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A technique introduced by Symanzik is used to derive a series of equations obeyed order
by order in perturbation theory by the structure functions W; and v W, entering the cross
section for inelastic electron scattering. These equations relate the ¢%, », and coupling-
constant dependence of W, and ¥W, in a manner reminiscent of the renormalization-group
results of Gell-Mann and Low. The equations are used to compute the leading logarithmic

contribution to v W, in a theory of fermions coupled to pseudoscalar particles and a theory
of fermions coupled to vector particles.

1. INTRODUCTION

The simple scaling behavior?! of the structure functions W, and vW, (Ref. 2) observed? for ¢2 and mv = 2
BeV? has caused considerable interest in the large ¢ and v dependence of the matrix element
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where |p, s) is a single nucleon state with four-momentum p and z component of spin s, J,(x) is the usual
electromagnetic current. In this paper we investigate the behavior of W, and vW, for large g2 and fixed
w=2mv/q® as computed to arbitrary order in the perturbation expansion of a renormalizable field theory.

As is well known,® the large ¢2 and v behavior of the matrix element (1) can be determined from the sin-
gularity of the product J,(x)J,(0) on the light cone, x*=0. We begin with Wilson’s operator expansion®’
for the short-distance limit of the product J ”(é G+ M), (=x + v)):
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where Of)..., (y) are finite local operators, trace-
less and symmetric with respect to each pair of
Lorentz indices.® F{’(x?) and E{’(x?) are c-number
functions given by a perturbation expansion of the
form

w I+1
FP6*) =2 2 90 78" I (x?),
1=0 r=0
®)
w Il
E(’,i)(x2)= E 2 g,f”(l, ,r)gzt lnr(xZ),
1=0 r=0
[

where g is the coupling constant. The quantities
R (1x,y) and R’ (\x, y) are composed of terms
which either approach zero as A¥*! for A approach-
ing zero or vanish when x2=0.%1° The structure
functions W, and vW, can be directly determined
from the coefficients F{’(x?), E®(x?), 0 <n<w,
by substituting the expansion (2) into Eq. (1) and
carrying out the indicated Fourier transforma-
tion.

Using a technique introduced by Symanzik,! we
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derive a set of coupled, first-order, partial dif-
ferential equations satisfied by the functions
E%¥(x?), 1<i<u,, and by the functions F{*’(x?),

1 <i<u,. The derivation is based on the Callan-
Symanzik!? equations obeyed by Green’s functions
containing the product J“(x)J ,(0). The equations
obtained are of the sort predicted in other situa-
tions by renormalization group '%:!* arguments and
connect the x? and coupling-constant dependence of
F¥(x?), E¥(x?). The equations do not completely
determine the functions E¥’(x?), F#’(x?), but are
instead constraints which must be obeyed to arbi-
trary order in perturbation theory. When combined
with explicit calculations in lowest-order pertur-
bation theory, the equations directly determine the
coefficients F (1, 1+1), 8%’(l, 1+1) of the leading
logarithm in x? appearing in every order of per-
turbation theory.

These equations obeyed by the coefficients E{’ (x?)
and F*’(x?) in the Wilson expansion are derived
for two specific field theories in Sec. II. We begin
the section by reviewing the connection between
the light-cone behavior of the product J,(x)J,(0),
specified by the expansion (2), and the large ¢ and
v limit of the structure functions W, and W,. Then,
in Sec. II B, a theory of neutral pseudoscalar par-
ticles interacting with charged spin-3 particles is
considered and the equations for the coefficients
E®¥(x?) and F(x?) derived. Next, in Sec. IIC,
the corresponding equations valid for a theory of
neutral vector particles interacting with charged
spin-3 particles are obtained. In both cases there
are two distinct operators O¢ ;,,_an, i=1,2, which
appear for each n, and the resulting equations are
two coupled, first-order, partial differential
equations. In Sec. III these equations are com-
bined with lowest-order perturbation-theory cal-
culations to obtain E%’(x?) in the leading logarith-
mic approximation for each of these theories. The
results are identical to those previously obtained
from a detailed analysis of Feynman amplitudes to
all orders in perturbation theory by Gribov and
Lipatov.!’® In Sec. IV we discuss the general solu-
tion to these equations. First, two sets of approxi-
mate equations are considered which are obeyed
by amplitudes in the pseudoscalar theory containing

>
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no self-energy or vertex corrections. One set is
valid for all such amplitudes, while the other ap-
plies only to those amplitudes which do not contain
a two-pseudoscalar intermediate state. Both sets
of equations imply a simple power dependence for
E("i)(xZ)

E‘,,”(xz)~v,‘,'1(x2)”:f”+v,‘;'2(x2)”'§2) @)
for small x?, where the power v¥’ is a nontrivial
function of » and the vi'/ are constants. Finally,
the general solution to our equations is obtained
for the vector theory, determining the two func-
tions of two variables E¥’(x?, g), i =1, 2, in terms
of seven functions of a single variable. The pos-
sibility that there exists a root g, of the Gell-
Mann-Low eigenvalue condition*® is investigated
and shown to determine somewhat more explicitly
the small-x? behavior of this solution.

1I. DERIVATIQN OF EQUATIONS FOR
EP ), FEx?)

In this section we derive a set of first-order
partial differential equations obeyed by the func-
tions E$)(x?), 1<i <u,, and by the functions
F™(x?), 1<i<u,, to arbitrary order in perturba-
tion theory. The makeup of the operators O ...,
appearing in the expansion (2) and the precise form
of the equations to be derived depend, of course,
on the particular field theory considered. We will
deal explicitly with two distinct theories. The
first contains a charged spinor field y(x) coupled
bilinearly to a neutral pseudoscalar field ¢(x)
through the interaction Lagrangian £,(x) = igy(x)
Xys(x)p(x). Inthe second theory, the charged
spinor field couples to a vector field V,, and £,(x)

=ig P(x)y, p(x) V, (x).

A. Relation Between W, ,vW, and E g)(x2 ), F (,f )(xz)

Before deriving these equations for E$ and F{,
it is useful to recall the connection between W,
vW, and the coefficients E’ and F? in the Wilson
expansion (2). Consider the invariant amplitudes
T; and T, entering the spin-averaged forward
Compton scattering amplitude

(5)

The amplitudes T, and T, are functions of ¢* and w, related to W, and vW, by



s
.o \2
W, = %— Im [—TL +2<£q2—q > Tz] , (6a)
VW2=-%Im<p(;2q Tz) , (6b)

for w=1. If the Wilson expansion (2) is used to
evaluate the left-hand side of Eq. (5) and the
Fourier transform performed, we find that for
q, large™

Ty, )= 2 (o 2 BN, i o), (Ta)

T, 0) = D BFNR 7P, (1)
where
EWg?) = é (g2 a(Z;),,fd"‘xe"""‘JEi‘,,”(xz +i€),

(8a)

=2y 2 Lo2yner 0" 4 cieex FP(x? +ic€)
F)(q) 4(f) B(qz)"fdxeq —"}2—*‘—{6——,
(8b)

and
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(9)
For large ¢* and small w the remainder terms
ry(q?, w), 74(q?, w) are of order w™*. Note that
only the term proportional to Doy Pay, in Eq. (9)
yields leading terms in the Wilson expansion (2) on
the light cone. The matrix element (9) of 0% ..
is proportional to the single symmetric traceless
tensor that can be formed from the four-vector p,.
All terms in this tensor, other than the p, ... iy
term,’® contain factors of p® =-m? and therefore
give contributions to T, and T, smaller by a factor
of m?/g?.

The analyticity of T, and T, in v for fixed ¢* im-
plies that to any finite order in perturbation theory
the limit N— « of the sums in Eq. (7) defines two
analytic functions of w near w=0 (Ref. 17):

I, 0) = 3 (@ B E (e, (102)
n=0 i=0

T, ) = 5 (@) FD (e . (10b)
n=0 i=0

These asymptotic forms for T, and T, can be con-
tinued into the entire w plane with the exception of
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branch points at w=+1, and used in Eq. (6) to com-
pute W, and vW, for large ¢* and fixed w>1. The
familiar connection between the large-¢?, fixed-w
behavior of T, or T, and the x*=0 singularity of
the coefficients E’(x?), F’(x?) can be seen from
Eq. (8).

