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Lepton and quark mass matrices
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We propose a model that all quark and lepton mass matrices have the same zero texture. Namely, their~1,1!,
~1,3!, and~3,1! components are zeros. The mass matrices are classified into two types. Type I is consistent with
experimental data in the quark sector. For the lepton sector, if the seesaw mechanism is not used, type II allows
a largenm-nt mixing angle. However, severe compatibility with all neutrino oscillation experiments forces us
to use the seesaw mechanism. If we adopt the seesaw mechanism, it turns out that type I instead of type II can
be consistent with experimental data in the lepton sector too.@S0556-2821~99!05613-1#

PACS number~s!: 12.15.Ff, 14.60.Pq, 14.65.2q
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One of the ultimate goals in particle physics is to co
struct a unified model of quarks and leptons. The pheno
enological construction of quark and lepton mass matri
can be an important step toward this goal, which reprodu
and predicts direct and indirect observed quantities suc
quark and lepton masses, mixing angles, andCP violating
phases. In this paper we propose a model that all quark
lepton mass matricesMu , Md , M n , andMe @mass matrices
of up quarks (u,c,t), down quarks (d,s,b), neutrinos
(ne ,nm ,nt), and charged leptons (e,m,t), respectively#
have the same zero texture@1#. HereM n52MD

T MR
21MD is

the mass matrix of light Majorana neutrinos, which is co
sidered to be constructed via the seesaw mechanism@2# from
the neutrino mass matrix

S 0 MD
T

MD MR
D , ~1!

whereMD is the Dirac neutrino mass matrix andMR is the
Majorana mass matrix of the right-handed components.MD
and MR are furthermore assumed to have the same z
texture matrix asM n . This assumption restricts the textu
forms as follows:

S 0 * 0

* * *

0 * *
D , S 0 0 *

0 * *

* * *
D , S * 0 *

0 0 *

* * *
D , ~2!

S * 0 0

0 * *

0 * *
D , S * 0 *

0 * 0

* 0 *
D ,S * * 0

* * *

0 * 0
D ,

S * * *

* * 0

* 0 0
D ,S * * *

* 0 0

* 0 *
D , S * * 0

* * 0

0 0 *
D .

Here *’s indicate suitable nonzero numbers. Among th
forms we choose the first one because it is the closest to
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nearest-neighbor interaction~NNI! form @3# in which the
~2,2! component is also zero. Namely, our texture of t
mass matrix is

S 0 * 0

* * *

0 * *
D . ~3!

Indeed, this matrix leaves its form in the seesaw mechan
as

~4!

The nonvanishing~2,2! component distinguishes our form
from NNI’s. This difference, as will be shown, makes it po
sible to treat quark and lepton mass matrices universally
consistently with experiments.

Now we assign quark and lepton mass matrices as
lows:

Mu5S 0 Au 0

Au Bu Cu

0 Cu Du

D , M n5S 0 An 0

An Bn Cn

0 Cn Dn

D ,

Md5PdS 0 Ad 0

Ad Bd Cd

0 Cd Dd

D Pd
†

5S 0 Adeia12 0

Ade2 ia12 Bd Cdeia23

0 Cde2 ia23 Dd

D ,
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Me5PeS 0 Ae 0

Ae Be Ce

0 Ce De

D Pe
†

5S 0 Aee
ib12 0

Aee
2 ib12 Be Cee

ib23

0 Cee
2 ib23 De

D , ~5!

where Pd[diag(eia1,eia2,eia3), a i j [a i2a j , and Pe
[diag(eib1,eib2,eib3), b i j [b i2b j .

Let us discuss the relations between the following t
ture’s components of mass matrixM:

M5S 0 A 0

A B C

0 C D
D ~6!

and its eigenmassmi . They satisfy

B1D5m11m21m3 ,

BD2C22A25m1m21m2m31m3m1 ,

DA252m1m2m3 . ~7!
01300
-

Therefore, the mass matrix is classified into two types
choosingB andD as follows:

@type I#~B large! B5m2 , D5m31m1 ,

@type II#~B small! B5m1 , D5m31m2 . ~8!

Here we do not accept the case ofB5m11m2 andD5m3
since in this caseC becomes zero and this matrix is out
our texture. We adopt type I for quark mass matrices. For
lepton sector we adopt type I and type II mass matrices
the cases with and without the seesaw mechanism, res
tively. We proceed to discuss this in detail.

