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Helicity amplitudes for the decay process 1 2+ 3+ 4 involving particles with arbitrary
spins are expanded in terms of matrix elements of the O(4) group transformations. The
resulting expansions display the entire dependence on the kinematic parameters (energies
and angles) explicitly and can be interpreted as standard O(3) partial-wave expansions of
the amplitudes in a center-of-mass-like frame of reference, supplemented by O(4) expan-
sions of the partial-wave helicity amplitudes. Restrictions on the O(4) amplitudes due to
parity conservation are established, -the physical meaning of all the quantum numbers
figuring in the expansion is clarified, and the expansions are shown to have a reasonable
threshold and pseudothreshold behavior. The expansion formula, as well as its inverse,
involves amplitudes defined in the physical decay region only. The O(4) expansions of
this paper are a modification of O(3, 1) expansions of helicity amplitudes for the scattering
of particles with arbitrary spins, suggested in the preceding paper. For spinless particles
the corresponding expansions have been derived and applied earlier by Hicks and Winter-
nitz.

I. INTRODUCTION

In the preceding article, ' further to be referred
to as I, we have presented and discussed two-vari-
able expansions of helicity amplitudes for the re-
action 1+2-3+4 involving particles with arbi-
trary positive masses and spins. The helicity
amplitudes were expanded in terms of certain
transformation matrices of the homogeneous Lo-
rentz group, written in a basis corresponding to
the group reduction 0(3, 1)20(3)30(2). The am-
plitudes are considered in the center-of-mass
frame of reference; the entire dependence on the
c.m. scattering angle (as well as on an azimuthal
angle 8) is contained in the usual 0(3}group D
functions, whereas the dependence on the c.m.
energy is contained in 0(3, 1) d functions (Wigner
boosts). The expansions were shown to have cor-
rect threshold and pseudothreshold behavior, to-
tal angular momentum is diagonalized, restric-
tions due to parity conservation can be imposed
in a trivial manner, and the expansion can be in-
terpreted as the standard Jacob and Wicle partial-
wave expansion, in which the 0(3) little-group par-
tial-wave helicity amplitudes are further expanded
in a manner dictated by the incorporation of the
rotation group into the Lorentz group 0(3')IF-O(3, 1).

The expansions of I are a direct and straightfor-
ward generalization of the 0(3, 1) two-variable ex-
pansions considered previously for the scattering
of spinless particles (see, e.g., Refs. 3-7). Let
us note that a general formalism, incorporating
various single-variable and two-variable expan-

sions, was suggested by Feldman and Matthews'
and was made use of in I.

One type of application of the two-variable ex-
pansions that we have in mind is to perform phe-
nomenological fits to experimental data. Since
the dependence on both kinematic parameters (en-
ergy and scattering angle, the Mandelstam vari-
ables s and t, or some other pair of variables) is
explicit, we should be able to perform, e.g. , a
partial-wave analysis of scattering data, simulta-
neously over a certain energy region (or over all
energies). Alternatively one could perform say
an s-channel Regge-pole fit simultaneously over
a whole region of squared momentum transfers I,.
As was discussed previously, ' such a program for
scattering encounters certain difficulties since
the 0(3, 1) two-variable expansions involve at
least one integral (and sometimes two), which
must somehow be approximated. We postpone an
investigation of this problem to the future and in-
stead turn to the three-body decay process

2+3+4,
where the situation is much simpler. Indeed, for
the process (1) the physical region is finite [we
have, e.g., (ms+m4) ~s~ (m, —m2), (m2+m4)
& f & (m, —m, }', and (m, + m, )' ~ u ~(m, —m4)'] and
this can be used to transform the 0(3, 1) expan-
sions into 0(4) expansions. The group 0(4) is
compact, all irreducible representations are
finite-dimensional and unitary (or equivalent to
unitary ones), so they can be labeled by discrete
quantum numbers. Hence expansions of decay
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amplitudes will involve sums only, which can
readily be truncated in phenomenological appli-
cations. Such O(4) expansions for spinless par-
ticles were obtained previously' and have been
applied to analyze K- 3w and q -3m Dalitz plots. "

In this paper we obtain O(4) expansions of helic-

ity amplitudes for the decay (1) in the case when
the particles have arbitrary spins. We also dis-
cuss the relation of these expansions to other ap-
proaches, obtain restrictions due to parity con-
servation, and investigate threshold and pseudo-
threshold behavior.