The relationship between the coefficients £ (¢?),
F(g%) and the asymptotic behavior of the structure
functions W, and vW, implied by Eqgs. (6) and (10)
can be neatly inverted. Using Cauchy’s theorem
Eq. (10a) can be written

~ 1
DB ) =55 [aver g, ), (1)
c

where ¢ is a contour circling the origin in a coun-
terclockwise direction. Since T5" has branch points
in w at +1 and is even in w, we can open up the
contour to obtain

- 9 =
ZciaENa) =3 f 0" doImT5 (¢ ), (12)
or using Eq. (6a)

DeEN) = [ 0N, W) do
i 1

= [ /0w (@, a1 /w);
° (13a)

likewise
WP = [ o oW (@, o)
i 1
-mW N (f, w)]dw.

(13b)

Equation (13) interprets the Callan-Gross and
Cornwall-Norton sum rule'® in the language of the
Wilson expansion. It also identifies Y ;c{P,E (g2, w)
as the Mellin transform of VW';‘F(qz, w) with respect
to the variable 1/w. This transformation can be
inverted, giving

w20 == [ ana (B e,
(14a)

and similarly

. S+ -
st it = o [ anw (DA,
TJgmiwo i
(14b)

for sufficiently large, real positive 5.

B. Pseudoscalar Theory

Let us now consider the pseudoscalar case, specified by the Lagrangian

£= —a(yuaﬁm)zp -30,00,¢ -3 U’ +ighy b +%h¢" +(counter terms); (15)
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“m and p are the physical masses of the spin-3 and the pseudoscalar particles, while g and & are renor-
malized coupling constants. The renormalization procedure is specified in Appendix A.
The starting point of our derivation is the Callan-Symanzik equations'? for the matrix elements

T30, 9 =5 [ a%2d% (D500 TW,0)I, (7, 00F5ED )4, (162)

r@(p, ) =i f e =932 d% (0| T((W)d,, (%), (0)p(2))|0) 4, (16b)

where the subscript A means that the propagators corresponding to external lines have been removed. The
Callan-Symanzik equations obeyed by these matrix elements and derived in Appendix A are
D,T{) (x,p)=AT{) (%, ), an

for i =1,2. The differential operator D, is given by

g2 8 .08 a8
Dy=m? o +“2W+6ag B o e (18)
while'®
AT, (3, p) =4 [ € 42d% d% (95000 | T, (T, il (@) 0) ., (192)
AT (x, p) = f e =) a%z a%y (0| T (¢( 9),(x)J,(0)ue(2))| 0), . (19b)

The operator u, in the notation of Zimmerman,? is
u=3% f d*x{m &, N[p(x)p(x)] + p*0,N[p(x)p (0]}, (20)

where the symbol N indicates the inclusion of subtraction terms, chosen in a manner specified in Appendix
A, so that all matrix elements of u are finite. The dimensionless constants B, f’,¥,, Vs, 0, 8, are functions
of g, h and m /. and can be computed to arbitrary order in perturbation theory. The Callan-Symanzik Egs.
(17) are exact, but not very useful as they stand since they relate the behavior of the quantities of interest,
(16), to that of two new unknown functions (19). However, if we consider the small %, limit of Eq. (17) and
substitute the Wilson expansion (2) into both the right- and left-hand sides, then we find that the small Xy
dependence of both sides is determined by the same functions E{?(x?) and F{?(x?2).1121
The resulting equations are

had L’ : Py i "2"
D 5 B RO i 9772 | = 5 S B ek (e (21)
n=1j=1 n=1 j=1

for i=1,2 and p*=0. The constants a!’ and b}’ are related to the relevant matrix elements of Ofx’: o, bY

3 [ e d%y d%z (Bso(OIT (o) 0. o, Fo(2N0)s = b3 b, - Do, )" + (terms containing 5,,) , (22a)
f e “dy d*z (O|T (1) OF)..a, @ (@N[004 = b2 by + * b, (i)' + (terms containing b, (22b)
3 fe”‘“‘”d“y d*z (8)5,(0 IT(zpo(y)Ofx’;?.. o U Bs2N10), = a3 py  « + o, ()" + (terms containing o, o) s (22¢)
fei"(’°”)d4yd4z (0T ($(») O o, up (2))[0), = %7 py * + * by, (i)" + (terms containing O o) 5 (22d)

for p°’=0and 1 <q@; <3, 1<i<n, and n even. Bose symmetry and charge-conjugation invariance imply that
the left-hand sides of these equations vanish for odd ». In Eq. (22) we use p®=0, so that the quantities a'*’/
and b}/ depend only on m?/u2, g, h. Equating the coefficients of equal powers of (x-p)”, we obtain a series of
equations diagonal in the index #,

D{ZEaf.’z(x%b‘;f]=2E€f22(x2)a';;f, (23)
i j
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2sn<so, i=1,..

., ",, for even n. Equations (21) and (23) are also obeyed by F(,f)(xz) and 0 <z <. These

equations can be Fourier-transformed, yielding identical equations for the quantities E(,,‘)(qz)

ni[jzéquwaf]=2E<:32<qz>a;=f,
J

which are also obeyed by the functions F‘,,”(qz).

(24)

Let us now determine explicitly the operators which appear in the Wilson expansion (2) for the particular

theory at hand. Because of the requirements of symmetry in the Lorentz indices and the absence of §,

1%

factors, there-are only two Nth-rank tensor operators with the smallest dimension which can be formedz22:

1 L i
0}y @)= = g [1+ (1 L NP0y 20720, 17+ 0a, ¥(3)] + terms containing &.,c,) (252)
02...,0) =3 N[6(y)og," * *04,6(3)]+(terms containing 5,, o) > (25b)

where the symbol N again indicates that sufficient
subtractions have been made so that the resulting
operator is finite. The subtractions will be chosen
so that

b4 (g, h,m?/p?)=5,;. (26)

The equations obeyed by £ (¢?) for i=1,2, 2<n
< [and FP(g%), i=1,2, 0<n<x]then become
DAL= T aVED ). @)
i=1,2

These two coupled first-order differential equa-
tions can be written as uncoupled second-order
equations

1 - -
(D, - @2'%) (D, - @y DEP () = a2 BV (g,
(28a)

1 - -
(Dl - aln' 1) a2. 1 (Dz' a2". Z)Er(IZ)(qz) = a:. 2E(n2)(q2) .
(28b)

These equations [(27) or (28)] are the desired
equations for the pseudoscalar theory. They are
the generalization of Symanzik’s exceptional mo-
mentum equation to all the operators in the Wilson
expansion on the light cone. These equations will
be used in Sec. III to compute the leading logarith-
mic contribution to vW, and in Sec. IV to speculate
about the exact asymptotic behavior of W, and vW,.

C. Massive Vector Theory

We now consider the theory of a vector field V
of mass p interacting with a spin-3 field of mass
m, specified by the Lagrangian

L) ==Yy, 0, + mWP = 3G, Gy +i8V, 0y Y
- 3u%V,V, +(counter terms), (29)
where g is the renormalized coupling constant and
G (%) =0,V (x) =0,V (%) . (30)
In analogy? with Eq. (16) we define the amplitudes

Tp, =4 [P a%z % (Bl
X (0] T (%5 () I (%) 7,(0)ds (2))|0),
(31a)
re ,x)=%ifei"("”)d4z d%y
X (0| T (V () I ,(x) J,(0) V (2))[0), .
(31b)

As is shown in Appendix A, these amplitudes obey
the Callan-Symanzik equation

D,T{)p, ) = AT (p, %) , (32)
for ¢=1, 2, where
D{ =<mz

and

9

<]
+pi—
amZ I 3u2+B

2]
oz~ 2y,-)y,2 (33)

ATLD(x, p) = %fei"""’d‘z d*y (Bpors®
X (0| T (P4() I (%), (0)uh (2))[0) 5
, (34a)
Al’fﬁl)(x, p)=3% fe“"(' Ndtzdtyy,?

