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We show that the Feynman rules for vacuum-polarization calculations and the equations of
motion in massless, Euclidean quantum electrodynamics can be transcribed, by means of
a stereographic mapping, to the surface of the 5-dimensional unit hypersphere. The re-
sulting formalism is closely related to the Feynman rules, which we also develop, for mass-
less electrodynamics in the conformally covariant O(5,1) language. The hyperspherical
formulation has a number of apparent advantages over conventional Feynman rules in
Euclidean space; It is manifestly infrared-finite, and it may permit the development of
approximation methods based on a semiclassical approximation for angular momenta on the
hypersphere. The finite-electron-mass, Minkowski-space generalization of our results
gives a simple formulation of electrodynamics in (4,1) de Sitter space.

I. INTRODUCTION

Conformal invariance in quantum field theory has
attracted renewed interest recently, because of its
connection with problems of asymptotic high-ener-
gy behavior.! Important results on leading light-
cone singularities, for example, have been ob-
tained by the use of conformal invariance.? Another
question to which conformal invariance is relevant
is the study of eigenvalue conditions imposed by re-
quiring renormalization constants to be finite.? To
see this, let us consider the single-fermion-loop
vacuum-polarization diagrams in spin-z quantum
electrodynamics, illustrated in Fig. 1. If we work
in coordinate space with separated points x, x’ we
can freely pass to the zero fermion mass, or con-
formal limit. In this limit, however, the struc-
ture of the vacuum polarization is unique,? and
hence the sum of diagrams in Fig. 1(a) must be
proportional to the lowest-order vacuum-polariza-
tion tensor in Fig. 1(b),

(%, x5 @) = —3n1*{‘](a)1r$t°,)(x,x’) . 1)

When Eq. (1) is Fourier-transformed to momentum
space, using current conservation in the usual
fashion to eliminate the quadratic divergence, the
function F®!(q) appears as the coefficient of the
logarithmically divergent term. Requiring the
photon wave-function renormalization Z; to be
finite then imposes the eigenvalue condition Fl(q)
=0.*

Our aim in the present paper is to study reformu-
lations of massless electrodynamics which are
made possible by its invariance under conformal
transformations, with the goal of developing meth-
ods which may allow one to calculate or approxi-

s

mate the function F[!! appearing in Eq. (1). Be-
cause the singularity structure in x and x’ is not of
interest (it is just that of the lowest-order vacuum
polarization), we make the Dyson-Wick rotation to
a Euclidean metric at the outset. Thus we deal
with massless, Euclidean quantum electrodynam-
ics. Our principal result is that the Feynman
rules for vacuum-polarization calculations and the
equations of motion in this theory can be simply
rewritten in terms of equivalent rules and equa-
tions of motion on the surface of the 5-dimensional
unit hypersphere. In Sec. II we state the 5-dimen-
sional rules and verify by explicit transformation
that they are equivalent to the usual rules in Eu-
clidean coordinate space (x space). We also con-
struct and verify a 5-dimensional formulation of
the Maxwell equations and the equation of current
conservation, and discuss the physical meaning of
rotations and inversions on the hypersphere. In
Sec. III we discuss massless, Euclidean quantum

. electrodynamics in the manifestly conformal-co-

variant O(5, 1) language. We develop the Feynman
rules in this formalism, explore some of their
peculiar features, and show that they are related
by a simple projective transformation to the rules
on the 5-dimensional hypersphere. In Sec. IV we
discuss possible generalizations and applications
of our results. We point out that the finite-elec-
tron-mass, Minkowski-space extension of our hy-
perspherical results gives a simple formulation of
electrodynamics in (4, 1) de Sitter space. The
electron wave equation which we use is just the de
Sitter-space equation originally proposed by
Dirac,® but our treatment of the Maxwell equations
is an improvement over that of Dirac, and does
not require the imposition of homogeneity condi-
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tions. There are a number of possible calculation-
al advantages of the hyperspherical formulation of
electrodynamics over the usual Feynman rules in
Euclidean space. First, because the surface of the
hypersphere is a bounded domain, the calculation
of vacuum-polarization diagrams in the 5-dimen-
sional formalism is manifestly infrared-finite.
Second, because the wave operators on the hyper-
sphere are constructed from angular momentum
operators, there appears to be the possibility of
making semiclassical approximations when virtual
angular momentum quantum numbers are large
compared to unity. This contrasts sharply with
the situation in Euclidean space, where there is

no natural distance or momentum scale which dis-
tinguishes regions where one can approximate the
wave operator.

