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The first-order renormalized Heisenberg field for the ¢* model of quantum field theory,
calculated by the quasisecular perturbation method, is used to construct a clothing trans-
formation. The clothing transformation gives the Fourier amplitude of the renormalized
field from that of the bare field, except for the quasisecular terms. The properties of the
clothing transformation are examined in the cases of one, two, and three space dimensions.
The connection with the strange representations of the canonical commutation relations is

discussed.

I. INTRODUCTION

Quantum field theories which attempt to de-
scribe interactions must deal with nonlinear par-
tial differential equations whose solutions are op-
erator-valued (g-number) functions of the space-
time coordinates. The nonlinear terms involve
the product of fields at the same space-time point
(point interactions), and since the fields are taken
to be (singular) operator-valued distributions this
leads to a variety of difficulties.’ The simplest of
these difficulties is the infinite zero-point energy
of the free-field Hamiltonian which is removed by
the prescription of normal ordering. A more se-
rious difficulty is that it becomes necessary to
use one of the so-called strange representations
of the commutation relations of the field opera-
tors?'® when interactions are present. The con-
clusion was drawn that standard perturbation the-
ory is an inadequate technique for evaluating phys-
ical quantities in a mathematically logical manner
avoiding infinities, because perturbation theory
makes a priori use of the Fock representation.*
Wightman® has conjectured that some significant
part of the ultraviolet catastrophe is the price
paid for ignoring the strange representation. On
the other hand, in the branch of mathematics
which treats nonlinear differential equations, the
method of successive approximations (perturba-
tion theory) has been found useful both in connec-
tion with problems of existence of solutions, and
in deriving approximations to solutions.® However,
there are many possible iteration schemes, only
one of which is the standard perturbation theory
that is familiar to physicists. It is important to
investigate the possibility that some new (pertur-
bative) iterative scheme might provide sensible
results for the field equations. Dirac® has sug-
gested that physicists working in quantum field
theory may have to get results by developing a
system of approximations similar to those used by

J

engineers, because of the complexity of the prob-
lem. These approximations Dirac suggests would
have to focus on the most important aspects of the
problem and neglect many other aspects of lesser
importance.

The approximations obtained by standard pertur-
bation theory are often qualitatively, as well as
quantitatively, poor.” For example, approxima-
tions to solutions of (classical) equations of mo-
tion which are known to be periodic are found to
be nonperiodic. Such problems are referred to as
secular behavior of the approximation.” In a pre-
vious paper® the importance of secular behavior in
the perturbative solution of the ¢* model of quan-
tum field theory was elucidated, and the unphysical
secular behavior was removed by a technique of
frequency renormalization. A modified perturba-
tion method was developed via this technique,
which focused on terms in the approximate solu-
tion for the field involving small and vanishing
energy denominators. The perturbative method
was called quasisecular perturbation theory be-
cause terms with small energy denominators gave
rise to behavior that was almost secular over the
appropriate time scale. The frequency (mass)
and amplitude (wave-function) renormalization
were operator-valued and remained present in the
limit of an infinite volume because the number of
quasisecular terms is also infinite.

In this paper it is shown that quasisecular per-
turbation theory provides information about the
appropriate (strange) representations which arise.
The model chosen has been described previously?®;
it is the ¢* model of quantum field theory.® The
equation of motion for the case of one space di-
mension is

2 2
(aiﬁ‘?aﬁ+m2>¢’="¢a’ (1.1)

and the real field ¢ is studied on the interval
—3L < x <+3L with periodic boundary conditions

529



530 B. B. VARGA AND S. 9. AKS 6

(#h =c=1). The results obtained are valid in the
case of two or three space dimensions with the
appropriate natural notational changes. However,
we choose to express most equations in one space
dimension to simplify notation and avoid vector
subscripts.

