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Harmonic sums and Mellin transforms up to two-loop order
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A systematic study is performed on the finite harmonic sums up to level four. These sums form the general
basis for the Mellin transforms of all individual functiofigx) of the momentum fractiom emerging in the
guantities of massless QED and QCD up to two-loop order, as the unpolarized and polarized splitting func-
tions, coefficient functions, and hard scattering cross sections for space and timelike momentum transfer. The
finite harmonic sums are calculated explicitly in the linear representation. Algebraic relations connecting these
sums are derived to obtain representations based on a reduced set of basic functions. The Mellin transforms of
all the corresponding Nielsen functions are calculaf88556-282199)04411-3

PACS numbsd(s): 11.15.Bt, 12.38.Bx

[. INTRODUCTION be established in the-space representation. The procedure
For the study of the scaling violations of deep-inelasticcan also be applied for analyses of the hadronic final states
scattering structure functions and other hard scattering prd9].
cesses different techniques were develdded]. Because of For the subsequent description it appears useful to enlarge
mass factorization the processes can in general be describggh  |inear space €10, to (3]0,1]=Cg]0,U
by a Mellin convolution of the parton densities and coeffi- 0(1—x),50(1—x),ke N}. Here 6(1—x) and 8(1—x)

cient functions or the hard scattering cross sections in th8.note the Heaviside function angidistribution [11], re-
c.m. subsystem, respectively. The Mellin convolution of tWOspectiver. The Mellin convolution®, Eq. (1), induces a

functionsA(x) andB(x) s described by multiplication in C3]0,1].* This operation is mapped onto

1 1 ordinary multiplication in the linear space of the Mellin

[A®B](X)= J dx f dxp8(X—X1X2)A(X1)B(Xp). (1)  transforms.
0 0 The functionsf;(x) emerging in perturbative calculations
in massless quantum field theories belong to the class dis-

In most of the approaches the cross sections are expressedssed by Nielsefl2—14 and their Mellin convolutions. By
using the above relation. In the case of the evolution equaexplicit calculation we will show that the Mellin transforms
tions of the parton densities one has to solve coupled integr@f these functions can be represented by linear combinations
differential equations ix space[1]. On the other hand one of the finite harmonic sums

may consider the integral transformatif] N ) n )
[signky)]™ & [signkz)]™
S (N)=2
1 LRRERY K mo1 n“<1| ne=1 n\kz|
ML= [ a0, @ : 2
’ S sigrn(ky) ]
~ kel '
for the functionsf;(x)eC310,1[, cf. [4], for which M[f;] Nm=1 Nm
exists. HereN denotes the integer moment index.

Since NEN, A |, kﬁéo (4)

Up to the two-loop level harmonic sums up to level
M[A®B](N)=M[A](N)-M[B](N), 3 =E}T‘=1|kj|=4 contribute. The finite harmonic sums are re-
lated to the multiplel value$ [15-17 oy . 4, ki#1 in
the convolutions are mapped into ordinary products leadinghe limit N— oo,
to considerable simplifications in most of the probleia$
The Mellin transformsM[f;](N) appear as theyenuine
quant!t!es in the operator product éxpansion _at intégeine For similar considerations concerning other integral transforms,
guantitiesM[A](N) may be analytically continued to com- see e.g[10]
p_Iex vaIu_es of the arg_ument. Compllca_ted convolution rela- 21 "otion derives from the case of single-parameter sams
tions, which emerge in some applications, can be ha”dlegzﬁzllln|k‘sg(k) for k>1 and{ denoting the Rieman func-
easily by applying the transform E¢), cf. [5]. Fast evolu-  {jon. Most applications discussositive indicesk; and refer to a
tion codes operating at high numerical precision are based agymewhat different ordering in nesting the sums by demanding
this prescription(2]. Specific resummations are most easily n,_;>n; which, however, is linearly related to the treatment in the
implemented via the Mellin representati¢f, 7] _3”0W|n9_ present paper. Because alternating sums do emerge in most of the
also for a thorough account of the commutation relationsapplications in quantum field theories we refer to this generalized
between the singlet matricg8,7], which is more difficult to  case subsequently.
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Besides the linear representations various algebraic reland
tions connect the different harmonic sums. A still higher
symmetry is obeyed by the multiplé values[18,19. A X

comparison of the linear representations with those induced Lio(x)= 1-x" ®)
by the algebraic relations may vyield rather non-trivial rela-

tions between Nielsen functiofi20]. The systematic classi- Similarly,

fication of the finite harmonic sums appears to be carried out

in a somewhat easier way than the Mellin transforms of the dS, p(x)

various Nielsen functions themselves which is due to the dlog(x) =Sh-1p(X) ©)

possibility to choose different arguments and linear combi-
nations of convolutions leading to equivalent representationiolds. While the logarithms log(ix) and log§) are of tran-
in the latter case. Also the algebraic structures are more eascendentality 1, the polylogarithm J(x) has transcendental-

ily recognized for the harmonic sums. ity n. The transcendentality of the measures
It is the aim of the present paper to derive the Mellin
transforms of all individual function$;(x) emerging in the dx dx
description of the splitting and coefficient functions in mass- 1+x and < (10

less QED and QCD up to two-loop order. This also includes

the coefficient functions for time-like processes, such ass defined to be 1. For general one-dimensional integrals over

fragmentation functions, the Drell-Yan process and similatthe product of a number of Nielsen functions and their de-

reactions. We investigate their relations to the finite harrjvatives the transcendentality determines itself as the sum of

monic sums and derive algebraic relations among themhe transcendentalities of the factors of the integrand and the

They allow for a compact representation of all Mellin trans-measure.

forms over a fairly reduced set of basic functions. The simplest harmonic suns. ;(N)® are related to the

The paper is organized as follows. In Sec. Il we introducemellin transforms

the basic notations. The structure of anomalous dimensions

and coefficient functions up to two-loop order in terms of 1 xN-1 1
son- [l 2

n

Nielsen functions is discussed Sec. Ill, where we consider — =M (N) (11
the Wilson coefficients of | (x,Q?) and the coefficient func-

tion CQS(X,QZ) as examples. Section IV contains the explicit

linear representations of all harmonic sums up to level four. (N)_f
Section V deals with algebraic relations between the finite

harmonic sums and Sec. VI contains the conclusions. The

individual Mellin transforms for the functionf(x) emerg- =(—1)"M
ing in the different splitting and coefficient functions are

given in the Appendix.

(—x)N—-1
Xx+1

(x+1 (N)—log(2). (12

Here the+ -prescription is defined by

II. HARMONIC SUMS AND MELLIN TRANSFORMS 1 1
IN FIELD THEORY fo dxg(x)[f(x)]+= fo dx[g(x)—g(1)]f(x). (13

The coefficienf21-25 and splitting function§26-29, . _
can be expressed as linear combinations of products of thEhe general single harmonic sun®.,(N),k>0 are ob-

Nielsen functiong12-14 tained by the iterated integrals
( )n+p 1 ldz no1 fldxlfxldXZ ka 1Xk 1
- - - P(1— N)= -
Shp(X)= = Dip! f log" (2)logP(1—zx). (5 S«(N)= X1
. . _ (= 1)k xN—1
We introduce the notion of the degree of these transcendental - — dxlo k=1(x 14
P ¢ 0 (14
functions as theirtranscendentality p-n. The polyloga- ( )!
rithms are given by
(N)= 1dx; (xadx, - 1(—x)N—1
. dLi, 4 1(X) -k f f e f X+ 1
Lin(X) = —em = S 4(). (6) “
dlog(x) N
(1 1 (—0N-1
_ _ ) = dxlog X)—————— (15
The logarithms log(xx) are related to the dilogarithm by (k—=1)! X+1
[30]
dLix(*X) = Liy (%)= —log(1FX) (7) 35,(N) occurs as the only function being not a polynomial in the
dlog(x) ! 1-loop anomalous dimensiong> and y{?) [26].
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Further alternating or non-alternating summation does natu- 1 £(2)
rally lead to Mellin transforms of Nielsen functions or their ~ Liz(—X)+InxIn(1+x)=— —CI’(X)+ In®x— —
products of higher transcendentality. The integral represen- (20)
tation of a general harmonic sus k,(N) can be ob-
tained recursively from Eq$14), (15) using The Mellin transform of the function

Nk (—qyt Bx) fll(lﬂ)dzI (1—2) 2

X)= — In| —
Z‘ K (=0T f dzlog'~ l(Z) (16) ( xI(1+x) Z z

itself turns out to be more compact than that of( x) and
("1 log(X)log(1+Xx) individually.
f dzlog ~X(z) ———. The Mellin transforms of the two-loop coefficient func-
1)' z+1 tions are more complicated than those of the splitting func-
(170 tions. The simplest among them are the coefficient functions

of the longitudinal structure functiofr (x,Q?), which is
In the limit N—oo the harmonic sums yield given by

(=%

n
>
k=1

}kl ''''' kl: lim Sk .... kl(N) (18) FL(XIQZ):X{CNS(X!Q2)®fNS(X1Q2)+ 5f[CS(X1Q2)
®2(x,Q%)+Cy(x,Q)®G(x,Q1)]} (22

with ok, being a polynomial of multiple/ values iy the case of pure photon exchange. The combinations of
Ok, ..k Km#1, ando g, parton densities are

N¢

Def -
1= foldX%' (19) fNS(X!QZ):iZl eiZ[Qi(X!QZ)+qi(XIQ2)]! (23)

As already the case for the representationSof (N), Eq. Nt

(12), specific numbers as log(2) emerge, which multiply har- E(X,QZ):Zl [ai(x,Q%)+qi(x,Q)]. (24)
monic sums of lower level or Mellin transforms of functions o

of lower transcendentality. Although it is not known yet g(x Q2 denotes the gluon densitg; the electric charge,
whether all these constants are transcendeniaiberswe nds;= (= e?)/N;, with N; the number of active flavors.
apply the notion of transcendentality introduced above also The coelf:rilciclant fu’nctionsi-(x 0?) read

to them to obtain a uniform description. Up to transcenden- R
tality 4 only a single constant per level emerges:
10g(2)£(2),4(3),Li4(1/2). At higher levels more constants CNS(Zsz):asC(l (2)+ag C(z) NS(z)
contribute. For convenience we follow the choice of Refs.

