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Apparently nonrenormalizable field theories, such as the new models for weak interactions,
can become renormalizable when gauge invariance of the second kind is present. However,
the anomaly associated with the axial-vector current may destroy this gauge invariance in
perturbation theory, even though it is present in the Lagrangian. When this happens the theory
remains nonrenormalizable. Nevertheless it is possible, by enlarging the theory, to remove
the anomaly at the expense of introducing additional fermion fields, which correspond to as-

yet-unobserved particles.

I. INTRODUCTION

In addition to the usual renormalizable and
super-renormalizable field theories, there exist
models which apparently yield, in conventional
perturbation theory, a finite, well-defined, and
unitary S matrix, even though superficial esti-
mates of degree of divergence indicate nonrenor-
malizability. We call such theories “quasi-renor-
malizable.” A classic example is a massive
vector meson coupled to a conserved current.' It
has been conjectured some time ago that a spon-
taneously broken gauge theory of the weak inter-
actions also is quasi-renormalizable,? and re-
cently arguments have been presented in support
of this conclusion.?

The essential ingredient, which may convert an

apparently nonrenormalizable theory into a quasi-
renormalizable one, is gauge invariance of the
second kind. In the massive-vector-meson ex-
ample, the invariance, although “weakly” broken
by the meson mass, is sufficiently operative to
effect this desirable state of affairs. Similarly in
the weak-interaction theories, the gauge principle,
though spontaneously broken, allows the argument
to proceed to a successful conclusion.

In this paper we demonstrate that the anomalies
of the axial-vector current® can invalidate the
“proof” of quasi-renormalizability. These anom-
alies, which are in general present when there
are fermions in the model, destroy gauge invari-
ance of the second kind. One way of understanding
their origin is to observe that any theory, renor-
malizable or not, must be regulated when pertur-
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bative calculations are performed. If the regula-
tor procedure is non-gauge-invariant, there is no
guarantee that the gauge principle will be regained
when the regulators are removed, for example by
sending the mass of the regulator fields to infinity.
The anomalies of the axial-vector current are thus
a consequence of the absence of a chirally invari-
ant regulator procedure for fermions. However,

it must be emphasized that this difficulty is not
merely technical; one must not entertain the hope
that eventually a proper regulator procedure will
be found. It can be shown in certain models that
the gauge principle makes theoretically testable
predictions, which are violated by explicit calcu-
lations.® Thus the only way to remove the anomaly
is to change the theory. Since quasi-renormaliz-
ability is clearly a desirable feature, the anomaly
places an important constraint on model building:
The theory must be anomaly-free.

In Sec. IT we examine a theory of massive vector
mesons coupled to an axial-vector current which
is constructed from massless fermions. The ap-
parent conservation of this current suggests that
the theory is quasi-renormalizable, analogous to
the vector interaction case. However, the anomaly
of the axial-vector current renders the theory
nonrenormalizable. Furthermore, we show that
the theory does not possess a zero-boson-mass
limit, which in turn means that a theory of mass-
less vector mesons axially coupled to fermions
is internally inconsistent. A Feynman graph is
presented which explicitly exhibits the difficulty.
This investigation lays the groundwork for the
subsequent discussion, which follows quite closely
the pattern exhibited in this simple example.

Section III is devoted to the study of an Abelian
version of the spontaneously broken gauge theory
of the weak interactions.® Such theories can be
studied in three stages. In Stage 7, one has a
gauge theory of massless vector mesons coupled
to conserved currents. At this stage the theory
is apparently renormalizable. In Stage i one al-
lows the symmetry to be spontaneously broken by
the vacuum. The vector mesons acquire masses
but the theory is still apparently renormalizable.
The would-be Goldstone bosons should decouple
from physical states due to the Ward identities
which incorporate the content of the (broken) gauge
invariance. This cancellation is most easily seen
by passing to Stage iii, in which one exploits the
underlying gauge invariance to redefine the fields
so as to eliminate explicitly the Goldstone-boson
fields. The theory in Stage ¢ii is thus manifestly
unitary.

After reviewing these standard arguments we
show, for the above model, that (1) The theory
at Stage i is not internally consistent in that it

involves massless vector mesons coupled to non-
conserved currents. (2) If one ignores this prob-
lem and passes to Stage ii the theory is either non-
renormalizable or beset by the presence of zero-
mass, unphysical singularities, (3) The mani-
festly unitary theory at Stage iii, which one would
naively derive, is not renormalizable.

In Sec. IV we show that these problems can be
cured by doubling the number of fermions. If the
new fermions have opposite axial-vector couplings
the anomalies are canceled. In that case the Stage
i Lagrangian can be written, with a suitable rede-
finition of fermion fields, with only parity-con-
serving vector-meson couplings. (We call this
Stage 0.) Parity is then broken only by the differ -
ent couplings of the fermions to the scalar me-
sons, which leads in Stage 77 to different masses.
We then argue that the Stage ii theory is renormal-
izable and contains no zero-mass singularities.
The new set of fermions can have arbitrary mass.
However, they are not to be regarded as regula-
tors and their mass cannot be taken to be infinite.
We also observe that once one employs this anom -
aly-removing technique it is natural to construct
theories in which parity is spontaneously broken.

Finally in Sec. V we extend the discussion to the
non-Abelian case. The anomalies again destroy,
in general, the possibility of constructing a renor-
malizable theory. Once again one must double the
number of fundamental fermions in order to re-
move the anomalies. We discuss the practical
feasibility of this procedure, and investigate the
possibility of arranging the hadronic and leptonic
anomalies to cancel.

II. A MASSIVE-VECTOR-MESON THEORY
Consider a theory described by the Lagrangian
L =Py - iF , F* +§u2A“A“—ng‘A“,
JE=tr'vsy, (2.1)
FHFV =gl AY — aVAH |

A conventional quantization leads to a vector-me-
son propagator of the form

—i k*EY
kz_“z<gw— I >s

rendering the theory nonrenormalizable.” How-
ever, the apparent conservation of J% raises the
hope that a Stueckelberg transformation can be
performed, which decouples the longitudinal de-
gree of freedom of the vector meson (which is re-
sponsible for the k*£” term in the propagator),
without loss of unitarity. To examine the feasibil-
ity of this, we use the Feynman path-integral ap-
proach.®




o

A. Stueckelberg Transformation

The generating functional for meson Green’s
functions is given by

ZN=2, f dydpd A"

xexpi (S(w, 7,49+ [t (x)Au(x)) ,
(2.2)

where S is the action
S =f d4x£(x) (2.3)

and Z, is an appropriate normalization constant,
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(In this paper we shall always use the same symbol
Z, to describe this normalization, even though it
may change from formula to formula.) For sim-
plicity we do not consider the generating functional
for fermion Green’s functions. Note that the
quantity

fdAexp%fd“x(&“A“(lez(D +azu2)A(x)>2
(2.4)

is independent of A4,. (Here « is a numerical pa-
rameter.) This is a consequence of translation
invariance of the functional A integral. Conse-
quently, instead of (2.2), we may write

1
2a

2()=2, [ dydjanraa expi{S(z/), 5,4+ | d‘x[[“(x)A“ ) - o (B“A“(x) . -:I(L__] +au2)A)2]} . (2.5)

The Stueckelberg transformation now corresponds to a change of variables in the functional integral (2.5);

AL()=A,(x)+ Hla”A(x) ,
P’{x)=exp (—i f?sA(x)>w(x) ,

() =B(x) exp (— %YSA(x)),

A'(x)=A(x).