Using the Fourier decomposition,

o(t, ) =L"23 a,(t)e'" (1.2)

where the sum goes over [=2mrL~", n=0, £1, 2,
..., the field equations transform into an infinite
array of nonlinearly coupled nonlinear equations.?
The initial conditions on the field equations are
given by the usual canonical commutation rela-
tions at £=0. In the oscillator formulation these
are

[ak(o)’ flt(o)]=i5k,-x ’ (1.3)
[ak(O)I al(o)] =[a,(0), 4,(0)]=0, (1.4)

and af =a_, is the reality condition. The expan-
sion ansatz is

a=Y Nad. (1.5)

n=0

The initial conditions are given in terms of the
expansion coefficients as

a”=4,(0), &2(0)=4,0), (1.6)

so that higher-order terms in Eq. (1.5) have the

zero initial conditions. The zeroth-order solution
of Eq. (1.1) is

d2(1) = 2w,) (e 1t + a*etrt), (1.7)
where w,?=1%+m? and

[ap, aF]=6,,, (1.8)

[y, )] =[af, af]=0. (1.9)

Note that the creation and destruction operators
a; and a} are related to the exact Heisenberg

field at time =0 by choice of the initial conditions.

It is possible to construct an auxiliary Fock rep-
resentation'® using the a’s and a*’s. The repre-
sentation consists of the unique vacuum ¥, of the
a’s, a,%,=0 for all /, and the closure of the sub-
space spanned by applying polynomials in creation
operators ajf to ¥,. It has the usual orthonormal
basis in terms of the occupation-number repre-
sentation ¥({n,}), where a¥a,¥({n,})=n,%({n,)), VI,
and {n,} is a sequence of non-negative integers
only a finite number of which are nonzero.

The relationship between the auxiliary Fock rep-
resentation and the appropriate representation of
the a’s and a*’s determined by the first-order
approximation to the Heisenberg field which is
calculated by the quasisecular perturbation meth-

od is treated in Sec. VI. The renormalized Hei-
senberg field determines a Hilbert space which
contains the physical vacuum and the physical
particle states. This space may carry a repre-
sentation of the commutation relations of the o’s
and a*’s which does not contain a state ¥ such
that o, ¥ =0, VI (i.e., a strange representation).
This representation is unitarily equivalent in the
case of one space dimension and is inequivalent
(i.e., strange) in two dimensions and possibly
does not exist in three space dimensions.

The viewpoint of this work is that the concept of
quasisecularity focuses on the most important as-
pect of the nonlinearity of quantum field theory
and may provide the type of approximation sug-
gested by Dirac.® In the following it is shown that
the quasisecular terms in the first-order approx-
imation to the field ¢(¢, x) are qualitatively differ-
ent from the other terms, in that the nonsecular
terms are obtained from the zeroth-order (or
bare) field by a (formally) unitary clothing trans-
formation, whereas the quasisecular terms can-
not. The interactions of the clothed particles are
carried by the quasisecular terms.%" !

Section II is a recapitulation of the relevant
properties of the first-order renormalized field.
In Section III the generator of the transformation
is displayed, which gives all but the quasisecular
terms in the first-order approximation. The com-
mutation relations of the renormalized field am-
plitudes are found in Sec. IV, and differ from those
of the free field due to the presence of quasisecu-
lar terms. In Sec. V the generator of the clothing
transformation is shown to be a (formally) anti-
Hermitian transformation on the Fock representa-
tion for one space dimension; in this case the re-
normalization constants are finite.? In two and
three space dimensions the transformation is not
defined on the Fock-space basis. This is also the
case as L - in one dimension. In Sec. VI the
properties of the (formally) unitary clothing trans-
formation are examined. In one space dimension
the clothing transformation is unitary within Fock
space. In two and three dimensions it is inter-
preted as an improper unitary transformation,!®
which is an isometric isomorphism between Fock
space and a new space containing the physical
states.

II. FIRST-ORDER RENORMALIZED FIELD

In a previous paper® the method of quasisecular
perturbation theory was introduced and applied to
the ¢* model of quantum field theory. The first-
order renormalized solution for the amplitude
a,(t) was found to be

. 0¥
a,(t)=Ue™ Nt 1 i 2-1ty* + W (4). (2.1)
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The operator W, has. th.e property th?.t its Fouriir V,=3\(2w, L) 3 D,,,Bw,w,w,)™ /zai‘,aqa,
transform vanishes in intervals of width 2 |x [m o
centered at tw,;. The renormalized frequency op- (2.3)

erator Q, is given by The D function defines the region of quasisecular-

Q=w, - (2w,)‘/2a;"(a;“a,+1)"V, , (2.2) ity around w,. Its value is 1 if both [=p+g+» and

here |w,+ w,= w,— w,|<|x|m " and zero otherwise.
wher

J
The renormalized wave-function operator U, is given by a rather long expression’*
U, =(2w) ™20, -M2w, L) ) 6, s, (8w, w, w,) /2