[31-35. The constants are at level®5) and Li(1/2), at 2\ — 22A(2),PS, 2
level 6 Lig(1/2) and o 5 ;, and at level 7 Coz.Q9=asclq 2) 9
Li;(1/2),0_5_1_1 and o5_1 3, which are believed to be

not further reducible in terms of values apart form C4z.Q¥)=ac () +alc?)(2),

reordering’

wherea,= a(Q?)/(4). The leading order coefficient func-

Ill. COEFFICIENT FUNCTIONS AT O(ag) tions are given by38]
The Mellin transforms of the splitting functions up to C(L]:()q(z):‘]’CFZ (26)

next-to-leading ordef28] are known for a long time. Most

of the contributing functions can be reduced to polynomials

in S.((N) except Ly(x)/(1+x) which is related to the sum c{)(z2)=8Nsz(1-2). (27)

S_51(N), cf. Sec. IV®> Some functionsf;(x) emerge in a

combination leading to a simpler Mellin transform. This is  In the modified minimal subtraction (MSscheme the

the case for Li(—x)+log(X)log(1+x) which can be ex- next leading ordetNLO) coefficient functions reaf21,22°

pressed by

5previous calculation§39,4Q turned out to be partly incorrect,
“4For recent reviews on multiplé values se¢36]. whereas agreement was shown between Re1s22 and[41]. The
5See also Ref[37]. Refs.[40] were later corrected in Ref42].
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6—3z+472°2—97°

ci2)N(2)=4CL(Cp—2Cr)z{ 4 =

Inz—4Liy,(—2)[Inz—2In(1+2)]

—8¢(3)—2In*ZIn(1+2)+In(1—2)]+4 InzIn(1+2) — 4InzLiy(z) + g(s—szZ)mZZ

2+102%°+52°-32° 5— 372
-4 =3 [Lio(=2)+InzIn(1+2)]+4£(2)|In(1+2)+In(1-2)— 5
z

_ , 23 144+ 2947 — 172%° + 2162°
+8S, A —2z)+4Liz(z2)+4Liz(—2)— 5 In(1-2)—

3 9072
+8C22| Liy(2)+ 2= 2InzIn(1—2) +IR2(1-2)— 3¢(2) — ~ =P 2+ 222101 8%
rzy Li(z)+In“z nzin(l1—z)+In?(1—2)—3¢(2) 37 nz 62 n(l-z) 362
8 CeNz| 2Inz—In(1 6~ 2% 28
—3CeNiz{ 2Inz—In(1-2) - ——1, (28)
(2),PS 16 2 2ry 2
Cly (z)=§CFNf{3(1—22—22 )(1=2)In(1—2)+ 9z Liy(2) +In“z—£(2)]
+92(1-z-22%)Inz—97%(1-2)— (1—2)%, (29
(2) . 32 643 32 )
Clg(2)=CgNy) 162[Lio(1-2)+InziIn(1-2)]+ —§z+ 52 +1—522 [Lio(=2)+InzIn(1+2)]
32 32 1 32
+(8+24z—327%)In(1—2)— §z+§z3 |nzz+E —104—624z+28822—? Inz

32 643 5 128 304 336 32 CiN
+—§z+€z L(2)— 15 52+52+152+Af

X[Li(—2z)+InzIn(1+2)]+ (162—162%)In?(1—2z)+ (— 962+ 32z%)In zIn(1—2)

—64Liy(1—2) +(32z+327%)

464 16
+| —16— 1442+ — 7%+ T

: IN(1—2)+48zIn°z+ (16+ 128 — 2082°)In z+ 327%£(2)

16 272 848 16

T3tz gl ‘&] 30

with Ca=N=3,Cr=(N2-1)/(2N.)=4/3. The corre- 1 e ,
sponding expressions in the DIS scheme are givei2id. fo dz 2'" [ 2Liy(~2)In(1+2)+InzIn*(1+2)
The class of basic functions is the same for both schemes.
Also in this case some of the functiofigx) can be com- +2S,A—2)]
bined to somewhat simpler Mellin transforms. This is e.qg. ’
the case for the combination j d(z) 1 1In%z
=N N
1+z 21+ 1+

8Liy(—2)In(1+2)+4InzIn?(1+2)+8S, A —2) (31) z z z
in c?y"Y(z). These terms can be transformed using the re- _ (_2)| 24 £3) (32)
lation AN
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TABLE I. Numerical values of the coefficienB,;(N) in Eq.

PHYSICAL REVIEW 60 014018

P NYN) =CEB,(N) + CrCaBoA(N) + CeNeBoy (N).

9. (35)
N B2r(N) B2a(N) Ban(N) The numbers were also compared with the first 10 moments
2 17.9078876005 —3.53561968276 —3.99999999998  given in Ref.[22] and the analytic results in Refstl].
4  21.4337645358  31.8422327506 —12.7409351851
6 49.6093136699 58.4783326748 —21.0097878018 IV. LINEAR REPRESENTATIONS OF HARMONIC SUMS
8 76.6379137872 92.3938671695 —28.4436170993 BY MELLIN TRANSFORMS
10 101.906494546 130.266385188 —35.1459888118 . . .. .
12 125462647526 170288348629 —41245849343L .'t” trt‘er;o”rﬁw'”gmwe 9"26 Ie>§/pl:c;t rf‘?rr]eferrr‘rt]a“o;‘s ‘IJI‘; a”r
14 147482822156 211433606893 —46.845L181970  coii S bl Ll vl transform of a Nielsen funo-
16 168.152110570  253.091881557 —52.0380522803 : .
18 187635850771  294.886826041 —56.8764477704 tion of the same Ievel_and hgrmonlq sums of Iowgr level.
Contrary to the algebraic relations being discussed in Sec. V
20 206.075234490  336.580388240 —61.4143760545

we call these representations linear. They are obtained by
consecutive partial integration starting from the integral rep-
resentation Eqg14)—(17). The Mellin transforms of the in-
dividual functionsf;(x) of the various two-loop quantities
given in the Appendix will be expressed in terms of these

In the coefficient functionct?NS(x) [22] and similar
guantities[23—25 even more complicated functiorfs(x)

such as harmonic sums. Up to two-loop order not all the sums are
log(x) emerging. They will, however, contribute to expressions at
9 log(1+x)log(1—x), (33)  higher loop level, similarly as in the case of lower level sums
1+x in the cases discussed below. We add as well the analytic
continuations for the most simple cases, in which they can be
or expressed by the functiong(z) and 8% (z), where
1 Li 1-x L 1-x a4 1 d
T+x| 8l 1+x) 78 T 1ex (34) YOO= g axt (36)
emerge up to two-loop level. The full set of about 80 func- 1 X+ 1 X
tions f;(x) and their Mellin transforms is given in the Ap- BX)==| | —— —z/;(—) . (37)
pendix in tabular form in terms of the linear representations 2 2 2

derived in Sec. IV. .
All Mellin transforms can be expressed in terms of linear, AS @ shorthand notation we denote By(x) the follow-
combinations of up to threefold sums. The fourfold sums,N9 combination of Nielsen functions
which emerge in intermediary steps, are found to be reduc-
ible to more elementary sums by algebaric relations, cf.
Sec. V. From this representation the Mellin transforms of the
different splitting functions, coefficient functions and hard
scattering cross sections for space and time-like unpolarized
and polarized processes in massless QED and QCD up to
two-loop order can be assembled directly. The expressions

S A1-X)—S;

)

1-x
Fl(X):Sl,z(T Tx

+S9

7]
1o x —log(2)Li, 5

) — ; + -
apply for integer values of the Mellin indeX. The analytic + Elog2(2)log(u) —log(2)Li, 1-x ,
continuations to complex values of are derived in Ref. 2 2 1+x
[43]. For a computer code containing these quantities see (38)

Ref.[2](c).
The explicit expressions for the Mellin transforms of the which contributes to a series of harmonic sums given below.
individual two-loop quantities are rather lengthly. Rather The linear representation of the harmonic sums up to level
than giving the explicit expressions for the different coeffi- four are given in the following. Here we defind[f](N)
cient functions we are going to provide the Mellin transformszfédxfo(x)_
of the contributing functiong;(x). This allows to calculate
also the Mellin transform for an even wider class of pro-
cesses.

An example which covers the more complicated Mellin
transforms for the function§ (x) is the coefficient function
c{PNS(x), which was also studied in Rgi44] recently.

We performed a numerical comparison of our representa-
tion with that given in[44] for the first 20 moments and find
agreementsee Table)t

A. First order sums

The first order sums are

S.i(N)=(-1)"™ (N)—log(2) (39

1
1+x

=(—1NB(N+1)—log(2)
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=

=y(N+21)+ vg.

Si(N)=M (N)

B. Second order sums

The second order sums are

1)N+1M I

S_5(N)=(~ .

(N)——§(2)

1
=(—DNB(N+1)- 5((2)
_ logx
S(N)=-M| .= |(N)+(2)
— ¢ (N+1)+{(2)

S_1-1(N)=—M

(N)+log(2)

(Iog(1+x))
x=1 /,

X[S1(N)—S_1(N)]

1
= 5{[BIN+1)~ (= 1)Mog(2)]?

+(2)— ¢ (N+1)}

log(1—x)

1)N+1M Tox

S_1a(N)=(— (N)

1
—§[§(2)—|092(2)]

log(1+x)

—(_1\N
(=1)™™ 1+x

+S1(N)S_1(N) +S_»(N)

+[Si(N)—S_

log(1+x)

o 4\N+1
S -1(N)=(-1)""M 17 x

(N)

(40)

(41)

(42

(43

1
1(N)Jlog(2) — 5log?(2)
(44)

1
—[S1(N)—=S_1(N)Jlog(2) + §|092(2)

(45

PHYSICAL REVIEW D 60 014018
log(1—x)
x—1
+

1
= S{IW(N+ 1)+ 7+ £(2) =/ (N+ 1)}

Sl,l(N):_M (N)

(46)
Here ye denotes the Mascheroni number.
C. Third order sums
The third order sums are
1
S 3(N)=(-)">M 1+X( )__,;( )
Nl " 3
=(~DNSB(N+1)= 74(3) (47)
1 [log*
S(N)=5M| S =7 |(N)+{(3)
1
=S¥ (N+1)+{(3) (48)
Li,(—X)
Sz,l(N):_M“ - ) (N)
+109(2)[Sp(N) = S_5(N)]
2
—%Sﬂm (49)
- N+1 2( )
S_24(N)=(=1)"" M| =—/—|(N)+{(2)S_41(N)
5
~g{(3)+{(2)log(2) (50
Liy(—
8,1 =(- 1 22 ) —iogr2)
1
X[S2(N)=S-2(N)] = 54(2)S-1(N)
1 1
+24(3)- 54(2)log(2) (51)
Lix(x)
S4N)=M ( x—1) (N)+£(2)Sy(N)
' (52
Sl,z(N)=M[ Iog(1+x)lc:(g£x1)+L|2(—x) ](N)
1
+582)[S(N)=S-4(N)] (53