II. KINEMATICS OF THE DECAY AND SOME MATHEMATICAL PRELIMINARIES

A. Kinematics and Particle States

As in the spinless case'" we shall consider the decay 1-2+3+4 in a center-of-mass-like frame of ref-
erence, in which the particle momenta are (see Fig. 1 of Ref. 9)

p, = m, (cosha„sinha, sin 8 cos p, sinha, sin 8 sing, sinha, cos 8),

P, = m, (cosha„sinha, sin8 cosP, sinha, sin8 sing, sinha, cos8),

p, =m, (cosha„0, 0, sinha, ),
p, =m, (cosha„0, 0, -sinha, ).

We have

(2)

P2 +P3 +P4 y

s=(p, —p, ).', t=(p, —p,)', u=(p, —p, )'

so that

s+ mi —m2
2 2 -S+mz m2

2 2

E -=cosha, = ' ', cosha, =
2m, v s 2m, v s

(4)

and

S+m3 —m4
2 2

cosha, =
2m3Ws

2 2s —m~ +m4
cosha4 =

2m4v s

z =cosO

2s(t —m, -m, )+(s+m, ' —m, )(s+m, —m, )
s+ m +m s+ m m2 s m3+m4 s m3 m4

In the physical decay region we have

-1(s (1 and 1( t'( (m, + m, )'+ m, ' —m, '
2m, (m, +m, )

We shall choose a=—a, and 6 to be the independent variables and we see that 0 (a( a and 0 ( g (m. Fol-
lowing our general approach" ""we notice that a and 8 are spherical coordinates of the momentum P„
i.e., the coordinates of a point on the upper sheet of the hyperboloid P,' =m, '. The scattering amplitudes
are functions of this point. Relations (6) however show that P, does not range over the entire hyperboloid,
but only over a "cup" (6) close to the point p, =m, (1, 0, 0, 0). We can now construct a parallel mapping~ of
this hyperbolic cup onto a four-dimensional sphere of radius R,

mi+m2 —m3+m m —m —m +m
2m, (m, +m, )

A point on this O(4) sphere can be parametrized as

p, =R(cos 2n, sin-', n sin8cosp, sin-', n sin8 sing, sin —', n cos8), (8)
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where

S2-~ + Pl2 —S tPl~ —PFL2 —S
cosQ =1-

2m~A s

~ ~y +~2 + ~ ~2 ~ ~ png+~4 ~l ~2 ~g+~4
2m~ (ms+ m4)R s

and cos8 is given by (5). We see that the scatter-
ing amplitudes can now be considered to be func-
tions of the components of P„ i.e., functions of a
point on an O(4) sphere. The range of variables
is

0&n&s, 0&e&v, 0&g&2v. (10)

R($, 8, -Q)=e ' 'ee ' 2 e' 3~

Below we shall make use of this mapping of the
momentum p, of (2}onto the momentum p, of (8)
to expand the amplitudes in terms of representa-
tions of O(4).

The single-particle states will be considered
to be the usual helicity states' which we write as

~
1&-R(y, e, y) e "-~r~O(m, )~ q,sP, &,

~
2& =R(y, e, y) e '"-rs O(-m, )~ qp, ~,&,

~ 3)= e "Sr~ O(m, )~ qp, X,&,

~ 4) = e*'4 ~so(m, )~ q,s,-x,&.

In formula (11)we have

B. Some Properties of the Representations
of O(3,1}and O(4}

All properties of the representations of O(3, 1)
relevant for this article have been summarized
in I. Let us just note that the transformation ma-
trices of the O(3, 1) group for the finite-dimension-
al representations (s, +(s+1)) in a basis corre-
sponding to the reduction O(3, 1)gO(3) aO(2) can
be written as

uz z (p, q, r/ }= (sX q, ~ U(p}~ sA q )
=(sX,q, ~

e 'e~~e "~-2e'~'~e-" ~~ sX,g, &

=D'» (~, e, -~)-'.('""n,n: ")—
(12)

We also have

u, „(p,q,q, ) =(s~,q, ~
U-'(p)~ s~,q, &

(e-ax~+ ~ ~ eek~)Dst (y g 4 )

(13)

where J, are the generators of rotations (i.e., the
total angular momentum operators) The op. erator
K,- is a generator of pure Lorentz transformations
along the ith axis. The state O(m)~ @san& thus rep-
resents a particle of mass m, spin s, intrinsic
parity q, and helicity X, at rest. The vector