(2.6)

Since the Jacobian of this transformation is unity, (2.5) becomes

zZ(h)=2z, f dpdgdAtdA

X expi [S(e‘YSA’/“zp, PeirsAs/un Ab _ i—a“A) + f d‘x(I“ (A, (x)+ #i 3, I*(x)A(x) - %[E“A“ +auA(x)]2>j| .

B. The Anomaly

To complete the analysis, it is necessary to re-
express the action in (2.7) in terms of ¥, J, and A".
If one were to take seriously the formula (2.1) for
the Lagrangian, then one would conclude that,
apart from the mass term, S is invariant under
the transformation (2.6). However, this conclusion
must be wrong, since it would imply, among other
things, that the three-current Green’s function

Tl-luot(p, q) =fd“xd4y eipxeiqy

XO| T*HJIE(x)J ¥ (y)I £(0)}|0)
(2.8a)
is transverse:

T (b, @) =q, (b, ) = (D + QuT**(p, q) = 0.
(2.8b)

2.1

This is known to be false because of the triangle
anomaly.* In lowest-order perturbation theory,
this Green’s function is given by

T"'(p, @) =T*""*(p, q)+T"**(gq,p). (2.9)

P+q

FIG. 1. The anomalous triangle graph. The exhibited
routing of internal momenta assures Bose symmetry.
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T#¥(p, q) is represented by the graph of Fig. 1,
where the bare vertex I'* is y®y,. This graph,
though finite, is superficially linearly divergent;
hence it depends on the routing of the internal
momenta. The exhibited routing assures that 7+
is Bose-symmetric:

T*(p, q) =T""(q,p)=T***(-p - ¢, q) .

The formula for (p +q), T*"(p, q) can be computed
from the Feynman integral representation for
T**(p, q) by purely algebraic manipulations.’
Rather than (2.8b), we find a nonzero result:

i(p +q)T*"™(p, q) = —8c€"™Pp g, . (2.10a)

Here c=-1/487>, By Bose symmetry, similar
formulas are found for p, T#*(p, q) and

g, T""*(p, q). This can be interpreted as noncon-
servation of J.

8, = cg®F*PF

(2.10b)
FoB =€thuuF‘w .
Note that (2.10b) may be rewritten as
3, 9F=
wIs=0, (2.11)

h=J¥ - 4cg?e"™BA 5 Ay

Thus it is seen that there does exist a conserved

|

current associated with gauge transformations,
but it does not coincide with the current J§ to
which the vector meson couples.

It is now possible to compute the anomalous
transformation law for the action, with help of
(2.10) and (2.11). The explicit argument is given
in the Appendix. The result is

s(eiysu/u v, Ye'Ysaeln | Au_l a“A)
n
=S, 3, A4)+ [d4x (164 A(x)8,A(x) + 1 A ()5,A()]

_g_:g [ @@ a4, (2.12)

The second term on the right-hand side of (2.12)
arises from the explicit gauge breaking, viz., the
boson mass, while the last term is the effect of
the anomaly.

The derivation of (2.12) makes use of the as-
sumption that the anomaly in the complete theory
is given by the lowest-order result (2.10). That
this is true in spinor electrodynamics and in the
o model has been shown by Adler,* and explicit
second -order calculations have verified the gener-
al argument.*

C. Absence of Quasi-Renormalizability

We now return to (2.7) and complete the evaluation of the Stueckelberg-transformed Z(I). From (2.7) and

(2.12)

z =Zofdlpd$dA“dAeXpi{Sp(w, ) +8,(¥, 9, A¥) +S5(A¥)

mn

v fas [—%A(x)(l] +au)A() - EE FO () F, o ()A() +1* (x)A, (3) +20,IH(AGx ]} .

(2.13)

Here S;(y, ¥) is the free fermion action, S,(y, §, A*) is the action associated with the fermion-meson inter-
action Lagrangian of (2.1), and S(A") is the free, modified vector-meson action

Sg(AM) =1 f d"x{A“(x)(El rap?A, (x)+(1 —%)[SMA“ (x)]z} )

SJ(A*) corresponds to a vector-meson propagator

- 1-a
kz_“z(g‘w‘kz_u_zak"ky>s

which has ordinary asymptotic decrease for large k. However, because of the anomaly, the Stueckelberg
field A does not decouple, but rather interacts through a nonrenormalizable derivative coupling with A*:

3
-4 %G“WBSHAVBQABA .

Consequently the theory remains nonrenormalizable. (Of course in a theory with a vecfor interaction
there is no anomaly; A decouples and the theory is quasi-renormalizable.’)
The A integral in (2.13) can be performed, with the result
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ZU):ZojdzpdEdA” expi{S,(zp, ) +S,(0, ¥, A“)+Sﬁ(A“)+]d‘xI“(x)A“(x)

-1 f atsaty [EE FerwF (o) - 2 |00 yluta) L Fot(a)Fogo) - au’:("’]} :
(2.14)
Here D(x|u?) is the propagator, normalized such that
@O+ p?)D(x|p?) = -6%(x).

Thus even if one is not interested in generating longitudinal vector mesons, i.e., 8,/* =0, there remains
an effective action corresponding to a nonlocal interaction arising from the anomaly

L2 [ atxaty PO WDl =5 0P 0)F ).

D. Zero-Mass Limit

Formulas (2.13) and (2.14) may be examined to study whether or not a zero-mass limit of the theory
exists,” Such a limit can of course only be taken for transverse components of a vector-meson field; hence
we set Bul“ =0. But now it is seen that it is still impossible to pass to zero-mass since the anomaly in-
volves

&% puv i
P H

Hence a zevo-mass theory does not exist. The same result can be established in another way. Consider
the vacuum-vacuum amplitude for a zero-mass version of this story. The analog of (2.2) is

z=zofdzpd$dA“ exp iS(, 7, A*) . (2.15)

S is constructed as in (2.1) and (2.3), except that the boson mass is now zero. Next consider an arbitrary
functional S, depending on ¥, ¥, and A, which satisfies

f doexpiS(e= #7150y, e~ 16150, Ak 1 akg) =1 (2.16)

Consequently (2.15) is equivalent to

z =zofd¢d$dA“deexpi [S(, T, A¥)+S(e™i€75%y, Geie7s0 | A¥ + #g)]
=Z, f dydPdA*do expi[S(y, I, A*) +S(e*75%y, Ye's7s0, A¥ ~ a4g)]

=Zof dydpdA*de expi[S (W, v, A*)+5(p, ¥, A*) - g"cf d“xF"‘B(x)f‘aB(x)e(x)]

=Z, f dydydA*expilSW, §, AY)+S(, Y, AY)J6(FPF ). (2.17)
Thus the zero-mass theory, by virtue of the 6 E. Discussion
function in the last term of (2.17), requires that
the anomaly be absent; this is not the case. It is not hard to present a Feynman graph which
The absence of the zero-mass limit is of course exhibits the difficulties which we have encountered.
a consequence of the fact that the equations of Consider the contribution to the vacuum polariza-
motion are inconsistent: tion given in Fig. 2. The integral is
9 KV = 14 d4 1,0,
WEH =8dss (2.18) n°® (k)= -%g"f —q—(zﬂ)4 T#Y% (~k + 4,=q)Dy, (k - q)

HY _ () — v_ 3 B 1
8,8, F =0=g20,JY =cg’F* Fos#0. XD,,:,,(q)T“"B(k—q, 7). (2.19)
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FIG. 2. A contribution to the vacuum polarization
tensor. The bubble labeled T is the AAA vertex.