P,

X[(w; = wy=w, = w,) a0, + (w, + w,+ w, + w,) " a¥, aX af,
+3(w +wp+ w,— w,) taX, a* a,+3(1- D, Nw, +w,— w, - w,) e, e, a,)

+3(2w,) L™ 33 Dy, (8w,w,w,) " %a¥, e, @, . (2.4)
p.a.7

The factor 1-D,,,, in the last term inside the square bracket of Eq. (2.4), serves to avoid the “dangerous
denominator” which would arise when w, + w,- w,—- w, 0. The last term is the contribution to U; from the
quasisecular region. It is proportional to V, which also enters Eq. (2.2) for the renormalized frequency.
Every term of U, - (2w,)™*/2a, is proportional to A in Eq. (2.4), which would not be the case if the danger-
ous energy denominators had not been eliminated via the D function. If the denominator were smaller than
[x|m !, the term would then contribute to zeroth order.

Treating the secular and quasisecular terms separately from the other terms, therefore, achieves two
aims: (i) frequency renormalization (which is operator-valued, and hence different in states of different
particle number); (ii) wave-function renormalization in which every term is proportional to x. These de-

sirable features of quasisecular perturbation theory make it possible to avoid many of the difficulties of
standard perturbation theory.

IIl. CLOTHING TRANSFORMATION

It is shown in this section that all the terms of U, in Eq. (2.4) except for the last are obtained via a
transformation which is unitary in appearance. In Sec. V the clothing transformation is analyzed in detail;
it is a proper unitary transformation for one space dimension, and an improper unitary transformation’®
in the case of two or three space dimensions. If the box is removed by letting L — « the clothing transfor-
mation is always improper, as expected from Haag’s theorem.'®

For convenience U, is separated into two parts,

U, =(2w,)™28,+ 2w, 'V, , (3.1)

where (2w,)~*/28, includes all terms on the right-hand side of Eq. (2.4) except for the last. We show that
B;=e*Sa,e ~*S to order A, where S*=-S is (formally) anti-Hermitian and consequently ¢S is (formally)
unitary. Expanding e*Sa,e™*S gives B8,=a, +1[S, a,]+O(\?), and therefore it is important that the danger-
ous denominators do not appear in Eq. (2.4), for otherwise the expansion would not be consistent to or-
der A.

At this point we proceed by writing down the generator of the clothing transformation

S=(L) T Oppeqrrwpwywew,) ™ [(w, - W= w,— w,) Hafa, o, 0, - afafafa,)

kP a,7
+%(wk+wﬁ+wq+wr)_l(a:atﬁ>ata atr—a—ra—qa-bak)]
+3(8L) 3 Gk.l,,,q”(l—D,m,)(wkw,,wqw,)“/z(w,,+w,—wq—w,)“a;‘af,aqa,. (3.2)
k.p.a.r

The terms in the expression are grouped together so they are separately anti-Hermitian. We shall verify
that the first term of S gives rise to two of the terms on the right-hand side of Eq. (2.4).

[a;, 8,]= I}“‘n (4L)7 20 Opprqer(wpw,w, ) 2(w, ~ W, = W= w,) Nafa, 0, - a:a:a:ak)]
R,p,a,7

=(4L)7 20 8y puger (w0, 0, w,) ™ 3w, - w, - w, - w,)a,a,q,
pia.r

=3(4L) T8, preni(w w0, 0,) 7w, - w, - w, - w,) laXata, . (8.3)
p.a,7
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The factor of 3 in the second term comes from the presence of the three creation operators in the previ-
ous line which play symmetric roles. The expression A(2w,)"!/?[S,, @,] therefore takes care of the first
and third terms in the brackets of Eq. (2.4). In a similar manner the other parts of S in Eq. (3.2) gen-
erate the remaining terms inside the brackets in Eq. (2.4).