X (O|T(V () I (%), (0)uV ,(2))[0)4 ,
(34b)
for B=gvy, and
u= éfd “x {m 8, N[P(0)P(x)] + n20,N [V (%) V o(x)]} .
(35)

Substituting the Wilson expansion (2) into Eq. (32)
and equating equal powers of x-p, we obtain an

equation identical in form to Eq. (23):

Un Un
(2, Fati) =2 et 0)
1 i=1
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for i=1,2, n even, and 2 <n<wx, The constants
at!(m?/u?, g) and bl (m?/u?, g) are defined by equa-
tions obtained from Eq. (22) by replacing ¢(3)¢(z)
by 5V,()V,(z) and multiplying the left-hand

..., =_—[1+( DI EN[P(oq, ~igVa ) va,
%p i=1 1 I

o =3 _1 S s “Boyg0e O
a2 (n_l)an_)_l 2N Gyod oy o;8 oo

The number of possible operators is limited to only
two, for a given n, by gauge invariance. Both the
operator J,, (x)J,(0) and the first three terms of our
Lagrangian (29) are invariant under the transfor-
mation

V, (%)~ V,(x) +£9,A(x),
z,b(x) - eigA(x)w(x) .

Although the mass term -3u*V, V, breaks this
gauge symmetry, the leading terms in Wilson’s
expansion (2) are independent of u? and hence are
left unchanged by the transformation (38).

Thus only two series of functions E¥(x?) and
E‘,,z’(qz) are needed to determine vW, in the large
¢® and v region. If we choose the subtractions
required to make the operators (37) finite in such
a way that

(38)

bii=o,, (39)

and transform to momentum space, then Eq. (36)
becomes

DED,(q") = paL JED(4), (40)
for i=1,2, 2<sn<, an equation identical in form
to that found for the pseudoscalar theory. This

equation is also obeyed by the functions F{"(¢?),
i=1,2, O0sn<ewo,

III. PERTURBATION-THEORY CALCULATIONS

In this section we use the equations derived in
Sec. II to calculate the inelastic electroproduction
structure function vW, in a leading logarithmic
approximation. Various authors'®?*~% have per-
formed such calculations by applying infinite-mo-
mentum methods directly to specific classes of
Feynman graphs. Such approaches require con-
siderable expertise in the art of extracting asymp-
totic behavior from Feynman amplitudes. We will
show how these leading logarithmic results emerge
rather trivially from Egs. (27) and (40). Altogether
three specific examples will be considered: (A)

. aanG87]+ (terms containing 504,»01,)'
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sides of Egs. (22¢) and (22d) by y,. The longitudi-
nal coefficients F{ also obey Eq. (36) for 0 <n<,

Just as in the pseudoscalar case there are two
types of operators that can contribute:

(0q, - igVe )9l +(terms containing boya,),  (372)

(37b)

T

the ladder graphs in the pseudoscalar theory cal-
culated by Chang and Fishbane,?* (B) the complete
leading logarithmic behavior in the pseudoscalar
theory, first computed by Gribov and Lipatov,®
and (C) the complete leading logarithmic behavior
in the vector theory, also computed by Gribov and
Lipatov.®

A. Chang-Fishbane Calculation

Chang and Fishbane consider the ladder graphs
of Fig. 1 in the leading logarithmic approximation.
In our notation this means that they keep all terms
in E{P(¢?)of the form (g?)"(g?Ing?)’ with#» =0. Since no
intermediate state containing only two pseudoscalar
particles appears in the Feynman diagrams of Fig.
1, the operator 0(21 .a, Should be omitted from
the Wilson expansion” of J,,(x)J,(0); therefore, we
set E9(4) =0. Furthermore, there are no propa-
gator or vertex corrections included in this set of
graphs, so 8=p'=y,=y,=0. (In Chang and Fish-
bane’s language we are taking only their outer
rainbow graphs.) Thus, Eq. (27) becomes simply

2_9 9 Nz (1)
<m P +p? 57 )E (6®) =ayl B () -
Since E!(¢?) is a dimensionless function of ¢?, m?,

and u®, we may replace m23/om?+ .28/ u? by
-¢%8/94%, so that Eq. (41) can be rewritten

AN

(41)

FIG. 1. Ladder graphs representing the “outer rain-
bow” amplitudes considered in the Chang-Fishbane cal-
culation. The solid lines represent fermion propagators,
the dashed lines pseudoscalar propagators, and the wavy
lines virtual photons.
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7 517 ED(q?) = - att ED(p), (42)
whose solution is

D) = v, expl ~ak, In(g?)] = v,(?) "2, (43)

To obtain the leading logarithmic behavior of
E™(¢®), we need only compute the parameter a’l,
from Eq. (22¢) to lowest order in g and determine
the integration constant v, from the g%=0 Born
term. This calculation of the quantities a>' in-
volves the evaluation of a simple lowest-order
vertex correction and is carried out in Appendix

, yielding

abl = g 1
n+2 167 (n+2)(n+3) °

(44)

for even n. Since to lowest order in g, the ¢{? of
Eq. (9) equals 1 and

=5(1-1/w), (45)

Eq. (13a) implies v,=1, so that in leading logarith-
mic approximation

f"%) (5 )nuvwé‘F(q”, w)=EM ()
=(g*)°, (46)

where

_.g 1

85167 uid)(ned)
This is exactly the result of Chang and Fishbane
for the set of outer rainbow amplitudes. Thus, the
Mellin transform used so judiciously by Chang
and Fishbane and by Gribov and Lipatov is nothing
other than the index-continued Wilson expansion,
the continuation being analogous to the Sommer-
feld-Watson continuation of a partial-wave expan-
sion.

B. Gribov-Lipatov Calculation for the Pseudoscalar Theory

We will now find all the leading logarithmic
terms in E{V(q?) for the y, theory. The basic equa-
tions for this calculation are given by Eq. (27),
which we write in full as

9 9
—g?—+pB— /___ (1) (,2
< q 3qz+ﬁag+8 7 2~n>E @
al: zE(l)(qz) +a,,+2E(2)(q2)
(47)
2 9 5(2)( 2
<q 2Pt 272>E,. (@)
=3BV (@) + a3 B, @),

for even » =0. Following Gribov and Lipatov we
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set k and therefore B’ equal to zero. (In a regular-
ized theory with no ¢* interaction term, % is of
order g*.) The quantities 8, y,, and y, can be
computed to lowest order in g from Eq. (A9) of
Appendix A, while in Appendix C the a!” are de-
termined and their connection with various graphs
indicated. The results are

5 3 2 2
B=§§7, Y1=gaq% V2T 1gn2’
a1'1=_—g2 —-—-——-—1 a1'2=__£i_._1
™20 716w (n+2)(m+3)’ "2 1672 (n+3)’
2 (48)
al=_2% 1 a2 2=0
+ 2 *

n+2” " 472 (4 2)°

Since in leading logarithmic approximation £%(¢?)
depends only on g2lIn(g?), it is convenient to intro-
duce the variable

£=-31n[1 - (5¢%/167%) In(g®)] . (49)
The reader will note that

2

-_ &2
-7 8q2 B g 1672 3¢ (650)

when acting on a function of £ alone. Using Egs.
(48) and (50), we can rewrite Eq. (47) as

<3 1>E(‘)(§)- 1

(2)
5t '3 (n+2)(n+3) E"(),

(51)

E(l)(§)+( ey

(2)(£) = (1)
(52+2) B @Gy B0,

which are equivalent to

[+ (5ot

6 (1) (£ =
- g B 6)=0
(52)
and
B2©)=0+9) 55+ 5- o JE O
(53)
Equation (52) implies that E{V(£) has the form
E\V(£) = C e+ Cle"nE, (54)
where
-5,
Y=g e )+ 3)
3 1 2 4 1/2
+[<Z+2(n+2)(n+3)) +(n+2)(n+3):] ’(55)
,_ b 1
R STy
3 1 2 4 12
[(4 2(n+2)(n+3)>+(n+2)(n+3)] :
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The integration constants C, and C; are determined
from the known g2=01limit given by the Born terms

EM(E)g=0=1, (56a)
EP(£)]¢-0=0, (56b)

which requires

1 1 1,
Cn= v, - V) [(n+2)(n+3)—§_u"]’
(687)

o1 1 1,
"y, m+2)n+3)" 2" ”]'

A continuation of Eq. (54) to complex values of the
index n, when substituted in Eq. (14a), yields
. i S+ i ne1
VW ,(q ,w)=—2—n i dnw
X (C,e"nt+Cle’nt),  (58)

in exact agreement with Gribov and Lipatov for
the leading logarithmic behavior of the structure
function vW, for deep-inelastic scattering of elec-
trons off the ¢ field. The reader is referred to
the work of Gribov and Lipatov for a discussion of
the physical significance, if any, of this result.