If the theory is quantized by ordinary methods,
then the boson propagators D*” have a bad asymp-
totic behavior. The hope for quasi-renormaliza-
bility rests on the ability to remove the k,%, terms
in the propagators with the help of the Ward identi-
ties. If T#™ satisfied the naive Ward identities
(2.8b), then indeed one could drop the longitudinal
parts of the propagator, and one would be left with
the normal part [1%%(k),

d4
Iyf=-3g° f (2—"4)7 T"*~k +q, q)

xD(k - q)D(q)T,, 2k - q, q),
i (2.20)
D(k) = k_z:T,L—z .

However, because of the anomaly there are also
anomalous contributions to I8(k). These are

8c¢g3\2 [ d* -

x&uDk-q)D(g)#0.  (2.21)

The decomposition 1* =118 +11$# corresponds
to the Stueckelberg-transformed generating func-
tional (2.13), with a=1. MZ® is the vector-meson
part, where the meson propagator is -g,,D(k),
while II3® is given by an anomalous interaction of
the Stueckelberg A field (mass p) with the vector-
meson field. This is represented by Fig. 3,

11*8(k) also demonstrates the problems with a
zero-mass theory. Suppose we compute (2.19)
for massless vector mesons. The logitudinal
part should be zero. However, we find

dq s
o gll*2 () = 58P [ Ggle eV Y9k g ik g,
XDy e (2 -q)D,.,(q)
d4 ’ ’
=%(80g3)2f@%zf“”’ékﬂ.s%msfk’ q°

xD(k - q)D(q). (2.22)
This quantity, though quadratically divergent, has
an unambiguous absorptive part proportional to
k*6(k®). Hence the vector meson acquires a mass.

III. A SPONTANEOUSLY BROKEN GAUGE MODEL

An Abelian version of the spontaneously broken
gauge theory, which has been proposed as a model
for weak interactions, is given by the following

AND R. JACKIW g
kg
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FIG. 3. The contribution of the Stueckelberg field
(dotted line) to the vacuum polarization of the vector
meson (wavy line).

Lagrangian, called Stage :°
£,==3F,, F* +(0, +2igA,) " (0" - 2igA*) ¢
+129* ¢ —h(o* QY +ylif+ A(f - gv )b
- %GWW + ¢*) - %GJ’st)((p - ¢*) ’
FMV=3HAU_3VAM_ (3.1)
We shall first review the “proof of quasi-renormal-

izability” and then show how the triangle anomaly
affects the result.

A. Argument for Quasi-Renormalizability

The Lagrangian (3.1) formally possesses a gauge
symmetry of the second kind: {g}~{g°}, where
{4} stand for all the fields ¢, J, A*, ¢, ¢*, and
{¢°} is given by

(Cexplio(f - gvs)

Yexpl~i6(f +gvs)]

{g°h=C A* + 849 (3.2)
exp|2ig 6]¢

Lexx)[-2ig€]¢* .

The apparently conserved current is
Th= =Pyt (f - g7°N - 2ig $*(9* - 2igA¥) ¢
+2ig p(8" +2igA¥)p* . (3.3)

Because of the gauge symmetry, the vacuum-to-
vacuum transition amplitude Z,

Z=ZoquexpiS(q),

S(q)= f a*x2,(x),

is undefined, which reflects the absence of a ca-
nonical formalism. (The canonical momentum
conjugate to A° vanishes, and A° cannot be ex-
pressed in terms of canonically independent quan-
tities,)

To remedy this one uses the Faddeev-Popov de-
vice,'° Consider an arbitrary functional of g,
S(q), which satisfies




|

fdeexpis‘(q6)=1. (3.4)

Z may now be written as

z=2z, f dedgexpilS(g) +5(¢°)] (3.5)
=2, | dodgexpilsa™)+S(@)] (3.5b)
=zofdedq expilS(q) +3(g)] (3.5¢)
=2, f dqexpilS(q) +5(q)] . (3.5d)

Equation (3.5b) follows from (3.5a) by a change of
variables g =¢® which has unit Jacobian; ¢~° is

the inverse gauge transformation. Equation (3.5¢)
is a statement of the gauge invariance of S, while
in (3.5d) we have absorbed the (infinite) constant

f d6 into Z,. Thus the Faddeev-Popov prescription

J
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is to employ the action S+ S, rather than just S,
where S is arbitrary except that it satisfies (3.4).
One can show that vacuum matrix elements of
quantities F(q), which are gauge-invariant, F(q)
=F(q®), are independent of the choice for S.'!
The theory may now be quantized, using the
gauge-dependent Lagrangian £=£, +£, where

5- f A% E(). (3.6)

The spontaneous symmetry breaking is introduced
by assigning a real vacuum expectation value to
¢ and ¢*:

b= s wro+in),

(@) =(x»=0.

We then arrive at Stage 77, which is characterized
by the Lagrangian

(3.7)

L£,=8 - 1F, F" +3(2gvPA,A*+ 3(8,¢ - 28 A, XV +3(8,x + 284,V - 5(3hv* — u?)¢® + 2g0vAH (8,x +28A,¢)

= hoglg® )= (6" P 4T 18 G5+ AU = 1) = o (o ivg0 b - (o - Do = 56, (3.8)

where to lowest order hv?=p2, The vector meson

and the fermion both acquire masses, 2 gv and
(G/V2)v, respectively. Nevertheless, with an ap-
propriate choice for £ a renormalizable perturba-
tion theory emerges. Thus, if

ARy (3.9)
the A* propagator is
D, (®)= [ d*xe™=(0| T4, (04,(0)0)

_ gy, ~k,k,/KP) iak'RY

k2_(2gv)27 - k4 ’ (3-10)
whereas the y propagator is'?
D)= [ a*x e (0| Tx(x W (00
_ i ia(2gv)
=g 54 (3.11)

The gauge invariance should ensure that the theory
be independent of o, and @ may be conveniently
chosen to be zero,'® eliminating the 2~ terms.
This theory is manifestly renormalizable,!? but it
appears to be beset with poles at k>=0, However,
they should in fact be absent due to the underlying
gauge invariance, which leads to Ward identities
that ensure the cancellation of the Goldstone boson

—

(x) poles and the negative-metric ghost poles in
the vector-meson propagator. Of course one must
establish that the procedure of renormalization
does not invalidate the formal Ward identities. A
complete analysis of an Abelian gauge model with-
out fermions has been performed by Lee,'?> who
showed that one can make the necessary subtrac-
tions in a way consistent with the Ward identities
and that these indeed lead to the decoupling of the
massless particles.

