiquark, where the dressing is
scribed by the quark Dyson-Schwinger equation~DSE! @3#:1

1We use a Euclidean formulation with$gm ,gn%52dmn , gm
†

5gm , andp•q5( i 51
4 piqi . A vector,km , is timelike if k2,0.
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Sf~p!21:5 ig•pAf~p2!1Bf~p2!5Af~p2!„ig•p1M f~p2!…

~1!

5Z2~ ig•p1mf
bm!1Z1E

q

L

g2Dmn~p2q!

3
la

2
gmSf~q!Gn

f a~q,p!. ~2!

Here f (5u,d,s,c,b) is a flavor label,Dmn(k) is the dressed-
gluon propagator,Gn

f a(q,p) is the dressed-quark-gluon ve
tex, mf

bm is the L-dependent current-quark bare ma
and *q

L
ª*Ld4q/(2p)4 represents mnemonically

translationally-invariantregularization of the integral, with
L the regularization mass scale. The renormalization c
stants for the quark-gluon-vertex and quark wave functi
Z1(z2,L2) and Z2(z2,L2), depend on the renormali
zation point,z, and the regularization mass scale, as d
the mass renormalization constant Zm(z2,L2)
ªZ2(z2,L2)21Z4(z2,L2). However, one can choose th
renormalization scheme such that they are flav
independent.

This equation has been much studied and the qualita
features of its solution elucidated. In QCD the chiral limit
defined by m̂50, where m̂ is the renormalization-point-
independent current-quark mass. It follows that in this c
there is no scalar, masslike divergence in the perturba
evaluation of the quark self-energy. Hence, forp2

.20 GeV2 the solution of Eq.~2! for the chiral-limit quark
mass function is@13#

M0~p2! 5
large2p2

2p2gm

3

~2^q̄q&0!

p2~ 1
2 ln@p2/LQCD

2 # !12gm
, ~3!
©1999 The American Physical Society18-1
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where gm512/(3322Nf) is the gauge-independent ma
anomalous dimension and̂q̄q&0 is the renormalization-
point-independent vacuum quark condensate. The exist
of dynamical chiral symmetry breaking~DCSB! means that

^q̄q&0Þ0, however, its actual value depends on the lo
range behavior ofDmn(k) andGn

0a(q,p), which is modelled

in contemporary DSE studies.̂q̄q&0'2(0.24 GeV)3 is
consistent with light-meson observables@14#.

In contrast, form̂fÞ0,

M f~p2! 5
large2p2

m̂f

~ 1
2 ln@p2/LQCD

2 # !gm
. ~4!

An obvious qualitative difference is that, relative to Eq.~4!,
the chiral-limit solution is 1/p2-suppressed in the ultraviole

There is some quantitative model dependence in
momentum-evolution of the mass-function into the infrare
However, for any forms ofDmn(k) and Gn

f a(q,p) that pro-
vide an accurate description off p,K andmp,K , one obtains
@15# quark mass-functions with profiles like those illustrat
in Fig. 1. The evolution to coincidence between the ch
limit and u,d-quark mass functions, apparent in this figu
makes clear the transition from the perturbative to the n
perturbative domain. The chiral limit mass function is no
zeroonly because of the nonperturbative DCSB mechan
whereas theu,d-quark mass function is purely perturbativ
at p2.20 GeV2, where Eq. ~4! is accurate. The DCSB
mechanism thus has a significant effect on the propaga
characteristics ofu,d,s quarks.

However, as evident in the figure, that is not the case
theb quark. Its large current-quark mass almost entirely s
presses momentum-dependent dressing, so thatMb(p2) is
nearly constant on a substantial domain. This is true t
lesser extent for thec quark.

FIG. 1. Quark mass function obtained as a solution of Eq.~2!
using Dmn(k) and Gn

f a(q,p) from Ref. @13# and current-quark
masses, fixed atz519 GeV: mu,d

z 53.7 MeV, ms
z582 MeV, mc

z

50.58 GeV, and mb
z53.8 GeV. The indicated solutions o

M2(p2)5p2 define the Euclidean constituent-quark mass,M f
E ,

which takes the valuesMu
E50.56 GeV, Ms

E50.70 GeV, Mc
E

51.3 GeV, andMb
E54.6 GeV.
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We employLfªM f
E/mf

z as a single, quantitative measu
of the importance of the DCSB mechanism; i.e., nonpert
bative effects, in modifying the propagation characterist
of a given quark flavor. In this particular illustration it take
the values

~5!

These values are representative: for light quarksLq5u,d,s
;10–100, while for heavy quarksLQ5c,b;1, and highlight
the existence of a mass-scale characteristic of DCSB:Mx .
The propagation characteristics of a flavor withmf

z<Mx are
significantly altered by the DCSB mechanism, while for fl
vors with mf

z@Mx momentum-dependent dressing is almo
irrelevant. It is apparent and unsurprising thatMx

;0.2 GeV;LQCD. As a consequence we anticipate that t
propagation ofc,b quarks can be described well by replacin
their mass functions with a constant; i.e., writing

SQ~p!5
1

ig•p1M̂Q

, Q5c,b, ~6!

whereM̂Q is a constituent-heavy-quark mass parameter.2 We
expect that a good description of observable phenomena
requireM̂Q'MQ

E .
When considering a meson with a heavy-quark const

ent one can proceed further, as in heavy-quark effec
theory~HQET! @17#, allow the heaviest quark to carry all th
heavy-meson momentum:

Pm5:mHvm5:~M̂Q1EH!vm , ~7!

and write

SQ~k1P!5
1

2

12 ig•v
k•v2EH

1OS uku

M̂Q

,
EH

M̂Q
D , ~8!

wherek is the momentum of the lighter constituent. In th
calculation of observables, the meson’s Bethe-Salpeter
plitude will limit the range ofuku so that Eq.~8! will only be
a good approximation ifboth the momentum-space width o
the amplitude,vH , and the binding energy,EH , are signifi-
cantly less thanM̂Q .

In Ref. @18# the propagation ofc and b quarks was de-
scribed by Eq.~8!, with a goal of exploring the fidelity of
that idealization. It was found to allow for a uniformly goo
description ofBf-meson leptonic and semileptonic deca
with heavy- and light-pseudoscalar final states. In that stu
corrected as described below,vBf

'1.3 GeV and EBf

2Although not illustrated explicitly, whenM f(p2)'const,
Af(p2)'1 in Eq. ~1!. Equation~6! is an implicit assumption in the
formulation of Bethe-Salpeter equation models of heavy meso
such as Ref.@16#.
8-2
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'0.70 GeV, both of which are small compared withM̂b
'4.6 GeV in Fig. 1, so that the accuracy of the approxim
tion could be anticipated. It is reasonable to expect thatvD
'vB andED'EB , since they must be the same in the lim
of exact heavy-quark symmetry. Hence in processes inv
ing the weak decay of ac quark (M̂ c'1.3 GeV) where aD f
meson is the heaviest participant, Eq.~8! must be inadequate
an expectation verified in Ref.@18#.

The failure of Eq.~8! for the c quark complicates or pre
cludes the development of a unified understanding ofD f-
andBf-meson observables using such contemporary theo
ical tools as HQET and light cone sum rules~LCSRs! @19#.
However, the constituentlike dressed-heavy-quark propa
tor of Eq.~6! can still be used to effect a unified and accur
simplification of the study of these observables. Herein,
demonstrate this, we extend Refs.@18,22# and employ Eq.
~6!, with M̂Q treated as free parameters, and parametrizat
@6–9,11,12# of the dressed-light-quark propagators and m
son Bethe-Salpeter amplitudes in the calculation of a w
range of observables, determining the parameters in ax2 fit
to a subset of them. It is an efficacious strategy.