Let us discuss the quark sector first. The mass matrice
type I (B5m2 , D5m31m1) explain the quark sector con
sistently as will be shown. Assigning a definite valueB
5m2 andD5m31m1 in Eqs.~7! for type I, we obtain

A5A~2m1!m2m3

m31m1
, C5A~2m1!m3~m32m21m1!

m31m1
.

~9!

Then the mass matrix of type I becomes
M5S 0 Am1m2m3

m32m1

0

Am1m2m3

m32m1

m2 Am1m3~m32m22m1!

m32m1

0 Am1m3~m32m22m1!

m32m1

m32m1

D
.S 0 Am1m2 0

Am1m2 m2 Am1m3

0 Am1m3 m32m1

D ~ for m3@m2@m1!. ~10!

Here we have transformedm1 into 2m1 by rephasing.M is diagonalized by an orthogonal matrixO as

OTS 0 Am1m2 0

Am1m2 m2 Am1m3

0 Am1m3 m32m1

D O5S 2m1 0 0

0 m2 0

0 0 m3

D , ~11!

with
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O5S A m2m3
2

~m21m1!~m3
22m1

2!
A m1m3~m32m22m1!

~m21m1!~m32m2!~m32m1!
A m1

2m2

~m32m2!~m3
22m1

2!

2A m1m3

~m21m1!~m31m1!
A m2~m32m22m1!

~m21m1!~m32m2!
A m1m3

~m32m2!~m31m1!

Am1
2~m32m22m1!

~m21m1!~m3
22m1

2!
2A m1m2m3

~m32m2!~m21m1!~m32m1!
A~m3!2~m32m22m1!

~m3
22m1

2!~m32m2!

D
.S 1 Am1

m2
Am1

2m2

m3
3

2Am1

m2

1 Am1

m3

A m1
2

m2m3
2Am1

m3

1

D ~ for m3@m2@m1!. ~12!

The mass matrices for quarks,Md andMu , are assumed to be of type I as follows:

Md.PdS 0 Amdms 0

Amdms ms Amdmb

0 Amdmb mb2md

D Pd
† , Mu.S 0 Amumc 0

Amumc mc Amumt

0 Amumt mt2mu

D , ~13!

wheremd , ms , andmb are down quark masses andmu , mc , andmt are up quark masses. ThoseMd andMu are diagonalized
by matricesPdOd and Ou , respectively. Here the orthogonal matricesOd and Ou which diagonalizePd

†MdPd and Mu are
obtained from Eq.~12! by replacingm1 , m2 , m3 by md , ms , mb and by mu , mc , mt , respectively. In this case, th
Cabibbo-Kobayashi-Maskawa~CKM! @4# quark mixing matrixV can be written as

V5Pq
21Pd

21Ou
TPdOdPq.S uV11u uV12u uV13ue2 if

2uV12u uV22u uV23u

uV12V23u2uV13ueif 2uV23u uV33u
D , ~14!

where thePd
21 factor is included to putV in the form with diagonal elements real to a good approximation. Furthermore

Pq
21 andPq5diag(eif1,eif2,eif3) with f12f25arg(Pd

21Ou
TPdOd)12 andf12f35arg(Pd

21Ou
TPdOd)23 are for the choice of

phase convention as Eq.~14!. The explicit forms and numerical center values of the components ofV are

uV12u5UAmd~mb1md!~mb2ms2md!

~ms1md!~mb
22mbms2md

2!
2Amu~mt1mu!~mt2mc2mu!

~mc1mu!~mt
22mtmc2mu

2!
e2 ia12

2Amu
2~mt

22mu
2!~mt2mc2mu!

~mc1mu!~mt
22mtmc2mu

2!2A md~mb2md!

mb
22mbms2md

2
e2 ia13U

.UAmd

ms
2Amu

mc
e2 ia12U50.17–0.28,

uV23u5UAmu~mt1mu!~mt2mc2mu!

~mc1mu!~mt
22mtmc2mu

2!
A md

2ms

~mb2ms!~mb
22md

2!
eia121A md~mb2md!

mb
22mbms2md

2
2A mu~mt2mu!

mt
22mtmc2mu

2
e2 ia23U

.UAmd

mb
2Amu

mt
e2 ia23U50.036– 0.043,
013006-3
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uV13u5UA md
2ms

~mb2ms!~mb
22md

2!
1Amu

2~mt
22mu

2!~mt2mc2mu!

~mc1mu!~mt
22mtmc2mu

2!2
e2a13

2Amu~mt1mu!~mt2mc2mu!