Another way of seeing that the Goldstone boson
ghost cancellation occurs is to pass to the Stage
iii Lagrangian. This is achieved by a change of
variables in (3.5), for any S(g). Contrary to as-
sertions frequently made in the literature, this is
not a choice of gauge but merely a redefinition of
fields in (3.5) for any gauge (a point transforma-
tion). The desired change is from ¢, ¥, A*, ¢, ¢*
to a new set ¥/, ¥’, A¥, p, 6 given by

Y=exp[-i6(f - g?’s)]w’ s
¥ =9’expli6(f+&vs)],

AF= A 3“0, (3 12)

¢= J—lz—— p exp[-2ig 6],

1
¢* =75 pexp|2ig0].
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The Jacobian is detp. Consequently we have from (3.5)

z =Z°quexpi[5 (q)+5(q)]

— - 1 i 1 ;
=Zofdetpdpd9d¢d¢dAu expi{s(e"e(f'”s)zp, peirrers) Ak B“B,ﬁpe zue,ﬁpeme)

= . - 1 1
=Z, f detpdpdezpdzpdA"expz{S(zp, P, A¥, =TT p)

=Z, f det pd pdydd A exp i (zp, 7, A", %2- o, 715 p) ,

Equation (3.13c) follows from (3.13b) by the formal
observation that the change of variables (3.12)
leaves S invariant; (3.13d) is a consequence of the

(3.13a)
Sle-t%f=evs)y Pei®r+evs) AH _ ghp _}_pe"Z‘le 1 pe?isd l (3.13b)
+o\e by Y ’ '3 ) rz 5
— - 1 -2i 1
+S (e-ie(j-: 75)¢, ¢e‘e(f+‘75), A= aue,Tz_ pe 2::6’72__ pezue» (3.130)
(3.13d)
—
show that
8,J" =cg(g? +3f2)F**F,,,
3#3“ =0, (3.15)

normalization condition (3.4) satisfied by S. Thus
the Stage 77 Lagrangian is

aea = —%F‘“’F“y +%ay Pa“ P+§P’2P2 —%hp‘l

+2g%02A A, 4T I:iﬁ+4((f- gv) - T;Gp]zp,
(3.14)

This no longer posesses any gauge freedom.

Spontaneous symmetry breaking is now introduced
by assigning a vacuum expectation to p: (0|p|0)
=X. The perturbation series is then developed by
shifting p to p+x. This gives a mass i =2gx to the
vector meson and a mass M =GA/V2 to the fermion.
The Feynman rules are the usual, nonrenormaliz-
able ones, except that the Jacobian, detp, must
be taken into account. Since detp =exp[Tr In(x +5)]
=expi [ d*x{-i6*0)In(A +5)}, this merely adds a
contact term —i6*(0)In(1 +p/x) to the interaction La-
grangian, which serves to cancel some diver-
gences,

The importance of exhibiting the Stage iii La-
grangian, (3.14), is that it shows that all unphysi-
cal singularities are absent. This strongly sug-
gests quasi-renormalizability, since the same
theory is seen to be renormalizable in Stage 7 and
free of unwanted zero-mass singularities in Stage
tii.

B. Failure of Quasi-Renormalizability

The argument sketched above fails because the
triangle anomaly is present as a consequence of
the axial-vector coupling between A* and the fer-
mions. The relevant graph is as in Fig. 1, except
that the bare vertex is now I'*=—y(f -g7;5). Ar-
guments completely analogous to those in Sec. II

JH =J¢—4cg(g? +3f%)etBA 0,4,

(We again make use of the assumption that Adler’s
argument® establishing the absence of anomalies in
higher-order perturbation theory is applicable in
the present context; see also the last paragraph

in Sec. IIB.) The conserved current §* does not
coincide with the current J* to which A* couples.
Our first conclusion therefore is that Stage i La-
grangian (3.1) is inconsistent, since it involves a
massless vector meson coupled to a nonconserved
current:

9,Ftv=dv,
8,9,F"=0=08,J"
=cg(g®+3f2)F*BF 4 #0.

The same inconsistency emerges if we consider
Z,

(3.16)

Z=Z°quexpis(q)
=Zoqud9expi[S(q)+§(qe)]

=2, [ dqd6 expi[s(g=°) +3(q)]. (3.17)

Here S(g) is normalized as in (3.4). Because of
(3.15) and (3.16), we have by the same arguments
that lead to (2.12)

S(g™%) =S(g) - cg(g?+ 3f2)fd4xF°‘°(x)f‘aB(x)6(x) .
(3.18)
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[ The second term in (2.12) is absent here, since
it arises from the vector-meson mass, which is
not contained in (3.1).] From (3.17) we see that

VA =Zof dqd6 expi[S(q) +S(q)
-+ [ a*waﬂ(x)ia,,(x)o(x)]

=2, [ dqo[F = Fog)expils() +S(g)].  (3.19)

Thus the theory described by (3.1) is consistent
only if F*8F,_ g vanishes.

Let us ignore this difficulty and pass to the
Stage 72 Lagrangian, by using (3.5d)

z=2, f dgexpi[S(g) +5(q)]. (3.20)

Thus we are considering a differvent theory from
that described by £,: A theory in which gauge in-
variance is explicitly broken by S(g). This may
not be unreasonable, since in the end (Stage i)
we are not interested in a gauge-invariant theory
anyway. So if it were possible to produce a re-
normalizable, physically acceptable theory, we

would be willing to abandon Stage i. However, it
will be seen that this does not lead to a satisfac-

tory theory.

With the choice S(q) = <(1/2a) [ d*x{3,A"(x)]* the
theory described by £, is renormalizable, since
the vector-meson propagator D, (k) is given by
(3.10). However, the Ward identities which nor-
mally would effect the cancellation of the zero-
mass singularities in the S matrix are anomalous
due to the triangle graph. In the Abelian case,
without fermions, considered by Lee it was pos-
sible to prove the validity of the Ward identities by
using Pauli-Villars regulators for the vector-
meson and scalar fields that preserved the gauge
invariance. In our case it is impossible to intro-
duce massive regulators at Stage ¢ for the fermion
fields due to their axial-vector couplings, and in
fact the Ward identities are anomalous.

It is perhaps instructive to exhibit a physical
amplitude which contains an unphysical singularity
due to the anomaly in the Ward identity. Consider
the fourth-order (in g and f) contribution to fer-
mion-antifermion annihilation to a vector-meson
pair. The four graphs that have zero-mass poles
are shown in Fig. 4. It is easy to see that these
graphs are independent of the gauge parameter «,
which we therefore set equal to zero, in which
case the graphs given by Fig. 4(c) and Fig. 4(d)
vanish. The residue of the pole at #=(p+¢)*=0
is proportional to

AF =k T (k,p, q) - 2igvT*(k,P, q),  (3.21)

p P
>_-_-< i > -<ma
k "k
,..a..,.B .TB

(a) (b)

o G

q
() +crossed graphs (d)

FIG. 4. The graphs that contain zero-mass poles for
fermion-antifermion annihilation. The wavy (dashed) lines
represent the vector-meson (x) propagators; solid lines
are fermions.

where T**” (T"") is the irreducible 3-point function
(2-point function) of A%, A and AY. Recalling
that the mass of the fermion is given by (1/V2)Gv,
we see that the vanishing of A*Y is equivalent to
the validity of partial conservation of axial-vector
current (PCAC):

Py, (f—gvs =27%'v$75¢ .