Our article is divided into eight sections with a sing
appendix. We discuss heavy- and light-meson leptonic
cays in Sec. II, and their masses in Sec. III. In Sec. IV
introduce the impulse approximation to the semileptonic
cays of heavy mesons, and describe the light-quark prop
tors and meson Bethe-Salpeter amplitudes necessary for
evaluation. The impulse approximation to the other p
cesses is presented in Sec. V, while in Sec. VI we elucid
the heavy-quark symmetry limits of all the decays and tr
sitions. The accuracy of these heavy-quark symmetry pre
tions is discussed in conjunction with the complete prese
tion of our results in Sec. VII and Sec. VIII contains som
concluding remarks.

II. LEPTONIC DECAYS

A. Pseudoscalar mesons

The leptonic decay of a pseudoscalar meson,P(p), is
described by the matrix element@13#

f Ppmª^0uQ̄~TP!Tgmg5QuP~p!&

5tr Z2E
k

L

~TP!T g5gmxP~k;p!, ~9!

where xP(k;p)5S(k1p)GP(k;p)S(k), Q
5column(u,d,s,c,b), TP is a flavor matrix identifying the
meson; e.g.,Tp1

5 1
2 (l11 il2), (TP)T is its transpose,S

5diag(Su ,Sd ,Ss ,Sc ,Sb), and the trace is over color, Dira
and flavor indices.GP is the meson’s Bethe-Salpeter amp
tude, which is normalized canonically according to

2pm5tr E
q

L

ḠP~q;2p!
]S~q1p!

]pm
GP~q;p!S~q!

1E
q

LE
k

L

@x̄P~q;2p!#sr

]Ktu
rs~q,k;p!

]pm
@xP~k;p!#ut ,

~10!
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where ḠP
T(k;2p)5C21GP(2k;2p)C, with C5g2g4, the

charge conjugation matrix;r ,s,t,u are color-, Dirac-, and
flavor-matrix indices; andK is the quark-antiquark scatterin
kernel. Equation~9! is exact in QCD: theL dependence of
Z2 ensures that the right-hand-side~RHS! is finite as L
→`, and itsz and gauge dependence is just that necessar
compensate that ofxP(k;p).

The leptonic decay constants of light pseudoscalar m
sons, p, K, are known @20#: f p50.131 GeV, f K
50.160 GeV. The increase with increasing current-qu
mass is easily reproduced in DSE studies@13# and continues
until at least 3m̂s @21#, at which point the renormalization
group-improved and confining ladderlike truncation ofK
used in those studies becomes inadequate, and that mod
longer allows themP dependence off P to be tracked di-
rectly. However, we note from Eq.~10! that

GP~k;p!ª
1

AmP

GP~k;p!,`, mP→`; ~11!

i.e., thatGP(k;p) is mass independent in the heavy-qua
symmetry limit, and hence it follows@22# from the general
form of the meson Bethe-Salpeter amplitude and Eqs.~8!–
~10! that for large pseudoscalar meson masses

f P}1/AmP. ~12!

In this model-independent result we recover a well-kno
general consequence of heavy-quark symmetry@17#. How-
ever, the value of the current-quark mass at which it becom
evident is unknown in spite of the many studies that rep
values of f D and f B , some of which are tabulated in Re
@23#, and the results of lattice simulations, a summary@24# of
which reports

f D5200630 MeV, f B5170635 MeV. ~13!

In Fig. 2 we illustrate the behavior off P we anticipatebased
on these observations. It suggests that D mesons lie ou
the domain on which Eq.~12! is manifest.

B. Vector mesons

The leptonic decay of a vector meson,Vl(p), is described
by the matrix element (em

l (p) is the polarization vector:
el(p)•p50)

f VMVem
l ~p!ª^0uQ̄~TP!TgmQuVl~p!&

⇒ f VMV5 1
3 tr Z2E

k

L

~TP!Tgmxm
V~k;p!,

~14!

where xm
V(k;p)5S(k1p)Gm

V(k;p)S(k) with Gm
V(k;p) the

vector meson Bethe-Salpeter amplitude, which is transve

pmGm
V~k;p!50, p252MV

2 , ~15!

and normalized according to
8-3



s
of

o

se-
ate

ark

ary

ins
–

e

ark
jec-
gi-

est

of
r
n

M. A. IVANOV, YU. L. KALINOVSKY, AND C. D. ROBERTS PHYSICAL REVIEW D 60 034018
2pm5 1
3 tr E

q

L

Ḡn
V~q;2p!

]S~q1p!

]pm
Gn

V~q;p!S~q!

1E
q

LE
k

L

@x̄n
V~q;2p!#sr

]Ktu
rs~q,k;p!

]pm
@xn

V~k;p!#ut ,

~16!

an analogue of Eq.~10!. The obvious analogue of Eq.~11! is
true.

Such decays are difficult to observe directly but it is po
sible to estimatef r and hence identify the natural scale
f V . In the isospin-symmetric limit ther0→e1e2 decay con-
stant,gr , is obtained from the matrix element

M r
2

gr
em

l ~p!ª^0uūgmuurl
0~p!&5

1

A2
^0uūgmdurl

2~p!&

~17!

so that

f r5A2
M r

gr
. ~18!

The experimentally measured width@20# Gr0→e1e256.77
60.32 keV yieldsgr55.0360.12 and hence

f r521665 MeV. ~19!

For the vector mesons it follows from the general form
the Bethe-Salpeter amplitude, and Eqs.~8!, ~14!, and ~16!
that for large vector-meson masses

f V}1/AMV, ~20!

FIG. 2. Experimental values off p,K , filled circles; lattice esti-
mates of f D,B in Eq. ~13!, open circles; our calculated values
f p,K,D,B , diamonds; see Sec. VII.~We estimate a theoretical erro
of 10%.! The dashed line is a fit to the experimental values a
lattice estimates:f P

2 5(0.01310.028mP)/(110.055mP10.15mP
2 ),

which exhibits the large-mP limit of Eq. ~12!, and the dotted line is
the large-mP limit of this fit.
03401
-

f

which again is a model-independent and general con
quence of heavy-quark symmetry. In fact, as we illustr
below,

f P5 f V}1/Am̂Q , m̂Q→`; ~21!

i.e., observables are spin-independent in the heavy-qu
symmetry limit @17#.

III. PSEUDOSCALAR MESON MASSES

Flavor nonsinglet pseudoscalar meson masses satisfy@13#

f PmP
2 5M P

z r P
z , M P

z
ªtrflavor@M z$TP,~TP!T%#, ~22!

with M z5diag(mu
z ,md

z ,ms
z ,mc

z ,mb
z) and

ir P
z 5tr Z4E

k

L

~TP!Tg5xP~k;p!. ~23!

The renormalization constant,Z4, ensures thatr P
z is finite as

L→`, and itsz and gauge dependence is just that necess
to ensure that the product on the RHS of Eq.~22! is gauge
invariant and renormalization point independent.

In the limit of small current-quark masses one obta
@13# what is commonly called the Gell-Mann–Oakes
Renner relation as a corollary of Eq.~22!; i.e., mP

2}m̂f , m̂f

→0. However, it also has an important corollary in th
heavy-quark symmetry limit. Using Eqs.~8! and ~11!,

r P}AmP , mP→`, ~24!

from which Eqs.~12! and ~22! yield

mP}m̂Q , m̂Q→`. ~25!