II. 5-DIMENSIONAL FORMALISM

In this section we set out the 5-dimensional
formalism and verify, by explicit transformation,
its equivalence to the usual rules in x space.

Secs. ITA-IIC contain a summary of the 5-dimen-
sional Feynman rules and equations of motion,
while in Secs. IID and IIE we discuss the transform-
ation to x space and the interpretation of symme-
tries on the hypersphere.

A. Summary of Feynman Rules
on the Hypersphere

In writing down the 5-dimensional rules and
comparing them with their Euclidean counterparts,
we adhere to the following conventions and nota-
tion.® Five-dimensional unit vectors are denoted
by 1y, N, - . .; 5-dimensional vector indices are in-
dicated by lower case italic letters a, b, ... which

Ty (x,x5a) = (O~ ta

77'/_‘_(,9) (x,x') =

(b)
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take the values 1,...,5, and the 5-dimensional
metric is the Euclidean metric .. Similarly, or-
dinary 4-dimensional vectors are denoted by

X1, Xy, . . . With vector indices p, v, ... taking the
values 1, ...,4 and with a 4-dimensional Euclidean
metric 6,,. The usual 4x4 Dirac y matrices are
taken to satisfy a Euclidean Clifford algebra

{Vu"yu}=25pv (2)
and are all Hermitian; explicit representations for
these matrices are well known. In writing the 5-
dimensional rules we need, instead of the y’s, a
set of five Hermitian 8 X8 matrices a, satisfying
the Clifford algebra

{aa, ab}= 26ab . (3)
In terms of the y matrices and the Pauli spin ma-
trices 7, , 3, an explicit representation of the o
matrices is

oy =YuT, Q5=T3. 4)

Since the matrix
Og =Ty (5)

satisfies ag®=1 and anticommutes with the a,, the
trace of an odd number of @ matrices vanishes.
Physical quantities such as the electromagnetic
current, vector potential, etc., will be denoted by
capital letters (J,,A,, ...) in 5-dimensional space
and by lower case letters (j, a,, . . .) in Euclidean
space. We let [dy= f dx,dx,dx,dx, denote the in-
tegration of x over Euclidean space and we similar-
ly let f dQ, denote the integration of n over the sur-
face of the 5-dimensional hypersphere. Finally,
we use tr, and try to denote, respectively, the trace
over the y matrices and the o matrices.

The connection between the 5-dimensional co-

~~ E ~~| +a? + 4+
W\(ij +

“—permutations -

(O

FIG. 1. (a) Single-fermion-loop vacuum-polarization diagrams in spin-3 electrodynamics. (b) Lowest-order vacuum-

polarization diagram.
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ordinate 7 describing a space-time point and its
Euclidean equivalent x is given by the stereo-
graphic mapping’

Xy =k, k=l4n,, (6a)

with the inverse transformation

2x 1 -2
M= Toer Mg (6b)

The 5-dimensional electromagnetic current J,
which satisfies the constraint equation

n'J:naJa:O’ (7)
is mapped into the usual electromagnetic current
Ju by

k3 =d,=x,d, (8)
with the inverse transformation

dJ, =K'3j -K"%x xej
[ 1 [0 ’
9)

Is=—=Kk"2x+j .

We can now state the 5-dimensional Feynman
rules with, for comparison, their Euclidean count-
erparts. These are given in Table I. The equiva-
lence of the two sets of Feynman rules for vacu-
um polarization (closed-fermion-loop) calculations
is demonstrated explicitly in Sec. II D below.