This is false. To lowest order T°*” and T*" are
uniquely calculable and A*” is in fact given by the
term previously calculated, which is independent
of the fermion mass (or of G):

A = —8ce"™Bp q.g(g% +3f%). (3.22)

Thus the Goldstone boson (x )-ghost (4*) cancella-
tion does not occur.

One might attempt to remedy this by adding
counterterms to the Lagrangian which cancel the
anomaly. In fact to this order one could add the
term

2 2
2= LY o, Tty (3.23)
v
to £,, thus canceling the anomaly. Furthermore,
one can guarantee the cancellation of all anomalies
by adding to the action S(g) terms that render
it invariant, at Stage ¢, under gauge transforma-

tions. From (3.2) and (3.18) it is clear that
S(q)=S(q) +¥ic(g? +3r?)
X dquaB F (p(x)
' (I Faa ) In 00
is gauge -invariant, i.e., §(q'6)=§(q). Because of
the logarithm of fields ¢ and ¢*, this action cannot

be used for practical calculations at Stage ¢, but
at Stage i it corresponds to the Lagrangian

(3.24)
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£, =8, +5ic(g? +3f2)F o F*® In{[1 + (¢ +ix)/v][1 + (¢ —ix)/v]™}
=8, -5 (2% +3)FoF Py + 0(g"), (3.25)

which coincides with the counterterm (3.23) to lowest order in g [recall that 2gv =mass of the vector me-
son, and thus v= O(1/g)]. This Lagrangian is clearly nonrenormalizable.

Thus at Stage ii we are fixed with two unacceptable options: (a) If we adopt £, as our Lagrangian then
the Ward identities are invalid and the theory contains zero-mass unphysical singularities. (b) If we in-
stead use the manifestly gauge-invariant nonpolynomial Lagrangian £, we destroy the renormalizability of
the theory. Thus the theory is not quasi-renormalizable.

Once again we can exhibit the difficulties by passing to Stage éii. If we start with (3.20) and effect the
change of variables (3.12) we find

. -iO(f= - P _o; [ Y
Z=ZofdethPdelpdEdA“expz[S<e i6(f ”5’11), zpe‘e(f"US),A“— 3#9’\/__2‘3 2::6,Tzezue>
1 4 LA o
—ﬁfd x[BuA (x) = 06(x))
= TdA* expi 744 £ P
ZofdetpdpdodzpdwdA expz[s(zp, P, A ,\/-2—,72—)

- f d“x(g(gz+3f2)cF‘°‘B(x)Faﬂ(x)6(x)+2%[8“A" (x)—CI()(x)]2>]. (3.26)

We have used the anomalous transformation law for the action (3.18). It is now impossible to exploit the
normalization condition on S

fd()exp(-z—zifd“x[apA“(x)-De(x)]2>=consta.nt,

to perform the 6 integral, since an additonal ¢ dependence has been introduced by the anomaly.
To evaluate the 0 integral we shift the 6 integration in (3.26)

6(x)=6'(x) -fd“yD(x-yIO)a,‘A“(y). (3.27)

Then the 6 part of the integral in (3.26) is

[asexp=ifa x(—[[le(x)]2+cg(g +3F2)FB()F, B(x)@(x))

xexpicg(g® + 3f )fd “xd *y F®(x)F o (y)D(x - y|0)8, A¥ (x)

=expicg(g® +3f?) f d*xd*y F®(x)F,p(x)[D(x - y|0), 4" (y) + acg (g% + 372)G(x - y)F* (y)F , )] -

(3.28)
An over-all constant has been dropped. G here is

Gle)= f @n)* k4+ze (3.29)
(This is infrared-divergent.) Thus (3.26) becomes

z=2, f detp dpdydjdA*

X expi f d‘x(£,(x) +cg(g®+ 3f’)F°‘B(x)I7‘ae(x)f d*y[D(x - y|0)8,A* () + 3acg(g® + 3f2)Gx - y)E (y)F u.,(y)]) .

(3.30)
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It is seen that the Stage 7i7¢ Lagrangian, which
arises from the renormalizable but non-gauge -
invariant Stage 77 Lagrangian, contains in addition
to £, interactions with the anomaly FF. These
lead, as in Stage i7, to 1/k® singularities which
arise from D(x — y|0). Moreover, there remain
an « dependence and 1/4* singularities from
G(x -v).

If we were instead to work with the gauge-invari-
ant Lagrangian £, we would have had no problem
integrating out the 6 field. In fact, the Stage iii
theory corresponding to £, is given by £,, which
is manifestly physical. However, £, is not renor-
malizable, and it is easy to convince oneself that
the same is true of £,.

IV. A QUASI-RENORMALIZABLE MODEL WITH
AXIAL-VECTOR COUPLINGS

A. The Model

We have shown that a gauge theory of vector me-
sons coupled axially to fermions is not quasi-re-
normalizable. In order to be able to construct a
Stage ¢ Lagrangian in which the Goldstone bosons
decouple it is necessary to preserve gauge invari-
ance at Stage i. We showed that this could be
achieved by adding terms to the Lagrangian, which
restored the gauge invariance; however, these
new interactions were nonrenormalizable. Is there
a way out?

The only other modification of the theory which
seems possible is the addition of other fermions,
with opposite axial-vector couplings. Since the
triangle anomaly is odd in the axial-vector coupling
one might hope that the anomalies would disappear
and that the resulting theory would be quasi-renor-
malizable,'*

Consider the following Stage ¢ Lagrangian:

LF =—iF,, F* +(3, +2igA,)p*(o" - 2igA*) ¢
+u*(P* D) ~h(P* OF + Ylif + A(f - gvs)] ¥
+P'liB+ A(f+ 8v) W= 3GP[S(1 +75) +d*(1= 1) |y
=5GP [o(1-vg) + X1 +7,)]y". (4.1)

This Lagrangian differs from (3.1) by the addition
of a fermion 3’ with opposite axial-vector coupling
and equal vector coupling to A*. It is formally
invariant under gauge transformations of the sec-
ond kind, where ¢, ¥, A*, ¢, ¢* transform as in
(3.2) and where

V' ~explio(f+gvs)ly’.
¥’ =9 exp[-i6(f - gvs)].

It is clear that when one adds the contributions
of the two triangle graphs, one for each fermion,
the anomaly is removed. In fact, in lowest order

4.2)

[g(g®+3f?)] the three-point function of A* is identi-
cally zero, since the two fermions have identical
masses and the triangle graph is odd ing. It is
then possible to show that there are no additional
anomalies,!® and that therefore the above Lagran-
gian is in fact gauge-invariant and that this Stage-
i theory is consistent and renormalizable.