Thus the quadratic trajectory, valid when the current-qu
mass of the constituents is small, evolves into a linear tra
tory when this mass becomes large. In all phenomenolo
cally efficacious DSE models the linear trajectory is manif
at twice thes-quark current mass@15# so thatmK lies on the
extrapolation of the straight line joiningmD and mB in the
(m̂f ,mP) plane@2#.

IV. SEMILEPTONIC TRANSITION FORM FACTORS

A. Pseudoscalar meson in the final state

The pseudoscalar→pseudoscalar transition:P1(p1)
→P2(p2) ln, whereP1 represents either aB or D andP2 can
be aD, K, or p, is described by the invariant amplitude

A~P1→P2ln!5
GF

A2
Vf 8 f l̄ gm~12g5!nMm

P1P2~p1 ,p2!,

~26!

where GF51.16631025 GeV22, Vf 8 f is the relevant ele-
ment of the Cabibbo-Kobayashi-Maskawa~CKM! matrix,
and the hadronic current is

d

8-4
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Mm
P1P2~p1 ,p2!ª^P2~p2!u f̄ 8gm f uP1~p1!&

5 f 1~ t !~p11p2!m1 f 2~ t !qm , ~27!

with tª2q252(p12p2)2. The transition form factors
f 6(t), contain all the information about strong-interactio
effects in these processes, and their accurate calculatio
essential for a reliable determination of the CKM matrix
ements from a measurement of the decay width@ t6ª(mP1

6mP2
)2#:

G~P1→P2ln!5
GF

2

192p3
uVf 8 f u2

1

mP1

3

3E
0

t2

dtu f 1~ t !u2@~ t12t !~ t22t !#3/2.

~28!

B. Vector meson in the final state

The pseudoscalar→vector transition:P(p1)→Vl(p2) ln,
with P either aB or D andVl a D* , K* , or r, is described
by the invariant amplitude

A~P→Vlln!5
GF

A2
Vf 8 f l̄ igm~12g5!nen

l~p2!Mmn
PVl~p1 ,p2!,

~29!

where the hadronic tensor involves four scalar functions

en
l~p2!Mmn

PVl~p1 ,p2!

5em
l ~mP1MV!A1~ t !

1~p11p2!mel
•q

A2~ t !

mP1MV
1qmel

•q
A3~ t !

mP1MV

1«mnaben
lp1ap2b

2V~ t !

mP1MV
. ~30!

The contribution ofA3 can be neglected unlessl 5t.
Introducing three helicity amplitudes

H65~mP1MV!A1~ t !7
l1/2~mP

2 ,MV
2 ,t !

mP1MV
V~ t !, ~31!

H05
1

2MVAt
S @mP

2 2MV
22t#@mP1MV#A1~ t !

2
l~mP

2 ,MV
2 ,t !

mP1MV
A2~ t ! D , ~32!

wherel(mP
2 ,MV

2 ,t)5@ t12t#@ t22t#, t65(mP6MV)2, the
transition rates can be expressed as
03401
is

dG6,0

dt
5

GF
2

192p3mP1

3
uVf 8 f u2tl1/2~mP

2 ,MV
2 ,t !uH6,0~ t !u2,

~33!

and the transverse and longitudinal rates and widths are

dGT

dt
5

dG1

dt
1

dG2

dt
, GT5E

0

t2

dt
dGT

dt
, ~34!

dGL

dt
5

dG0

dt
, GL5E

0

t2

dt
dGL

dt
, ~35!

with the total width:G5GT1GL . The polarization ratio and
forward-backward asymmetry are

a52
GL

GT
21, AFB5

3

4

G22G1

G
. ~36!

C. Impulse approximation

We employ the impulse approximation in calculating t
hadronic contribution to these invariant amplitudes:

H m
PX~p1 ,p2!52NctrDE

k

L

ḠX~k;2p2!Sq~k2!iO m
qQ~k2 ,k1!

3SQ~k1!GP~k;p1!Sq8~k!, ~37!

where the flavor structure has been made explicit,k1,25k
1p1,2 and

H m
P1X5P2~p1 ,p2!5Mm

P1P2~p1 ,p2!, ~38!

H m
PX5Vl

~p1 ,p2!5en
l~p2!Mmn

PVl~p1 ,p2!;
~39!

GX5Vl(k;p)5el(p)•GV(k;p); and O m
qQ(k2 ,k1) is the

dressed-quark-W-boson vertex, which in weak decays
heavy quarks is well approximated@18,22# by

O m
qQ~k2 ,k1!5gm~12g5!. ~40!

The impulse approximation has been used widely and
ficaciously in phenomenological DSE studies; e.g., Re
@6–12,18,22#. It is self-consistent only if the quark-antiquar
scattering kernel is independent of the total momentum. C
rections can be incorporated systematically@26# and their
effect in processes such as those considered herein has
estimated@27,28#: they vanish with increasing spacelike m
mentum transfer and contribute&15% even at the extrem
kinematic limit, t5t2 .

D. Quark propagators

To evaluateH m
P1X(p1 ,p2) a specific form for the dressed

quark propagators is required. As argued in Sec. I, Eq.~6!
provides a good approximation for the heavier quarks,Q

5c,b, and we use that herein withM̂Q treated as free pa
rameters. For the light-quark propagators
8-5
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Sf~p!52 ig•psV
f ~p2!1sS

f ~p2!5
1

ig•pAf~p2!1Bf~p2!
,

~41!

f 5u,s ~isospin symmetry is assumed!, we use the algebraic
forms introduced in Ref.@6#, which efficiently characterize
the essential and robust elements of the solution of Eq.~2!
and have been used efficaciously in Refs.@6–9,11,12,18,22#:

s̄S
f ~x!52m̄fF„2~x1m̄f

2!…1F~b1x!F~b3x!„b0
f 1b2

fF~ex!…,
~42!

s̄V
f ~x!5

2~x1m̄f
2!211e22(x1m̄f

2)

2~x1m̄f
2!2

, ~43!

F(y)5(12e2y)/y, x5p2/l2; m̄f5mf /l; and

s̄S
f ~x!5lsS

f ~p2!, s̄V
f ~x!5l2sV

f ~p2!, ~44!

with l a mass scale. This algebraic form combines the
fects of confinement3 and DCSB with free-particle behavio
at large, spacelikep2.4

The chiral limit vacuum quark condensate is@13#

2^q̄q&z
0
ª lim

L2→`

Nc trD Z4~z2,L2!E
k

L

S0~k!, ~45!

where at one-loop order Z4(z2,L2)5@a(L2)/
a(z2)#gm(11j/3), with j the covariant-gauge parameterj
50 specifies Landau gauge!. The j dependence o
Z4(z2,L2) is just that required to ensure that^q̄q&z

0 is gauge
independent. The parametrization of Eq.~42! provides a
model that corresponds to the replacementgm→1 in Landau
gauge, in which case, withS0ªSu,m50, Eq. ~45! yields

2^ūu&z5l3
3

4p2

b0
u

b1
ub3

u
ln

z2

LQCD
2

. ~46!

This is a signature of DCSB in the model.
In Ref. @18# the parametersm̄f , b0 . . . 3

f in Eqs. ~42! and
~43! take the values

3The representation ofS(p) as an entire function is motivated b
the algebraic solutions of Eq.~2! in Refs.@25# and the concomitan
absence of a Lehmann representation is a sufficient condition
confinement@2,3,26#.