014018-6
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Lio(1—x)

S 1AN)=(~ )N M| =2

3
(N)+£(2)S-1(N) = £(3) + 5 £(2)log(2) (54

log(x)log(1+ x) + Liy(—X)
1+x

1 1 1
(N)=5{(2)[S1N)=S_1(N)]~ g {(3) + 5 £(2)log(2) (59

S1-2(N)=(=1)"™

Li»(1—x)
x—1

S1AN)=-M }(N)+§(2)81(N)—€(3) (56)
Lio[(1—x)/2]—log(2)log(1—x)

(1 N+1
S 1-1-1(N)=(—1)"""M T x

}(N)+|Og(2)[51,1(N)—31,1(N)]

1 ) 1 2
+518(2)=10g™(2)]S-1(N) = 7 £(3) + {(2)log(2) — 5l0g°(2)

1 N 3 1 N ’
=gl B(N+1)—log(2)]" = 5[(=1)"B(N+1)—log(2)J[#'(N+1) = {(2)]

1 Wi 3
+3| (DS (N+1)-74(3) (57)
1 +X 1-x 1
So1-1a(N)= MH (log(l X)log( )+le T)) J(N)—E[é(Z)—logz(m]S1(N) (58)
1 log?(1+Xx) 1,
S-11-1(N)=SMyl——7—| 1 (N)+109(2)[S-1,-2(N) = S-14(N) ] = 510g%(2)[$1(N) = S_1(N)] (59)
+
1 o] 10G7(1 =) 7 1 1,
S-12aN) =5 (=DM ————|(N) = g {(3) + 5 {(2)log(2) — £log™(2) (60)

7))

1
—§[§(2)—|092(2)]51(N) (61)

1 1-
Sl,—l,—l(N):MHm( |09<TX> log(1+x)+Li, ](N)+|Og(2)[51,1(N)_51,—1(N)]

+

N 1 1+x 1-x 1 5
S114(N)=(=1)"M| 15| log| 5| log(1—x)+Lio| —5=| | |(N) = 5[£(2)~log*(2)1Sy(N)

! 3 ! 2)log(2 1| 32 62
+§§( )—55( )log( )+§09( ) (62
3 Nl log?(1+x) 2 3
S11-1(N)=(=1) 5 T(N)HOQ(Z)[% 1(N)— Sll(N)]+—|09 (2)[S1(N)—S_ 1(N)]——|09 (2)
(63
1 log?(1—x)
S114(N)=35M (T)+ (N)
=—[l//(N+1)+YE]3——[l/f(N+1)+VE][llf(N+1) ((2)]+ 'J/'(N+1)+§(3) (64)
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D. Fourth order sums

The fourth order sums are

1 [log*x 7
S 4N = (= DV M| T (N) = 56 2(2)
:(_1)N+113(3)(N+1)_1§2(2) (65)
6 20
1 [log®x 2,
SuN)=— M| | (N)+ £2%(2)
1 2
=_—_u4® .y
S VAN + 2 2(2) (66

1 3
(N)+ 5 82)[S(N)=S_5(N)] = 5S:(N)

1
S_2-2(N)= M{[m(log(X)Liz(—X)—2Li3(—X))

+

=£ B’(N+1)+(—1)N£§(2) 2_1¢(3)(N+1)+E§(2)2 (67)
2 2 6 5
1 . ) 71
S_24AN)=(—1)N*IM m[ZLls(X)—|09(X)(LI2(X)+§(2))] (N)+2(2)S_5(N)+2Z£(3)S_1(N) + 55(2)2
(1) 3 1
—4LI4(§) —5{(3)log(2) + {(2)log?(2) - 5Iog“(2) (68)

S2-2(N)=(=1)"M

1 . _ 3 1 11 )
T [Lial =X)10g00) ~ 2Lia(= )T (N) = 5(3)S 1(N) + 5 LS o(N) = S,(N)] - 5-£(2)

+4Liy, %) +2¢(3)log(2) — ¢(2)log?(2) + %Iog“(Z) (69)
I Li +¢(2)]—2Li
S,4N)=M (Og(x)[ 0 a2 '3(X)) (N)+£(2)S,(N) + 2£(3)S,(N)
1 1 2
=5[[¢'(N+1)—£(2)12—g¢<3><N+1>+§§<2>2] (70
Liz(—X) 1 3
83,1<N>=M( v ) (N)+10g(2)[ S3(N) = S_3(N)]= 5 {(2)Sz(N) + 7 £(3)Si(N) (71)
o] Li3(X) 3. ., (1) 3 1 )
S-34(N)=(=1)"M| | (N)+£(2)S_5(N) = {(3)S_1(N) — £ £(2)%+2Lig| 5| + 7¢(3)log(2) — 5 {(2)log?(2)
1I 4
+1—20g(2) (72)
| L= %)
S3-1(N)= (= 1)"M| — == |(N) +10g(2)[S_3(N) ~ S5(N)]
1 3 1,3
—5{(2)S5(N)+ 74(3)S_1(N)~ g £(2)*+ 7 {(3)log(2) (73
1 [Liy(x) 1, 1 3,
S34(N) =5 M| 5 =77109(x) |(N) +£(2)S(N) = 7 S5(N) = 7 Sa(N) = 55£%(2) (74
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%(Iogz(x)log(H-x) + 2log(x)Li,(—x) — 2Lig(— X))

1 3
31,3(N)=—§M[ ’(N)+Z§(3)[81(N)—81(N)] (75)

+

1- 19 7
S_14dN)=(-1)""M %X)()}(NHGB)SM)—%(Z(ZH Z&(S)IOQ(Z) (76)
(— )N 1 . 5 . 3
S;-3(N)= m[Zng(—X)—Iog (x)log(1+x) —2log(x)Lio(—x)] (N)+Z§(3)[871(N)—81(N)]
+§ 2)2—2Li = 3)l 2)+E 2)1 22—i| 4(2) (77)
1 1 , _
Sly3(N)=—§M [m(logz(x)log(l—x)+2Iog(x)L|2(x)—2L|3(x)) ](N) (78

S_p_1-1(N)=(—-1)"M Tox

| C[1+x N+ 1 1I | | 1-x
Fa(x)=log(x)Liz| ——| | { (N)+ (= )N* M log(x)log(1+x)log| ——| { (N)

1 1 1 1
+10g(2)[S-24(N) =S5 -1(N)] - E[é(z)—|092(2)]S—2(N)—[§é’(3)— g|093(2) 5—1(N)—4Li4<§)

2322113|252|22 79
+505(2)°= 7 ¢(3)log(2) + 7 £(2)log™(2) (79
1 1 1-x
S ;- 1a(N)=— MH ( 1(X)+_812(X2) S A—x)— Slz(x)> ](N) M [—Iog(X)(le( 5 )
1 1 1
—log(Z)Iog(l—X)) ](N)—E[g(Z)—Iogz(Z)]Sz(N)—{§§(3)+glog3(2)}81(N) (80)
1 1, 1
S 51-1(N)=—M msl,z(_x) (N)—[S_z,l(N)—S_z,-l(N)]log(Z)+[S_2(N)—Sz(N)]§Iog (2)+§§(3)81(N)
: (81)
1) 1 1 1 1
S_z14(N)=(—D)N"IM| =— 812( ) (N)+§(3)S 1(N)—Li, > +§§2(2)+ 55(3)I09(2)+ Z§(2)Iogz(2)—ﬁlog4(2)
(82
1 C[1+Xx 1 1-x
SZ,—l,—l(N):M|[m(Fl(X)_mg(X)L'Z(T)) J(N) MH—|09(X)|09(1+X)|09( ) )(N)
1 1 1
+|Og(2)[52,1(N)_Sz,1(N)]_5[5(2)_|092(2)]52(N)_{§§(3)_g|093(2)}31('\|) (83
1 —X
S, 1aAN)=(— 1)”*1M[ 1(X)+Iog(X)(le( 3 )"09(2)|09(1—X))](N)
1 1
+(—1)”“M{m SS1AX%) =Sy AX) =Sy A — X)](N)—5[4"(2)—IogZ(Z)]Sz(N)—[Ew)
1 1
+gl093(2)} 1(N)+4LI4( )——4“(2)2+ 4“(3)!09(2)——((2)!09() (84)
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N+1 S.I.,Z(_X) 1 5 1
S 1(N)= (= 1)M M| 22 (N) —log(2)[ S,(N) — o -2(N) ]+ 510822 S(N) —S_o(N) |+ 5 £(3)S_y(N)
(1) 6, 11 3 L1,
+3Liy| 5| - 2 22)+ 7 {3)log(2) - 7 L(2)l0g?(2)+ Flogh(2) (89
S14N)=—M (lef(f) (N)+£(3)S,(N) (86

1+x

1
Lio(—x)log(1—x)+ 551,20(2) —S1AX) =S A —X)

S_1-2-1(N)=(=1)"M

(N)+10g(2)[S-1 AN) =S_1 _2(N)]

13 3 ) T,
+Z§(3)Iog(2)—z£(2)log (2)+5log (2) (87)

1 33, (1
_55(2)5—1,1“\')_%((2) +4Liy 2

log(1+X)Liy(x)+ 2)/2— —S; A~ 5
81,2,1<N)=M‘ il e, ]<N>+§<2>sl,1<N>+ ~L(3)~ L(2)loy(2)
X[S1(N)=S_y(N)] (©9
log(1+x)Lis(—x)+2 - 1
S 1 o(N) =M | SIS X)) (N)+10g(2)[S 1, o(N) =S 1 AN) ]~ 52(2)S_3 4(N)
1 1
+ Zz(3>—55(2)!09(2)}[5_1<N>—sl(Nn 89

1 19 1) 1
S-124(N)=(~1)"M{ 75 [Liz(x)I0g(1—X) + 28 AX)] <N>+z<2>s_1,1(N>+%§<2>2—Li4(5) - 74(3)log(2)

! 2)log?(2 1| 4(2 90
—Zé()og()—ﬂog() (90)
1 . 1 /1
Sl,2,1(N):MHm|09(1_X)L|2(_X) ](N)+M[[m(gsl,z(xz)—sl,z(X)—Sl,z(—X)) ](N)
1
+log(2)[81,z(N)—Sl,_z(N)]—55(2)81,1(N) (91
1
S1-21(N)=(-1)"M Tox Lix(x)log(1+x)+ 581,z(x2)—81,z(x)—812(—x) (N)+4(2)S;,-1(N)+| £(2)log(2)
5 3 , 5 1 )
—§§(3) [Sl(N)_S—l(N)]_Eg(Z) +§§(3)Iog(2)—§£(2)log (2) (92