~ @san& is a basis vector of the homogeneous Lo-
rentz group for a specific finite-dimensional rep-
resentation, characterized by the pair of integer
or half-integer numbers (jo, c) =(s, +(s+1)) (in
general j, is always integer or half-integer but c
can be any complex number"). These specific
representations, upon reduction to O(3), remain
irreducible, i.e., contain only one representation
of O(3) (with angular momentum s). These have
been studied in detail by Joos'2 and Weinberg. "
The operator O(m) and more generally O(P) was
introduced by Feldman and Matthews' and was
used extensively in I. It is a projection operator
that serves to transform a Lorentz group state

~
ps'& into a poincard-group state of momentum

m„= (m, 0, 0, 0), or more generally momentum

p„= (po, p). All relevant properties' of the opera-
tor 0 have been discussed in I and we shall not
repeat them here.

P u~ ~(p, q,q)u~„a(p, qq, ) =5 ), ~ 5„„,

gu~~)(p, q, q) ~u~ (p2„qq, ) =5~~~25„~„2.

(14)

We shall also use the notation

f,(a, z, qg= ,'(e'~+qqe '~). - (15)

n+v -. n —v

2 ' j 2

We shall consider the representations of O(4) in

The representations of O(4) have been studied
by many authors'~ (see also Ref. 9}. Let us here
state several results that we shall need below (we
have not succeeded in locating all of them in the
literature, so some might actually be new}.

We shall label the representations of O(4) by a
pair of numbers (v, n), which are simultaneously
integer or half-integer and satisfy n~

~
v~ . The

group O(4) is locally isomorphic to O(3) 80(3}, so
its representations can alternatively be labeled by
two "angular momenta" j and j, satisfying
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(L +A )~ vnLM) = [v + (n+1) —1]
~
vnLM),

L ~ A
~

vnLM ) = (n+ 1)v~ vnLM ),

L
~
vnLM ) = L(L+ 1)~ vnLM ),

L ~vnLM)=M~vnLM)

(17)

an O(4) g O(3) gO(2) basis in which the basis vec-
tors

~
vnLM) satisfy

as mell as some phase conventions specified pre-
viously. ' Above I„L2, and I,, are the generators
of rotations in the 23, 31, and 12 planes. A1 A2,
and A, generate rotations in the 41, 42, and 43
planes. Furthermore L'+A' and L A are the
Casimir operators of O(4).

Making use of the local isomorphism O(4)-O(3)
80(3) it is easy to calculate the O(4) finite trans-
formation matrices in the basis (17). Indeed, we
have

DI",,"N,I,,N, (~ g 0» i x) = I,"N,I.,Afp(g)

y vnL M ~e-(Lspe -iL2Be -iLp ke —iAs e -fLg le-$Lax~ vnL M )I 1 2 2

= ED'"(& g &)d.""i .(n)D'e (0 & &) (18)

(19)

In (18) D~~ ~(p, g, g) and D~g, (0, q, X) are O(3) D functions, and the O(4) d functions can be calculated to be

n+v n —v n+v n —v

d"" (n)=[(2L, +1)(2I., +1)]'"e ' "Q ~

2 2 '
~

~

2 2 '
~

e" "
-~J (~-~

where the brackets denote O(3) 3j symbols. "
The following useful properties of the O(4) d functions can be obtained by inspecting formula (19) direct-

ly.
(i) Symmetry properties:

dl""I x(n) =dr""I ~(n),

dr""I ~(-n) =dl', "I, ~(n),
1 2 1 2

(ii) Normalization: The d functions satisfy

(2o)

v (2I, +1)(2L,+1)sin'n dn d~ "~ ~(n)d~ "~~(n) =2 (' I), ~ 5,6„„,,
0

g = -min& k1 X2]

(21)

so that
'r 'lf 2r 27r r 27r

sin'n dn sin~g dg dp dg sing dq AD~"„~ „(g)D",'"'. . .(&)
0 0 0

5,6
(2v)4

(n+I) —v~ "v «' I&lx ~a & "t~i ea"a

(22)

(iii) The d functions can be written as homogeneous polynomials in coen and sinn. Consider d~ "~ „(n)1 2
with v ~ 0 and X~ 0 [all other values can be obtained using the symmetry relations (20)]. The order of

d~,"~,~(n) as a polynomial in coen and sinn is

(23)

i.e., we have

d~ "»(n) = Q A, (coen)" '(sinn)',
k=0

v&0, x&0, (24)

where N is given by (23) and A~ are certain finite coefficients (some of them may vanish).
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(iv) The behavior of the d functions for sinn - 0 is given by the formula

(n) = e ' ~"(sinn)l I
& -&2!p ~~ (n)LIL2 LIL2 X

where Pz"~ (n) is a polynomial in cosn and sinn, which is finite (nonzero) for sinn-0. We see that
d~"~ ~(n) vanishes for n-0 or n-)T, unless L, =L,.