~mc1mu!~mt
22mtmc2mu

2!
A md~mb2md!

mb
22mbms2md

2
e2 ia12U

.UAmd
2ms

mb
3

2Amu

mc
SAmd

mb
2Amu

mt
e2 ia23D e2 ia12U50.0021–0.0025,

cosf.
uV13u21uV12u2uV23u22uV31u2

2uV12uuV23uuV13u
.

uV12u21mu /mc2md /ms

2uV12uAmu /mc

521 –1. ~15!

Here we have used the running quark mass atm5mZ @5#:

mu~mZ!52.3320.45
10.42 MeV, mc~mZ!5677261

156 MeV, mt~mZ!5181613 GeV,

md~mZ!54.6920.66
10.60 MeV, ms~mZ!593.4213.0

111.8 MeV, mb~mZ!53.0060.11 GeV. ~16!

Let us compare Eqs.~15! with the experimental values@6#:

uV12uexpt50.217–0.224, uV23uexpt50.036–0.042,

uV13uexpt50.0018–0.0045 ~90% C.L.!. ~17!
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It is remarkable that the very heavy top quark mass raise
inconsistency in our model. The reason is as follows.
uV23u, the first term of right-hand side in Eq.~15! (Amd /mb

50.034) is nearly equal to the experimental value (uV23uexpt

50.036–0.042); so a heavy top quark mass does not m
any trouble. Whereas in the case of type II and also
Fritzsch model@7#, the first term ofV23 becomesAms /mb

50.18. So in order to adjust to the experimental value,
second term must be of the same order as the first term
cancel a large part of the first term. Thus the top quark co
not have a very heavy mass.

If we adopt only the central values of quark masses in
~16!, the compatibility of our prediction, Eq.~15!, with the
experimental values, Eq.~17!, imposes some constraints o
a i j . They are depicted in Fig. 1 in the shaded strip in
a13-a23 plane. In this figure we have superimposed t
rephasing-invariant Jarlskog parameterJ of the quark sector,
J5Im(V12V22* V13* V23) @8#. However, these restrictions ar
very sensitive to the errors of mass values and are not a
mative at least at this stage. Contours represent the valu
J from 22.331025 to 2.331025. The above restriction on
a i j , therefore, gives the bound onJ as

1.631025&uJu&2.231025. ~18!

Using the popular approximation due to Wolfenstein@9#, the
CKM quark mixing matrix can be written in terms of onl
four real parameters:
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S V11 V12 V13

V21 V22 V23

V31 V32 V33

D
.S 12

l2

2
l Al3~r2 ih!

2l 12
l2

2
Al2

Al3~12r2 ih! 2Al2 1

D . ~19!

The measurement of ther andh parameters is usually asso
ciated with the determination of the only unknown vertex
a triangle in ther-h plane whose other two vertices are
~0,0! and ~1,0! @10#. This triangle is called the unitarity tri-
angle. Changing freelya13 anda23 in Eq. ~15!, the predicted
points sweep out the light and dark gray regions~Fig. 2!.

Next let us discuss the lepton sector. We develop
arguments first without the seesaw mechanism. The m
matrix of leptons is assumed to be of type II. AssigningB
5m1 andD5m31m2 ~type II! in Eq. ~8!, we obtain, from
Eq. ~7!,

A5Am1~2m2!m3

m31m2
, C5A~2m2!m3~m31m22m1!

m31m2
.

~20!

Then, we obtain the mass matrixM of type II and the or-
thogonal matrixO that diagonalize it, which are expressed
terms of the mass eigenvaluemi as
6-4
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M5S 0 Am1m2m3

m32m2

0

Am1m2m3

m32m2

m1 Am2m3~m32m22m1!

m32m2

0 Am2m3~m32m22m1!

m32m2

m32m2

D .S 0 Am1m2 0

Am1m2 m1 Am2m3

0 Am2m3 m32m2

D ,

~21!

O5S A m2m3~m32m22m1!

~m11m2!~m32m1!~m32m2!
A m1m3

2

~m11m2!~m3
22m2

2!
A m2

2m1

~m32m1!~m3
22m2

2!

A m1~m32m22m1!

~m11m2!~m32m1!
2A m2m3

~m11m2!~m31m2!
A m2m3

~m32m1!~m31m2!

2A m2m1m3

~m32m1!~m11m2!~m32m2!
A m2

2~m32m12m2!

~m11m2!~m3
22m2

2!
A~m3!2~m32m12m2!

~m32m1!~m3
22m2

2!