It remains to demonstrate that the last term (i.e., the quasisecular term) of Eq. (2.4) cannot be gener-
ated by an anti-Hermitian S’ (which is independent of /, and thus works for all /). Suppose on the contrary
that

[a;,5]==3(2w,)"*/2L"" 2] D,,,,(8w,w,w,) %a*,a,q, . (3.4)
b.a,r
Then the terms of S’ must contain two creation and two destruction operators (all adding up to momentum
zero). Let
S'=L7' 35 O4ipeerfBypya,V)afafa, ., (3.5)
R,pya,r

where (S’)*=-S’ implies
f*or,a,p,0)==f(k, pyq,7). (3.6)

Note that f can be taken symmetric in £ and p and also in ¢ and » since only the symmetric part contrib-
utes in Eq. (3.5). Then

(@, S']=2L"" 35 61+p,q+rf(la b a,Maje, a,, 3.7

P.a,7

and comparing with Eq. (3.4) gives
271, p, 4, 7)=-32w,) " ?(8w, w, @,) /2D, _,q, . (3.8)

However, the right-hand side does not satisfy Eq. (3.6) and is not symmetric in I and p, which is a con-
tradiction. We conclude that the quasisecular part of the renormalized wave function, and hence U, itself
cannot be generated by a (formal) unitary transformation acting on a;.

’

IV. COMMUTATION RELATIONS OF THE U,

The clothing transformation which relates @, and 8, is convenient for calculating the commutation rela-
tions of the U,. First note that an alternative expression for U, is

Ut=exs[(2w1)-l/zaz+(2“’x)-lvt]e_>\ss (4.1)

because the difference between Eq. (3.1) and Eq. (4.1) is of order A%, Since S is (formally) anti-Hermitian
the commutator algebra of the U, is taken to be the same as that of (2w,)™*/2a, + (2w,)"'V,. Consider first
the commutator

[a;+ w2y, @, + (2w,) 2V, ] = w,)?a,, Vo)+ Qw,) 2V, a,]+o0?). (4.2)
From Eq. (2.3),

[a), Vi) =302w,L) ! © D, 1, Bw, 0, w,) " 2a, a
q,7

r

so that the right-hand side of Eq. (4.2) becomes

MBL) Mw, ' = 0, ) DD, w0, 0w, w,) 7 20, @,
q.,r

Since we may replace Ae)‘saq a, e % on the right by AU, U,, up to corrections of O(A%), we obtain
[Uy, U,])=308L) " w, " w, Mw, ™ = 0, ™) 3D,y u,U,. (4.3)
q.r

The noncommutativity is a manifestation of the quasisecular terms.

The commutator [U}, U}] may be obtained from Eq. (4.3) by taking the adjoint. The remaining commu-
tator of interest is

[a;+Qw,) V2V, af + 2w,) 12V =5, 2t 32w, V% (w, L) 2D Bw,w,w,)  2aka,
P

+3(2w,) 3 (w,L)? Pb,qu(Sw,wq w) 2%, 0+ 00?). (4.4)
'
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In the same manner as before we write

(U, Uf] = 2w,) 76, + 3M(4L) Hw,y w,) T Hw, ™ + ;™) ’Z)kaqu:U-p . (4.5)
4

The quasisecularity is again evident as the source of the second term on the right-hand side of Eq. (4.5).

V. PROPERTIES OF THE GENERATOR OF THE
CLOTHING TRANSFORMATION

In this section the mathematical properties of
the formally anti-Hermitian generator of the cloth-
ing transformation are investigated. In most
cases the generator cannot be interpreted as a
mapping of the auxiliary Fock representation
space into itself. We show that there are two
sources of this difficulty which are easily distin-
guished’®: (i) infinite volume (L - ), (ii) ultra-
violet divergences. The first difficulty is always
present and easily identified. It is related to
Haag’s theorem.!® The second difficulty appears
in a box (finite L) and is model-dependent. Van
Hove!” showed that for scalar mesons interacting
with fixed (pointlike) nucleons the Hilbert space
which contains the stationary states is “orthogonal”
to Fock space in the case of three space dimen-
sions, but not for one and two. Since the ¢* inter-
action is more singular, the “orthogonality” oc-
curs for two and three space dimensions, but not
for one.®+8

We discuss the properties of the generator S by
calculating upper and lower bounds for the norms
lIs¥(r, NI, where ¥({x,}) is an element of the oc-
cupation number basis of the auxiliary Fock space.
When the norm is infinite the states which are fi-
nite linear combinations of this basis are mapped
out of the space by S. In Sec. VI it is shown that
in this case (¥({m,}), e*S¥({x,})) also vanishes
v{n} and {m,} so that the images of these states
under ¢S have no component in the auxiliary Fock
space.