B. Photon Propagator Equation and Maxwell Equations

To write the wave equation satisfied by the pho-
ton propagator on the hypersphere we introduce
the (anti-Hermitian) angular momentum operator

3 )
L =14 Pl Ut (10)

When several coordinates 7n,,7,,... are present.
we denote the angular momentum acting at n, by

L,, so (L1)ab = ("h)aa/a ("71)1; - (711)1)3/8 (Tll)a: etc. In
this notation the photon propagator equation takes
the form

(L2-4) m_]‘:n—z)—g = —87%65(n, = 1) , (11)

where &g is the hyperspherical 6 function satisfy-
ing

[ aa,, 7)o =10 = 1) (12)
for arbitrary f. The constant multiplying the &g

function in Eq. (11) can be verified by integrating
Eq. (11) over the hypersphere:

J o -0 s

1
<ot [ an, L
t (711 ""2)2

[ les]

()3

=872, (13)

where we have written u =7, -1, and used the fact
that
1
f aQ, = f du. (1 = u2)Xazimuthal integrations .
-1
(14)

Equation (11) can also be verified from the expan-
sion of (1 —u)~! in terms of Gegenbauer polynomi-
als C3/%(u),®

TABLE I. The 5-dimensional Feynman rules and their Euclidean counterparts.

5-dimensional Euclidean

Electron =i }e-n =i n,+1) —i oy (% —xy)

propagator e (n1— 1)t 22 (%, —x,)4

1= 72 1= %

Photon 1 1 Oy

propagator ar? (ny—n,)? a2 (xy—x,)? * gauge terms
Electron-photon X 1. .

vertex‘*‘p iea, = fiela ny, gl vy

Each closed
fermion loop

Each virtual f a,

coordinate integration

—tr,

fd“x

2 The two indicated forms of 5-dimensional electron-photon vertex are equal when sandwiched between electron propa-

gators.
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1~ (@2rn+3)CH%(u)
I‘H_Z m+1)m+2) ° (15)

n=0
Using the relation

2n+3
Z Ynm(vrll)YrTm(nz) = 872
m

C%(my*my), (16)

where the Y,,(n) are orthonormalized hyperspheri~
cal harmonics, Eq. (15) becomes

1 = Y (101) Y ¥a(115)
TR AP VD Dy e

Then, using the differential equation for the hyper-
spherical harmonics

Ly2Y (1) = =201 + 3)Y y(ny) (18)
we find from Eq. (17) that
1 w
(L12 —4) e o -87° Z) E Ynm(nl)YrTm(nz)
(1, = 1z) n=o m
= —87%65 (1, = 1), (19)

in agreement with Eq. (11).

To write the Maxwell equations on the hyper-
sphere we introduce the electromagnetic potential
5-vector A,, which satisfies the constraint

n+A=0 (20)

and is related to the electromagnetic potential a,
in Euclidean space by

K~ a#=Au—x“A5. (21)

The electromagnetic field strength is described
by the totally antisymmetric rank-three tensor

F, bc:LabAc+LbcAa+LcaAb’ (22)

which is dual to the antisymmetric rank-two ten-
sor

A

=1
Fb GEabcdchde

0
= €gbcdellc E]—_ A, (23)

The usual dual tensor fuv in Euclidean space is
related to Fab by
K"zfu,,=F v =%, F,, -x, ﬁ‘ . (24)

In terms of the tensors F,,, and F,, the Maxwell
equations become

Lab bc_zeJc! (253,)
Labec = Fac ’ (25b)

with J, the electromagnetic current, which satis-
fies the conservation equation®

Lydy=d,. (26)
An explicit demonstration that Eqs. (25) and (26)

indeed do correspond to the Maxwell and current-
conservation equations in x space will be given be-
low in Sec. IID.

