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Four-fermion field theories and the Chern-Simons field: A renormalization group study
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In 2+1 dimensions, we consider the model of Brflavor, two-component fermionic field interacting
through a Chern-Simons field in addition to a four-fermion self-interaction which consists of a linear combi-
nation of the Gross-Neveu- and Thirring-like terms. The four-fermion interaction is not perturbatively renor-
malizable and the model is taken as an effective field theory in the region of low momenta. Using the
Zimmerman procedure for reducing coupling constants, it is verified that, for small values of the Chern-Simons
parameter, the origin is an infrared-stable fixed point but changes to ultraviolet stableeasmes bigger than
a critical &, . Composite operators are also analyzed and it is shown that a specific four-fermion interaction has
an improved ultraviolet behavior a6 increases[S0556-282(99)00914-5

PACS numbes): 11.10.Gh, 11.10.Hi, 11.10.Kk

Fermionic quartic interactions have been very importangroup, has now both Lorentz and 8U indices which we
for the clarification of conceptual aspects as well as for thewill sometimes indicate by Greek and Latin letters, respec-
applications of quantum field theory. lllustrative examples oftively. Our first observation is that, as a result of the Fierz
such a dual role are provided by the Thirring and Nambu-identity [11],

Jona-Lasinio models. However, perturbative studies of the 5

models have been hampered by the fact that only in two N N2 N (o, TN (N A —
dimensions are they renormalizable. If the number of flavors (1+ N)wl’//) YYD Gy ) NP AT =0,

is high enough, a better ultraviolet behavior is achieved in (1)

the context of the N expansion which turns out to be renor-
malizable up to 4 ¢ dimensions[1-3]. Various studies 2(
have been performed using such a schéfie

On the other hand, for small we may consider the mod-

1\ — 2 —
2+ 5| )+ Gy 9) by uh)

els as effective field theorig$], reliable at low energies, as + (YN ) (by, N4) =0,
has indeed been done in their phenomenological applications )
[6]. Besides that, recent studigg8] pointed out that in 21

dimensions yet another complementary direction would bavhere\?, a=1,... N?—1, are the generators of $N);

available. Through interaction with a Chern-Simoi@S)  there are only two independent, Lorentz and(SlJscalar
field [9] fermionic fields could change their operator dimen-quartic self-interactions. Therefore, without losing general-
sion in such way as to improve the ultraviolet behavior of theity, we may restrict our study to the theory described by the
perturbative expansion. If8] this conjecture was investi- Lagrangian
gated for the case of the Gross-Neveu model coupled to a
Chern Simons field and considerihg=1. Although an im- _ uva Tih T (T
provement does occur for the basic field, we found that quar.L 2na’ 3, A ALt Y(id—m)y+ gy YA, — G (i)
tic composite operators do not share this property. This
means that the behavior of these operators is not affected by i) — Gal v (o
the CS field. Nevertheless, from the characteristics of tNe 1/ XD =Gy )+
expansion and also from nonperturbative investigation%\
based in the Schwinger Dyson equation we may expect th
existence of relevant four-fermion interactions whde 1.
In fact, nonperturbative studies point towards the existenc
of critical values ofN where mass generation occurs and
basic properties of the theories are drastically change
[10,2]. It is therefore reasonable to expect substantia
changes in these theories [ddncreases, even at the pertur-
bative level.
In this Brief Report, pursuing the work 48], we will d(y)=3—Na—Ng+V;+V,. (4)
present some results on four-fermion theories coupled to a
CS field whenN is small but# 1. The basic field), belong-  To validate our calculations we shall treat £g§) as an ef-
ing to the two-dimensional representation of the Lorentzfective theory, suppressing the high momentum contributions
to the Feynman amplitudes. This is conveniently done by
introducing a dimensional parametar through the defini-
*On leave of absence from Universidade Federal do.Para tions G;=g,/A andG,=g,/A and restricting the calcula-

1
2¢

ctually, evading possible infrared divergences, throughout
this paper we will work in a Landau gauge obtained by for-

ally letting é—0. As the canonical dimension af is 1,

oth G; and G, have dimension—1 in mass unity. The
Bwodel is therefore nonrenormalizable, the degree of superfi-
Fial divergence of a generic graph wikt, andNg bosonic
and fermionic external lines, and witYi; and V, Gross-
Neveu- and Thirring-like vertices, being equal to