C. Gribov-Lipatov Calculation for the Massive
Vector Theory

Finally we turn to the calculation of the leading
logarithms in vW, for the vector theory studied in
Sec. IIC. Since this calculation proceeds much as
in the pseudoscalar case, we will simply outline
the procedure for obtaining the result — identical
to that of Gribov and Lipatov. The quantities
B=2y, v, and y,, determined in Appendix A, can
be computed in the Feynman gauge to lowest order

in g with the result
3 2

g

= — =—g— =
B 2472’ 71 3972’ V3 (59)

Similarly, the constants a'’ are evaluated in Ap-
pendix C to order g?2:

g2 1 N2
a;*z___((n+2)(n+3) _Zl-f-_2>’

1=0

ali?= 3g2 n®+5n+8
ﬂ+2——2_———,

1672 +1)(n+2)(n+3) 60)
pr g2 n?+5n+8

27612 (n+2)(n+3)n+4)’

4;3=0.
Introducing the variable
=-31In[1 - (g2/127%) In(q?)],

we can rewrite Eq. (40) for £ (¢?) as

[

<a£2 [3+9,(n+2) +py(r+2)] :g ?30

+ 4o+ 1)+ 90+ 2)] ¢2(n+z))E“’(e) 0,

(61)
IO E*l—g [%-—- hin+2) = gyt + ) [ELY,
where
b=y
i) G ©2)

L
Zpa(]: ZT)

in the notation of Gribov and Lipatov. These equa-
tions, when coupled with the requirement® (56), can
be explicitly solved as in the preceding section
yielding the Gribov-Lipatov result.

IV. GENERAL SOLUTION

We now consider the general solution to the Egs.
(23) and (36) obeyed by the coefficients E¥ (x?),
F%)(x)? appearing in the Wilson expansion (2). We
first study the simplified equations which govern
the Chang-Fishbane calculation of Sec. IIIA in
which all self-energy corrections, vertex correc-
tions, and amplitudes containing a two-pseudosca-
lar intermediate state have been omitted. Next,
those amplitudes containing a two-pseudoscalar
intermediate state are included and the resulting
equations solved. In both cases the functions
E{9(q? show a power dependence on ¢, where the
exponent of ¢% depends explicitly on #n. Thus, for
these examples the operators 021)...% possess an
n-dependent anomalous dimension in the sense of
Wilson.® Finally, the general solution of Eq. (40)
for the vector theory is found, determining
E{Y(q? g) in terms of two unknown functions of a
single variable and the quantities g(g), y,(g), and
aii(g). If we assume that B(g) has a zero at g=g.,
and that the quantities £ (¢ g), 7:(g), and a(g)
are regular at g=g,, then this solution also shows
power dependence in ¢q?, with the power depending
on n. Although in each of these three cases we
find or hypothesize solutions which display a power
behavior in g% we see no suggestion that these
powers should be identically zero for all #z as is
required if the structure function vW,(q?, w) is to
be independent of g2 for large ¢°.

A. Chang-Fishbane Amplitudes

We begin by examining the set of amplitudes
first studied by Chang and Fishbane. These ampli-
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tudes contain no self-energy corrections, no ver- The position-space function E,(,")(xz) follows from
tex corrections, and no intermediate state com- Eqs. (8a), (23), and (63)%:
posed of only two pseudoscalar particles. As was
shown in Sec. III A, the resulting functions £ (¢?) EV (k%) = - "“12 o - T ,""2 (& 22t
have the form 2n%al:l Tn+al;l+2)
= Y_"_t.a 2 “n+é
E (g% =v,% (g?) i3, (63) Uiy ) (652)

where I'(z) is Euler’s I" function. A similar argu-

1,1 :
where the constants v, and a,;, can be computed in ment yields the longitudinal coefficients F{V (x?),

n+2
perturbation theory:

| %44 1,1
FV (%) = 2 (x3)°7 . (65b)
v,=1+0(g?), " at-1
" (g% (64)
1 -g? 4 If these expressions are substituted into ‘the Wilson
o e+ 0(g%). . .
2 1672 (n+ 2)(n+3) expansion (2), we find

X+ —-X+ =
T2 (524 S b tarted @ - D - e - 7
1 nn-1)

+ 6“a16”a2x2[a,’}' lV" - Z a'l— V’ :l

-(x”xazaua1+xu oy val)[(al ! 1)V,,+§nV,(]

- x“xu xcxlx(xz[(a;' 1_ Z)V,,, x’z]}(xZ)a;}’ 10(;1)-“ ct"xds' .o xan
+(gauge-dependent terms), (66)

for V,=V,=0.
Thus, if we consider only amplitudes containing no self-energy or vertex corrections and no two-pseudo-
scalar intermediate states, the operators 021)...% possess an anomalous dimension d,,

d,=2+n+2alt, (67)

in the sense of Wilson. Here d, is just the dimension (in units of mass) of the current X current product on
the left-hand side of Eq. (66), minus the dimension of the singular coefficient of the operator 0(1) «ap ON
the right-hand side of that equation. The dimension d, clearly depends on # in a rather comphcated way
since to order g2

2

g

d = 2 + N - ————, 68

n 87°n(n+1) (68)
B. Amplitudes with Self-Energy and Vertex Corrections Omitted

Next we study all the amplitudes of the pseudoscalar theory which do not contain self-energy or vertex
corrections. The resulting functions E\'(¢%) obey Eq. (27) with B=y,=y,=0. Thus,

-q __E(1)_a1 1E(1)+a1 2E(2)
2q* (69)
-q° 57 E(z)_az 1E(1)+az 2E(2)

n+ 2

The general solution to this set of coupled first-order differential equations is

- (1)
( (2)
EP(g?) =0V, x (g3 ”"+2+v,,f’2><(q )"Vniz,

(70)

-~ _ (1) ) 1 _ (2
ES:Z) @) =vf.i)z(Vf.i)z @iy al. 3(g)"nvz g vfni)z(vr(riz '1”; PTE (g®)~"n+2
n+ 2 n+ 2

where the v(” are integration constants and
vi=3(at a2 2) + (2% - 3)[2(@ P = a2 22 +al 2a ]V 2, (11)

for i=1,2. As in the previoué case, we can obtain the position-space functions E,(,‘)(xz) and Ff,‘)(xz) and
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substitute them into the Wilson expansion (2); with the result

J“<%2>J( x+3’> 4 Z 2{5 xalxaz [ - )Vr(lj)_(aylx'l""n'—%)vr’l(i)]
;2 N=0
Ny _1nm=1)
+ 00,0y 0, ¥ [ Ve = 4v(f) 1 Va

— (% B e + Xy Koy By o ) (W = )V + 50V ]

- X, %, xalxqz(v,(,” - 2)V,’,(j)x—2} (xz)”y(u’)