When Eqgs. (22) and (23) are used to express the
Maxwell equations in terms of the potential A, Eq.
(25Db) is trivially satisfied, while Eq. (25a) be-
comes

Py A, =2ed,, (27)
with P, the wave operator
Pca=2chLba _6L0a+L260a . (28)

Using the angular momentum commutation rela-
tions it is straightforward to verify that P,, has
the following properties:

LbcPca =Pbc Lcazpba’ (29)
anba =Pbana =0 ’

which guarantee the consistency of Eq. (27) with
the constraints on J given by Eq. (7) and Eq. (26).
Equation (27) can be further simplified if the po-
tential A, is chosen to satisfy the condition

L,A,=A,, (30)

which is the hyperspherical analog of the Lorentz
condition. When acting on potentials which obey
Eq. (30) the operator P,, becomes simply

(L? -4)6,,. Hence the wave equation becomes

(L2 -4)A,=2¢dJ,, (31)

and as expected involves the same wave operator
as appears in the photon propagator equation, Eq.
(11).

C. Electron Propagator Equation and Field Equation

To write the electron propagator equation we
introduce the matrix y,, defined by

Yar= 11 [ Qg @3] - (32)

Using the abbreviation y,,L,, =y + L, we find that
the electron propagator obeys the wave equation

(dy - _I:; +2) (o 771(;111(;“2;4715“ L)

==27%65(n, = mx) (@ *my +1),

(@-n, - 1)(a - Ny +1) (i '}"f‘z‘z) (33)

(0, =mp)*

= =276 (n, =) (@ -1, —1),

where the coefficient of the 8¢ function in Eq. (33)
is obtained by averaging over the hypersphere, as
in Eq. (13). An alternative method for obtaining
Eq. (33) is to use the following relation between
the electron and photon propagators,
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(an =1 (a-n,+1)
(m =n2)*

=-§(n/-tl+1)aifﬁﬁgg(a-n2+1).(34)
Applying the wave operator iy - f1+2 to Eq. (34)
and using the identity
(éy+ Ly+2)(iy+ L +1) = =3(L32 - 4), (35)
we find

(a:n =) (a-n,+1)

iyeL,+2
(iy- Ly +2) (n, =n2)*

=%(L12—4>m(a-nz+1)

==21%55(n, = n) (@ *np +1),
(36)
where in the last step we have used the photon
propagator equation, Eq. (11).
The matrix y,, is a generalized spin operator
for the electron. Writing

Sab = _i'}’ab
=é[aa’ ab]y (37)

we find that S and L satisfy identical commutation
relations,

[Savs Scal = 6acSas = 8aa Scb+ 060 Saz = Bva Sac »

(38)
[Lab: Lcd] = 6ac Ldb - 6ari ch + 6bc Lad - deLac s
and that
2=
§%=-5, (39)

(L+SP=3L-S-3L%.

The second relation in Eq. (39) leads immediately
to the identity in Eq. (35).
Finally, in terms of an 8-component electron

spinor y the electron wave equation takes the form
J

: 2
2n permutations of 1,,...,27

("h - 772)4

_—_i_ %(a *Tan = l)é(a s +1)

—i z(a+n, —1)3(a - n,+1)
—tli‘8 ;2—-

{ VY [na ( % - ieAb(n)>

—m<% - ieAAn))] +2}x=0,
(40)

with the adjoint equation
. 5
X Y ab [na <3"1b tte o(ﬂ)

_""<81§7,, +ieAa(n)>} —2}=0,

T .

X=x'. (41)
The electromagnetic current J, which appears in
Eq. (31) is given by

J(n)==zix[a 0, ac]x. (42)

Using the relation
9 <] .
Ma 5. =" 5, [o-n, ac]=[a-n, a]-2iny - L

(43)

and Eqgs. (40) and (41), we see that the current J,
satisfies the current conservation condition of Eq.
(26). The constraint imposed by Eq. (7) is also
obviously satisfied.