(v) The basis functions for O(4) representations with v=0 are specially well known. Using our phase
conventions, they are'

g~„(n, 8, p) =e ' ' ' (2L+1) )'
)

'
(sinn) C~ "~(cosn)Pf(cos8)e'"~.(L —M)! (N+1)(N —L)!

1r

Their relation to the O(4) D functions is

D:.", (X, n, 0, n, 8, v —0) =„,1 4. (n, 8, 0)
W2v

and

d " (n) =e '~'~ )~2 L! 2L+1 (n —L)! '~2 . ~ ~+,(sinn) C "(cosn)OL0 n+1 (n+L+1)!

[C„~(x) and I'~(x) are Gegenbauer and Legendre polynomials, respectively].

(27)

(28)

III. EXPANSIONS OF DECAY AMPLITUDES

Let us now consider the matrix elements of the transition 'matrix for the process

i 2+3+4

taken between the "center-of-mass" helicity states (11).
Using some elementary properties" of the operators O(P) we have

~ d2) (2) s)
(234~ T

~ 1)=(s,A.,q„s,)).,q„s~ —)).,q, ~e "2 3 B~ )(P, -8, -P)e"»
(4) (I)

xe "4 & O(p, }O(p,)O(p, )TO(p, )R" (p, 8, -p)e "&s3 ~s,p, )).,) (29)

(the superscripts in brackets denote the particle on which the operators act). Using linear momentum
conservation, we can put

o(pm)O(ps)o(p4) To(p, ) = O(p3)o(p4)O(p2+ ps+ p4)TO(pl)

=5(P, -P, -P, -P4)O(P, )O(P,)TO(P, ). (3o)

Similarly as in I (and Refs. 3-7) we use two of the momenta, this time p, and p„ to specify the frame of
reference. We put

n= (p, +p ),
1

Ws

y =(s[s —(m3+m4) ][s—(m3 —m~) ]]. '~ [(s—m~ +m4 )p~ —(s+m~ —m4 )p4].
(31)

In our frame of reference (2}we have

n = (1, 0, 0, 0), y = (0, 0, 0, 1),
i.e., they do not depend on s and t (or on n, 8, and Q).

Further, . we have

o(p, )o(p, ) =g(s)o(n)O(y),

where g is the Jacobian for the transformation P,P4- n, y:

4 2

[s —(m, + m, )'][s—(m, -m, )']

(32)

(33)

(34)
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We return to formula (29), insert complete sets of states for particles 2, 3, and 4 on both sides of the
corresponding Lorentz and rotation group operators, and make use of (30)-(34) to obtain

(234IT II)=5(P1 P2 P3 P4)g(s) Q ups (P2 02/2)fo(ao ~o 'goto)fo(a4 ~4 14&4)

~2T2T3T4

x(s,A2q2, s,A.,qo, s4 —A4q4~ O(n)O(y)TU(P, )O(m, )~s,q, A.,) .
Notice that u~—„(P,qq) and f,(a, X, qq), given by (13) and (15), respectively, are 0(3, 1) transforma'tion ma-
trices for the finite-dimensional representation (s, +(s+1)). The only remaining unknown dependence on
the variables s and f is in the boost U(P, ). In order to extract this dependence explicitly, as in I for scat-
tering, we insert a complete set of one-particle states on both sides of U(P, ). We shall make use of the
finiteness of the physical scattering region to obtain 0(4) expansions, as discussed in the previous sec-
tion. The boost

U(P ) s-s J&ps-i J28et J3@e-isoa (38)

where the parameters a, 8, and Q determine the c.m. momentum P, [see (2)], by definition represents an
element of 0(3, 1)

g=(y, 8, -P, a, 0, 0). (37)

If we use the mapping P, -P, [see (8)] where P, lies on an 0(4) sphere, then we obtain a new mapping g-g,
where

g=(Q, 8, -Q, n, 0, 0) (38)

is an element of 0(4) [the range of a, 8, and Q is given by (10}].
The boost U(P, ) can now be considered to be a function defined over an 0(4) group manifold and we can

expand it in terms of the matrix elements of 0(4). In order to obtain this expansion we must insert a suit-
able complete set of intermediate states, labeled by 0(4) quantum numbers (as well as mass, spin, parity,
etc.). For scattering the appropriate procedure used in I was to insert Poincarh group states in a basis,
corresponding to the reduction P 30(3, 1)3 0(3)30(2). For the decay amplitude (35}we extend the group
P to the complex Poincare group" P* and consider the group reduction