4At large p2: sV(p2);1/p2 and sS(p2);m/p2. Therefore the
parametrization does not incorporate the additional lnp2 suppres-
sion characteristic of QCD. It is a useful simplification, which i
troduces model artifacts that are easily identified and accounted
«51024 is introduced only to decouple the large- and intermedia
p2 domains.
03401
f-

~47!

with l50.566 GeV, which were determined@7# in a least-
squares fit to a range of light-hadron observables, and
note that with LQCD50.2 GeV they yield ^ūu&1 GeV25

(20.22 GeV)3 and ^s̄s&1 GeV250.8̂ ūu&1 GeV2. Herein we
reconsider this parametrization and allowmu,s , b1

u,s andb2
u,s

to vary. This is a reasonable step provided that in refitting
an increased sample of observables the light-quark prop
tors are pointwise little changed.

E. Bethe-Salpeter amplitudes

1. Light pseudoscalar mesons

The light-meson Bethe-Salpeter amplitudes can be de
mined reliably by solving the Bethe-Salpeter equation~BSE!
in a truncation consistent with that employed in the qua
DSE @13#. However, since for the light quarks we have p
rametrized the solution of the quark DSE, we follow Re
@5–9,11,12,18,22# and do the same for the light-meson am
plitude; i.e., for the p and K mesons we employ
Gp,K(k;P)5 ig5Ep,K(k2) with

EP~k2!5
1

f̂ P

BP~k2!, P5p,K, ~48!

f̂ p5 f p /A2, whereBPªBuub
0
u→b

0
P, obtained from Eq.~41!,

andb0
p,K are allowed to vary.5 This ansatz follows from the

constraints imposed by the axial-vector Ward-Takaha
identity and, together with Eqs.~42! and ~43!, provides an
algebraic representation ofxP(k;p) valid for small to inter-
mediate meson energy@8,18#.

With this representation, Eqs.~22! and~23! yield the fol-
lowing expression for thep- andK-meson masses:

f̂ P
2mP

2 52~mu1mf P!^q̄q&P
1 GeV2

, ~49!

wheremf p5md , mf K5ms , and the ‘‘in-meson condensate
is

or

or.
-

5In the following we explicitly account for the flavor structure i
the hadronic tensors. With Eq.~48! we correct an error in Eq.~33!
of Ref. @18#, which led to &10% underestimates off 1

Bp(0),
f 1

DK(0), and f 1
Dp(0). A corrected Table I, accounting also for

factor ofA2 arising through a mismatch between the normalizat
conventions for light and heavy mesons, is obtained withE
50.698 GeV andL51.273 GeV, and yieldsS2/N50.59 cf. 0.48
therein.
8-6
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^q̄q&P
1 GeV2

52l3ln
1

LQCD
2

3

4p2

b0
P

b1
ub3

u
, P5p,K, ~50!

and takes typical values@13# ^q̄q&p
1 GeV2

51.05̂ ūu&1 GeV2

and ^q̄q&K
1 GeV2

51.64̂ ūu&1 GeV2.

2. Light vector mesons

The application of DSE-based phenomenology to p
cesses involving vector mesons is less extensive than
involving pseudoscalars. Therefore the modelling of vec
meson Bethe-Salpeter amplitudes is less sophisticated. S
tions of a mutually consistent truncation of the quark D
and meson BSE; e.g., Ref.@29#, indicate that a given vecto
meson is narrower in momentum space than its pseudos
partner but that for both vector and pseudoscalar mesons
width increases with the total current mass of the const
ents. These observations are confirmed in calculations
vector meson electroproduction cross sections@11# and elec-
tromagnetic form factors@12#. The simple ansatz

Gm
V~k;p!5

1

N V S gm1pm

g•p

MV
2 D w~k2!, ~51!

wherew(k2)51/(11k4/vV
4) with vV a parameter andN V

fixed by Eq.~16!, allows for the realization of these qualita
tive features and, from Ref.@12#, we expectvK* '1.6vr .

3. Heavy mesons

Renormalization-group-improved ladderlike truncatio
of K employed, e.g., in Refs.@13#, are inadequate for heav
mesons; one reason being that they do not yield the D
equation when the mass of one of the fermions beco
large. While an improved truncation valid in this regime
being sought, there is currently no satisfactory alterna
and the ladderlike truncations have been used in spite of t
inadequacy@29,30#. Such studies cannot yield a comple
and quantitatively reliable spectrum, however, the result
heavy mesons are described by an amplitude whose w
behaves as described in Sec. IV E 2 must be qualitativ
robust. We therefore use a simple model for the amplitu
that allows a representation of this feature: Eq.~51! for
heavy vector mesons, withw(k2)→wH(k2), and its analogue
for heavy pseudoscalar mesons

GP~k;p!5
1

N P
ig5wH~k2!, ~52!

wherewH(k2)5exp(2k2/vH
2 ) and the normalization is fixed

by Eq. ~10!. We assume the widths are spin and flavor ind
pendent; i.e.,vB5vB* 5vBs

, etc., as would be the case
the limit of exact heavy-quark symmetry, which is a use
but not necessary simplification.
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V. OTHER DECAY PROCESSES

A. Radiative decays

The radiative decays:H* (p1)→H(p2)g(k), where H
5D (s) ,B(s) , are described by the invariant amplitude

A~H*→Hg!5em
lH~p1!en

lg~k!@eQMmn
Q ~p1 ,p2!

1eqMmn
q ~p1 ,p2!# ~53!

5«mnabem
lH~p1!en

lg~k!p1akb

3@eQJQ~ t !1eqJq~ t !#, ~54!

where t52k252(p12p2)250 and ef is the fractional
charge of the active quark in units of the positron char
The sum indicates that the decay occurs via a spin-flip tr
sition by either the heavy or light quark. The width is

GH*→Hg5
aem

24MH*
3 l3/2~MH*

2 ,mH
2 ,0!@eQJQ~0!1eqJq~0!#2.

~55!

In impulse approximation the hadronic tensors in Eq.~53!
are

M mn
Q ~p1 ,p2!52Nc trDE

l

L

ḠP~ l ;2p2!SQ~ l 2!iGn
Q~ l 2 ,l 1!

3SQ~ l 1!Gm
V~ l ;p1!Sq~ l !, ~56!

M mn
q ~p1 ,p2!52Nc trDE

l

L

ḠP~ l ;2p2!SQ~ l 1!Gm
V~ l ;p1!

3Sq~ l !iGn
q~ l ,l 1k!Sq~ l 1k!, ~57!

whereQ5c or b, q5u or s, and l 1,25 l 1p1,2.
Gn

f ( l 1 ,l 2) is the dressed-quark-photon vertex, which s
isfies the vector Ward-Takahashi identity:

~ l 12 l 2!niGn
f ~ l 1 ,l 2!5Sf

21~ l 1!2Sf
21~ l 2!, ~58!

a feature that ensures current conservation@6#. This vertex
has been much studied@31# and, although its exact form
remains unknown, its qualitatively robust features have b
elucidated so that a phenomenologically efficacious an
has emerged@32#:

iGn
f ~ l 1 ,l 2!5 iSA~ l 1

2 ,l 2
2!gm1~ l 11 l 2!m

3@ 1
2 ig•~ l 11 l 2!DA~ l 1

2 ,l 2
2!1DB~ l 1

2 ,l 2
2!#;

~59!