D. Transformation from the Hypersphere to x Space

We give in this section the explicit transforma-
tions which map the hyperspherical Feynman rules
and equations of motion into the corresponding
rules and equations of motion in x space. We be-
gin with the Feynman rules of Table I and consider
first a closed fermion loop coupling to 2z photons,
given by

—i 2oy =1)3(ang+l)
m (1, = n)*

iea,,

2

™ (gn =m)*

In order to obtain the corresponding 2z-point func-
tion in x space, we must transform each of the 2n
current indices according to the recipe of Eq. (8a),
which means that we effectively make the replace-
ment

Qg K,.s(a,,i - xpiozs) (45)

for each vertex a,;. After this replacement has
been made, we must then find that a purely alge-

zeoz,,l} . (44)

-

braic rearrangement of factors gives the 2n-point
function computed from x-space Feynman rules.
For the denominator in Eq. (44) the rearrange-
ment is trivial, since substitution of Eq. (6) shows
that

i =Mi s = KiKypy (6 = %4, (46)

To rearrange the numerator we exploit the fact
that the factors « *n+1 appearing in each propa-



3450 STEPHEN L. ADLER 6

gator are projection operators, allowing us to re-
write the numerator of the general propagator ac-
cording to
2o ni = 1)a(a niyy +1)

=3(a *Ni = za- (M2 "Hi)é(a Nia+1). (47)
We next introduce the matrix O(x) given by

liagax

O(x) = Tt
l-qsa-x (48)

O(x)~t= T

where « - x denotes the 4-dimensional scalar prod-
uct a,x,. Some straightforward algebra then
shows that

O(x:)za * (0; =;41)0 (%3 4,) ™

_ a- (xi _xi+1)
A+ x5, B2

= (%Kiékiﬂ)l/za (= %540)

and that

o(x)z(1+a n)a, -xuas)%(a -n—-1)0(x)"!

=3(1+a)a u%(as -1). (50)

Substituting Eq. (4) for the o matrices, we can pull
all factors 3(as+1)=3(7,+ 1) to the left, where they
combine to give a single factor 3(7,+1). The fac-
tors 7, appearing in the matrices « u then cancel in
pairs (1,2=1), leaving

—trg[2(75 + DX {7} ]==tr [X{3}], (51)

where X {y} contains y matrices only. The factor
k;® appearing in Eq. (45) precisely cancels the fac-
tor (k;/2/k;?)? arising from the substitution of Eq.
(49) and Eq. (46) into Eq. (44). Thus, we have
shown that when the replacements of Eq. (45) are
made, Eq. (44) can be algebraically rearranged to
the form

(49)
' J
1 —i 7 (% =) =i 7 (% =) =i V(K =x) . ]
- —tr,| =L St el Z Y Men TR 52
2n Permuzu:ﬁons tr‘*[an (=20 "2 207 (g, = x)? 2% (g m)t M)’ (52)
of 1,...,2n

which is just the 2n-point function calculated according to the Euclidean x-space Feynman rules.
The next step is to verify that the hyperspherical rule,

1 6“1‘12
f A Ay, T, (1)) I, (1) 72 =’ (53)

correctly describes the propagation of a virtual photon from 7, to n,. The use of the current J in Eq. (53)
is of course just a convenient shorthand for describing the 2n-point functions from which the photon is
emitted (absorbed), with all variables other than those referring to the virtual photon in question sup-
pressed. Calculating the Jacobian of the transformation of Eq. (6) by use of 5-dimensional spherical co-
ordinates gives

dQ,=k*d*x. (54)
Substituting Eq. (54) into Eq. (53), using Eq. (46) to rewrite the denominator of the photon propagator and

Eq. (9) to reexpress the current J, in terms of the combination of components j B = K3(J“ -x”Js) which is
relevant to x space, we find that the factors « precisely cancel, leaving

: . 1
f d4x1d4xz]ul(x1)]p2(xz)m Al-ll pz(x].’ xz) s (55)
with
X i 1 , 2(x1)u1(x1)u2 z(xz)“l(xz)’12 4(1 +x, - xz)(xl)pl(xZ)pz] (56a)
iy 1y (K15 %2) = G - %) [ Mk T T Tax® T 1a4x? 1 +x,.2)(1 +x,2)
0 3 1 5
- By Ho - 2= - 2
(%, = 1,7 + a(xz)uz [ln(xl %) 2 a<x1)u1 In(1 +x, )]
0 1 9 0 9
+——— ! In(x; = 5,)° = ——— In(1 + 2}————————-iln1+ HIn(1 +x,2)]. 56b
T (1065 57 52 — (L) = s et (a5 ) (56b)
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In Eq. (56a) we give the form of the x-space photon
propagator A, . uz(xl, %,) which emerges directly
from the substitution of Eq. (9) into Eq. (53); in
Eq. (56b) we show that A can be rewritten as the
usual Feynman propagator plus total derivative
terms (gauge terms), which make no contribution
to Eq. (55) because of electromagnetic current con-
servation. Hence Eq. (53) is completely equivalent
to the usual x-space Feynman rules for propagat-
ing a virtual photon. In Sec. IIE we will show that
the special significance of the gauge terms in Eq.
(56a) is that they give A simple transformation
properties under coordinate inversion.