B. Proof of Quasi-Renormalizability

We shall now outline a proof of the quasi-renor-
malizability of the Stage 77 theory which emerges
by adding to £¥ the term £ given by (3.9) and by
introducing spontaneous symmetry breaking. This
theory is described by the manifestly renormaliz -
able Lagrangian

er=g, +$'[iﬁ - %2-” +A(f+&7vs) —%(4) —iwsx)]w',
(4.3)

where £, is given by (3.8). The new fermion has
acquired a mass equal to G’v/V2, which in general
differs from the mass Gv/v2 of the original fer-
mion. The sum of the two triangle graphs no
longer vanishes, however the anomaly, which is
independent of the fermion mass, cancels in the
two graphs.

As shown by Lee,’? the proof of quasi-renormal -
izability consists of three steps: (1) The theory
is rendered finite by a regularization procedure
which preserves the underlying gauge invariance
and the formal Ward identities. (2) One then
specifies a finite number of subtractions for the
primitively divergent, one-particle-irreducible
Green’s functions, consistent with the Ward identi -
ties relating the various vertices. This ensures
that when the cutoffs are removed the renormal-
ized Green’s functions obey these identities. (3)
One then proves that the Ward identities lead to
the cancellation of the Goldstone boson and the
negative-metric vector-meson poles.

It is at Step 1 that our procedure must differ
from that of Lee; the remaining steps are identi-
cal. It is still possible to introduce (as long as
the gauge group is Abelian) Pauli-Villars regula-
tors for the vector and scalar mesons, We do so
in exactly the same manner as Lee.!? With a suf-
ficiently large number of boson regulators all
primitively divergent graphs can be made finite
except for those involving internal fermion loops.
These we will deal with separately, since we can-
not introduce fermion regulators without destroy-
ing the gauge invariance of the theory. (This is
most simply seen at Stage i, where all fermions
must be massless.) Following Adler,'® we can
make the theory finite by performing intermediate
explicit subtractions on all divergent one-fermion-
loop Green’s functions with no radiative correc-
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tions. Thus a typical second-order contribution
to the vector-meson self-energy, Fig. 5(a), will
be made finite by an explicit subtraction of the
AAAA one-loop vertex [Fig. 5(b)] and the use of
the vector-meson regulators; whereas the sixth-
order contribution depicted in Fig. 5(c) will be
finite once the one-loop AAAA [Fig. 5(b)] and AA
[Fig. 5(d)] vertices have been explicitly subtracted.
Step 1 will be completed if we can make the ex-
plicit subtractions in a way consistent with the
Ward identities relating Green’s functions of A* to
Green’s functions of x. The (quadratically diver-
gent) two-point functions and the (logarithmically
divergent) four-point functions are anomaly-free
and can easily be subtracted in a way consistent
with the Ward identities, even if we did not have
the additional fermions. These are only required
to deal with the AAA triangle, which is finite and
anomalous. With the additional fermions present
the anomaly cancels, and the Ward identity which
is necessary for (3.21) to vanish is satisfied.
Since it has been shown that all other triangle
graphs are nonanomalous,* all boson one -loop
graphs can be rendered finite consistent with the
Ward identities. This regularization procedure
will guarantee that in the cutoff finite theory the
Ward identities are indeed true. The remaining
steps are then identical to those of Lee,? except
that there are additional primitively divergent
Green’s functions. This theory is therefore quasi-
renormalizable.

C. Discussion

We have shown that quasi-renormalizable gauge
theories with axial-vector couplings can be con-
structed if one adds a new fermion whose couplings
to the vector meson differ only by interchanging
left and right: y;—~ —vs. Since the coupling strength
of the new fermion to the scalar mesons G’ is ar-
bitrary, one can arrange its mass to be arbitrarily
large at Stage ii. However, the additional fer-
mion, which removes the anomalies, cannot be
regarded as a regulator since its mass cannot be
taken to be infinite. This is because

FIG. 5. Some typical contributions to vertex functions
of vector mesons.

M, =M,G'/G, (4.4)

and M,, -~ implies that G’ ~~. Whenever one lets
a dimensionless coupling constant become infinite
one is inviting disaster. It is easy to exhibit re-
normalized amplitudes which, although finite and
unitary for finite G/, diverge as G’ -,

Consider the triangle-graph contribution of the
new fermion to T"V(k,p, q) [the xAA vertex func-
tion, see Fig. 4 and Eq. (3.21)]. This graph is
given by (apart from numerical constants)

T (6,0, )= 37 (8+ 37, e ™Sp g1, 4, M, ),
(4.5)

where
1p,q, M) = [“ax [Tasly(1=p* + 1 - 07
0 (]

- 2xypq - Mw,z]'l .
(4.6)
For large, Euclidean momenta (4.6) vanishes:

I(p,q, M) ~ A~%InA, 4.7
g Ao
and therefore T,” approaches a constant (up to
logarithmic terms). This behavior is that given
by Weinberg’s theorem,’® and ensures that when
T*" is inserted into larger diagrams they will have
their normal degree of divergence.

On the other hand, if we first let M, ~«, we
see that /-~ M, 2, so that

HY —_— T 2} HUaB
T (R, p, q)uw,“ 2, (g2+3f )e¥"%p.qp, (4.8)

which has quadratic growth for large momenta.

In fact in this limit we just recover the contribu-
tion to 7X” of the nonrenormalizable counterterm
(3.23) considered previously. The effect of this
will be that finite renormalized S-matrix elements,
which contain T}” as a subgraph, will diverge as
M,, -~ (e.g., fermion-fermion scattering to sixth
order, Fig 6).

Therefore we may not let M, ~«. In fact if we
wish to keep G’ small, say of order g, then we
must keep M. of the order of the vector-meson
mass M,, since M,.=V2 G'M,/g.

The underlying reason that the anomalies are
canceled for £F is that the fermion—vector-meson
couplings are parity -invariant, if the parity trans-
formation for fermion fields is defined to be

Py, P =1%’(=%, 1). (4.9)

In fact, we can define linear combinations of ¥
and ', which are parity eigenstates under (4.9):



|o»

FIG. 6. A contribution to fermion-fermion scattering
which contains a triangle subgraph in fourth order; con-
ventions are as in Fig. 4.

£, =712-(¢¢w'), (4.10)

and the Lagrangian can be rewritten, at Stage i, as
LR =—{F,,F" + £(, ¢*)
+E, B+ FAE, +T_GR+ fAE.
-glE, Ayt +E Ay k]
+G (B 6, +E_E )@ +i(E vk, + E,vsE )X

+G_[(E E_+E_£ )@ +i(E,vst, +E_vE X],
(4.11)

where G, =1/2V2 (G+ G’) and £(¢, ¢*) contains
only scalar field variables. This form shows that
all couplings are parity conserving except for the
coupling proportional to G. of the scalar mesons
to the fermions. We call this form of the theory
Stage 0.

One can go even farther and construct a theory
which is parity-invariant at Stage 0, and in which
parity is broken spontaneously at Stage ii. This
we do by introducing an additional set of pseudo-
scalar mesons ¢’ and x’,

¢>’=7£2-(<p'+ix’)

[coupled by £(¢’, ¢’*) to £] and by replacing the
parity-violating coupling of the fermions with

G, E_+T_£ )@ +i(E,vst, + E_vst_X'].