D
.S 1 Am1

m2
Am1m2

2

m3
3

Am1

m2

21 Am2

m3

2Am1

m3
Am2

m3

1

D ~ for m3@m2@m1!, ~22!
an
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OTMO5S m1 0 0

0 2m2 0

0 0 m3
D , ~23!

where we have transformedm2 into 2m2. The components
~2,3! and~3,2! of O are not small compared withAm1 /m3 in
type I. Therefore, as a result of this large mixing, type II c
be consistent with the largenm-nt mixing angle solution in
atmospheric neutrino experiments as shown later.

The mass matrices of charged leptons and neutrinos
assumed to be of type II as follows:

Me.PeS 0 Amemm 0

Amemm me Ammmt

0 Ammmt mt2mm

D Pe
† ,

M n.S 0 Am1m2 0

Am1m2 m1 Am2m3

0 Am2m3 m32m2

D , ~24!

whereme , mm , andmt are charged lepton masses andm1 ,
m2, andm3 are neutrino masses. ThoseMe and M n are di-
agonalized by matricesPeOe andOn , respectively. Here the
01300
re

orthogonal matrixOn is obtained from Eq.~22! by takingmi
as the neutrino mass andOe by replacingm1 , m2 , m3 by
me , mm , mt . In this case, the lepton mixing matrixU @here-
after we call it the Maki-Nakagawa-Sakata~MNS! mixing
matrix @11## is given by

U5Pl
†Pe

†Oe
TPeOnPl5S U11 U12 U13

U21 U22 U23

U31 U32 U33

D , ~25!

wherePl5diag(1,i ,1) is included to have positive neutrin
mass. ThePl

†Pe
† factor leadsU to the form whose diagona

elements are real to a good approximation. We obtain
expressions of some elements ofU as follows:

U12. i SAm1

m2
2Ame

mm
eib12D ,

U23.2 i S 2Am2

m3
1Amm

mt
eib23D ,

U13.Ame

mm
eib12SAm2

m3
2Amm

mt
eib23D .

~26!

For example, substituting the neutrino masses
6-5
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m151.431024 eV, m253.231023 eV,

m357.131022 eV, ~27!

and the charged lepton massesme50.51 MeV, mm
5106 MeV, mt51.77 GeV, into Eqs.~25! we obtain

uU12u50.14–0.28, uU23u50.033–0.46,

uU13u50.023–0.032. ~28!

Here we have usedDmatm
2 5m3

22m2
255.031023 eV2 and

Dmsolar
2 5m2

22m1
251.031025 eV2 with the assumption tha

m1!m2!m3 andm1 /m25m2 /m3. Let us compare this pre
diction with the experimental values@12#:

uU12uexpt50 –0.71, uU23uexpt50.52–0.87,

uU13uexpt50 –0.22. ~29!

Here we have combined the constraints from a rec
CHOOZ reactor experiment@13# and Super-Kamiokande a
mospheric neutrino experiment@14#.

Though the lepton mass matricesMe and M n of type II
lead to largenm-nt mixing, uU23u is still small compared with
the experimental value. This trouble is resolved via the s
saw mechanism. In the seesaw mechanism, we have a
tional free parameters even in our model. So we set the
lowing assumptions guided by the atmospheric neutr
oscillation experiments, which lead to a fairly largenm-nt
mixing: ~a! The mass matricesMe , MD , andMR belong to
type I, instead of type II, similar to quark mass matrices;~b!
the mass eigenvalues ofMD andMR satisfy

FIG. 1. The allowed region on thea13-a23 plane is depicted by
the shaded areas. In the allowed region, the contours indicate
rephasing invariant of the Jarlskog parameterJ
@[Im(V12V22* V13* V23)# of the quark sector.
01300
nt
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mD3 :mD2 :mD151:x:x2, ~30!

mR3 :mR2 :mR151:x2:x3. ~31!

HeremDi andmRi are eigenvalues ofMD and MR , respec-
tively, andx is a small parameter.

It is noted from assumption~a! that M n itself is out of
type I via the seesaw mechanism. If we use the assump
thatMe , MD , andMR belong to type II instead of type I, we
cannot accommodatemR3 , mR2, and mR1 to a largenm-nt
mixing. Conversely, a large mixing enforces on usmR1 and
mR2 of the same order, where we cannot distinguish type
from type I.

Using assumptions~a! and ~b!, we obtain

he

FIG. 2. The vertex position of unitarity triangle predicted by o
model is superimposed on the diagram restricted by hadron ex
ments. Our predictions are obtained by changinga13 anda23 freely
in Eq. ~15! with no approximation. If each quark mass takes t
center values in Eqs.~16!, the dark gray region is allowed. On th
other hand, taking the error of each quark mass into considera
we obtain the light gray region.