SF~ l 1
2 ,l 2

2!5 1
2 @F~ l 1

2!1F~ l 2
2!#,

DF~ l 1
2 ,l 2

2!5
F~ l 1

2!2F~ l 2
2!

l 1
22 l 2

2
, ~60!
8-7
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where F5Af ,Bf ; i.e., the scalar functions in Eq.~41!. A
feature of Eq.~59! is that the vertex is completely dete
mined by the dressed-quark propagator. In Landau gauge
quantitative effect of modifications, such as that canvasse
Ref. @33#, is small and can be compensated for by sm
changes in the parameters that characterize a given m
study @34#. The structure in Eq.~59! is only important for
light quarks because, using Eq.~6!: AQ[1, BQ[M̂Q , and
hence

Gn
Q~ l 1 ,l 2!5gm . ~61!

B. Strong decays

The processH* (p1)→H(p2)p(q), with p1
252MH*

2 ,
p2

252mH
2 , andq252mp

2 , is described by the invariant am
plitude

A~H*→Hp!5em
lH* ~p1!Mm

H* Hp~p1 ,p2!

ªem
lH* ~p1!p2mgH* Hp . ~62!

gH* Hp can be calculated even when the decay is kinem
cally forbidden, as forB* , and is sometimes reexpressed v

ḡH* Hpª
f p

2mH
gH* Hp . ~63!

We calculate the coupling using the impulse approximati
Eq. ~A1!, and this gives the width:

GH* Hp5
gH* Hp

2

192pMH*
5 l3/2~mH

2 ,mp
2 ,MH*

2
!. ~64!

We also consider the analogous decays of light vec
mesons: r(P5k11k2)→p(k1)p(k2) and K* (P)
→K(k1)p(k2). For these processes the hadronic current
be written

Mm
VPp~k1 ,k2!5~k12k2!m f 1~ t !1Pm f 2~ t !, ~65!

which we calculate using the impulse approximation, E
~A2!. The decay constant is

gVPp5 1
2 f 1~ t5MV

2 !, ~66!

in terms of which the widths are

Grpp5
grpp

2

48pM r
5
l3/2~mp

2 ,mp
2 ,M r

2!, ~67!

GK* (Kp)5
gK* Kp

2

64pMK*
5 l3/2~mK

2 ,mp
2 ,MK*

2
!.

~68!
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C. Rare flavor-changing neutral-current process

The final decay we consider is the rare, flavor-chang
neutral current process:B(p1)→K* (p2)g(q), which pro-
ceeds predominantly@35# via the local magnetic penguin op
erator:

Q7gª
e

8p2
M̂bFmns̄smn~11g5!b, ~69!

whereFmn is the photon’s field strength tensor, and the
fective interaction promoting this process, renormalized a
scalez;M̂b , is

Heff52
GF

A2
Vts* VtbC7Q7g , ~70!

with C7(M̂b)520.299 anduVts* Vtbu25(0.9560.03)uVcbu2.
Consequently, the invariant amplitude describing the de
is

A~B→K* g!52
GF

A2
Vts* VtbC7

eM̂b

4p2
em

lg~q!

3en
lK* ~p2!Mmn

B→K* g~p1 ,p2!, ~71!

with, at q250,

em
lg~q!Mmn

B→K* g~p1 ,p2!

5em
lg~q!gBK* g„«mnabp1ap2b

1dmn~mB
22MK*

2
!2~p11p2!mp1n…. ~72!

We calculate the coupling using the impulse approximat
to the hadronic tensor, Eq.~A3!, in terms of which the decay
width is

GB→K* g5aem~M̂b!mB
3S 12

MK*
2

mB
2 D 3

3
GF

2

32p4
M̂b

2C7
2uVts* Vtbu2gBK* g

2 . ~73!

VI. HEAVY-QUARK SYMMETRY LIMITS

With algebraic representations of the dressed-qu
propagators and Bethe-Salpeter amplitudes the calculatio
all observables is straightforward. In addition, one can obt
simple formulas that express the heavy-quark symmetry l
its. We present them here, and in Sec. VII gauge their ac
racy and relevance through a comparison with the result
our complete calculations.
8-8
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A. Leptonic decays

To begin, using Eq.~8!, Eqs. ~10! and ~16! with K as-
sumedp-independent in order to effect a consistent impu
approximation, and Eq.~52! with its analogue for the heav
vector mesons, one finds@22#

1

mH

1

k f
2
ªN P

2 5N V
2 ~74!

5
1

mH

Nc

4p2E0

`

duwH
2 ~z!$sS

f ~z!1AusV
f ~z!%,

~75!

wherez5u22EHAu, f labels the meson’s lighter quark an
in this section all dimensioned quantities are expresse
units of our mass-scale,l.6 This illustrates Eq.~11!. Simi-
larly, using this result with Eq.~8! in Eqs.~9! and ~14!,

f P5 f V5
1

AmH

k f

Nc

2A2p2E0

`

du~Au2EH!wH~z!

3$sS
f ~z!1 1

2 AusV
f ~z!%, ~76!

which is the promised illustration of Eqs.~12!, ~20!, and
~21!.

B. Semileptonic heavỹ heavy transitions

The semileptonic heavy→heavy transition form factors
acquire a particularly simple form in the heavy-quark sy
metry limit. From Eqs.~27! and ~37! one obtains@22#

f 6~ t !5T6j f~w!ª
mP2

6mP1

2AmP2
mP1

j f~w!, ~77!

j f~w!5k f
2 Nc

4p2E0

1

dt
1

WE
0

`

duwH~zW!2

3FsS
f ~zW!1A u

W
sV

f ~zW!G , ~78!

with k f defined in Eq.~74!, W5112t(12t)(w21), zW

5u22EHAu/W and

w5
mP1

2 1mP2

2 2t

2mP1
mP2

52vP1
•vP2

. ~79!

The canonical normalization of the Bethe-Salpeter amplit
automatically ensures that

j f~w51!51 ~80!

6Here and in the following we employ methods analogous to t
described in the appendix of Ref.@18# to simplify the integrands
that express observables.
03401
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and it follows @22# from Eq. ~78! that

r2
ª2

dj f

dw U
w51

>
1

3
. ~81!

Similar analysis applied to Eqs.~30! and ~37! yields

A1~ t !5
1

T1

1

2
~11w!j f~w!, ~82!

A2~ t !52A3~ t !5V~ t !5T1j f~w!. ~83!

Equations~77!, ~82!, and ~83! are exemplars of a genera
result that, in the heavy-quark symmetry limit, the semile
tonic H f→H f8 transitions are described by a single, univer
function: j f(w) @36#. In this limit the functions

R1~w!:5~12t/t1!
V~ t !

A1~ t !
, ~84!

R2~w!:5~12t/t1!
A2~ t !

A1~ t !
~85!

are also constant~51!, independent ofw.

C. Semileptonic heavỹ light transitions

In this case the form factors cannot be expressed in te
of a single function when the heavy meson mass beco
large. However, some simplifications do occur. Adapting
analysis employed above, Eqs.~27! and ~37! yield

f 6~ t !5
Nck f

4p2 E0

`

du~Au2EH!wH~z!EP~z!

3E
0

1

dtAM̂QF 1

M̂Q

H16H2G , ~86!

where z15z12XtAu, X5(M̂Q/2)(12t/M̂Q
2 ), z2

5(12t)(z1tu), with similar expressions forA1 , A2 , A3,
andV, Eqs.~A4!–~A7!, and the functions forming the inte
grands,H5H(z,z1 ,z2), also given in the appendix.

When EH /mH→0 and M̂Q→mH→` then X50 at the
end point, t5tmax, and one obtains the following simpl
scaling laws@36#:

f
1

P11 f
2

P1

f
1

P21 f
2

P2
5

A2
P11A3

P1

A2
P21A3

P2
5

A1
P1

A1
P2

5AmP2

mP1

, ~87!

f
1

P12 f
2

P1

f
1

P22 f
2

P2
5

A2
P12A3

P1

A2
P22A3

P2
5

VP1

VP2
5AmP1

mP2

. ~88!