At Stage ii both ¢ and ¢’ have nonvanishing vacuum
expectation values, and this then breaks parity
conservation (as long as G_#0). The resulting
theory is the same as before, except that one now
is left with an additional pseudoscalar meson ¢’.
The only advantage of doing this is the esthetic
appeal of having a theory which in Stage 0 is both
gauge- and parity-invariant, and in which all sym-
metries are broken spontaneously.

V. NON-ABELIAN MODELS

A. The Anomaly

In this section we shall extend our analysis to a
discussion of models which might describe the

EFFECT OF ANOMALIES ON QUASI-RENORMALIZABLE... 489

weak interactions® and therefore must involve non-
Abelian vector-meson gauge fields with axial-vec-
tor couplings to fermions. In the absence of any
known gauge -invariant regularization technique
for non-Abelian theories, the possibility exists
that new anomalies associated with the vector me-
sons might appear. In any case the fermion anom-
alies are, in general, present and must be can-
celed by the previously discussed mechanism.

Consider the gauge theory described by the La-
grangian (Stage i)

£,=-1G, G +J[if -gv* A, (1 =), (5.1)
where

Gy =8, AL = 8,A% +8f o ALAS,

A, =3NAY, (5.2)

[xe, X]=2if . 1°,

and the 1*’s form a representation of an (arbitrary)
Lie group. (We have suppressed the scalar me-
sons.) This Lagrangian is formally invariant under
the infinitesimal gauge transformation

A%~ A% - 8,6°+ gf , 0°AS,
Y~ [1-1g6°2%(1 = v4)]y.

However, because of the triangle anomaly, this
formal invariance is broken. The anomalous tri-
angle graph can be calculated as in Sec. II. In the
non-Abelian case, however, there are additional
anomalies. Specifically, the square graph (the
AAAA vertex) is anomalous since the derivation
of the naive Ward identity involves a translation of
integration variables in linearly divergent triangle
diagrams. These linearly divergent integrals are
made finite and unique by symmetric integration
and the requirement of Bose symmetry. These
calculations can be summarized by the statement
that the naively conserved currents

JE= 1y, (1 = y)32%
satisfy
e =W =g’ BTr{x[20,4,0,A5 -1,(4,A.4,)]}.
(5.4)

This form for the non-Abelian anomaly differs
from that usually given in the literature; since we
treat the vector-axial-vector (V-A) current as a
unit, whereas the usual derivation treats vector
and axial-vector currents asymmetrically.!”
Since W* is a total divergence,

W =0otWe = 0¥ cg’€, s TP{A[2AV8% AP —iAVA°AR]},
(5.5)

the current §; =J% —w! is conserved; and as in
Sec. II we can then show that the infinitesimal

(5.3)



490 D. J. GROSS AND R. JACKIW 6

variation of the action under (5.3) is 6S = 6%(x)W2(x).

Clearly unless W* vanishes (for all a) the theory
will not be quasi-renormalizable. The trace in
(5.4) can be evaluated directly, yielding

We= - (1g3c)d,,e"® 9,[A8(40, A5 + £ 4, ASAD],
dope =3 Tr22{X°2}].  (5.6)

Thus unless d,,, vanishes the anomaly will be
present.'®

If we apply this analysis to Weinberg’s models
for the weak and electromagnetic interactions of
leptons,?:'° we see that both are plagued by anom-
alies. In the first model,? built on a SU(2),® U(1)
gauge group, the anomalies do not appear for the
SU(2) gauge group [since d,,, =0 for all representa-
tions of SU(2)]; however, they are present for the
U(1) gauge group (the hypercharge current). In
this model the electron and the muon are indepen-
dent multiplets. However, one cannot use the
muon to cancel the electron anomaly, since both
the electron and the muon neutrino are left-handed.
In the second model'® all the leptons are put into
a triplet, and the gauge group is SU(3), ® SU(3).
The anomalies are certainly present, since 4, #0.

In order to remove the anomalies we must have
for every right-handed (left-handed) fermion a
corresponding left-handed (right-handed) partner
with identical couplings to the vector gauge fields.
Since in the real world we are interested in the
weak interactions of both leptons and hadrons there
are two possibilities for anomaly cancellation:
(1) Both the leptonic and the hadronic weak cur-
rents are nonanomalous, and we double the number
of fundamental leptons and hadrons. (2) Only the
full weak current is nonanomalous, due to the
cancellation of leptonic and hadronic anomalies.

B. Separate Leptonic and Hadronic Cancellations

The most straightforward way to cancel the
anomalies in the leptonic weak currents is to
double the number of leptons, introducing another
electron, e’; a muon, p’; and their massless
right-handed neutrinos, v,. and y,,. One then cou -
ples these to the gauge fields, interchanging right
and left, with the same couplings as the ordinary
leptons. The arguments presented in Sec. IV in-
dicate that the resulting theory will be quasi-renor-
malizable, barring new anomalies associated with
the non-Abelian gauge fields.?° As in Sec. IV, one
could also construct models in which parity was
spontaneously broken at Stage ii. The only upper
bound on the masses of the additional fermions is
given by the vector-boson mass, following from
the requirement of weak coupling. However, this
is hardly stringent, since the vector mesons must
have typical masses greater than 40 BeV. There

is no experimental evidence against the existence
of such leptons with masses greater than the mass
of the K meson.

A similar mechanism would then be required to
deal with the anomalies in the hadronic weak cur-
rents. Thus in a quark model one would need a
new set of quarks, with chirally opposite weak
couplings. Furthermore, if vector gluon fields
are the mediators of the strong interactions, then
both sets of quarks must couple with identical
strength to the gluons; otherwise one would have
anomalies in Green’s functions involving the gauge
fields and the gluons. One then has a new, con-
served, baryon number associated with the new
quarks. However, since these quarks could have
an arbitrary mass and different scalar gluon cou-
plings, one is not forced to expect their bound-
state spectrum to be similar to that of the usual
hadrons.

The disadvantages of the above anomaly-cancel-
ing mechanism are the following: (1) One must
postulate at least two new conserved quantum num-
bers (lepton and baryon number) and the existence
of new leptons for which there is no experimental
evidence. (2) Having canceled the anomalies in
the weak hadronic current, it is difficult to evade
the consequences of the Sutherland-Veltman the-
orem, and PCAC therefore cannot be applied to
m°—~2y.* In fact, experimental confirmation of the
relations between various reactions derived from
anomalous Ward identities*:?' would be evidence
against the above anomaly-canceling mechanism.

C. A Lepton-Hadron Anomaly Cancellation

It would be much more economical to cancel the
leptonic anomalies with hadronic anomalies, ob-
viating the introduction of new leptons and hadrons.
To do this one must construct models in which the
leptons and the fundamental fermion hadrons belong
to identical multiplets of a given group, and couple
in chirally opposite ways to the gauge vector
fields. In fact such a cancellation naturally takes
place if one attempts to incorporate nucleons into
Weinberg’s SU(2), ® U(1) theory of electrons.?

This is because the antinucleon doublet

()

has the same charge structure as the left-handed
neutrino electronic doublet

1=("e
e.)’
Since G,/Gy~+1 it is natural to assume that the
unrenormalized nucleon weak current is — (V- A).