1 1
S12-1(N)=(=1)"M m[Liz(—X)|09(1+X)+231,2(—X)]](N)—|09(2)[31,2(N)—51,—2(N)]— 5¢(2)S1-1(N)

J’_

1 1 6 ., . (1) 23 . 1,
2{(3)=56(2)l0g(2) [[SUN) = S_+(N)]+ £ £(2) —3Ll4(§> - 5 {(3)l0g(2) + £(2)log?(2) ~ Glog'(2)

(93

1
S124(N)=M [ [m(Liz(X)log(l—X) +2§; Ax)) ] (N)+2(2)S11(N) (99
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N+1 1 ;
S-1-1-2(N)= (=17 "My 7= [F1(x) +log(1=x)Liz(=x)] 1 (N)

1
(N)+ 5 8(2)[S-12(N) = S-1 -1(N)]

11
FEDNIM 15 55003 = 81~ Sid %)

9 3 | 1I 3 1 , 17 | 7 loc? 1I 4 (95
+54(3)= 54(2)log(2)~ Fog*(2)|S_1(N) ~ 754(2)%+ 5 £(3)l0g(2) ~ 7 {(2)log?(2) ~ Flog'(2)  (95)

1
S_1-14AN)= M‘[m(Fl(X)Jr|09(1+X)Liz(1—X)) ](N)+§(2)Sl,1(N)

3 1 1
—{4’(3)—EZ(Z)IOQ(Z)}S_l(N)—[55(3)—glog3(2)}81(N) (96)
1 , 1 1
S_11-20N)=—M m(le(—x)log(1+x)+81,z(—x)+§Iog(x)logz(1+x) }(N)—§§(2)[Sl,1(N)—Sl,1(N)]
1 1
+ 55(3)—55(2)Iog(2)}[81(N)—S_l(N)] (97)
N Liz(1—x)
S_11AN)=(-1)"M 1o x (N)+4(2)S_11(N)=£(3)S_1(N)
(1) 9, 7 | 1 oc? 1I .
—Liy > +§)§ (2)—55(3) 09(2)—55(2) og (2)—2—409 (2) (99)

x—1

1 1
sl,_l,_2<N>=—M[[mm(xwog(l—x)uz(—x)) zsl,xx%—sl,z(m—sl,z(—x))

](N)—M[ }(N)

1 9 3 1
+ 548N =S -1(N) ]+ 54(3) — 5 £(2)log(2) — glOQB(Z)}Sl(N) (99

1 3
S1,-1AN)=(— 1)NM[m[Fl(X)Jr|09(1+X)Liz(l—X)] (N)+£(2)51,—1(N)—[€(3)— 55(2)|Og(2)}31(N)

_|2 (3)—£Io 3(2)|S (N)+z (2)°—2Li 1 (3)lo (2)+E (2)log?(2)+ i|o 4(2) (100

S1 A —X) +10g?(2)log(x)/2+l0g(2) Li 5 — X)
1+x

S11-2(N)=(=1)N*IMm (N)

1 1 1 1\ 2
+ 54’(2)[51,-1(N)—51,1(N)]—[55(3)— 55(2)|Og(2)}[51(N)—S-l(N)]+ Lig 5) - §§(Z)Z+ £(3)log(2)

! 2)log?(2 1| (2 101

—55()09()+ﬂog() (101
Lis(1—X) 2 ,

S14AN)=M 1 (N)+2(2)S$;1(N) = Z(3)S,(N) + 5¢ (2) (102
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1 o [1—X 1-x

x—l(LIZ( 5 )Iog +231,2<T>) +](N)
1 1+X

—Iog(2)M”m<log(l—x)log(7)> ](N)

1
+109(2)[S-1,-11(N) = S-1-1-2(N) ]+ 5[4(2) — log*(2)]S-1,-1(N)

1+x
4

S1,1,1,1(N):M[

1 2 .
—[Z§(3)—§(2)Iog(2)+ glog (2)}8_1(N)

1 N 4 1 N 2
= 52l BIN+1) = (= D)Mog(2)]*~ Z[BN+1) = (= 1)Mog(2) 7L (N+1) - £(2)]

+3 [ﬂ(N+l) (- 1)N|09(2)][ "(N+1)—(— l)N—§(3)}

+3[¢’<N+1)—§(2)]2—1 1w<3>(N+1)—Ez(2)2 (103
8 416 5
N+l 1-x C[1-x 7 1
S 11-1AN)=(=1)"""M Tix 2Lis N —log(1—x)Li, - (N)+ Z§(3)—§(2)|09(2)+ §|09 (2)|S-1(N)
1 ) 9 ) 3 ) 1 4
~ 5182~ 10g%(2)1S -1, 1(N) ~ 25¢(2)*= 7 £(2)log?(2) +2¢(3)log(2) + Flog(2) (109
1 1-x 1 o (1-x) 1 ) 1-x
Si-11-1(N)=—M msl,z - (N)+M 1 log(2)Li, - —§|09 (2)log - (N)

1 1 1
+109(2)[S1,-1-1(N) = Sy —14(N) ] — §|092(2)[31,1(N)— S1-1(N)]+| 54(3)— 54(2)log(2)

1
—glogs<2>}sl<N> (109
2
Sl,1,1,1(N)=—M[{SLZ[(HX)/ZH()(1/_2)1log(1+x)log 2 ](N)+MHL|og(2)L|2(1J2rX) ](N)
7 1 1 1
—[§€(3)—§§(2)|Og(2)+ g|093(2)}3—1(’\|)+ £(3)—log(2)¢(2) + §|093(2)}51(N) (106
1 [1-—x 1-X 1 1-x
8_1,1,_1,_1(N)=(—1)NM[ ﬁ('—'s(T)_"’g(T)) ](N)—(—l) —Iog(Z)MH—Iog(T) }(N)
1
+|09(2)[571,1,1(N)_3—1,1,—1(N)]_5[5(2)_|092(2)]S—1,1(N)
_|L 3)+E (2)lo (2)—Elo %(2)|S (N)—§ (2)2—E (2)lo 2(2)+£I0 4(2) (107
1 1+x 1+x 1 1 21+x
S 11-11A(N)=M =1 Lig| ——| —¢(2)log| —— (N)-M mi'OQ N log(2)| (N)
1
—{(3)S1(N)+ 5(3)——5(2”09(2)4‘ |093(2)} 1(N)—5[((2)—|092(2)]371,1(N) (108

014018-12



HARMONIC SUMS AND MELLIN TRANSFORMS UP TO ... PHYSICAL REVIEW 50 014018

1 log®(1+x)
S 111- 1(N)——g [ T (N)+109(2)[S-11-1(N)—=S_111(N)]
|092(2)[S 11(N)—S_, - 1(N)]+ |093(2)[31(N S_1(N)] (109
(1 1
S_1114N)= (- 1)”*16M%X)<N> Li, 2) 110
B N . 1—xI 1+x ) (1—x)
Si-1-1-1(N)=(-1)"M Tix Li, 5 /109 — +2S 4 > (N)
+
—(—1)"™m —|09(2)|09(1 X)|09( )}(N)HOQ(Z)[Sl 1AN)=S; 1 _1(N)]

1 , 1 2 6
+504(2)~10g7(2)1S, -1(N) | 7 £(3) = {(2)log(2) + 5109°(2) |S1(N) + £ £(2)

3L|4(1) 3¢(3)log(2)+ = g(z)log (2)— |og4(2) (111

1 . X [1-Xx
H(ZLI3(T)—|OQ(1—X)LI2( 2 )) +](N)

7 1 1 ,
+17403)—d(2)log(2) + 10g°(2) | S1(N) = 5[£(2) ~10g°(2) ]S, -1(N)

Si-1-1,1(N)=—M ‘

(112)
N+l 1-x N 1-xX 1 ) 1-x
S_1-11-1(N)=(-1)"""*M mslz (N)+(—1)"M T7x log(2)Li, > _§|09 (2)log N (N)
1 1 1
+|Og(2)[5—1,—1,—1(N)_3—1,—1,1(N)]_§|092(2)[571,1(N)_571,71(N)]+ 55(3)_54(2”09(2)
1 6 (1 3
_g|093(2)}31(N)_§§(2)2+3|—|4 > +3§(3)|09(2)_§§(2)|092(2) (113

log[ (1+x)/2]log?(1—x)
1+x

1
31,1,1,1(N):(_1)N+15M[ ](N)+(_1)N+1M{

log(1—x)Li,[(1—x)/2]
1+x ]( )

N Lig[(1—x)/2] 1 1 3 1,
(=DM (N) = §<3>—5§(2>Iog<2>+glog (2)[Si1(N) = £(3)log(2) - glog*(2)
! 2)2 ! 2)log?(2 114
+ 554(2)*+ 5 L(2)log’(2) (114
1 [1-Xx 1-X 1 1-x
51,1,—1,—1(N):M{[X_l(us( > —log > )—Elog(2)|092(7>> ](N)+|09(2)[51,1,1(N)_51,1,—1(N)]
1 ) 7 1 1 3
—5[5(2)409 (2)]1S11(N) = §§(3)+ §£(2)|09(2)—§|09 (2)|S1(N) (119
S N 1 NM |_ 1tx 2)1 1x N 1)NTIM log? 1tx log(2) { (N
11-11(N)=(—1) i3l —5—| —¢(2)logl —— | | [(N)+(—1) Tix 299 0g(2) 1 (N)
1 1 1
—{(3)S.1(N)+| 5{(3) = 5 £(2)log(2) + 5log’(2) | Sy(N)
1 2 2 1 2
—5[5(2 —log (2)]Sll(N)——§(2) +Ligy )——4’(2)|09 (2)+—|094(2) (119
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wi1l [log?(1+x)
Si11-1(N)=(-1) EM T1ix (N)+109(2)[S1,1-1(N)—S;1,1(N) ]
1 1, 1,
+ §|09 (2D)[S11(N)=S; - 1(N)]— g'OQ (2)[S1(N)—=S_1(N) ]+ ZJOQ (2) (117
1 log®(1—
Sl,l,l,]_(N):gM (%) (N)

1 1
= Sal WD)+ yel*= ZTp(N+ 1) +yel L (N+ 1)~ 4(2)]

+5[w(N+1>+ ]EW’(N+1)+£(3) +5[¢/(N+1)—é<2)]2—E 1<p<3>(N+1>—Eé(2)2 (118
3 YellZ 8 4|6 5 ‘

The respective combinations of the linear representationsonic sums themselvésOne class of relations is obtained
of individual harmonic sums may be compared with the al-by considering the full set of permutations of an index set
gebraic representations of these combinations as given iand interchanging the order of summation. A second class
Sec. V. In this way interesting convolution relations betweerfollows from partial permutations.