It is also clear from Eqs.~86! and ~A4!–~A7! that in this
limit

f 2~ tmax!52 f 1~ tmax!, A3~ tmax!52A2~ tmax! ~89!

and hence one obtains a further idealization from Eqs.~88!:

t

8-9
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f
1

P1

f
1

P2
5

A2
P1

A2
P2

5AmP1

mP2

. ~90!

The form factors also exhibit a factorizable mas
dependence att50 but it is modulated by the properties o
the light-quark propagator; e.g.,

f 1~0!5
ln mH

mH
1/2

Nck f

4p2 E0

`

du~12EH /Au!wH~z!EP~z!

3$mfsS
f ~z!1zsV

f ~z!%, ~91!

with the forms ofA1 , A2 , A3, andV given in Eq.~A13!. The
factorized dependence on lnmH /mH

1/2 is a common feature o
our impulse approximation to all heavy→ light form factors
and differs from the 1/mH

3/2 behavior obtained in LCSRs@19#.
It arises in the simplification of the multidimensional int
grals because our model dressed-light-quark propaga
evolve into free-particle propagators at large spacelike m
menta. In QCD, where the propagators and Bethe-Salp
amplitudes possess an anomalous dimension, we expect
that lnmH→lngmH , whereg is calculable.

D. Other decay processes

In the heavy-quark symmetry limit Eq.~55! can be ex-
pressed in a particularly simple form because

JQ~0!5
1

M̂Q

, ~92!

which suggests the following ‘‘classical’’ formulation of th
width

GH*→Hg5
aem

6MH*
3 l3/2~MH*

2 ,mH
2 ,0!~mQ1mq!2, ~93!

where we have introduced the quark magnetons:

m f5
ef

2M f
in

, M f
in
ª

1

Jf~0!
. ~94!
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In the heavy-quark symmetry limit,MQ
in5M̂Q and provides a

measure of the quark’sinertial mass.
The expression for theH*→Hp coupling also simplifies:

gH* Hp5mH

k fNc

A2p2E0

`

du~Au2EH!wH~z!2EP~z!

3$sV@sS1 1
2 sV#1~ 2

3 u2EHAu!@sSsV82sVsS8#%,

~95!

exposing a linear increase with the mass of the heavy me

VII. RESULTS

The calculation of all observables is a straightforward n
merical exercise. We simplify the integrands using the me
ods illustrated in the appendix of Ref.@18# and the expres-
sions we actually evaluate are similar to those presen
therein with the important difference, however, that her
we use the constituent-like dressed-quark propagator of
~6! for the c,b quarks,not Eq. ~8!.

Our model has ten parameters plus the four quark mas
all of which are fixed via ax2 fit to theNobs542 heavy- and
light-meson observables in Tables I and II. This yields7

TABLE I. The 16 dimension-GeV quantities used inx2 fitting
our parameters. The weighting error is the experimental erro
10% of the experimental value, if that is greater, since we exp
that to be the limit of our model’s accuracy. The values in t
‘‘Obs.’’ column are taken from Refs.@13,20,24#.

Obs. Calc. Obs. Calc.

f p 0.131 0.146 mp 0.138 0.130
f K 0.160 0.178 mK 0.496 0.449

^ūu&1/3 0.241 0.220 ^s̄s&1/3 0.227 0.199

^q̄q&p
1/3 0.245 0.255 ^q̄q&K

1/3 0.287 0.296

f r 0.216 0.163 f K* 0.244 0.253
Grpp 0.151 0.118 GK* (Kp) 0.051 0.052
f D 0.20060.030 0.213 f Ds

0.25160.030 0.234
f B 0.17060.035 0.182 gBK* gM̂b

2.0360.62 2.86
~96!

7In the fitting we used@20# Vub50.0033,Vcd50.2205,Vcs50.9745, andVcb50.039; and, in GeV,M r50.77, MK* 50.892, and, except
in the kinematic factorl(m1

2 ,m2
2 ,t) where the splittings are crucial, averagedD- and B-meson masses:mD51.99, mB55.35 ~from mD

51.87, mDs
51.97, MD* 52.01, MD

s*
52.11, andmB55.28, mBs

55.37, MB* 55.32, MB
s*
55.42).
8-10
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TABLE II. The 26 dimensionless quantities used inx2 fitting our parameters. The weighting error is th
experimental error or 10% of the experimental value, if that is greater, since we expect that to be the
accuracy of our model. The values in the ‘‘Obs.’’ column are taken from Refs.@20,23,37–40#. The light-
meson electromagnetic form factors are calculated in impulse approximation@6–8# and j(w) is obtained
from f 1

B→D(t) via Eq. ~77!.

Obs. Calc. Obs. Calc.

f 1
B→D(0) 0.73 0.58 f pr p 0.4460.004 0.44

Fp(3.3 GeV2) 0.09760.019 0.077 B(B→D* ) 0.045360.0032 0.052

r2 1.5360.36 1.84 aB→D* 1.2560.26 0.94

j(1.1) 0.8660.03 0.84 AFB
B→D* 0.1960.031 0.24

j(1.2) 0.7560.05 0.72 B(B→p) (1.860.6)31024 2.2

j(1.3) 0.6660.06 0.63 f 1(14.9 GeV2)
B→p 0.8260.17 0.82

j(1.4) 0.5960.07 0.56 f 1(17.9 GeV2)
B→p 1.1960.28 1.00

j(1.5) 0.5360.08 0.50 f 1(20.9 GeV2)
B→p 1.8960.53 1.28

B(B→D) 0.02060.007 0.013 B(B→r) (2.560.9)31024 4.8

B(D→K* ) 0.04760.004 0.049 f 1
D→K(0) 0.73 0.61

V~0!D→K*

A1~0!

1.8960.25 1.74 f 1
D→p(0) 0.73 0.67

GL
D→K*

GT

1.2360.13 1.17 gB* Bp 23.065.0 23.2

A2~0!D→K*

A1~0!

0.7360.15 0.87 gD* Dp 10.061.3 11.0
s
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with x2/DOF51.75 andx2/Nobs51.17. The dimensionles
u,s current-quark masses correspond tomu55.4 MeV and
ms5119 MeV, and the parametersb0

u,s and b3
u,s , which

were not varied, are given in Eq.~47!. A general comparison
of Eq. ~47! with Eq. ~96! reveals the light-quark propagato
to be little modified, with an average change in the para
eters of only 3%, and with this parameter set

Mu
E50.36 GeV, Ms

E50.49 GeV. ~97!

These values are little changed from those obtained with
~47!: Mu

E50.35,Ms
E50.48, and are similar to the

constituent-light-quark masses typically employed in qu
models@41#: Mu/d50.33 GeV andMs50.55 GeV. Further,
vK* /vr51.59, which is identical to the value calculate
from Ref. @12#, as we anticipated in Sec. IV E 2, and o
simple parametrization yields@42#

r r50.69 fm, mr52.44
e0

2M r
, ~98!

values of ther-meson charge radius and magnetic mom
that compare well with those in Ref.@12#: 0.61 fm and
2.69e0 /(2M r).

For the heavy quarks we note that their fitted masses
consistent with the estimates of Ref.@20# and hence that the
heavy-meson binding energy is large:
03401
-

q.

k

t

re

EDªmD2M̂ c50.67 GeV,

EBªmB2M̂b50.70 GeV. ~99!