However, this means that the antinucleon doublet
couples to +(V + A), and this is exactly what is
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required to cancel the electronic and nucleonic
anomalies.?? We can then couple the nucleons
directly to the scalar mesons, or indirectly
through a (o, 7) multiplet of scalar mesons as sug-
gested by Weinberg.?®

The above model does not incorporate muons
and strange hadrons; however, it is easy to con-
struct models that do. In fact models involving
leptons and quarks in a symmetric fashion have
been introduced before.?* These models are based
on an SU(4) quartet of quark fields, and have the
important advantage of eliminating first-order
weak neutral strangeness-changing currents. The
quark quartet is composed of the usual @, 9z, and
A SU(3) quarks with the addition of a®’ quark,
which differs from the triplet by one unit of a new
quantum number (charm). In analogy with the
above scheme for electrons and neutrons we as-
sign to the antiquark the same charges as the four
leptons. (One could always assign the quarks the
same charges as the leptons; however, it would
then be hard to understand why G,/Gy~+1. The
leptons and the quarks are then represented by
the vector spinors®

Ve

- Vﬂ = A

l= e= ’ q= el (57)
[Ty @

and the quarks are assigned charges 0, 0, +1,
and +1 for ;z, A, @’ and ®, respectively. The
antiquark and lepton quartets are then symmetric.
The leptonic charged weak current belongs to the
multiplet of currents

FL=TCpy, (1 +7y)1, (5.8)
where
01 10
+ -\t _ 3 _
cr="=(g o)» t=( 3) 5.9)

(all entries in 4 X4 matrices are 2x2 matrices),
whereas the hadron charged weak currents belong
to the multiplet

- w0\ /u" 0

c,,=(0 u)cL(o u+), (5.10)
_(-sinf cosd

u_<cos9 sin9> (5.11)

(¢ is the Cabibbo angle).

It is now easy to generalize Weinberg’s model
to incorporate these leptons and hadrons. We ex-
hibit the couplings of the leptons and the quarks
to the SU(2), ® U(1) gauge fields:

L =T[gC, K+ g B]3(1+,)l
-q(eC. A+ 2B (1 +v.)q

+3g' [TB(L=C3)(1 -y, -gB1 - C(1-75al.
(5.12)

From the discussion above we know that there
will be no anomalies associated with the SU(2)
gauge fields alone (since d,, =0), and the anomalies
in triangles with one or three B* fields clearly
cancel. Furthermore, there are no neutral
strangeness-changing weak currents, and the had-
ron weak current is still anomalous by itself, so
7° can decay into two photons. The disadvantages
of this scheme are (1) It forces us to a somewhat
strange charge assignment for the quarks. In
particular the charge operator has a singlet piece
and the baryon octet cannot be built up from a
single quartet of quarks.’® As in the previous
scheme, we must introduce a new quantum number
(charm), for which there is no evidence. (2) The
above theory places severe constraints on the
strong interactions. Thus, for example, one can-
not introduce neutral vector or axial-vector gluons,
which mediate the strong interactions, since these
would give rise to new anomalies. Scalar or
pseudoscalar neutral gluons above are unaccept-
able, since the strong interactions would then be
invariant under four charge-conjugation operations
that act separately on each quark.”” This would
lead to an unacceptable degeneracy of charmed and
uncharmed states. Therefore, in the context of
the above anomaly-canceling scheme, one cannot
mediate the strong interactions with neutral sin-
glet gluons. One could, of course, introduce multi-
plets of scalar gluons (say, a generalized o model);
however, we feel a bit uneasy about a scheme
which is so unstable with respect to the strong
interactions.

In conclusion we see that although the previously
suggested models of the weak interactions are
not quasi-renormalizable there are a variety of
ways to cure the difficulties. It is clear the anom-
aly cancellation will place additional constraints
on any model which attempts to describe the real
world.
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APPENDIX: ANOMALOUS TRANSFORMATION
LAW FOR THE ACTION

We derive Eq. (2.12) using (2.10) and (2.11).
The total action S is separated into three pieces:
The free fermion term S, the free meson term
Sy, and the interaction term S,;. Consider first
the infinitesimal change

sy=ig 12 AIP, 6p=i= %5

applied to S, +S,. Since S, +S; corresponds to

the interaction of a fermion with an external vec-
tor-meson field, and since there does exist a con-
served current g associated with gauge transfor-
mations, we conclude that

Sp(9+09, P+09)+S,(y +6, ¥ +069, A*)

=S, ) +S (0, w,A“)-ﬁ f d*x 9L (x)0,A(%).

(A1)

(Equations of motion must not be used to drop the
last term, since we need the variation of S for
arbitrary fields, not just fields satisfying the
Euler-Lagrange equations.) Equivalently we have
to first order in A

S +0y, P+069)+S,(y +64, § + 69, A* +6A*)

=Sp(¥, 9) +S (s, §, A* +6AY) —f f d*x g (x)9,A(x),

(A2)
with 6A* =—=(1/p)8* A, Furthermore we also have
SF(Zpa a) +S;(¢: i, A* +5A“)

=S.(, D) +S,@, §, A¥) +£ f d*xJE (x)3,A(x).

(A3)

This follows from the definition that J£ is the ob-
ject to which A¥ couples. Combining (A2) and
(A3) yields

|

55, +s,)=§ f A TE(x) - 95 (x)]8, Alx)
=§fd“x4tgze“"°‘BA,,(x)aaAB(x)ayA(x)

--&¢ f A AFB(x)F s (1)A(K).  (A4)
Here we have used (2.11). Since F*’ is gauge-in-
variant, the second and higher variations of

Sy +S; vanish. Thus we conclude that
SF(e’VSA‘/“lP, ieiysu/u)
+s,<e‘75“’“zp, PetVsAe/n An_.l;,u,;)
W
=SF(¢: ﬂ;) +Sl(¢! QJ,A")
3. .
- f dxF B ()F, 4 (x)A(x) .

(A5)

Finally we calculate the change of S,, making use
of the explicit formula for the free meson Lagran-
gian; no known anomalies are associated with it.

1
S,,(A“— " B“A)
=5 ,,(A%) + f d*x [50* A(x)8, A(x) + L A" (x)2,A(x)] .
In summary we have
S(e‘VS“‘/“ U, et vsAsln Ab_ 1 a“A)
n
=5y, 9, A¥)
+ f d*x [0 A(x)3, A(x) + pAH ()0, A(x)]
£¢ fd“xF"‘B(x)FaB(x)A(x) . (A6)

This establishes the result (2.12).
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The Efimov-Fradkin method in nonlinear field theories, in the context of a simple ration-
al function Lagrangian, is analyzed in thelight of the Carleman uniqueness theorem for
asymptotic expansion. It is proven that the Carleman theorem allows the elimination of the
ambiguities related to the formal summation of the perturbation expansion in the minor
coupling constant. This result however implies that the two-point Green’s function to sec-
ond order in the major coupling constant does not have the correct analyticity properties
as required by unitarity. These results are easily generalized to other classes of nonlinear

theories.

L. INTRODUCTION

Nonlinear field theories, which arise in connec-
tion with physical requirements, such as for ex-
ample chiral symmetry,! are defined by interac-

tion Lagrangians of the type
Li(¢)=x:F(gp(x):, (1.1)

where F is some nonpolynomial function of the
field ¢(x), and it is customary to define A as the