Nielsen functions may be obtained, which we do not work
out further here. _ _ A. Complete index permutation

For the above relations extensive checks have been per- o ) ] )

formed by thorough numerical precision test and using com- In the case of two indices the relation was given firstly by

puter algebra programs. As a further check we compared thguler [15] for N—o, see als§49-51l. Below we give the
limit generalizations up to fou@lternating indices and consider

also relations for structurally more simple harmonic sums
. beyond transcendentality four. Due to the index symmetry
lim Sk1 ----- kI(N):Ukl ----- ki (119 the combinations listed below are polynomials of gi@ple
harmonic sums only, i.e. the Mellin transform xspace of
these combinations is a linear combination out of polynomi-
with the respective multiplg values in the cases wheq als of Mellin convolutions of théasic functions
# 1. Analytic results forcrkl K are obtained straightfor-

wardly from the integral Euler-Poincafé5] integral repre- (_1)n(|°gn 1(X)> =M ~S,(N)](x) (122
sentation Eqs(14)—(17) for N—o. Nearly all level-four I'(n) x=1 ],
multiple ¢ values were given by Gastmans and Trdds].
The missing ones are (—1)N .
o~ 109(2)3(1-x) =M Y[S_y(N)](x),

(1) 1 3 (123
0'_1'_3=2LI4(§)—§§(4)+ 7¢(3)log(2)

L L (_1)N+n—l Iogn—l(x) [ 1 Sl
~S{2)log(2)+ ogh2) (120 K| x+d g1 (Mo
=M"YS_,(N)](x), neN,n>1 (124
O_143=— %§(4)+ 2§(3)Iog(2). (12)  only. As will be shown below, the permutation-symmetric

combinations obey also nested representations by lower level
harmonic sums, which are not single. By comparing the al-
In the integrations extensive use has been made of thgebraic relations given below with the linear representations
integrals for Nielsen functiong31,46—48. of the previous section one may find convolution relations
between Nielsen functions.

V. ALGEBRAIC RELATIONS BETWEEN HARMONIC

SUMS ) o )
"For the study of relations between infinite harmonic sums the

The finite harmonic sums are connected by various algeintroduction of non-harmonic rest terms which vanish s>
braic relations. We will only consider those among the har-may sometimes be usefld8].
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The general permutation relation for sums with two indi-
ces reads

Sm,n+ Sn,m: SnSh+ Ssign{m}sign{n}[|m|-¢—|n|]

=SSh+ Sman- (125

A geometric argument for its derivation is the following. The
sumsS,, , andS, ,, correspond to congruent rectangular tri-
angles which may be supplemented to form the rectang

S.S,. Since both triangles overlap on the diagonal of the

rectangleS,n, has to be added.

In this way one obtains up to the level of transcendentality

four 14 relations of the typél25), which read

1

S11=5[Si+S,] (126
Sl,*l_l— Sfl']_: S]_S,l‘F S*Z (127)

1
S_1-17 E[Sfl—FSZ] (128
S12t$1=515,+ 53 (129
S_12t$-1=515+S3 (130
S;-21t5.21=5S ,+53 (131
S_1-27S 515 1S ,+S3 (132

1 1 1
S_1-1-17 €§1+ 5515+ 3

1
= §[S—1,—1S—1+ S_1S;+S 3]

1
S 11175 11-1+S1-1-17 5[52—1+52]51+ S,
=S,1',181+ 3715724‘
1o
S 111+S1-11FS11-17 5[51"' $1S.1+S5,S

= Slyls,l-i- 515724' S_

PHYSICAL REVIEW 50 014018

1
S~ 5[S5+S,] (133
$2-21S5.2,=5,5 ,+5_4 (134
1o
S 227 E[sz"‘sﬂ (139
le S13+331=S51S53+ S, (136
S_13+53-1=515%+S5, (137
81’,34' 573’1: 515,34- 374 (138)
S_ 1’_3+ S_3’_1:S_ 1S_3+ S4 (139)
Similarly, one obtains for three indices
SI,m,n:SISmSndl'_ SShant 25 AmAn
perm{l,m,n} inv pern{l,m,n}
(140

where “inv perm” denotes the invariant permutations and
“perm” all permutations. In a geometric interpretation one
may identify the sums, ,, , with the six pyramids of equal
volume® which form the square ston§S,,S,. The terms
Zinv pernfl,m,ny St Sman account for additional overlapping sur-
faces in the interior of the square stone ar§ g,., for
overlapping internal edges. The corresponding relation for
infinite sums was derived in Reff54].°

Up to transcendentality four 10 relations are obtained:

S-3

(141)
S ,+5;
S; (142
3 (143

8Because of the solutiof52] of the 3rd Hilbert probleni53] these pyramids are not congruent in general.

°For related work see ald®5].
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1 1 1
S1117 ES?‘F 53152“‘ §Sa
1
= 5[31,151"‘ $,S,+S5] (144

1
S11+tS121FS110= E[Si"‘ $15,+5,5:+S,

=515+55+S, (1495
S 11711+ S12- 11511215 121751127518 1$5+S5,S 5, +5,S 3+S 15;+25 4 (146
S 2-11+tS 21 1+S1 2 1+S1 1, 2+S 1, 217 S 11,2518 1S 2+ S, +$,$;+S 1S 3+2S, (147)

1
S-1-1TS-12-11TS 1127 5[52—1"'52]52"' S_1S3t§,
=S_1-15+5.1S 3t 5 (148
1o
S 21178121t S11-27 E[Sl"' $1S ,+S 1S 3+S 4
= 81’18_2+ S_ 18_3+ 8_4 (149)
1 o
S, 1-1tS 1 2-1+tS 11 2= 5[5—1+52]5—2+5—153+5—4

=S_1’_1S_2+ S_133+ 8_4. (150)

Wherever possible we gave a second representation collecting part of the terms into double sums which were given before.
Finally, the relations for sums with four indices read

Sumn=SSSS+ 2 SSSwant 2 SuSmant2 2 SSAmAnt6Scuaman-

perm{k,l,m,n} inv pern{k,l,m,n} inv pern{k,|,m,n} inv pern{k,|,m,n}
(159)
One obtains 5 other relations up to level four,
1 1,1 1 2 1
S-1-1-1-17 7S gsz+ §S,3S,1+ 152571t ZlS‘ll
1
:Z[Sf 1,-1-15-11S-1-1$+S_1S 3+ 5] (152

1 1 1
Si-1-1-1TS-11-1-17S1-11-17S1 -1 - 1,1265§5—1+ 55— 1S3+ S;S_3+S 4+ 5[555—24' $1S.15+5,S_;]

=51115-1+511S 2 +5S 3+, (153
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So1-110tS11-10tSo 1101t S1 -1t S m11-1 S m1 -1
=52 S+ S%2.,S,+4S_1S,S_,+ 5,85+ S5+25% ,+4S_;S_3+4S,S,+S,
=4[$;1S 1 1+S 5 »+S_ 1 _3+S_3_1+S;3+S51—S4] (154

1 1
S 111181111t S11-11+S111-17 5 S iSi+ 3 S 35,+S 1S53+S 4
1 2
+ 5[3—13132“‘ S21S ,+S.,S,]
=S_1-1-1S$1+S.1 1S 2 +S 1$+S, (159

11, 1 1,01
S1,1,1,1:ZS4+ §SZ+ §5351+ ZSZSl+ ﬂszll

1
21[51,1,151+ $11S+ S5+ S,4]. (156

More relations are given in Reff20].
The sums of the typ&_, _; _; can be evaluated in compact form at arbitrary depth:

.....

S_l(N) 1 0o ... 0
—S5(N) S_1(N) 2 ... 0
1 15
51, ..,15 55 5_3(N) —S52(N) S(N) ... 0 (157
k
(DR S yer(N)  (m1)FSopyr-1pmny (V) (D S Cpyr-2(hmy (N) oo S—a(N)
Similarly the corresponding expressions fr;  are
S1(N) 1 0 0 ... 0
~52(N) S1(N) 2 0 ... 0
s _1 (158
L...,1= 5 S3(N) —S2(N) S1(N) 3 ... 0
k
(DFHIS(N)  (=DFSkci (V) (=1)F ' Skca(N)  (=1)F2Sk—s(N) ... Si(N)
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which are given by

1 1 1 1
S-l,...,-l = mSE’ 2325314“65-35314‘15‘15—1+§S—IS22+ES2S—3
5
%5_5 (159
1
S1,..1 = %56 —852531 5—353 + = 5452 + - 5—55—1+ 52152
6
1
+ S1828 5+ 5 Sz+ 5254+ Ss+556 (160
1 o7 5 1 1
Sa,...1 = MS_I-F%S 152+—-5 5-3+ 5 154+ 5 15—5+65—IS6

+15 525_5+ 525_3+ 522531+ s;sl+ 5 S-3S1+ 85335_1

+ S S2S4+-—-S 1525_3+ S 7 (161

St = 4032058 144056152+3605515_3+ 5415” g 52155

+ 52156+ S_15_7+ S 152 5- 3+ S 15254-{- S 525_

+— S_1S_3S4+ —53153 + —521533 Si+ — S25% 4 52254

384 192

+ 52 5%, + 52 Se + 52 S_15-5 + 5—3 S_s + 54 + = 58 (162

in explicit form beyond level 4. The corresponding relations Sums of this type were studied already long #6§9,60.

for A relation to derivatives of th& function was given if50].
S1,...1 Recently a generating function for the sums
n
are obtained by substituting the indicesk—k in Egs. 5\1,...,1,
(159-(162. Note the similarity to the corresponding sums k
of positive integer powers studied by F. Fa Bruno
[57,58.1° has been derivefB5]
One may evaluate these sums also using the recursion
relations

(-)NzB(N+1,2-N)=1+3 2'S, .. 1(N).
I=l \"'N/—’

84,01 = S_ySa, .. (165
G = g Z L 163
S1,...1 = P Zs,s1 . Finally we would like to mention a relatiofcf. [61]) similar
— T (164  to those for
Sy, ...
N’
L or historical aspects see alggs]. k
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relating the Stirling numbers of the first kind to the finite
harmonic sums of positive index,

n n—1
+
m m—1

w(n,0)=1

n—1
m

I'(n)

(=) “T(m

w(n,m—1),
(166

with

m-1

w(n,m)= go (1-m)Sei1(n—1L)w(n,m—1-K) (167

and (r)kzl'[l‘:l(r+k—1) the Pochhammer-Barnes symbol.