(9,A%)2. )
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tion by requiring thatp<<A. In this implementatiory; and loop momentum integral. We denote the Fourier transform
gz _rrnust thlen bg considered as Ithe perturbativfe I::ou_plingg_. of (0| Tthaya,(X0) Yaya)(X2) Yargay(Y1) ¢a434(y2)|0> by

o regulate Feynman Integrals, we use the following “di-p@) " yhere Lorentz and SW) indices are
mensional regularization” recipe. Initially, the algebra of the = *181:%282:%383.%434 ) i
Dirac matrices and contractions of the evi-Civita symbols ~ 'ePresented by Greek and Latin letters, respectively. We

are performed in 2 1 dimensions using found that, up to third order ig,, g,, anda, the u depen-
dence of the four-point function is given by

yry =gt —ighPy, )

; p-dependentpart ol (), . .. o 4 (Pi=0)
an
. O1(7 92
— 2 - = ==
8#Vp8pu')\:51:;6;:_5£5(1;' (6) =—2ia In/.L A(2+3N)+ A(9+3N)}(A®A)

After this step, the integrals are promoteddalimensions g:(5 N} 9,/2 N
and carried out according to the usual rul@g]. Singulari- + A §+ 3] Al3T 3
ties appear as poles dt=3— ¢ which should then be re-
moved. To this end, to each loop integral we incorporate the %(I'eT) ©)
factor u© where the massive parameterplays the role of '

. . . . . . aq, Ao ,0q8q, a,
the renormalization point. The renormalized amplitude is 1512425224353 %a%a

given by the constant terrfi.e., the e-independent oneof | here we adopted the simplified notation
the Laurent expansion of the resulting expression. This “di-
mensional regularization” method does not require an exten-
sion of the Levi-Civitasymbol outside 2 1 dimensions and
thus is very convenient for practical calculations. One should
be aware that slight modifications of these rules may change
the finite part(for example, usingy*y“y,=2—d instead of (10)
—1) of the outcome. However, our results will not be af-

fected since we will be dealing only with the simple pole part (F®F)a161,azaz:a3a3,a4a4: 7§1a37’w2a45a1a35a2a4

of the amplitudegdouble poles only appear at higher orders,

(A® A)alal \@p8y;agdg, ayd, 5a1a35a2a45a1a35a2a4

- 5ala4 5a2a3 5a1a4 5aza3a

i.e., in the computation of graphs with three or more Igops - 751%7#&2&3561%53233’
Actually, with the restrictions mentioned the method has (11)
been applied and tested in a variety of problems 12
dimensiond7,13. for the Gross-Neveu and Thirring vertices, respectively.
The vertex functions so defined approximately satisfy a Substituting the above expression into Egf), using Eq.
renormalization group equation (8), and equating to zero the coefficients of the Gross-Neveu
5 5 5 5 and Thirring vertices we determin@, and 3, to be
Ao tpo—tBro—+Bro——yNe|T™(py, ... py) 43+ 37N
S Br=0i- 0102~ 2(9+3N)ga?, (12
~0, (7
where, as a conse f -Hi 2N 17
, guence of the Coleman-Hill theddef a By=0,—| 5+ —| g a?+ =| = +N|g,a?.
term proportional to the derivative of the parameter is 3 2\3

absent. The coefficientg and 8; can be calculated by sub- (13
stituting the two- and four-point functions into E().

To fix y notice that, up to two loops, only graphs which
are second order iz may contribute to the wave function
renormalization(i.e., linearly divergent graphs with two ex-
ternal fermionic lines There are three graplithe same as in
Fig. 2 of [8]) and a direct computation gives

Since the Gross-Neveu and Thirring interactions were taken
as independent, these expressions are valid onN>1.
They show that the renormalization group fixed points, de-
fined through the vanishing ¢, and 3,, will require

6 —17N—18+(0)%?]
(3541+ 190N + 255\2)