Suppose that the generator S of the clothing
transformation acts on the vacuum ¥,:
S¥o=(18L)" 33 8, 0 gurlw; w,w, w,) ™2

L.par

-1
X(w; +w,+ w, + w,) rafat, ot a* ¥,

(5.1)
The norm ||S¥,| is bounded by
B<|S¥,|*<24B, (5.2a)
where
B=(16L)‘21 ’Z) 8) prasr(w; wpw, w,)™!
Poar
Xw, +wp+ w, +w,) 2. (5.2b)

For L large, B is given by the integral

B= Z'I‘W'SLfdpdqdr (Wprqur@,wqw,) ™!

X(Wpsqurt Wptw,+w,) 2. (5.3)

The infinite-volume difficulty is immediately evi-
dent since ||S¥,| is proportional to L'/2, for
large L. In addition, the integral may itself di-
verge; since the integrand is bounded the diver-
gence is associated with the behavior at large mo-
menta (i.e., ultraviolet divergence).

In two and three space dimensions the integrals
giving B are obtained by replacing (27)~'dp by
(27)~2d %p and (27)~3d *p, and likewise for dq and
dr, and reinterpreting L as the area and volume,
respectively. For one space dimension B can be
bounded. USing w,, ., < 7™ and wy, g4, + Wy+ w,
+w, 2 (w,w, w3,

B< 2'“1r'3Lm"fdpdqdr (w,w, w,)%3 (5.4)

and each integral converges because the asymp-
totic behavior is [p|~%/3. In this case S¥, is a
(normalizable) state in the auxiliary Fock space.
A similar argument proves the boundedness of
[IS¥({n, DI, because the finite number of particles
which are present in the state ¥({x,}) do not inter-
fere with the four added by S [as in Eq. (5.1)] in
the region of large momenta. All that changes is
the numerical factor in the upper bound of Eq.
(5.2a).

In the case of two dimensions

B=2'1“1r'6Lfd2pd2qdzr (Wps g4 ywpwq w,) ™

X(Wpyquy+ Wyt W +w,) 2, (5.5)

where the subscripts are all two-dimensional vec-
tors. Using w,,,.,” < 3(w,?+w,?+w,?) and

(w,+w, +w,)? < 3(w,? +w,%+w,?) a lower bound for
B is obtained:

B> 2-18”-3L3-3/2
dezpdzqdzr (W, w, w,) MW, 2 +w, 2 +w,2) %2,

(5.6)
The integral can be transformed by the change of
variables [p[, lq], |7|-w,,w,,w, into

8(277)3]ffdw,dw,dw,(w,2+w,,2+w,2)'3/2,

m m m
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which diverges logarithmically when the radial
variable p=(w,?+w,2+w,?)"/? is introduced.

It should be noted that the clothing transforma-
tion is closely related to the wave-function re-
normalization constant of standard field theory,
and this is known to be infinite for two space di-
mensions.!® The divergence of B is related to
this infinity. Clearly for three space dimensions
the divergence of B is even worse than in two.
This indicates that S is not definable as a linear
transformation on the auxiliary Fock space. We
note that in Glimm’s work'® on ¢* in two dimen-
sions, clothing transformations similar to ¢*® are
introduced. It is found there that the part involv-
ing four creation operators a* is the most singu-
lar part as is evident in the calculations given
above. If S were definable on the auxiliary Fock
space then the (first-order) clothing transforma-
tion could be used to prove that the Hamiltonian
is defined as a (self-adjoint) operator on this
space, in the first-order approximation of quasi-
secular perturbation theory. It is known that the
(exact) Hamiltonian cannot be defined on this
space.®

and

C==(16L)A% 25 ) pugur(w w0, w,) W, +w,+w,+w,) 241 [afa*, a* aX, 0 a_a_ a,],,

1.p.a,r

where [ , ], denotes the c-number part of the
commutator when the remaining terms are in
normal order. This is just the vacuum expecta-
tion value of the commutator. We can bound C
using B given in Eq. (5.2b):

24)?B <C <(24P°2*B, (6.3)
where the bounds are related to the minimum and
maximum contributions from the four Bose oper-
ators.

When B is bounded the overlap ¢~°/2 is nonzero,
otherwise it is zero. The same arguments hold
for the overlap (&, e*SW¥), where & and ¥ are gen-
eral elements of the number basis, since the
bounds are modified only by finite numerical fac-
tors.