The permutation relations lead to a first reduction of the

number of direct Mellin transform&9)—(118 and relate the

PHYSICAL REVIEW 50 014018

Let us finally write down the relations for the cases dis-
cussed in the present paper explicitly. The basis elements
were choosen already according to the results of the previous
section, taking those sums as basis elements which have the
most simple functional structure with respect to the argument
of the Mellin transform. We have no algebraic argument to
predict this structure, which had to be found by explicit ana-
lytic integration. To choose the most simple structures as
basis elements has the advantage that the analytic represen-
tations of the Mellin transforms for complex valuesigfcf.

[43], becomes as simple as possible. For the level-3 sums the
following relations hold:

1
S 117 5( =S 1117518 11+tS 1, 2+S;0)
173

1
S;-1-1= E( —S.11-1tS1S1,-1—$1-S 12

transcendental functions occurring as arguments of the trans-

forms in the representations of Sec. IV.

B. Partial permutations and triple harmonic sums

Aside of the permutation-invariant sum of harmonic sums
over a given index set one can consider equivalent decom-
positions of more symmetric sums to obtain further algebraic
relations. For triple harmonic sums one may study the ex-

pression
Ek: :
m=1 mP|’

It was shown by Borwein and Girgensolt8] for non-
alternating finite sums, thak, , ((N)** may have four rep-
resentations in terms of triple harmonic sums. Earlier similar
relations were derived by Markef62] for infinite non-
alternating sums. We generalize the relations allowing also
for alternating sums. These relations read

1

= (168

Ells

N
Ta,b,c(N) = 2
k=1

T= Sa,b,c+ Sa,c,b_ Sa/\b,c_ Sa/\c,b_ Sa,b/\c+ SaAbAc

(169
T:ScSa,b_Sc,a,b+sc,a/\b_ScSaAb (170)
T:Sbsa,c_sb,a,c+sb,aAc_SbSaAc 17y

T=Sp,c,.at Scn,a= Soac,a™ SeSpat SbSa e~ SpSanc -
172
They result into three relations between the harmonic
sums fora,b andc being different and into two relations for

two of the variables being equal. The global permutation
relation Eq.(140 is a consequence of EqL69—(172).

Yin Ref. [18] relations between the sumg(k,|,m)=S,; n(N)
= Sk 1,m(N) = S +m(N) + S¢41+m(N) were discussed. We rewrite
them in terms of the sums§,, K, used throughout the present
paper.

014018-19

+5,5,+S 1S ,+2S,) (174
S 1117S11-1=S1S1-1+S 21+ S 1
1
+5(81S.1-5.15,) =S5 (179

S1-117 725111t -1-S 51751+ 5SS,
+S ;5,425 5. (176

The relations for the threefold level-4 sums are :

$121= 725117 $5311 55,1+ S, (177

1
S112S11F 5[51(51,2_ S$;1)+ 513~ S34]

(178
S1,-21==2S5.211+7S 31+ SS 21+S 5
(179
S$11-27S2117S525-S ,,-S 351
+5,8;-2+t5-375S3 (180

1
S.1107 5 (S-1S-12tS 1, 3+S,-S 15-1)
(181
1
S 117 E( —S_15-1tS 31

+S5.15-1t S (182

1
S 11,27 E(_Sfl,fz,fl—" S, 2+S.1S 1

+S_19 (183
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1 + Sl,— 1) + SZ,— 2= S28—2_ Sls— 12
372,—1,—1: 5(_371,72,71"'872,2"' S3,71 [SHS (188
5153

+S5.15 51 (184)

Si1-127 = S12-1—S1-1tS1 -3+ S5
S 117512175 21-1tS1+S 31+

+5,5 1 (189
+5S 5-1+S15-5S+S 5> (189
S;-1-2=—S_1-21-S_11-2+S_1-3+S_, > S_1125S12-11S21-17S-1211S 221 S 31
+5S1 5 (186) —S4tSi13S-17 55
+5,5_1,-SS_s. (190

S1-2-1S-1-21751S 21751 -3+S1S3

Using the algebraic relations given above one may show

+S5,S ,_1+S,5-S 18 : i . .

S1S-2-17 515 5155 (189 that the linear representations up to threefold sums given in
Sec. IV can be expressed by the single harmonic sums

$2-117 = S12-17S21-17S5-11S(So 1 S.«(N) and the Mellin transforms of the functions
log(1+x) log?(1+x)—log?(2) log?(1+x) Lix(X)
x+1 x—1 x+1 X+1
Lio(x)—¢£(2) Lio(—x) Lio(=x)+¢(2)/2 log(x)Lix(x)
x—1 Xx+1 x—1 x+1
log(x)Liy(x) Lis(x) Liz(x)—¢(3) Liz(—x)
x—1 X+1 x—1 X+1
Lis(—x)—3¢(3)/4 S1,AX) S1AX)=¢(3) SpA—=x)—={(3)/8
x—1 x+1 x—1 x—1
SpA—X) SiAx%) SiAx*)—¢(3) loa(1— Lio(—x)
X+1 X+1 x—1 0g(1-x) X+1
Iog(1+x)—log(2)I ] Iog(l+x)—|og(2)I ] log(1—x)Liy(x) Iog(ler)I )
x—1 Lia(x x—1 Lia(=x 1+x 1+x Liz(x). (199

According to Carlson’s theoref63] the analytic continu- massless QED and QCD up to two-loop order were calcu-
ation of Mellin transforms to complex numbers Mfcan be lated for all the contributing function$;(x). They can be
performed uniquely. The corresponding expressions for thexpressed by finite harmonic sums up to level four. The
Mellin transforms of the functions in Eq191) are given in  mathematical properties of Mellin transforms of this class
Ref. [43]. can be understood easiest from the point of view of the al-

The Mellin transform of complicated functions Bg(X),  ternating and non-alternating finite harmonic sums. These
Eq. (38), or Nielsen functions with more complicated argu- are polynomials over a substet of harmonic sums, which are
ments as (¥ x)/2, which occur in the triple sums with the related to Mellin transforms of Nielsen functions of rela-
indices* 1, can be represented by polynomials of the Mellintively simple functional or argument structure. The latter

transforms of the functions listed above. properties could only be revealed by the explicit calculation
of all finite harmonic sums up to level four in the linear
VI. CONCLUSIONS representation. Comparing the linear representation with the

representations induced by the algebraic relations one may
The Mellin transforms of the Nielsen functions which obtain a class of linear combinations of convolution relations
emerge in the splitting functions and Wilson coefficients inbetween Nielsen functions. The fourfold level-four sums are
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found to contribute to the splitting functions and Wilson co- these harmonic sums requiring even less basic functions for
efficients up to two loop order only in their simplest variants, the representation of their Mellin transforms.

which can be represented algebraically in terms of lower

level sums. They are, however, expected to contrlbute to the ACKNOWLEDGMENTS

guantities beyond the two-loop level. All remaining har-

monic sums can be constructed out of about 20 basic Mellin We would like to thank W. van Neerven, V. Ravindran
transforms and the known representations which are expresand J. Vermaseren for useful discussions. This work was
ible in terms of the function/(z). The splitting functions supported in part by EU contract FMRX-CT98-01@IG12-

and coefficient functions depend usually only on a subset oMIHT).

APPENDIX: MELLIN TRANSFORMS

We list here the full set of function§(x) and their Mellin transformd;/l[fi(x)]zftl)dx XN71f,(x) in terms of the linear
representations derived in Sec. IV:

M[8(1-2)](N)=1, (A1)
1
M(Z)(N):m, (A2)
] -
M| 1= . (N)=—S;(N-1), (A3)
B No1 1+(-Nt IN—-1) 1—(-DN' [N-2
M[zrlog”(z)](N)ziF(nnLl) (AB)
(N+r)"*t ’
r _ Sl(N+r)
M[Z'log(1-2)J(N) =~ — g (A6)
SZ(N+T1)+Sy(N+T)
M[Z'log¥(1—2)](N)=— N:’Z , (A7)
S3(N 3S;(N N 2S5(N
M[Z'log*(1—2)](N) = — 1{(N+T1)+35( +r:1)82( +1)+254( +r)’ A8)
+r
(Iog(l—z)) 1, 1
M| ——— ) (N)=5SHN=1)+ 5 S,(N-1), (A9)
[(log?(1—2)\ ] 1 2
M (—1_2 ) (N)=- gs‘i(N—lHSl(N—l)Sz(N—l)wL§Sg(N—1) : (A10)
[[log*(1—2)\ ] 1 3
M_(T)+_<N>=ZS‘1‘(N—1>+58%(N—1>52(N—1>
3, 3
+ 2SI N=1)+ 25 (N=1)Sg(N= 1)+ 5 S,(N—1), (A11)
log"(2) ne1
Ml =5 |(N)=(=D)" T(n+1)[S1(N=1)—{(n+1)], (A12)
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(=Nt 1+(-phrt N+r—1) 1-(=DN™t [N+r
M[zlog(1+2)J(N)=—1 77| ~Su(N+1)+ 5 X S| ———|+ . |
+[1+(—1)N+f+1]m|\:‘]’—i2r), (A13)
) 1 ) log(1+x)
M[log (1+z)](N)=N|Iog 2=2M| ———|(N+1), (A14)

log"(2) B . N 1+(—1)N"1 -
Ml 777 | (N=(=DT(+1)) (=D)[Sy+2(N=1)={(n+1)]+ 1 She1| 75 )—Z(n+1)
1-(—pN-1t -
T Sn+1< > )—é(n+1) , (A15)
log(1—2) [(2) log®2
M( 173 (N)y=(—1)N S,lyl(N—1)+T— > (A16)
log(1+2) - log?2] 1+(—1)N1
(1— (N)=(—D)N"YS_; (N-1)+SZ(N—1)+S,(N—1)—2S;(N—1)log2+ -
+z ' 2 2
N—1 N—1 1 [N-1 1—(—1N-? N—2
X Sl(N—l)Sl( 3 )—sl( 5 |og2+§sz( 5 ) 5 sl(N—1)51< 5 )
N—2 1 (N-2
) _Sy(N+r) 1
M[Z'log(z)log(1—2)](N)= (N+1)2 T NFr SN+ = L(2)], (A18)