FIG. 3. The solid line and dotted line show 90% C.L. and 99
C.L., respectively, which were derived from a three-flavor analy
of solar neutrino deficit experiments@15#. The star indicates our
prediction.
6-6
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MD5
~a!S 0 AmD1mD2mD3

mD32mD1

0

AmD1mD2mD3

mD32mD1

mD2 AmD1mD3~mD32mD22mD1!

mD32mD1

0 AmD1mD3~mD32mD22mD1!

mD32mD1

mD32mD1

D ~32!

.
~b!

mD3S 0 xAx 0

xAx x x

0 x 1
D ~33!

and, similarly,

MR.mR3S 0 x2Ax 0

x2Ax x2 xAx

0 xAx 1
D . ~34!

Then the neutrino mass matrixM n is given by

M n52MD
T MR

21MD52
~mD3!2

mR3
S 0 Ax 0

Ax 11~Ax2x!2 12~Ax2x!

0 12~Ax2x! 1
D . ~35!

The orthogonal matrix which diagonalizes Eq.~35! is

On.S 2
1

12

272148A329Ax15A3Ax

~A321!~32A3!3/2

1

12

72148A315A3Ax19Ax

~11A3!~31A3!3/2

A2

4
x1/21

A2

8
x

1

24

272148A3121Ax27A3Ax

~32A3!3/2

1

24

72148A3221Ax27A3Ax

~31A3!3/2

A2

2
1

5A2

32
x

2
1

24

272148A3215Ax15A3Ax

~32A3!3/2
2

1

24

72148A3115Ax15A3Ax

~31A3!3/2

A2

2
2

7A2

32
x

D , ~36!

and the eigenmass is

m1.
mD3

2

mR3
H S 1

2
2

A3

2 DAx2S 3

8
2

A3

24D xJ ,

m2.
mD3

2

mR3
H S 1

2
1

A3

2 DAx2S 3

8
1

A3

24D xJ , m3.
mD3

2

mR3
H 22Ax1

7

4
xJ . ~37!

For numerical estimation we assume that the mass pattern, Eq.~30!, is the same as that of an up quark;

mt~mZ!:mc~mZ!:mu~mZ!51:x:x2 ~x.0.0036!, ~38!

and, therefore,mD35k3mt(mZ), mD25kx3mt(mZ), and mD15kx23mt(mZ). Using assumption~a!, that Me belongs to
type I, the mass ratios of light Majorana neutrinos, the MNS matrixU, and the rephasing-invariant Jarlskog parameterJ of the
lepton sector become

m3 :m2 :2m1.1.0:0.04:0.01, ~39!
013006-7
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U5Pe
†Oe

TPeOn

.S 20.8820.02e2 ib12 0.4620.04e2 ib12 0.02220.049e2 ib12

0.3420.06eib12 0.6210.03eib1210.01e2 ib23 0.7120.01e2 ib23

20.3110.01eib23 20.6410.01eib23 0.7110.01eib23

D , ~40!
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and uJu&0.01. Here we have assumed that the change
lepton masses and the MNS mixing fromm5mZ to m
5MeV are very small. At this stage only one paramet
mR3, still remains free. It will be determined fromDm32

2

55.031023 eV2 as

mR35k23~9.031023! eV. ~41!

Thus we have fixed parameters so as to adjust the a
spheric neutrino oscillation experiments. Assumptions~a!
and ~b! are not unique and their justification is checked
the compatibility with solar neutrino deficit experiment
From Eqs.~37!, ~40!, and ~41!, we have the restrictive pre
diction

Dm21
2 .7.831026 eV2, tan2w[

uU13u2

uU23u21uU33u2
.0,

tan2v[
uU12u2

uU11u2
.0.27, ~42!
rt

ed

.

01300
of

,

o-

which are superimposed on the analysis by Fogliet al. @15#
~Fig. 3!. The star in Fig. 3 indicates our prediction. Th
position of the star has been determined from atmosph
neutrino experiments and was free from solar neutrino de
experiments. Nevertheless, its position is in the allowed
gion of solar neutrino experiments.

Concluding remarks are in order. We started with t
same type of four texture zero-mass matrices both for qua
and leptons. They were classified into types I and II. Typ
explains quark sector consistently. For the lepton sector t
II, on the other hand, reproduces qualitatively large lep
mixing. However, the best fitting with experimental data r
quires the seesaw mechanism in the lepton sector with ty
mass matrices similarly to quarks.

We are grateful to H. Minakata and O. Yasuda for va
able discussions. Special thanks are due to Y. Koide for
enlightening suggestions on phenomenological mass ma
models.
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