P*DO(4) 30(3)30(2). (39)

(40)

The states can then be denoted ~msqvnLM) [see (17)]. Upon inserting these states for particle 1 on both
sides of U(P, ) in (35) we obtain the following factors:

(i) (q,s,&„@os,A.„q~s4 —X,~O(n)O(y)T~m, s,q, vnLM),

(ii} (m,s,q, vns, A., ~
O(m, )~ q,s,Z, ) = [O(m, )]„"&'&,

(iii) ( vnLM
~ U(P, ) ~

vns, x,) = D~s ~ (Q, 8, -Q)d~,
"

~ (e.) .
Thus, the third factor produces the 0(4) D functions [see (18) and (19)]. The other two factors do not

contain any dependence on s and t. Notice that the Wigner-Eckart theorem implies that the second factor
does not depend on A, We can combine the first two factors into an expansion coefficient, put

(234~ T~ 1)=5(P, -Po -P, -P4)f q (a, 8, g), .

and obtain

(41)

f~ (a, 8, P) =g(s) 5 u~ z (Po, qoqo)fo(ao, -X„q,qo}fo(a~, -A4, qoq4)
~2 ~2 ~3 ~4

n min(L, s&}z z z z +lhr(~2~3~4 &1626 n4)~l.
"

X (o-'}DN'X (0 8 0) . -
v = -s1, n =s1 L =

I
&

l
N= -min(L, s& j.

(42)

Expansion (42) can be further simplified by combining the entire dependence on 8 and Q into one 0(3}D
function and by making use of the explicit dependence of the left-hand side on the azimuthal angle Q. In-
deed, the helicity amplitudes f~ (a, 8, Q) contain Q in the factor e'~'~' ~' ~""4~ only. ' On the right-hand
side we have the same behavior if we put M=A., +A., —A4 In the following we shall make this substitution
and drop the subscript M. Combining the two 0(3) D functions using standard angular momentum theory
we finally obtain the 0(4) expansion of the helicity amplitudes for three-body decays:
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N s2+L

(p p 4) —g(z) Q Q Q Q Q (2J+()( ()-K +I +k -1 f (p, P, ll 3)f (a„-i„q ij)
X2i2%374 &=-Sy n=sj. L =)&l ~=lS2-L I

L s J L s, J
Xf,(a„-x„q4q,). -~, -~, +~, ~, ~, -~,)

XAL (X2X3Z4) q,q2q3$4)dL3*) ( &)D, 1, 1 ~ (y g (t))

The expansion formula (43) can readily be inverted and since we are dealing with harmonic analysis on
a compact group, no convergence difficulties arise [contrary to the O(3, 1) expansions of scattering am-
plitudes, considered in I]. Indeed, making use of the orthogonality properties (14) and (21), as well as
the properties of the O(3) D functions and 3j symbols, we obtain

(~2~3~4) glg203 14)

sin2(2 d(2 sing dg dQ g g (2J+ 1)f(&(a„-&„qq2)f2(a()„&„qq3)f3( ()(24))4, 1lA)
(n+ 1)' —v'

2n 2sj + I 0 0 0
q3 q4

J'

&& f~(((2 g &)d'", 1,(
(44)

Several comments are in order:
(1) The reason why the angle (-g) figures instead of g as in the Jacob and Wick expansion is that parti-

cles 3 and 4 are along the z axis in our case, i.e., we have

where 0 is the angle used in this article and 8„,« is the usual c.m. scattering angle.
(2) Note that we could formally simplify the expansion (43) by defining a new expansion coefficient

S2
LZ( 3 4) 11121304) Q y g 4 y y y y ( ) L ( 2 3 4) llg2 l304) '.