(1) vt~ a (2)
X[:Oocll-”otn(y)"' ar 00?1 a,,(y):' S X,
+ (gauge-dependent terms). (72)
Here the constants V.", V(" can be obtained from the v vV by using Eq. (8), where v,/ is the inte-

gration constant multiplying (¢® )"’(')m the expression for F(”(q ) analogous to Eq. (70). Equation (72) im-
plies that the operator

(i) _ 1.1
(1) Vo = (2)
Ogpeeoant —nzrz'"—— Opeee iy (73)

has anomalous dimension
dP=n+2+207, (74)
forj=1,2.
C. General Solution

Finally, we solve the exact equations (40) obeyed by the functions Ef,‘)(qz) in the vector theory. Equation
(40) can be rewritten as

) e} ~ -
[— 57 Pag +Af,”(g)] EV @ 8) =B (QE? @ 8),

(15)
[~ 05z 852 + A7) | B, 0) = B BV 0%, )
q og
where Ai” and Bf,” are linear combinations of y; and @’;*. Now define the new independent variables
p(g)= fgz E%’) ) (76a)
(76b)

z2(q®, &) =1n(g*/q,) +0(2),
for some fixed values g,, q,%. Let G(p) be the inverse of the function p(g) defined by Eq. (76a). In terms
of these new variables Eq. (75) becomes

[ 5% +A§,”(G(p))] EM=BP(G(E?,
()

[% +A£,2)(G(p))} E(Z)_B(l)(G(p))E(l)

where the functions E,(,”(qo2 exp(z — p), G(p)) are to be treated as functions of z and p. This set of two first-
order coupled differential equations in the single variable p has a general solution.of the form

EP (@2, g) =0 (In(g%/q,2) + p( @)L (p(2) + 0P (In(g?/a,%) + p(gD L P(p(g))

(1) 2/ 2
E‘,(,Z)(qz,g) (lléq’(lz)/(q;)) +P(g)) l:d L(l)(p(g)) +A(1)(g)L “)(p(g))] (18)

'(12)(1 ( 2/ 02 )y d 5 ) )
U 2 b [ 12 o)+ AP DL 2D,
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where v{"(z) and v{?(z) are integration “constants” which can depend on z =1In(g%/q,?) +p(g), while LY (p)
and L{®(p) are the two independent solutions of the second-order differential equation

(35 +452(60D | gram s +AVGCEN | 16) - BRGEN L () =0. (19)
Thus, the original equations (40) allow the two EPD(g? results if we assume that g, is a simple
functions Ef,")(qz, £) which depend on two variables root of B(g) and that A¥(g) and B{}(g) are regu-
to be determined in terms of the two unknown func- lar at g,,. As is shown in Appendix D, these as-
tions v,(,‘)(z) of a single variable. sumptions when combined with Egs. (79) and (80)

Now let us speculate about a possible large-g?® imply a simple power behavior for E(,,”(qz).
behavior of the solutions £/ (g2 g) given by Eq.
(78). Since the unknown functions v{"(z) appearing V. CONCLUSIONS

in Eq. (78) depend only on the sum of 1n(¢%/¢,?) and
p(g), the large-4® behavior and the large-p behav-
ior of the functions E‘f,”(q"’, G(p)) are directly re-
lated once the large-p behavior of A)(G(p)),
B{(G(p)), and L{¥(p) is known. In fact, carrying
out the algebraic steps outlined in Appendix D, we

Using a technique of Symanzik and the Callan-
Symanzik equations, we obtain a series of equations
obeyed to arbitrary order in perturbation theory
by all the c-number coefficients of the operators
appearing in the light-cone expansion of J,(x)}J,(0).
These equations are used to determine the leading

find logarithmic behavior of vW, for two specific field
EP(P, 9= 2 wi(in(g®/q,2) +0(g), ) theories, giving results in agreement with pre-
j=1.2 vious, more laborious calculations. For simplified
x E$(g,2, G(In(g%/q,%) +p(2)), classes of amplitudes in which no coupling-con-
(80) stant renormalization is required, the equations
predict a power-law behavior of the coefficients
where the quantities w}/(z,g), defined in Appendix E(,f)(xz) and a corresponding anomalous dimension
D, are rational functions of A%, B®, and L¥. d,=2+n+2v, for linear combinations of the opera-
Thus the large-p behavior of EY)(g,%, G(p)) deter- tors Oﬁx‘l’...an appearing in the Wilson expansion.
mines, through Eq. (80), the large-g® dependence In general, the added quantity v, depends in a non-
of £¥)(¢? g). Following Gell-Mann and Low, we trivial fashion on #. Since the same operators
consider the possibility that B(g) has a root, g, ng---a" enter both the transverse and longitudinal
so that terms in the Wilson expansion, the functions
. E{9(x?) and F{Y(x?) both obey the same set of equa-
lim p(g)=o. (81) H o .
g g ions. Thus, in this formalism only the presence
of different integration constants distinguishes the
If we assume that the quantities E‘(,,”(qoz, g) are small-x? behavior of the transverse and longitudi-
well defined and finite at the point g=g,, then Eq. nal components of the product J,(x)J,(0). Finally,
(78) determines the large-g? behavior of (4% g) these equations allow us to speculate about the
in terms of the functions p(g), A%*)(g), and B!"(g) large-q® and large-v behavior of W, and W,, follow-
which appear in our equation. ing the path previously considered by Gell-Mann
A particularly simple asymptotic ¢? behavior of and Low, Wilson,® and Symanzik.'*
J
APPENDIX A

In this appendix we provide a derivation'*?® of the Callan-Symanzik equations used in Sec. II. Let us
begin by considering the pseudoscalar theory specified by the Lagrangian (13). The complete Lagrangian,
including counterterms, is

£==Plyydy, +m)P =30, 00, ¢ - %Mﬂ{% ¢ +ig pPysp = M Z,P Y - 50p°Z,¢?
~(Zy= 1§ (yp0,+m)p - 3(Z, - 1)(5, o, ¢+ uip?) +i(Z, - 1)gdpPysh+(Z, - 1)74% ¢t (A1)

In order to specify the subtraction procedure represented by the above counterterms, we consider the
propagators S(g,m, u), A(¥%,m,u), and the amputated vertex functions I'*(p,, p,), O (&, ks, k;) defined by
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S(#,m, u)=i| €'**a*x(0| T(¥(0)P(x)) |0),

AR, m, 1) =zfe"""d“x(0| T(¢(0)p(x)) | 0y,
Ty, iy 1) = =if €095 % (OIT G 3)9OF (N0}, (2
O (ky, by, gy, p) = —ife“”l xrketvrkst o) gy gty d*z( 0] T(p(x) p( ¥) p(2)$(0))[0) , -

The subtraction constants Z,, Z,, Z,, Z,, 6u?, and om? are chosen so that the following conditions are
satisfied:

S_l(ﬁymy “)20) %S-l(ﬁ):—l atﬁ=m,

AT (RS m, p) =0, aika“(kz)ﬂ at k2=—p?,

T%(pyy 05 m, ) =ivsg at r=Fp=m, (py+py)*=-p?, (A3)
TRy, kyy kyym, ) =h at k 2=kl =hk2= =2,
(Ry+ky)? =Ry + k)2 = (Ry + y)% = =5 2.
Having made this choice of subtraction constants we now calculate order by order in perturbation theory
each Green’s function T'(p,, ..., pa,, #y, - . ., &,) for

T(Pyy - s Poms Bys o ooy k)

2n )
- H d‘lx‘ elp;'x‘ H

o
i=1 i=1

[ @ty et 20 TG+ Yl Tkgaa) = Pl B30) 2 B3N 10
(A4)
as a function of g, 4, m, and pu.