2_ 2
a“=ag=

N+1 (19

v=— 7 az. (8)
with © =3865+ 251N+ 544N2. However, to better under-
Notice that forN=1 this result agrees witf8], as it should. stand the nature of this result it is convenient to use the
Analogously, 8; and 8, can be determined from the systematic procedure devised by ZimmermahB] which
momentum-independent residues in the four-point vertexallows us to consider just one constags, let us say, as
functions. In this calculation, it should be observed that thendependent. The other coupling is then fixed so as to have
n dependence of the pole part arises through the expansigast one 8 function in the renormalization group equation.

of the u€=1+¢€ln u+0O() factors, introduced for each Such a scheme has been applied in a variety of circum-
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stances, including cases of nonrenormalizable models treatefloperty by taking adequate linear combinations
as effective theorieg16]. We thus suppose th@,=pod1  =C;;A;. The new renormalized operators are then linear
wherep, is a constant such that,= poB1, which gives combinations of the old onedr=CiA .
— 25— 20N+ (0)Y2 The specific form of the matri< is not actually relevant
PO=" 353+ N) : (159  but it is such that\ig=(8;;+Z;;)A; whereZ is a diagonal
matrix. We found

In this situation,

1
43+ 37N Z=2a?In u Diagonal — 1/3, 1—2(—J6+ 17+ 16N),
,31291(1_02 T+(18+6N)p0 ] (16
From this equation we conclude that the origin is an infrared 1_2( \/6+ 17+ 16N)) : (20

fixed point stable or unstable accordingly< «; or a> a.

At a=a., B;=0 and the theory is approximately scale in- We are now in a position to calculate the anomalous dimen-

variant. sion for these operators. Indeed, from the above results and
We want now to go back to the question posed at thenoticing that they satisfy

beginning of this paper: namely, N>1, does the coupling

with the CS field improve the ultraviolet behavior of quartic | aNp

operators? If this were the case, one could use this quartic M@_ YNE+7a, FZiR =0, (21

interaction to perturb the model of fermionic particles inter-

acting just through a CS field. We thus considgr-g,=0 e arrive at

and study the renormalization behavior of integrated opera-

tors of canonical dimension 4. Specifically, we defisgm- 7—N 1
bolically) Vo~ 13 @ Vi~ g(VO-1MN-18a% (22
A= [ @y, 8= [ dxpw and
1 o?
_ — o 2_
Ao [ vy, (17) Vag= " g(NO+IN+TIGa?=——. (23
Cc

whereD“=D ,D* andD ,=d,—iyaA, is the covariant de- Thus, in the infrared-stable regioa<a., there are two
rivative. The renormalized integrated operators are obtained - — . . )

. S operators f ;g andAzg) whose dimensions decrease with
by removing poles so that, up to second ordetnin mo- The anomalous dimensiom,. _ has a very small variation
mentum space the renormalized amplitude with the insertion RLAVTS y '

of the operaton\; is implying that the ultraviolet behavior of the corresponding
operator is not improved in a meaningful way. The situation
Cy=(1-7), :(5”-4-2”-)1“&, (19 is much better concerning the second operator. By conve-
I ] -

niently choosinga neara., the operator dimension df3g
wherer is the operator for the pole pda], IAi is the dimen- may become as near 3 as we want and, for all practical
sionally regularized imegrami is the u-independent part Purposes, the_lnteractlon behaves like a renormqllzable one.
of I', and the matrixz is given by Th|s operator is therefore a natural candidate for implement-
i ing a consistent perturbation scheme around the conformal

1 invariant theory of fermions interacting through a Chern-
- = 0 0 Simons field. Of course, higher order corrections may

3 modify the above results. Thus, increasing the paramgter

z=2a”In[u]| O 7/2+3N  5/2+N/3 ) will require the inclusion of new interactions and in principle
1 new couplings will be needed. However, we may conjecture

(1+N/4)— 9+3N —2/3—N/3 that in this phase, following Zimmermann's procedure, it

6ma will also be possible to fix the new couplings as definite

(19 functions of just one four-fermion coupling.
With this understanding we may writjg=(8;;+z;)A], This work was supported in part by Conselho Nacional de
whereA{ is the finite part corresponding 10y;. Desenvolvimento Cierfico e Tecnolgico (CNPg and Co-

Although the operatora; in Egs.(17) are not multiplica- ordenaeo de Aperfejoamento de Pessoal dévdl Superior
tive renormalized, we can find new operators having such &apes.
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