" 2 £(2)  Sy(N+r)  SyN+r)
M[z |og2(z)|og(1—z)](N)_m {3+ gy~ Nir? N —S3(N+r1) |, (A19)
1
M(EIOQ(Z)Iog(l—Z))(N)=£(3)+Z(Z)Sl(N—l)—Sl(N—1)Sz(N—1)—Ss(N—1), (A20)
2 1+ _1 N+r—1 _1 N+r
M[zrlog(z)log(1+z)](N)=(—l)N“2(4;\(”)” - EN+)r)2 Iog(2)+( N-i)-l’
1+(-DN*1 IN+r—1\ 1— (DN [N+r
X| =Sy(N+r)+ ) > )+ 7] ( > )
(=DN*r I+(=DM IN+r=1) 1DVt (N+r
+W —Sl(N+r)+ > 1 > >+ 5 1 >
(A21)

014018-22



HARMONIC SUMS AND MELLIN TRANSFORMS UP TO ... PHYSICAL REVIEW 50 014018

@&(N— 1)+2S,(N—1)log2—2S;(N—1)S,(N—1)—S_,(N—1)

(N)=(=1)N"3

1
M mlog(z)log(lJr Z)

§(3)} 1+ (=Nt
+

N—-1
~S_1AN-1)=28%(N-1)~ *¢ 7 [sl(N—l)sz(T)

N—1 N—1 N—1 1—(—1)N1
+28)| — )sz(N—l)—sz(T)logz+33 > ”— 7
- N—2 N—2 N—2
X Sl(N—l)SZ(T +28)| — )SZ(N—l)—Sz<T)I092+%(T>}, (A22)
2 1
M[Z"OQ(Z)logz(l—Z)](N)=m ((3)+§(2)81(N+r)—W[SE(NHHSANH)]
—Si(N+T1)Sy(N+r)—S3(N+r) ¢, (A23)
1
M(Elog(Z)logz(l—Z))(N)=S§(N—1)—§(2)Sz(N—1)+284(N—1)+Sf(N—1)[Sz(N—1)—§(2)]
4
+251(N—1)[%(N—1)—§(3)]—§§(2)2, (A24)

M(%Iogz(z)log(l—z)>(N)= —27(3)S(N—1)+2S;(N—1)S5(N—1)—2£(2)S,(N— 1)+ S5(N—1) +3S,(N—1)

{(2)?
- (A25)
M %logz(z)log(l—z)>(N)=2(—1)N S 3iN=1)+S_13s(N=1)+S 5 A(N—-1)—¢(2)S_»(N—-1)—{(3)S-1(N—-1)
2'1 12212|22 1|42 26
+2Lig| 5]~ 5{%(2)~ 5 {(2)log"2+ T7log 2], (A26)
1
M EIOQ(Z)IOQZ(l—Z))(NFZ(—1)” S 21aAN=1)+S 11 AN=1)+S_151(N-1)={(2)S_1(N-1)
(1) 11 1
—£(3)S_;(N-1) +3L|4(§) - E)gz(z)jt glog“z , (A27)
] L (CDNTISI(NAT)  Sy(N+) £(2)  34(3)
M[Z'log?zlog(1+2)](N)=2 NTT | (NET)? NTT +S3(N+r)—2(N+r)— 7
1+ (—1N*tr-1t 2 N+r—1) 1 N+r—1) 1 N+r—1) 4log2
2N+1) | (Ner2 ) 2 )TN > |72 2| T (NTr )2
1—(—1N*+r-1 2 N-+r 1 N+r) 1 (N+r)
~ 2(N+r) (N+r)2sl > | " NTr AL (A28)
1
M m|ogzz|og(1+z) (N)=(—1)N2S; _1(N—=1)+2S; _3(N—1)+2S, »(N—1)+{(2)S,(N—1)
3 (1) 3
+54(3)S(N—1)+28;(N—1)log2—2S_3(N—1)log2—4Lis| 5 +§§2(2)
7 1
— 5{(3)log2+ {(2)log?2— 6I0g42 , (A29)
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1
2
M 1 ZIogzlog (1+2)

(N)=2(—1)N[31,1,2(N—1)+31,z,1(N—1)+Sz,1,1(N—1)—31,2(N—1)|092
—82,_1(N—1)I092+81(N—1)SZ(N—1)I092+%g(Z)Sﬁ(N—1)+S3(N—1)I092
1 1 o1 .1 (1
+ 262)S(N=1) = 5 S(N=1)log?2+ 5 S_o(N=1)log?2~ 5 ¢(3)Sy(N—1) ~Lis| 5

—1-222—7 3)l 2+1 2)I 22—1| 42
gé"() g{()og Z(()Og 5209

, (A30)
2 {(2)
M[zrlogzlogz(1+z)](N)=—m[(—l)'\‘“ Tsl(N—H)—i-ZSZ(N—Fr)|0g2—281(N+r)SZ(N—H)—S,Z’l(N—H)
L(3)] 1+ (—1)NtT N+r N+r
—S 3 AN+T)—2S5(N+r)— 5|t 7 Sl(N—i-r)Sz(T +251(T Sy(N+r)
(N+r N+r) 1—(—1)N*r N+r—1)
_SZ T |092+S3 2 — 4 Sl(N+r)SZ 2
N+r—1 N+r—1 N+r—1
+2S; > )SZ(N+r)—Sz< > )logz+s3 > )
- {(—1)““‘1[8_11(N+r)+S§(N+r)+SZ(N+r)—281(N+r)I092]
(N+r)? ’
1+ (—1)N*" N+r N+r 1 [N+r
+T Sl(N+r)Sl T _Sl T |ng+ 582 T
1—(—1)N*" N+r—1 N+r—1 1 [N+r—1 )
I — Sl(N+r)Sl( 5 —Sl( 5 Iog2+§SZ 5 —log-2|¢,
(A31)
(=N 13 3
M[Z'logzlog(1+2z)log(1—2)](N)=— N 872,1(N)+Sfl,2(N)_§(2)Sfl(N)+§§(3)_§§(2)|092

1 1
- N[S1(N)SZ(N)+S3(N)—82(N)I092+ S-2(N)log2+ 5 {(2)S-1(N) = £(3)

(-

N2

3
+§§(2)Iog2 -

1 1,
S 14(N)+ 5¢(2) - 5log?2

11 1,
Y ESZ(N)_l'ES—l(N)

1 1
+S_1(N)log2—S;(N)log2— 5 £(2) + E|ogzz

: (A32)

lo
M 1ngz|09(1+2)|09(1_2)) (N):(—l)Nisl,—m(N— 1)+S;, 1 AN=1)+S 5 1 »(N=1)+S ;5 5 1(N—-1)
TS 1AN=1)+S 53 1(N=1)={(2)S; -1(N=1)—=S_; (N—1)log2
—S_,(N=1)log2+S_;(N—1)S_,(N—1)log2+ %g(Z)Sz_l(N— 1)+ Sy(N—1)log2

+

3 3 3
7 $(3)—54(2)log2|S,(N- 1)—{5(3)— 5¢(2)log2|S_,(N-1)
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3 1, 1 ) _ 4,
+ Z((Z)—Elog 2 Sz(N—l)—E[z(Z)—Iog 2]S_»(N—1)—2Li, > +§§ (2)
213|252|22 1| 42 A33
—gé( )log +Z§( )log — 129972, (A33)
, 1 Si(N+r)
M[Z’le(Z)](N)=m {(2)— NFT (A34)
1
M[(g) Liz(2) [(N)=—4(2)S1(N—1)+ S, i(N—1)—2{(3), (A35)
Lio(2) B No1 5
M Tz (N)=(—-1) 5(2)871(N—1)—sz,1(N—1)—55(3)+£(2)I092, (A36)
Li,(2) B 1, 1 3,
M 1_Z|092 (N)—2£(2)Sz(N—1)—ESz(N—l)—584(N—1)—283,1(N—1)—1—0£ (2), (A37)
o 1 2S;(N+r)
M[z L|2(z)logz](N)—(N+r)2 —2§(2)+T+SZ(N+r) , (A38)

1
M[sziz(z)log(l—Z)](N)=m

—2¢(3)—¢(2)Sy(N+r)+ %[Sﬁ(N+r)+SZ(N+r)]+SZ’1(N+r)], (A39)

1 1
(N)=-28,1s(N=1)—=S; (N~ 1)+§§(2)3§(N— D+ 582)$(N=1)+2{(3)S,(N—1)

log(1—2) )
M ( %_ZZ)+LQQ)

B §(2) N 1+(_1)N+r—1 (_1)N+r—1

I ) 1+(_1)N+r—1
2 N+r 109(2)+ 7

1
MIZ'Liz(~2)](N)= 5——Si

N+r

1_(_1)N+r+1
2

_Sl(N+r)+

N+r—1
2

N+r
2

(A41)

Lio(=2)
1+z

{(2)

M SN=1)+ =

1+(-Nt N—-1) 1-(-DN1 [N-2

1+(-1N1 IN-1) 1-(-DN? 1+(-Nt [N-1
I 2 h

mrw—nNﬂ—

log2—

—(—1)\N-1 —
1= 81) 33(N22 +s3(N—1)+s1,2(N—1)—%2)|ogz+@], (Ad2)
. C(—DNTTTL28)(N+) 1+(—N*=1r 2 (N+r—1
M[zl_lz(—z)logz](N)——(N+r)2 NET +S(N+r) |- 2(NTrZ  INTr 1 5 )
1 N+r—1) 4log2] 1—(—DN*TL[ 2 N+r) 1 (N+r)
- R R B Y Ry I B B R e R
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Lio(—2) 1, 1
M| =5 10gz|(N)==25 5 1(N=1)~ 55" j(N=1)~ 5 S4(N~ 1)+ 285(N~1)log2— 2S_5(N~1)log2

12 N—1 128 N—1 4L'(1 7122 73|2 2|221|42
~5U2)$(N=1) = 54(2)S_»(N=1) —4Lis| 5| + 75£%(2) ~ 5 {(3)log2+ {(2)log?2 — Llog'2,