In order to derive the Callan-Symanzik equations we consider a second procedure for computing the
Green’s functions of this theory in which the subtractions are carried out at arbitrary points A, and »,. We
rewrite the Lagrangian £ in terms of fields ¥,, ¢, and coupling constants g,, #, normalized at these new
points:

— h . _ —
L£==Pa(y,0, +m)hy — 30, $28, by ~ 5u2 D)2 +ZA, DN +ign P ADAYsUA = OMZy DYy = 20 P2, \9°

= (Zy = D\ (0, +m )Py = 5(Z5 5 = D)0, $128, d+1202%) +i(Z, x=DgrdrPrrs¥a+(Zs,\ - 1)%4’)\4 . (A5)

The subtraction constants Z, ,, Z, , Z3 . Z4,», Om, and 6p are so chosen that the functions S,, A,, T\’
and O, defined from Eq. (A2) by replacing the fields ¢, ¢ by ¥ ,, ¢, satisfy the following normalization con-
ditions:

S\M#,m,pn)=0at #=m, 5‘% S)\-l(ﬁ, A Xp)= -1 at #= Ayy (A6a)

Ay HE2m, u) =0 at k2= —y?, 5—2—2 AN (R 0, ) =1 at k2= =22, (A6D)

T3Py, Pas My No) =lys gy at By =Fa=ny,  (Dy+D2)" =27, (A6c)

Oy, Ry gy Xy, X3) =hy at B2=R2 =k 2 =22, (B + B)2=(Ry + ky)? = (ky + ky)? = - 131-7&22 . (A6d)
The Lagrangians (A1) and (A5) are equal, the quantities g,, %, being functions of g, k,m, 1, A, A,. The
Green’s functions T'\(py, ..., Pz, By, - - -, #,) computed by replacing the fields ¢, ¢ by ¥,, ¢, in Eq. (A4) are
proportional to the original T(py, ..., Pz, kyy+ -5 Rp)

T(Drs v vsPons Brs e oo B =2y 3" Zy 32T (Pyy ooy Doy oy -5 Bp) (A7)

The Callan-Symanzik equations can be obtained by differentiating Eq. (A7) with respect to » and u and
then setting A, =m, A=y,
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D=)n(02, )+ 2002, ) + (0g)) 5o + (Db = +m ey 2 2 f T,

2 am op’ A =midg=p (A8)

where
2 8,2 3_
D=m? om?> T 8u

When computed in perturbation theory from the It is not difficult to see that U,(k?) and
Lagrangian (A5), the Green’s function I, is deter-
mined as‘ a func.tim? of g.)‘, hy,m, u, Ay, Az.; the la.st <mz 0 s +u? >A)\“( 2) (A12)
two partial derivatives in Eq. (A8) of this function am op® A=m; Ap=p

T,, 8/o6m? and 8/9u?, are to be performed with
&) and %, held fixed. This can be recognized as

just the Callan-Symanzik Eq. (18), if we (a) identify

Y11= %DZZ,)\ sy Yo & %DZ3’)\ 5
(A9a)

=-Dg,, p'=-Dh,,

AF=[m257_i_2+u e }l")\, (A9D)
all evaluated at A, =m, r,=p; (b) setn=1, p=0or
n=0, p=2; and (c) insert J,(x) J,(0) into the time-
ordered product defining T" and I'y. We need only
show that the amplitude AT can be obtained by in-
serting the mass operator u of Eq. (20) into the
time-ordered product (A4) defining I'. Since only
the normalization conditions for S, and A, involve
the masses m and y, the operation m? 3/om?
+1%9/5u® when applied to the amplitude T', yields
a series of terms, each obtained from T, by (a)
replacing a spinor propagator S, (#) by

=\ (" s+ 323) 17 [sr(#),
(A10a)

or (b) replacing a pseudoscalar propagator A,(%k?)
by

-8 (m? 5l 4 —Z—)Ax‘(k“’)] (k).
(A10b)

On the other hand, the effect of inserting - ¢« into
the time-ordered product defining I'" is similar,
yielding a sum of terms obtained from I" by (a) re-
placing a spinor propagator S(#) by

[ ¢ % a4 (0] T(9(0) uT(x)) | 0) = ~S(AUL(H)S (#),
(Al1a)

or (b) changing a pseudoscalar propagator A(%?) to

fe”" *d*% (0| T($(0) u ¢p(x)) | 0)

= - A(R®)U,(R?) A(R?) . (Al1D)

obey Dyson integral equations with the same
kernel. Since the normalization condition for
(6/0k%)A,"*(k?) in Eq. (ABb) does not involve m or
i, Z,, depends on g, and %,, but not onm or p.
Thus, the Dyson equations obeyed by both quanti-
ties contain only a constant inhomogeneous term.
Therefore, the two functions of k2 must be pro-
portional. If we let

9 9
0, = <m2 o +“2a_;?> A)\-l(kz)

)
Ay=m; Ag=p; k2= <2

(A13a)

and normalize the finite operators N[y (x)y(x)],

M ¢(x)p(x)] so that

(b, sIN[F )Y (x)]] p, sy =(k| N[ p(x) p(x)]| By =1,
(A14)

(b, sIN[¢(x)p(x)]| p, 8) =(RIN[T ()9 ()]|E) =0,

where the state | %) contains a single pseudoscalar
particle of momentum %, then

=U,(k?).
Ap=m; Ng =H

9 9
(52 I

(Al5a)

Similar arguments imply

=U1(i‘) s

(A15D)

(m* gz 07 ) 170

Ag=m; Ap= 1
if

2]
rvows Bl s

61=2(m fvn

52) S )

A= mikg = F=m
(A13b)

Thus Eq. (A9D) is justified and the Callan-Symanzik
equations proved for the neutral pseudoscalar the-
ory.

Let us now consider the vector theory. The com-
plete Lagrangian, including counterterms, for
this theory is
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[ K=2)

L= —z,_b_('}’p au +m)lP - ?liGuy Gpu - %“2 Vp Vp +ing $7u¢ - 5’”22%0 - %GU.ZZSVP Vp
=(Zy= 1P (yy0,+m)Y = 5(Z3 ~ 1)(3Gy, Gy + 12V, V) +i(Z, = 1Py, YV, . (A16)

Introducing the propagators®® and vertex functions

S(#,m, u)=i f e @% (0| T (Y(O)F (x)) | 0),

AGR?, m, 16, + A2, m, Wk, = 'fe”“"d‘*x(Ol T(V,(0)V, (x))] 0),

(A17)

Ty (D1, P2, m, u)=—ife“’1"‘"“’2" d*x d*y 0| T(Y( )V, (0)P(x)) [0), ,

we choose the subtraction constants Z,, Z,, Z,, om,
5% so that

S-l(ﬁymill”ﬁ:m:o’

9

_'—S-l ,m, ) =_1’

oy ST “’,«:m

A~ (k2 m, ;}.)[kz:_pz:O, (A18)

B A-1p2 _
552 A (k,m,u)lkh_uz-l,

Fu(plx Daym, u) [ll=t‘2=m:([’1 +Pz)2= 2= ig'yu .

The electromagnetic interaction of the charged
spinor field is now included by adding the interac-
tion term

£, =+ieA, Ty h+ 3 Fpuy G+ 36 )25V Fipy Gy
+5f(zY% - DF,,Gy+ie(Z, - DA DY, Y ,
(A19)

where the subtraction constant 6 f is so defined
that

Al(kza m, H-) Ikz = —p2 =f“2

for

Al(kzymx “)[éuu_ ku ku/kz]

- zf €% @ (0| T(V,(0)A, (x))] 0) 5
(A20)

We have not included counterterms of order e® or
higher in Eq. (A19). Just as in the pseudoscalar
case we can consider fields ¢,, V, , and coupling
constants g,, f, defined according to a second
normalization scheme:

S)\-l(ﬁ)m’li)ld=m:0)

a5~ (A21a)
—— (P, A, N ) =-1 )

Y (%, 2 2o o

A R my p) 2. 2=0;

9A, -1 (A21Db)
—pr (R% 2, }‘z)’ =1,

B2 = = \52

-
Ty LU (pl, D2 Ay >"2) I/ﬁlg:)\l; (by-p3)2= =22 = ig)\’}/p ’
(A21c)
Al,x(kz; A xz)lﬂ:—)\zz:f)\ A (A21d)
Differentiating Eq. (A7), rewritten for the vector
case, we find