2 3 4 2 3 4

We shall however keep the coefficient A as in (43).
(3) It may seem somewhat inconsistent that expansion (43) contains the functions f,(alger) which are actu-

ally d functions for certain finite-dimensional representations of the Lorentz group O(3, 1) as well as
dL,"„(n), which are d functions of O(4). We see no contradiction here; on the contrary it is a manifestation
of the dual role that the Lorentz group plays in the derivation and interpretation of our two-variable (or
multivariable) expansions in general Thus, .the appearance of the f, functions is due to the fact that the
initial and final free-particle states transform under irreducible unitary representations of the Poincard
group [which can of course be reduced to its O(3, 1) subgroup] and is thus purely a inanifestation of Lo-
rentz invariance. " The unitary O(3, 1) d functions for scattering and O(4) d functions for decays, on the
other hand, appear because of our particular choice of a complete set of intermediate states. The group,
in this case characterizes the space of independent kinematic parameters (a, g, and Q or o(, g, and (t)),
i.e., the manifold over which the amplitudes are defined (for a previous discussion of the dual role of the
Lorentz group in the derivations of two-variable expansions for the scattering of spinless particles see
the first of Refs. 5).

IV. RELATION TO O(3) LITTLE-GROUP EXPANSION, PHYSICAL MEANING OF QUANTUM NUMBERS,
AND CONSEQUENCES OF PARITY CONSERVATION

In I we have shown that the O(3, 1) two-variable expansions for scattering can be interpreted as the Jacob
and Wick O(3) little-group expansions of helicity amplitudes, supplemented by an O(3, 1) expansion of the
partial-wave helicity amplitudes. Let us show that expansion (43) can be interpreted in precisely the same
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manner. To do this we must invert some of the summations in (43). This is somewhat tedious, but yields
a simple result, namely,

sy ~ tt sp+L J+s

Z Z = Z
P= sytt=sZ L = Ij) j= 2-L )

~= 0 &12k L =l J-S2l

oo mjn(L, S&)

Z Z
tt =m~(S~, L) P = -min(L, S& ) (45)

where the summation over j starts at 0 or y, depending on whether j is integer or half-odd-integer. The
only other restriction on the above sums is obvious, namely,

(46)

The two-variable expansion (43} (the third variable Q is irrelevant} can now indeed be written as the
usual partial-wave expansion

(2j+ 1)(112A31l4) T (a)[h.,)D q~2(@, -6, -(jb),

expanded as
min(L, sy )

Z Z
v =- mjn(L, S g) A2 1)2 g3 q4

( I)-A. +A. x. —Q

f (a, ~, y)=
J=m~ (I &l. l V/)

and the partial-wave helicity amplitude is
J+s~ oo

(~,1,~,
~

T'(a) ~1,) =g(s)

L =/ J-s2l n=max(sg, L)

(47)

~f2(a2, -~2, 312'02)fO(a3 ~3 73 331}f (34a, -1l4, '04314)

L s, J L s, J
-A, ~ A2 X~ —A2 -A2 —A.3+A4 A2 A.3- A4

Al. (X2X3 4, ql312 314)3dl, *l (-n} .
1 (48)

The meaning of the quantum numbers now becomes
cles 3 and 4 (not however in general the total angular
initial particle). In turn I, is the vector sum of J and
state angular momentum in a frame in which particle
bound (for J fixed},

If parity is conserved in the decay 1-2+3+4 then
the Lorentz amplitudes [or O(4) amplitudes] A~", are
as for scattering'" we have

obvious. Thus J is the angular momentum of parti-
momentum of the final particles or the spin of the
s„and can thus be identified with the total final-
2 is at rest,

~
v~ is the lower bound of I, n the upper

not all of the helicity amplitudes and hence not all
independent. Accepting the same parity conventions

(-&3-&41~'(a)~ -1l, —~2&=l1(131l4I~'(a)~~,12), 31= ' '(-I)"'""" .
XJ J Q2

Using (48) to expand both sides of (49), making use of the relation d~;,
"

l,(n) =d~,""l(o.) and

f,(a, 1l, 31l1) =3131f,(a, -1, 3131),

we find that if parity is conserved then the Lorentz amplitudes satisfy

(49)

+L ( 2 3 4l 11121314) —( ) I, ( 2~3 4! 11121314}'
Qj g2

We shall not consider restrictions due to time-reversal invariance, which are somewhat complicated
and not particularly important for decay amplitudes.

V. THRESHOLD AND PSEUDOTHRESHOLD
BEHAVIOR OF DECAY AMPLITUDES

The most important feature of the O(4) expan-
sion (43) that we have derived is that the entire
dependence on the kinematic variables s and t is
contained explicitly in the O(3, I) functions f„ in

d~," l (n), and in theO(3) D function [and in the fac-
tor g(s)]. It is of obvious interest to consider the
behavior of the individual terms of the expansion
in various accessible limits. For decays the lim-
its of interest are the boundary of the physical re-
gion and the various thresholds and pseudothresh-
olds.