EB calculated here is identical to the corrected heavy-me
binding energy obtained using the heavy-quark symme
methods of Ref.@18#, while ED is 4% less. These value
yield ED /M̂ c50.51 andEB /M̂b50.15, which furnishes an
other indication that while a heavy-quark expansion will
accurate for theb quark it will provide a poor approximation
for the c quark. This is emphasized by the value ofvD
5vB , which means that the Compton wavelength of t
c-quark is greater than the length-scale characterizing
bound state’s extent.

Having fixed the model’s parameters, in Tables III–V w
report the calculated values of a wide range of quantities
included in the fitting. Many articles report a calculation
some of these quantities and Refs.@23,40,44,45# can be con-
sulted for tabulated comparisons.

The calculatedt dependence of the semileptonic transiti
form factors that are the hadronic manifestation of theb
→c, b→u, c→s andc→d transitions is depicted in Figs. 3
and 4. The form factors can beapproximatedby the mono-
pole form

h~ t !5
h~0!

12t/h1
, ~100!
8-11



eters,

M. A. IVANOV, YU. L. KALINOVSKY, AND C. D. ROBERTS PHYSICAL REVIEW D 60 034018
TABLE III. Calculated values of a range of observables not included in fitting the model’s param
with the light-meson electromagnetic form factors calculated in impulse approximation@6–8#. The ‘‘Obs.’’
values are extracted from Refs.@20,23,24,43#.

Obs. Calc. Obs. Calc.

f Kr K 0.47260.038 0.46 2 f K
2 r K0

2 (0.1960.05)2 (0.10)2

grpp 6.0560.02 5.27 GD* 0 ~MeV! ,2.1 0.020
gK* Kp0 6.4160.06 5.96 GD* 1 ~keV! ,131 37.9
gr 5.0360.012 6.68 GD

s* Dsg
~MeV! ,1.9 0.001

f D* ~GeV! 0.290 GB* 1B1g ~keV! 0.030
f D

s*
~GeV! 0.298 GB* 0B0g ~keV! 0.015

f Bs
~GeV! 0.19560.035 0.194 GB

s* Bsg
~keV! 0.011

f B* ~GeV! 0.200 B(D* 1→D1p0) 0.30660.025 0.316
f B

s*
~GeV! 0.209 B(D* 1→D0p1) 0.68360.014 0.683

f Ds
/ f D 1.1060.06 1.10 B(D* 1→D1g) 0.01120.007

10.021 0.001
f Bs

/ f B 1.1460.08 1.07 B(D* 0→D0p0) 0.61960.029 0.826
f D* / f D 1.36 B(D* 0→D0g) 0.38160.029 0.174
f B* / f B 1.10 B(B→K* g) (5.763.3)1025 11.4
th
ar
n

tate
ent

si-

-

with the dimensionless values ofh(0) given in Tables IV
and V, andh1, in GeV2, listed in Eq.~101!.

~101!

As expected, in each of the channels the magnitude of
monopole mass is determined primarily by the heavy-qu
mass, with the actual value reflecting small modificatio
03401
e
k
s

due to the light-quark degrees of freedom and bound s
structure. The behavior of all the form factors is consist
with lattice simulations, where results are available@24#.

A. Fidelity of heavy-quark symmetry

The universal function characterizing semileptonic tran
tions in the heavy-quark symmetry limit,j(w), can be ob-
tained most reliably fromB→D,D* transitions, if it can be
obtained at all. Using Eq.~77! to extract it fromf 1

B→D(t) we
obtain

j f 1~1!51.08, ~102!

which is a measurable deviation from Eq.~80!. We plot
j f 1(w)/j f 1(0) in Fig. 5 and compare it with two experimen
tal fits @38#:

j~w!512r2~w21!, r250.9160.1560.16, ~103!
in
TABLE IV. Calculated values of someb→c andb→u transition form factor observables not included
fitting the model’s parameters. The ‘‘Obs.’’ values are extracted from Refs.@20,23#.

Obs. Calc. Obs. Calc.

A1
B→D* (0) 0.57 A1

B→D* (tmax
B→D* ) 0.88

A2
B→D* (0) 0.56 A2

B→D* (tmax
B→D* ) 1.16

VB→D* (0) 0.70 VB→D* (tmax
B→D* ) 1.47

R1
B→D* (1) 1.3060.39 1.32 R2

B→D* (1) 0.6460.29 1.04

R1
B→D* (wmax) 1.23 R2

B→D* (wmax) 0.98

aB→r 0.60 f 1
B→D(tmax

B→D) 1.21
f 1

B→p(0) 0.45 f 1
B→p(tmax

B→p) 3.73
A1

B→r(0) 0.47 A1
B→r(tmax

B→r) 0.45
A2

B→r(0) 0.50 A2
B→r(tmax

B→r) 0.81
VB→r(0) 0.68 VB→r(tmax

B→r) 1.17
R1

B→r(1) 1.15 R2
B→r(1) 0.80

R1
B→r(wmax) 1.44 R2

B→r(wmax) 1.06
8-12
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TABLE V. Calculated values of somec→s andc→d transition form factor observables not included
fitting the model’s parameters. The ‘‘Obs.’’ values are extracted from Refs.@23,20#.

Obs. Calc. Obs. Calc.

B(D1→r0) 0.032 aD→r 1.03

B(D0→K2) 0.03760.002 0.036 B~D→r0!

B~D→K* !

0.04460.034 0.065

A1
D→K* (0) 0.5660.04 0.46 A1

D→K* (tmax
D→K* ) 0.6660.05 0.47

A2
D→K* (0) 0.3960.08 0.40 A2

D→K* (tmax
D→K* ) 0.4660.09 0.44

VD→K* (0) 1.160.2 0.80 VD→K* (tmax
D→K* ) 1.460.3 0.92

R1
D→K* (1) 1.72 R2

D→K* (1) 0.83

R1
D→K* (wmax) 1.74 R2

D→K* (wmax) 0.87

B~D0→p!

B~D0→K!

0.10360.039 0.098 f 1
D→K(tmax

D→K) 1.3160.04 1.11

f1
D→p~0!

f1
D→K~0!

1.260.3 1.10 f 1
D→p(tmax

D→p) 2.18

A1
D→r(0) 0.60 A1

D→r(tmax
D→r) 0.58

A2
D→r(0) 0.54 A2

D→r(tmax
D→r) 0.64

VD→r(0) 1.22 VD→r(tmax
D→r) 1.51

R1
D→r(1) 2.08 R2

D→r(1) 0.88
R1

D→r(wmax) 2.03 R2
D→r(wmax) 0.91
R

e to

se,
vy-
j~w!5
2

w11
expF ~122r2!

w21

w11G ,
r251.5360.3660.14. ~104!

The agreement obtained here is possible because, unlike
@18#, we did not employ a heavy-quark expansion for thec
quark. Our calculated result is well approximated by

j f 1~w!5
1

11 r̃ f 1

2 ~w21!
, r̃ f 1

2 51.98. ~105!

We have also used Eqs.~82! and ~83! to extractj(w)
from B→D* . This yields

jA1~1!50.987, jA2~1!51.03, jV~1!51.30,
~106!
de
-

e

03401
ef.

an w dependence well described by Eq.~105! but with

r̃A1

2 51.79, r̃A2

2 51.99, r̃V
252.02, ~107!

and the ratios, Eqs.~84! and ~85!,

R1~1!/R1~wmax!51.08, R2~1!/R2~wmax!51.06.
~108!