- 4 o
DT = [n(DZ2 EVES ) (DZ, ,) +(Dg)) o2,

e S RN S
+(Df>‘)8f>\ +m omZ + U auz]r‘)\

(A22)

This is the complete Callan-Symanzik equation
obeyed by the amputated time-ordered product of
2n spinor fields, p vector fields, and » electro-
magnetic currents,

ed,=8,F,,. (A23)

The quantities DZ, ,, DZ, ,, and Dg, can be identi-
fied with 2y,, 2y,, and -8 of Eq. (33), respectively,
while an argument similar to that given in the pre-
ceding pseudoscalar case shows that

. (A24)

- 9 9
Vs TAF_<m2__2 I 2.8_2.>1"X
u Ap=m; Ap=p

om

Finally we can directly compute Df, by noting that
A(R% m, ) and (1/g)A~Y(k2,m, ) can, by defini-
tion, differ only by a first-degree polynomial in
k%, so that Eq. (A20) and current conservation
[Al(()) m, “) =0] imply

2 2
Al(kzym) /J') = _sz _k_:z&é A-I(O’my N)

1
+§A'1(k2,m,u). (A252)
Likewise,

k% 1
A]..)\(kz)m, u') = _kaz _';2—2 gj A)\_l(oy Ay 7\2)

1 1
- = A0, m, p) +— A RE, m, ),
Fay X ( s K 2 X ( 2

(A25Db)



6 LIGHT-CONE BEHAVIOR OF PERTURBATION THEORY 3557

where the coefficient of 22 is guaranteed by our
subtraction procedure to be independent of 7 and
u for fixed f, and is therefore determined by the
condition (A21d). In analogy with Eq. (A7) of the
pseudoscalar case we have

Ay (R m, p)=Z, Y2 A(R2 m, ), (A26a)
ANk my p) =2, AT RE, m, 1), (A26D)
S\HB,m, w)=2Z, \7'S NB,m, ), (A26c)
T Dy, Doy m, 1) =2y \ "2 Z, 7Ty (Py, Doy, ).

(A264)

Equations (A26c) and (A26d) together with the
Ward identities

é(pl-pz>uru<p1,pz>=s-1<p1) ~5(p,),
(A27)

1
é;(lh —pz)p r)\,p(pppz) =s>\—1(p1) - s)\-l(pz) ’

implied by current conservation and our normaliza-
tion procedures (A18) and (A21), yield

g)\=Z3,)\'1/2g. (A28)

Combining Egs. (A25), (A26a), (A26b), and (A28)
we obtain

1 A,7H0, A
- -1/2
A e v
1 _y2 A7H0,m, )
+=Z Ve A29
g 3,\ “2 ) ( )

or

) 1 A-YO0,m, 1)
Dfx,)q:m: Ap=H ""sz"'(B{E "72)" —'—('_?i;

g N
(A30)

so that our complete Callan-Symanzik equation

reads

9 9
{mz am2+“25ﬁ— Bag 2ny, - py2

[par- (o ) 3 AP A

=y, AT'. (A31)

If " is computed to lowest order in ¢, the depen-
dence on f is known, allowing the partial deriva-
tive with respect to f in Eq. (A31) to be explicitly
carried out. If we assume that each electromag-
netic current carries a momentum transfer
squared much greater than u?, then Eq. (A25a) im-
plies that if each current J,(x) is replaced by

[ + —A"Y0,m u)] V%),

the Green’s function I' is not changed. Thus,

9x, 8x

-r
g7+ maomw]7r
is independent of f, and Eq. (A31) can be rewritten

(m iz+p. +ﬁ

om =2ny; = pyy+ sz>

[gf+ A0, m,u):l T'=AT,

(A32)

for

-1

1
73=[gf+“_2A-1(0’m, “-)] ’

which is just Eq. (33). In obtaining the form (A32)
we have used the relationship

(A33)

B=87: (A34)

implied by Eq. (A28).

APPENDIX B

In this appendix a detailed calculation of a;'! to order g2 is presented for the pseudoscalar theory. Re-

call that

J &ty 25 DsoCOITW o 5) OS2 ONT (N[O g = (Vi o, + (terms containing By), (B

for 1 <a; <3. Since to lowest order in g2 no counterterms must be added to make the operator 0(1)

0
finite,
1 1 s
O, (%) = - o [1+(=1y] g} "+ ¥y " * g, J(%) + (terms containing O, - (B2)
Figure 2(a) illustrates the three graphs contributing to a}'! to order g®. In fact, to order g2 ! requires

no renormalization of any sort, either within the operator O“) .o, OF Of propagators or other vertlces

Consequently, the effect of the operator u is simply to d1fferent1ate the order-g2 matrix element of 0“)

Oy

represented by Fig. 2(b) with respect to the internal masses:
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02
i -—
. - ! 167 n(n+l)
i
/

2
a 'v 2 . g |
n ‘ , \\ —-—
SN 16w nel
/ \
2 |
42! -9 !
+ 472 n
/ \
’ \\ / \\
(b) )/ \ /
FIG. 2. (a) Diagrams representing the matrix element 2, 2 .
which determines al! to order g2 in the pseudoscalar o : 0
theory. The cross indicates insertion of the mass
operator », while the two-photon—two-fermion vertex FIG. 3. The results of a calculation of ¥/ to order g2
represents the factor given in (C2). (b) The diagram in the pseudoscalar theory and those Feynman diagrams
representing the order-g?, two-fermion matrix element described in Appendix C, from which their values were
of the operator specified by Eq. (B2). obtained.

1, . _ 1< g2 4 d 2 9 ' [ﬁ(k""m)(kq""Vaj"'ka")(k'*'m)]
@ ey ‘D""—E;(Z_ﬂ)"—fd k<m257n—§+“ m)tr[khfmz_ieﬁz[(k-p)z+u2_ie]

+(terms containing d,,4,) , (B3)

for p*=0. [The quantities 8, and 6, appearing in the definition (20) of u are both unity to lowest order ing.]
It is useful to observe that the mass terms in the numerator do not contribute to the p, - - - p,, term since,
if the differentiation m20/om?®+ p2 /o u® were performed after the integration over k, then upon integration
such terms would yield finite functions of u2/m? which would be annihilated by the derivatives.

The py * * - pu, term in the above integral can be easily evaluated if the integration variables are changed

to those of Sudakov. Let
p»=(0,0,P,iP), 5=(0,0,+P,—iP),
and
k=ap+pp+k,,
for
k,=(k,,k,0,0). (B4)
In terms of the variables a, B, k,, k,, Eq. (B3) becomes

2p2g? * ® 3 9 —ip" 1k, 2
1.1_ 2 2 2_9 L
n (2m)? _.,oda.[,, dﬁfd k(m omz T H 6;;2)[4P2a6+kL2+m2—ie]2[4P2a(B—1)+kl2+p.2

_ ié] ) (B5)

where we have equated the coefficients of p, * - p,, and evaluated the trace in Eq. (B3) according to

tr(Bhye k) = —4ik *py, + [terms with p,, or (kl)u,-] . (B6)

The integral over « can be evaluated using contour integration so that
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2
1. 87 2 2 0
i~ g || (g tsg) 2
al,l g |
(1-p)p" "'k, n - __2
X
Bul+(1-BmZ+k, " - 87< n(n+l)

2
_ n- _ & 1
- 1671 JdBB a-p)= 1672 nn+1) °

(B7)

2 1

gn
25_

APPENDIX C + n+2

z(n-l)n(n+|)

N 39
16w

n+n+2
é 61r n(n+|)(n+2)

/
We now give the results of a calculation of all \

the constants a!'/ to order g? in both the pseudo-

scalar and vector theories. The values of a}'/
found for the pseudoscalar theory are shown in 2 ' %i
!