The boundary of the physical region is simply
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given by the condition

cosa=+1. (51)

The dependence on 0 is entirely contained in the
O(3) function d~„(8), A. =A., —X„ lj, =X, —X~ and is
thus given by the usual partial-wave expansion (47)
of the helicity amplitudes. This expansion has
been extensively studied in the literature" and
we shall not discuss it here.

On the other hand, we can also consider the be-
havior at the physical threshold and pseudothresh-
old

s=(m, —m, )'(1 —e), e&0.

From (4) and (9) we see that

(54)

E mcosha ~ 1+—~,
E~O m2

(55)

menta of particles 1 and 2, respectively. The
primed quantity in (53}is regular and nonzero at
the points of interest.

Let us now check the term-by-term behavior of
the expansion (48}.

First consider the pseudothreshold and put

s=(m, +m, )' and s=(m, —m, )' (52) sinn ~—
E~O + ml

(which is where cos8 changes sign).
The "kinematic" behavior of the partial-wave

helicity amplitudes (48) at the corresponding
threshold and pseudothreshold j.s known to be

(X2X~X~~ T (a)~X,}= [s- (m~+m )']'~l'[s- (m, —m, )2]'~l

X (Z,Z,Z, ~
T'(a)

~
X,}', (53)

where l„and l~ are the minimal possible values of
the angular momentum of particles 3 and 4 or the
minimal value of the difference between the mo-

From (15) we obtain

1+A2 —~, for g2q2 =126 m

fo(a -~2 &A) = '
imam

, for g2g2=-1.
m2

Using (55), (56), and (25) we can in the limit e -0
rewrite (43) as

Sl o Sl+S2

(a, 6, y) ~ g Q Q Q Q Q (2J+1)fo(a3, Ps, ps'-s)f. o(a4, -A4, q4q4)(-I) '
E,~O

j)3TJ4 P2 v =-sl yi=s l J=
I sl -s2 l

x Sz J
X, —1,, -A —X+X X 4 —&)

x A'~l'
sg( 2 3 49 l112l3l4) Dy y y g(Qy ly Q) (57)

Formula (57) shows that only terms with s=(m, +m, }'(1+a), c&0. (60)

~s, -s,
~

&J&s, +s, (58)

(59)

survive in the expansion at s- (m, —m, )'. It fol-
lows from (53) that only terms with 1~ =0 should
survive. In the c.m. frame, determined by (2),
we can split the angular momentum into its spin
s and orbital l part. We have

sl+ll s2+ 12+s3+13+s4+ 14

=s +1 +J
=L+12 .

Thus J =s, —s, +1, -1, and the limits (58} indicate
that 1, -1,=0, i.e., 1~=0, as required by (53). Us-
ing (25), (55), and (43) we see that all other par-
tial waves vanish as prescribed by (53).

Similarly we can consider the (normal} thresh-
old by putting

Proceeding in an identical manner as above, we
find that again only partial waves satisfying (58)
survive for e -0 in (60). Since we also have
J=s, +s, +1,+14, Eq. (53) would require l„=0,

IS3 s4I J-s, +s, . (61)

This is only satisfied if s, =s„s =s~ (or s, =s~,
s, =s, ); thus the behavior of the O(4) expansion at
the threshold is in general not completely correct.
It should however be stressed that both the re-
quirement (53) and condition (58) mean that an in-
finite number of partial-wave helicity amplitudes
vanish and only a finite number survive. If the
two conditions do not coincide then we obtain at
most a finite number of constraints upon the Lo-
rentz amplitudes A~" and not an infinite number as
might have been expected a priori.
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VI. CONCLUSIONS

The main result of this paper is the expansion
formula (43), together with its inverse (44). It
represents an O(4) group expansion of the c.m.
helicity amplitudes and for any fixed value of the
energy variable s it coincides with a standard O(3)
partial-wave expansion. The appearance of the
group O(4), as opposed to the Lorentz group
O(3, 1), is due to the finiteness of the physical de-
cay region, which we have used to map part of
the O(3, 1) group manifold onto the entire O(4)
manifold. Expansion (43) is thus a generalization
of the O(4) two-variables expansions, suggested
and applied previously for decays involving spin-
less particles only. '" Indeed, in the spinless
case s,. =X,. =0 (i =1, . . . , 4) so obviously v=0 and
J=L Using. (27) it is a simple matter to check
that expansion (43) reduces to the one considered
earlier. ' On the other hand this expansion formu-
la is to be viewed as a modification of the two-
variable expansions of helicity amplitudes for two-
body scattering, suggested in I. In I the scatter-
ing amplitudes were expanded in terms of O(3, 1)
D functions, calculated in a basis corresponding
to the reduction O(3, 1) &O(3) g O(2).