To transform the photon and electron equations
of motion and the current conservation equation to
x space, we rewrite the differential operators
9 /ana and L, in terms of x derivatives according
to

3 4 9 .
o KM (Bgy = Bgsxy) a—; +terms proportional to 7,,

(57)
Loep 2B
;w'x”axu ~ % ox,’ (562)
a
0 9
Lg=x,% — +(1=k"1)—
5u M 9x axp’

and use the following equation [obtained frocm Eq.
(6)] to differentiate «,

— ==k, . (58Db)

Applying Eqgs. (58) to Eqs. (21)—(24) we find that
Eq. (24) implies the usual connection between the
x-space field strength f,, and potential a ,

i

foelg 0
o™ axx [} axo ay
N ~
=§€>\opuf;w . (59)

Similarly, applying Egs. (58) to Egs. (25) and (26),
we find (after considerable algebra) that these
equations reduce to the usual Maxwell and current
conservation equations in x space:

Eq. (252)=9,f,, =e€j, , (60a)
Eq. (25b)=3,f,, =0, (60D)
Eq. (26)=9,j,=0. (61)

To transform the electron wave equation [Eq. (40)]
and the expression for the electromagnetic current
[Eq. (42)] to x space, we first note that the Pauli
matrix 7, commutes with the wave operator in Eq.
(40), and hence the 4-component spinors

X = 2(1% 7)x (62)

also satisfy Eq. (40). Defining x-space 4-compo-
nent spinors ¥, by

Y, = Ka/zo(xbh ) (63)

we find that the projection of Eq. (42) into x space
takes the form

jy(x) =—%i’<3§[a U -xuas,]x
=ju=1Jn> (64)
with
];*x =zp_*)’u¢* ’ ii = ZpI . (65)

Since a direct (and again somewhat lengthy) calcu-
lation shows that the Dirac wave operator obeys
the transformation

k%20(x) {iyab[n,,(a—?h - ieA,,(n))—nb<5%; - ieAa(n)>] +2} k~320(x)" = =i Tpr"ty - <% - iea> , (66)

the x-space spinors ¥, satisfy the usual mass-
zero Dirac equation

y-(%—iea) $,=0. (67)

This completes the demonstration that the hyper-
spherical formalism is completely equivalent to
the usual formulation of quantum electrodynamics
in Euclidean x space.

E. Interpretation of Symmetries on the Hypersphere

We briefly discuss in this section the x-space
interpretation of the rotational and inversion sym-
metries on the hypersphere. As we have seen,

the photon wave operator is L? -4, and this com-
mutes with the ten generators L, of rotations on
the hypersphere. Similarly, the free Dirac wave
operator iy« L+2 commutes with the ten opera-
tors

Jab = Lab + Sab ’ (68)

which are the hyperspherical rotation generators
when spin is taken into account. We can interpret
the hyperspherical rotational symmetry as follows.
Six of the rotational generators L, (or J,W) leave
the 5-axis invariant, and therefore, by Eq. (6b),
leave x% unchanged. These clearly correspond in
x space to the generators of the homogeneous
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Lorentz group [which of course, in the Euclidean
metric which we use, has become the 4-dimension-
al rotation group O(4)]. The remaining four gen-
erators L,,, which change x? correspond to rath-
er complicated conformal transformations in x
space. For example, the 5-dimensional rotation

n-n':

M,2,35M1,2,3>
, . (69a)
N4 =1, cosa —n, sina ,

N¢ =1, Sina@ +n; cosa

corresponds in x space to the conformal trans-
formation

x=x':

Xi 2,35 %,5,5/D, 69b)
x4 =[x, cosa - 3(1 - x?)sina]/D, (

. 1 .
D=1+ x%sin®(za) +x, sina .