When the clothing transformation is not defined
in Fock space, we interpret ¢S as an isometry
from Fock space to a new Hilbert space which is
orthogonal to Fock space, following van Hove’s
procedure.'” The new Hilbert space is a copy of
Fock space under the correspondence @, ~ B,
=e*Sa,e™ S of Sec. IIl. The new vacuum state ¥}
is represented by ¥, because B, e*S¥,=¢*Sa,¥,
=0 Vk, and the new occupation number representa-

B. B. VARGA AND S. @. AKS 6
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When S is not defined as an operator on the par-
ticle number basis of the auxiliary Fock space, it
is expected that ¢*S can still be interpreted as an
improper unitary transformation. This can be
made plausible by showing that (&, e*S¥) -0 as
|[S¥||—, for & and ¥ in the number basis. Con-
sequently, the state ¢*S¥ has no components in
the auxiliary Fock space and is then interpreted
as being the image of ¥ in a new space.’

To this end we calculate (¥,, e**¥,) via the
Baker-Hausdorff approximation e4*F = ¢~(A:F 1254, F
Let A be the part of AS in Eq. (3.2) with four crea-
tion operators and F be the remainder. Then
ef¥, =¥, since F has always a destruction opera-
tor on the right. The commutator [A, F] has one
c-number term C and other terms which have
creation operators on the left. The latter terms
disappear when moved to the left side of the inner
product. We obtain

(¥, e*5W,) = (¥,, e'C/zeA'Ito)
=e~2(eA* ¥, ¥,)

= ~C/2

(6.1)

(6.2)

uon is obtained by applying products of g*’s to ¥.
By defining the inner product in the new Hilbert
space via the new occupation number basis, it is
trivial that e*S represents an isometric isomor-
phism between Fock space and the new Hilbert
space ¥’. More important, the renormalized am-
plitudes U, are well-defined operators in 3¢’ be-
cause U, =(2w,)"/28, + 2w, V,(B), where V,(g) is the
expression in Eq. (2.3) with a’s replaced by the
corresponding 8’s.

We conclude by comparing the properties of the
clothing transformation in cases of one, two, and
three space dimensions.

In one space dimension the clothing transforma-
tion determined from first-order quasisecular
perturbation theory was shown to exist as a map-
ping within the auxiliary Fock space. The unitar-
ity of this operator is a difficult technical ques-
tion which is related to the self-adjointness of the
generator S.”° The unitarity is strongly suggested
by the work of Jaffe® and Glimm'® on the ¢* model
in one space dimension. That work shows that the
Hamiltonian and the Heisenberg fields are (dense-
ly defined) self-adjoint operators on the auxiliary
Fock space so that the Van Hove difficulty does
not arise as the cutoff is removed (no ultraviolet
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divergences).

In two space dimensions the new space ¥’ is
distinct from the auxiliary Fock space. The op-
erators «, and o} are defined on 3¢’ which then
carries a strange representation of their canoni-
cal commutation relations. We note that this rep-
resentation is strange since it does not contain a
state which is destroyed by all of the «;.

a,=B,+1(2w,)" 2Lt 3 6, prarr(8w,w, w,)Y/?

b.a.7
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In three space dimensions the situation is some-
what more unusual. Again the new space ¥’ is
distinet from the auxiliary Fock space, but a; and
af are not defined as operators on 3¢’. There-
fore, it makes no sense to introduce the concept
of a strange representation of the a’s on 3¢’. To
see that the a’s are not defined on ¥’, we exam-
ine @, =e"*5B, ¢S and obtain in first order

X[(w; = wp= w, = w,) By By By + (w0, + Wy + w, +w,) 7B, B, BY,

+3(w; + W, + W, = w,) 1 B%, BE, B, +3(1= Dy Nw, + w, = w, = w,) 7B, B, B,] -

The term involving the creation of three p*’s is
not a well-defined operator on the number basis of
the B’s in 3¢’ for the same reasons that S was not a
well-defined operator as discussed in Sec. V. In
the case of three dimensions those boundedness
arguments serve to prove that states are mapped
out of 3¢’ when this term is applied to them. It
follows that the domain of the a’s does not include

(6.4)

r

the number basis of the g’s.

It is possible that the field amplitudes «;, in
three space dimensions, do not exist as operators
in (the space of physical states) 3¢’. Nevertheless,
suitable expectation values of the field and prod-
ucts of fields can exist. It would then appear that
the field must be regarded as a bilinear form on
3¢’ rather than an operator.?®
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