Our main interest is in the application of two-
variable (or more generally multivariable) expan-
sions to elementary particle scattering. However,
since the O(4) expansions are simpler in that they
involve summations only, we are considering their
phenomenological applications first. The spinless
O(4) expansions have already been applied to ana-
lyze K-3m and g-3p Dalitz plot distributions. '
Obviously expansion (43) has a wide field of appli-
cability, namely to analyze, in terms of a few

O(4) amplitudes A~", experimental data (Dalitz-
plot distributions, polarizations, etc. ) in strong,
weak, and electromagnetic decays of the type
co-3m, Z-Nlv, K-mlv, etc. In particular we
have applied this O(4) expansion to analyze the
Dalitz plot" for Pn-3v annihilations at rest (the
initial pn system is treated as a single particle). "

When applying (43) in such a phenomenological
manner we obviously have to cut off the sum over

n at some finite value no. When fitting the data it
is important to establish: How many parameters
do you need'? How good is the fit (as character-
ized, e.g., by the y' value)? How stable is the fit
with respect to the choice of the cutoff parameters
How sensitive are the coefficients with respect to
interesting dynamical features (violations of sym-
metries, etc.)'? How unique are the solutions' ?

Are the coefficients in (43) to some degree statis-
tically independent, etc.7

Since our approach is quite general, we have

obviously not incorporated any specific dynamics.
The emphasis on Lorentz invariance, the "natural"
mapping onto an O(4) manifold, the occurrence of
the angular momenta 4 and L, etc. in (43), the re-
lation to theO(3) partial-wave analysis, and the cor-
rect pseudothreshold and "reasonable" threshold
behavior suggest that much of the kinematics has
been incorporated, which is a good starting point
for both phenomenology and dynamics.

In the future we plan to investigate more dynam-
ical problems using the presented approach.
Three-body decays serve, among other things, as
a source of information on two-body resonances
and also on the phase shifts, characterizing the
final-state interactions. We hope to be able to in-
vestigate the sensitivity of the O(4) coefficients to
resonances on one hand and to relate them to vari-
ous two-body interactions on the other. We also
intend to investigate various models in which the
amplitude can be calculated and to find the coeffi-
cients A~". For scattering we plan to generalize
the results of I so as to obtain expansions corre-
sponding to other bases than the simplest canoni-
cal one, in particular the bases generated by the
group reductions O(3, 1)DO(2, 1)g O(2) and O(3, 1)
3E, 302. (For decays these "noncompact bases"
have no analogies. )
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The multiplicity distribution at high energy in the multiperipheral model for the ~It)3 theory
is shown to be identical to the grand canonical ensemble distribution of a particular one-
dimensional gas with only repulsive forces, which can be decomposed into two-body, three-
body, and other multibody forces. The specific form of these forces and the corresponding
virial expansion of the gas system are discussed. An alternative systematic expansion
method is developed which is different from the virial series but appears to be of a greater
practical value for this particular class of physical problems.

I. INTRODUCTION

In this paper, we shall discuss the exact gas-
analog problem in statistical mechanics that cor-
responds to the multiplicity distribution at high

energy in the multiperipheral model of Amati,
Fubini, and Stanghellini' for the P' theory (here-
after referred to either as the p'-multiperipheral
model or simply as the multiperipheral model).
The interaction Lagrangian is assumed to be

(s!) 'mgy',

where p is a, scalar field, m denotes its mass,
and g is the dimensionless coupling constant. In
the P'-multiperipheral model, the two-body elas-
tic scattering is given simply by the sum of all t-
channel ladder diagrams; the corresponding ab-

sorptive parts then give the multiplicity distribu-
tion. Such a sum of ladder diagrams is of interest
since, as is well known, it represents on the one
hand the sum of all "leading" diagrams in a per-
turbation expansion of the p' theory at high en-
ergy, and on the other hand, it gives the simplest
prototype of field-theoretic models that exhibit
Regge behavior for elastic scattering, ' and a lns
dependence for multiplicity. ' There exists al-
ready quite a sizable literature' ' which discusses
the similarity between the meson distribution in a
multiperipheral-type model and the ensemble dis-
tribution of a gas system in statistical mechanics.
However, as yet, the precise formulation and the
explicit interaction of the gas-analog system have
not been given. The purpose of this note is to
provide this needed information in order to com-