From this point of view, the manifest covariance

of the hyperspherical Feynman rules under rota-

tions generated by L, is a reflection of the con-

formal invariance of zero fermion-mass electro-
dynamics. We note, finally, that the ordinary x-

space translation x—x’=x+a does not correspond
to a'linear transformation on 7, but rather to the

nonlinear transformation

n-=n"
g =(n, + (L +nda, /D", (70)
¢ =[ns = 2a*(1 +n;) = -al/D’,
D'=1+za*(l+n;)+n-a,
na=n,a,.
Translation invariance of the x-space formalism
guarantees that the 5-dimensional formalism is
covariant under the conformal transformations of
Eq. (70), even though this is not manifestly evi-
dent.
In addition to the continuous-parameter rotation
group, there is an important discrete symmetry
operation on the hypersphere, the inversion

n--1n. (71a)

According to Eq. (6), this corresponds in x space
to the inverse radius transformation

X =x/%%. (71b)

Because the trace of an odd number of o matrices
vanishes, the hyperspherical expression for the
closed loop 2n-point function in Eq. (44) is in-
variant under simultaneous inversion of all the
coordinates 7, ..., 7,,. Similarly, the hyperspher-
ical photon propagator is inversion invariant.
Hence we conclude that (as long as no divergent

vacuum polarization insertions are made) the ra-
diative corrected 2r-point functions in the hyper-
spherical formalism are manifestly inversion in-
variant. This is turn implies simple transforma-
tion properties for the corresponding x-space 2n-
point function under simultaneous inverse radius
transformation of the coordinates x,, ..., x,. To
find the form of the x-space transformation, we
follow the notation of Eq. (53), and let J,(n) de-
scribe the emission of a photon from the 2z-point
function at coordinate 1, with the other 2rn -1
variables suppressed. In this notation, the in-
version invariance of the 2z-point function reads

T’ ==n) =J,(n), (72)

where, of course, the suppressed variables are
also inverted. Projecting J,(n) back to the x space
gives

k%5, (x) = J,(n) = x,%0), (73)
while projecting the inverted current J,(n’) gives
(k)% ,(x") = J,(n") = %1 (n") (74)
with
n'==1,
x'=14n) (75)
=1-1n;,

Xy ==x,/%%.
Using Egs. (73) and (74), we can convert the equal-
ity of Eq. (72) into a relation between j ,(x’) and
ju(x), giving

Ju(0) = () 7* My, (%) j, (%), (76)
where
2x,x,
Muu (x) = Gpu - X ’
(77)

M, ()M, (%) =6 -

Thus, the 2n-point function in x space is left in-
variant under the combined operations of (i) simul-
taneous inverse radius transformation x; - ~x;/x;?,
j=1,...,2n, and (ii) application of the projection
operator

2n a3 2n
6 1T My, (5)
Jj=1 i=1

to the vector indices. This recipe is just the one
discussed by Schreier.? In terms of the matrix
M,, we can understand the significance of the
gauge terms in the x-space photon propagator of
Eq. (56): The gauge terms guarantee that under in-
verse radius transformations the photon propaga-
tor transforms covariantly, i.e.,
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Ay, (s %)
= Mpl p;(-’ﬁ)Mpz Hz'(xz)Aﬂi pé(—xl/xxz’ _xz/xzz) .

(78)

The usual Feynman propagator, of course, does
not satisfy Eq. (78).

III. CONNECTION WITH THE MANIFESTLY
CONFORMAL-COVARIANT FORMALISM

In this section we discuss massless, Euclidean
electrodynamics in the manifestly conformal-co-
variant O(5, 1) language, and develop its connection
with the 5-dimensional formalism of the preceding
section. In Sec. IIIA we review the O(5, 1) for-
malism and in Sec. IIIB we develop, in a heuristic
fashion, the O(5, 1) Feynman rules for electrody-
namics. In Sec. III C we show that the O(5, 1) rules
are related to the 5-dimensional rules by a simple
projective transformation.