(A44)
Li(—2) B N1 1
M55 logz | (N)=(—1) 253,,1(N—1)+Szy,2(N—l)—ZS,3(N—1)I092+283(N—1)I092+E{(Z)SZ(N—l)
12 N14L'113227I2 2|221|42 A4
+58(2)Sa(N=1)—4Liy| 5 +g ¢ )~ 5¢(3)log2+{(2)log — 5092, (A45)
- (=N 1 1, 1, 1
M[Z'Li,(—2)log(1—2)](N)= (N+1)? S,lvl(N+r)+§§(2)—§log 2 +(N+r)2 53—1(N+r)+ 532(N+r)
1 1, 1
—Sl(N+r)IogZ+S,l(N+r)Iogz—55(2)+ Elog 2 +m S_5_1(N+r)
1 5
+E§(2)81(N+r)—SZ(N+r)Iogz+S2(N+r)|092+§§(3)}, (A46)
_ (—)N*T ()][1+(=DNTT [N+r) 1—(—=DN*" [N+r—1
M[Z"Lio(—2)log(1+2)](N)= NTT So(N+r)+ 5 > 1| — 5 1 5 )
1+(—DN*" N+r| 1—-(-DN*" [N+r-1
=S (N+r)|— 7 5 7 5 )—282(N+r) log2
1+(=DN*T IN+r| 1-(=DN*" [N+r-1
8 5 8 5 —S3(N+r1)—S_1 (N+r)
PV oga- E 2OV N - SN - SN+
5 {(2)log2—— (N+1)2 ~1,1(N+1)=Si(N+1)—S(N+r)
1+ (—2)N*r N+r N+r 1 [N+r
+2S;(N+r)log2+ > S| (N+r)S; 5 )—Sl( 5 )Iogz+§SZT
1—(—1)N*r N+r—1 N+r—1 1 (N+r—1 )
5 Sl(N+r)Sl( 5 )— 1( 5 I092+§S2 > —log 2|,
(A47)
Lio(—2) _ N—1
Ml — log(1-2) |(N)=(—1) S3-1AN=1)+S 5 1 1(N=1)+S 3 5 1(N=1)=S_,4(N-1)log2

~S_; AN—1)log2+ %5(2)5,1’1(N— 1)+S_1(N—=1)S_,(N—1)log2+ Ss(N—1)log2
1 , 5 (1
+ E[é’(Z)— l0g“(2)][SA(N—=1)=S_»(N=1)]+ 55(3)371(N— 1)—4Ll4(§>

+322 213| 2+3 2)log?2 1| 42 A48
5(()—§£()09 Zé’()og ~ 92, (A48)
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Lix(—2)

M| =5 og(1+2) <N>=<—1)N‘1{sl,2,1(N—1)+282,1,1(N—1>+ SAN=1)=S; 5(N—1)—2S, ;(N—1)
1 1
+81(N—1)Sz(N—1)+Ss(N—1)—5((2)8-1(N—1) log2+ 55(2)81,-1(N—1)
1 1 1
_[Sz(N_l)_S—z(N_l)]|0922_[25(3)_ 55(2)|092 Sl(N—l)—3LI4(§)
6 5 21 | 1 loc? 1I 4
+§§ (2)—§§(3) 0g2+ 55(2) og 2—§og 20, (A49)
1
M[Liz(l—Z)](N)=—N[Sz(N)—é(Z)], (A50)
) 1 2
M[le(l—Z)logZ](N)=@[Sz(N)—5(2)]+N[Sg(N)—é(3)], (A51)
2 1
M[Liz(l—Z)IOQ(l—Z)](N)=N Sl(N)Sz(N)—§(2)Sl(N)+Sa(N)—552,1(N) : (A52)
Li,(1—2)
M( 17 )(N)=81(N—l)Sz(N—l)—5(2)31(N—1)+Sa(N—1)—Sz,1(N—1)+§(3), (A53)
. log(1-2) ) 2
M| Liy(1-2) 17 (N)=—251,1,2(N—1)—81,2,1(N—1)+§(2)51(N—1)+§(2)52(N—1)—gé“ (2), (A54)

I 1 5
M(Liz(l_z) %)(m: ~281(N=1)Sg(N=1)+2¢(3)Sy(N~ 1)~ 5S(N=1)+{(2)Sp(N~ 1)~ 5 Su(N~1)

1
+2834(N=1) = 54(2)%, (A55)

(Liz(l—z)logz

1
177 )(N)=(—1)N_l[5—z,z(N—1)+25—1,3(N—1)—§(2)S-2(N—1)—25(3)5—1(N—1)+4Li4(—)

2

) (A56)

33 , 1
~ 208 (2)—{(2)log?2+ glog“z

- 1 (-© 1+(—1N (N) 1— (=N (N—l)
M[®(Z)](N)—@+2 N [N =82 ] =5 |S2| 5] 4@ |+ —5 | S| —5 | 42|, (AST)
d(z) B Nt 1+(-1N T N—-1) 1-(-DN' [N-2
Ml |(N)=(-1) [—Z(Z)Sl(N—l)—Zsl(N—l) 2 ( 5 7 Sz< 5 )_Sz(N_l)
1+(-DN"t N-1) 1—(—DN? - 3
— (8) ( 5 )— (8) s3< 5 +S3(N—1)+282Y1(N—1)+%], (A58)
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log(1—2)
1+z

M(‘i(z) )(N)=(— 1)N_1[ 28 2AN=1)+2S; 1AN=1)+2S 1 3 »(N=1)=S 5iAN-1)—S ;1 4(N-1)

1 1
—S_3aN-1)—2{(2)S; -1(N-1)+ 5?(2)82-1(N— D+582)S$(N=1)+{(2)S-5(N-1)

+ ?§(3)—3§(2)I092 S(N—-1)— §§(3)—3§(2)I092 S_l(N—1)+2Li4(;)
—152(2)+g(2)lo 22+ i|o 42 (A59)
10 ger 17094
. 1 £(2)  Si(N+r)
MIZLis(2)I(N) =77 | €3~ T (N+T)2 | (ABO)
1 . 1
M{(g) Lis(2) (N)=—5(3)81(N—1)+§(2)82(N—1)—33.,1(N—1)—§§(2)2, (AB1)
. _ Sl(N+r) 1+(_1)N+I‘*1 <N+r_1 1_(_1)N+r71 N=+r
r _ —(_ N+r—1 _
M[Z'Lis(-2)J(N)=(-1) (NT)? 2(NLT)? Si| —5—| +2log2| + 2N S|l —
£(2) 3{(3) (A62)

2(N+1)2 4(N+1)’

1 3
(N)==S_3-1(N=1)+[S3(N=1)=S_3(N—1)Jlog2— 5 {(2)S,(N—=1) + 7 {(3)S,(N— 1)

1 :
M{(E>+LI3(—Z)

_ 11 , 7 | 1 o2 1I .
—2Liy4 > +1—O§ (2)—Z§(3) 0g2+ §§(2) og 2—1—209 2, (AB3)
Lig(—2) - 1 3
177 (N)=(-1) Ss,fl(N—1)+[53(N—1)—573(N—1)]|092+54’(2)372(N—1)—Z§(3)871(N—1)
1, 3 |
+3¢ (2)—;14(3) 092, (AG4)
1
M[Lis(l—Z)](N)=N[81(N)82(N)—§(2)81(N)+83(N)—Sz,1(N)+§(3)], (AB5)
Lig(1—2) 1 ) 1 2,
1> (N)=—Sl,1,z(N—1)+§§(2)81(N—1)+5((2)82(N—1)—§(3)81(N—1)+§§(2). (AB6)
Liz(1—2) B N1 (1) 9, 7
137 (N)=(-1) Sfl,l,z(N—l)—§(2)871,1(N—1)+£(3)871(N—1)+LI45—z)s“ (2)+§§(3)|092
+1 2)l 22+1| 42 AB7
5¢(2)log 2+ 5 log*2/, (AG7)
(1-z _ 1-z (=N 1
M|Lis\ 7 —Lls(—m (N)= N —S-l,z(N)—S-z,l(N)+51(N)S-2(N)+S-3(N)+§(2)S_1(N)+EZ(Z)Sl(N)

1
—S_1-2(N) =S, 1(N) + 5;(N) S,(N) + S5(N)

7 3 |
~ 543+ 54(2)log2| +

1 21 3
5825 4(N) = £2)Si(N)+ 5 4(3)~ 5 4(2)log2, (A68)
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1 1-z 1-z No1
M m'—'s 1+2 —Lig| — 1tz (N)=(-1) S11-2(N=1)—S; 1 AN-1)+S_1;AN-1)—S_;_;1_»(N—-1)
1 1
+2§(2)Sl,_1(N—1)+Z§(2)S§(N—1)—15(2)82_1(N—1)—§(2)81(N—1)
7 3 21
><S_1(N—1)—5(2)8_2(N—1)—[§§(3)—55(2)l092 Si(N=1)+ 55(3)
3 1
—§§(2)I092 (N—1)— 2L|4( +—g2(2)+ §(2)I0922 |og42],
(A69)
) _{3) SHN+D)+S,(N+1)
MIZ'S A2)I(N)= G5, 2(N+T)? (A70)
1 6
M“E) S1.42) (N)=Sz,1,1(N—1)—£(3)81(N—1)—54“2(2), (A71)
M(Slz())N V' s N—1)—¢(3)S N—1+L'(1—122—1 3|2—1 2|22+1| W
1+7 (N)=(=1)N S 51 )= £(3)S_4( ) la| 5 g(() §§( )log 24 )log 54°09°2],

(A72)

(-1 )N ) +(—N N N 1 [N
M[SA —2)J(N)= [S-11(N)+Si(N)+S,(N) — 281(N)|092]—2— Sl(N)Sl( ) (5) log2+ 552(5)
1— (=N N—l) (N—l 1 (N—l NG
+ | NS 5| 81| 5 [log2+ 58 5= | —log?2 |+ (A73)

SiA-2) 1
M| = [N = (=DM 851 ((N= D) +[S54(N=1) =S, 1 (N=1)]log2— 5 [S,(N~1) = S_(N~ 1) Jlog?2
13SN13L'1622113I232I221I42 A74
~gt(3)S-a(N=1)=3Lig| 5|+ £ {7(2) — 7 £(3)log2+ 7 {(2)log"2— 2log™2 1, (A74)
1
MISA1-2)](N) == G[Ss(N) = £(3)], (A75)
512( - ) {(2)?
(N)=S,(N=1)S3(N=1) = {(3)$,(N=1) +S4(N—1) = S3o(N= 1)+ — o=, (A76)
MSl'2(1_Z)N— DS, AN=1)=£(3)S_1(N=1)+ —=£2(2) =~ ¢(3)log2 AT7
a7 [ N=(=DT S dN=1) = £(3)S-4( )+ 7087(2) = 7£(3)log2|. (A77)
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