Fig. 3. Also shown are Feynman diagrams repre- Q
senting those amplitudes which when differentiated

with respect to the internal masses give the adja-

cent values of ai*/. The vertex joining two photon

lines and two fermion lines represents the factor

11 &
2 Z) poq' *Veytt . (c1)

o 2,2 :
in the corresponding Feynman amplitudes, where n Y

p is the four-momentum carried by the incoming
fermion line. Likewise, the vertex connecting two
photon and two pseudoscalar lines represents the
factor

k°‘1 n

by s (C2)

FIG. 4. The quantities a"J computed to order g? in
the vector theory accompanled by the corresponding
graphs as described in Appendix C. Here the dashed
lines represent vector-particle propagators.

where & is the momentum carried by one of the pseudoscalar particles.
The results in the vector theory, shown with their corresponding graphs in Fig. 4, are somewhat more

complicated. The presence of the vector fields Vui in the operator Oéi)

o, defined in Eq. (37a) implies

that this operator not only contributes the two-photon-two-fermion vertex found in Fig. 4, representing
the factor (C1), but also gives a two-photon—two-fermion-vector-particle vertex contribution to @.** and

a?'. This vertex represents the factor

Zn(n_l) Z)Z)(p+k

1=1j=1
i*1

(p+k)uz-16P°tt boy, Yy

“Buys (c3)

where p and k are the momenta carried in by the spinor and vector particles, respectively, while p is the
vector particle’s polarization index. Finally the two-photon-two-vector-particle vertex in Fig. 4 repre-

sents the factor

2n(n 1)?"“21(’%‘1 "Oayu* Oayn
i*1

* R (o oy 05 + 28,05, — By Ry 05— RoRy0py) 5 (c4)

where k is the momentum carried by the veétor line and p, o are the vector particles’ polarization indices.

APPENDIX D

Finally, we investigate the large-¢® behavior of the solutions (78) to Eq. (75). First the large-¢* limit of
E‘)(¢?, g) is related to the large-p limit of A(G(p)), B(G(p)), and £ (g2, G(p)). Then we consider the
possibility, first identified by Gell-Mann and Low, that the function g(g) has a zero at g=g.. In that case,
if E,(¢?, g) is well defined and nonzero at g=g., then the asymptotic behavior of EW (g, g for large ¢ is
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determined by the functions A(g), B{"(g), and p(g). If in addition g, is a simple zero of g and A{(g),
B(,,”(g) are regular at g, then a power behavior in ¢ for E‘,,“(q"’,g) is deduced for large ¢°.
First, ¢* is replaced by ¢, in Eq. (78) so that z =p(g), or g=G(z), and the resulting equation solved for

the functions v{(z):

() = m{ (L1 ) + ANGENLEE) | ENast, Gl - BOGENL2ENa,, G(z))} ,

(D1)
ve) = - M%Z){ [ 190+ ANGEN LD | ENa s, 60D - B @, ,c;(z»}
where
w@=[ L 196|196 - [£ 190 |16, (p2)

’{‘he equations can now be used to eliminate the functions v(,,"’(z) from Eq. (78), yielding an expression for
E(¢, g) in terms of E{(g,?, G(In(¢?/q,?) + p(g))) so that the large-¢? and the large-p behavior of EA¢?, G(p))

are related:

BN, 8)= 5wy (e 9B (a0’ (=), (D3)
for z =1n(¢*/q,%) +yp(g) and

wie, 9= o ){[ L) + ANGENLEE) | L0 - [ 2 19(e) + ANGEN L) | L(z’(p(g))}

wie, )= iy | BLE0(e - LEQLN6() | 5ECE

Wiz, ) = (z){[ L9(e) + AXGEN L) | [ L 100(6) + A2 L0l (D)

[ 7 L@ +A‘”(G(z))L‘1’(z)] [ L(Z)(p(g))+A(”(g)L(2’(p(g))] }[Bﬁ”(g)J -

(2)
w2?(z, 2) = B"B(g)i,;) wszzs)) wyp(g), G(2)) .

If we assume that g(g) has a root g, and that £(q,?, g) is regular and nonzero at g=g,, then Eq. (D3) de-
termines the asymptotic form of E¥(¢?, g), for g<g.,, in terms of the functions A¥(g), B{"(g), and p(g) ap-
pearing in our Eq. (75). In particular, if we assume that A%(g), B{’(g) are regular at g, and that g, is a
simple zero of B(g), then a power behavior for E¥(¢?) is implied by Eq. (D3).*! In order to show this, we
must determine the large-z behavior of L’(z) and hence of wi”(z,g). I is not difficult to see from Eq. (79)
that, under these conditions on AX(g), Bi(g), and p(g), the functions L(,,"(z) can be so chosen that

L (lny) ~ y"i[1+0(1/y)], (D5)

for y large and
vil= —3AP(g.) + AT (g.)] + (2i - 3HAAT(g.) - AP ()] + B8 B (g )} 2. (D8)
This asymptotic form for L{(z) can then be substituted into Eq. (D3), yielding

E(l)(q g) - Z G(DB(z)(g)L(‘)(p(g))(qz)' “)
= ; o) (D7)
E2d 9= 2 a,f”[d— Lp(g) +A‘:’(g)L‘;’(p(g))] (g)vn

i=1,2 P

for

o= o 2® B )ED(g?, g) = [v® +AP(g )] (g%, £2)
o = D) BD(g)

er@vy

and



K=z

(2)

BP(g.)EP(g%, g) = [V + AR (e) | EP(g0% £..)
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2\vy
o®= (20°)

. (D8)

n er@® v("z) (V,(.Z) - V.(.D)B'(yzj(g)
This would imply that the operator
d
BP(LNp@)O7) ... o + [3; Lp(2) +A‘:’<g>L<,{‘(p<g»] 2. . .q, (D9)
has anomalous dimension
dP=p+2+209, (D10)

for j=1,2.

Note added in proof. The solution (D5) to Eq.
(79) implicitly assumes that the two roots v™® and
v®@ defined in Eq. (D6) are different. If the quan-
tities v® and »® happen to be equal then the solu-

r

tion need not have the form (D5) but may contain
an additional logarithmic singularity. This is the
case considered by Dell’Antonio®?; we thank

B. Schroer for bringing this case to our attention.
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Two versions of a high-energy field~theoretic eikonal amplitude are examined in a special
limit of large internal mass, where infinite sums over all z-point, connected, eikonal graphs
become calculable. Both examples exhibit cancellations which tend to reduce the energy de-

pendence of o5 below the Froissart bound.

I. INTRODUCTION

Recent very-high-energy experiments displaying
a constant pp total cross section® have acted as a
spur to the estimation of o, and related multiplicity
distributions. In particular, one would like to
understand how the eikonal “tower graph” calcula-
tions of Cheng and Wu,? and the strong-coupling
eikonal Regge calculation of Chang and Yan,® which
generate ¢,~1n%s, might be improved; and it has
been suggested*'® that neglected crossed-channel
multiparticle (connected) amplitudes can provide
sufficient cancellations to remove the unobserved
energy dependence. The purpose of this note is to
describe a special version of a field-theoretic
model previously discussed in an approximate
way®; and to exhibit in an exact way two distinct
forms of such cancellation in the special limit of
large vector-meson mass (while the mass of emit-
ted scalar “pions” remains finite). The first com-

putation displays deviations from the form of a
previous result of Aviv, Sugar, and Blankenbecler,*
which arise from the inclusion of the next, more
complicated set of fundamental graphs employed
in the construction of the eikonal. The result of
the second calculation, exact in its model context,
sums over all contributing, nontrivial graphs, and
produces an eikonal function independent of inci-
dent particle energy. While this does agree with
the experimental o, ~const, the main value of
these computations lies in the construction of ex-
plicit examples which exhibit eikonal cancellations.
The starting point of the analysis is the specifi-
cation of an interaction Lagrangian, coupling nu-
cleon, neutral vector meson (NVM), and scalar
pion fields,

L/ =igP >y, Wy + NI W, 2 . (1)
m 1

A formal construction of the eikonal amplitude in