This collection of results furnishes a measure of the degre
which heavy-quark symmetry is respected inb→c pro-
cesses. Combining them it is clear that even in this ca
which is the nearest contemporary realization of the hea
quark symmetry limit, corrections of&30% must be ex-
pected.

The scaling laws in Eqs.~87! and ~88!, which relate the
heavy→ light form factors att5t2 , can be tested inB,D
→p,r decays and we find
~109!
The first line is obtained using the actual values of our mo
parameters, Eq.~47!, while the second uses artificially in
flated constituent-quark masses:M̂c51.76 GeV, M̂b
55.18 GeV, andM r50. This comparison indicates that th
lscaling laws fail in our model becausec- andb-quark masses
that are consistent with contemporary estimates@20# do not
validate the approximationsEH /mH505M r /mH used in
the derivation of these laws.
8-13
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As noted in Sec. VI D, in the heavy-quark limit the radi
tive decays can be used to define an inertial mass for
quarks. We find

~110!

Comparing these results with Eqs.~96! and ~97! it is clear

FIG. 3. Upper panel: calculated form of the semileptonicB
→D and B→D* form factors. Lower panel: the semileptonicB
→p and B→r form factors with, for comparison, data from
lattice simulation@39# and a vector dominance; monopole mod
f 1

B→p(t)50.46/(12t/mB*
2 ), mB* 55.325 GeV, the light, short-

dashed line. Monopole fits to our calculated results are given
Eqs.~100! and ~101!.
03401
e

and unsurprising thatM in is not a good measure of the con
stituent mass when the binding energy is large.

VIII. CONCLUSION

We have described a direct extension of Dyso
Schwinger equation~DSE! based phenomenology to exper
mentally accessible heavy-meson observables. In doing
we explored the fidelity of a simple approximation, Eq.~6!,
to the dressed-heavy-quark propagator. In our framew
this approximation is a necessary precursor to effectin
heavy-quark expansion. However, in contrast to Re
@18,22#, herein we elected not to consummate that expans
and thereby achieved aunified and uniformly accurate de
scription of an extensive body of light- and heavy-mes
observables. In doing so our results indicate that correcti
to the heavy-quark symmetry limit of&30% are encoun-
tered inb→c transitions and that these corrections can be
large as a factor of two inc→d transitions.

in

FIG. 4. Calculated form of the semileptonicD→K and D
→K* ~upper panel!, andD→p andD→r ~lower panel! form fac-
tors. Monopole fits to our calculated results are given in Eqs.~100!
and ~101!.
8-14
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SURVEY OF HEAVY-MESON OBSERVABLES PHYSICAL REVIEW D60 034018
Our calculation of the semileptonic transition form facto
for B and D mesons on their entire kinematic domain a
with the light-quark sector well constrained is potentia
useful in the experimental extraction of the CKM matr
elementsVcb ,Vub . That is true too of our calculation of th
leptonic decay constants; e.g., accurate knowledge off B can
assist in the determination ofVtd . They also indicate thatD f

mesons do not lie on the heavy-quark 1/Am̂Q trajectory. In
elucidating a mass formula valid for all nonsinglet pseud
scalar mesons, we demonstrated that in the heavy-quark
pseudoscalar meson masses grow linearly with the mas
their heaviest constituent; i.e.,mP}m̂Q . Our calculations
also provide an estimate of the total width of theD (s)* 1 and
D* 0 mesons, for which currently there are only experimen
upper bounds.

Although this study is a significant improvement and e
tension of Refs.@18,22#, more is possible. One simple step
a wider study of light vector meson observables so as
more tightly constrain their properties. Existing models
the Bethe-Salpeter kernel are applicable to these systems
studies akin to Ref.@13# are underway. A pleasing aspect
our study, however, is the demonstration that DSE phen
enology as applied extensively hitherto is well able to d
scribe vector meson polarization observables. A more
nificant extension is the development of a kernel applica
to the study of heavy-meson masses. That would prov
further insight into the structure of heavy-meson bound s
amplitudes. They are an integral part of our calculations
only rudimentary models are currently available. It wou
also assist in constraining DSE phenomenology via a c
parison with calculations and models of the heavy-quark
tential.
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APPENDIX: COLLECTED FORMULAS

The impulse approximation to the hadronic tensor d
scribing the strong decay of a heavy vector meson is (l 15 l
2p1 , q5p12p2 , q252mp

2 )

Mm
H* Hp~p1 ,p2!52A2NctrDE

l

L

ḠP~ l ;2p2!SQ~ l 1!

3 iGm
H* ~ l ;p1!Su~ l !Ḡp~ l ;2q!Su~ l 1q!,

~A1!

and that for a light vector meson is similar:

Mm
VPp~k1 ,k2!52NctrDE

l

L

iGm
V~ l ;P!Sq~ l 11!ḠP~ l 01 ;2k1!

3Su~ l 12!Ḡp~ l 20 ;2k2!Su~ l 22!, ~A2!

whereP5k11k2 , l ab5 l 1(a/2)k11(b/2)k2, andq5u,s
for V5r,K* .

The impulse approximation to the hadronic tensor d
scribing the rare neutral current process is (l 1,25 l 1p1,2)

Mmn
B→K* g~p1 ,p2!

52NctrDE
l

L

Ḡn
K* ~ l ;2p2!Ss~ l 2!

3qrsmr~11g5!Sb~ l 1!G B̄~ l ;p1!Sq~ l !. ~A3!

The heavy-quark symmetry limits of the leptonic hea
→ light-meson transition form factors are Eq.~86! and

A1~ t !5
Nck f

4p2
E

0

`

du~Au2EH!wH~z!w l
V~z!E

0

1

dt
1

AM̂Q

HA1
,

~A4!

A2~ t !5
Nck f

2p2 E0

`

du~Au2EH!wH~z!w l
V~z!

3E
0

1

dtAM̂QF 1

M̂Q

HA2
1HA3G , ~A5!

d
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A3~ t !5
Nck f

2p2 E0

`

du~Au2EH!wH~z!w l
V~z!

3E
0

1

dtAM̂QF 1

M̂Q

HA2
2HA3G , ~A6!

V~ t !5
Nck f

2p2 E0

`

du~Au2EH!wH~z!w l
V~z!E

0

1

dtAM̂QH2 ,

~A7!

where z5u22EHAu, z15z12XtAu, X5(M̂Q/2)(1
2t/M̂Q

2 ), z25(12t)(z1tu), and

H15sSs̃S2tAu~sSs̃V2sVs̃S!1zsVs̃V , ~A8!

H25sSs̃V1z2~sSs̃V82sVs̃S8!1tAusVs̃V ,
~A9!

HA1
5sSs̃S1X~sSs̃V1z2@sSs̃V82sVs̃S8# !

2tAu~sSs̃V2sVs̃S!

1~XtAu1z1z2!sVs̃V , ~A10!
’’

ys

a,

t.

y,
,

A

i
H

03401
HA2
522tAu~sSs̃V1tAusVs̃V!, ~A11!

HA3
5H212tAuz2sVs̃V8 , ~A12!

with s5s(z), s̃5(z1), s85ds(z)/dz and s̃8
5ds(z1)/dz1.

At t50 the behavior of these form factors simplifies fu
ther, as described by Eq.~91! and

4A1~0!5A2~0!52A3~0!5V~0!5
ln mH

mH
1/2

Nck f

2p2

3E
0

`

du~12EH /Au!wH~z!w l
V~z!sS

f ~z!.

~A13!

In Eqs.~A4!–~A13! all dimensioned quantities are express
in units of our mass scale,l.
s.
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,
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