A. The O(5,1) Formalism

As has been greatly emphasized recently,’ a
large class of renormalizable field theories con-
taining no dimensional parameters (masses or di-
mensional coupling constants) are invariant under
the 15-parameter conformal group of transforma-
tions on space-time. In particular, quantum elec-
trodynamics with zero fermion mass is conformal
invariant. We recall that of the 15 conformal-group
generators, 10 are the generators of the Poincaré
group, 1 generates the dilatations

xl‘ »Axﬂ ’ (79)
and the remaining 4 generate the special confor-
mal transformations

X, +C, %2
Xy > pi—t——. (80)
P 14+2cx+ c*x

Although the usual formulations of massless field
theories are manifestly Poincaré-invariant, their
invariance under the nonlinear transformations of
Eq. (80) is not manifestly evident. However, a
very pretty way of achieving manifest conformal
invariance was introduced by Dirac,'® and has been
further developed recently. The basic idea is to
replace the usual field equations over the Minkow-
ski space-time manifold x, by equivalent field
equations over a 6-dimensional projective mani-
fold £,,. (We adopt the convention that 6-dimen-
sional vector indices are indicated by capital Latin
letters A, B, ... which take the values 1,...,6.)
The coordinate x is related to £, by the projective
transformation
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x=b, /b, Ey=b k. (81)

When the metric in x space is the Minkowski met-
ric (1, 1,1, -1), the £ space is endowed with the
metric (1,1,1, -1,1, =1); correspondingly, when
the metric in x space is the Euclidean metric
(1,1,1,1), the £ space is endowed with the metric
(1,1,1,1,1, -1). In either case, if £ is restricted
to the light cone

£2=0, (82)

then it can be shown that the 15-parameter linear
group of pseudorotations on £ is isomorphic to the
conformal group of nonlinear transformations on x.
In the Minkowski case, the pseudorotations form
the pseudo-orthogonal group O(4, 2), while in the
Euclidean case with which we are primarily con-
cerned, they form the pseudo-orthogonal group
O(5,1). So to construct a manifestly conformal in-
variant formulation of massless, Euclidean elec-
trodynamics, we must write equations which are
manifestly covariant under the operations of O(5,1).

Because excellent reviews are available in the
literature,! we will not actually detail the develop-
ment of the O(5, 1)-covariant formalism, but rather
will simply summarize the results needed for the
construction of Feynman rules.

(1) The electromagnetic current is represented
by a 6-vector J,(£), homogeneous in £ of degree
-3 and satisfying the kinematic constraint

£ J()=0. (83)

The equation of electromagnetic current conserva-
tion takes the form®

Lagd B(E)=J4(8), (84a)
with
9
LAnngag_B—'éB”é%, (84b)

and J 4(¢) is related to the x-space current j (%) by
the recipe

Fu®)=E2{ T, E) =2, [ J(E) + ToE)] }. (85)

Note that Eqs. (84) and (85) are both invariant un-
der “gauge” transformations of the form

Ja&) = J4(E)+E,M (8), (86)

with M (£) homogeneous in £ of degree —4. The in-
variance of Eq. (85) follows immediately from Eq.
(81), while Eq. (84a) is left unchanged because

LAnéﬂM(§)=§A(s+£-%)M(f;)

=£,M(§), (87)

where in the second equality we have used the
homogeneity of M (£).
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(2) The electromagnetic potential is represented
by a 6-vector Az(§), homogeneous in £ of degree
-1 and satisfying the constraint £ + A =0. The pho-
ton wave equation takes the form

O Ag(§)=edg(E), (88a)
with
°] ¢]
Os= E Bﬁ_g . (88b)

(3) The electron field is represented by an 8-
component spinor y({), homogeneous in £ of de-
gree —~2, which obeys the wave equation

iyp [E4 (o —ieAB(E)
fimo [£4 (5, o)

_—53(% -z'eAA(g)ﬂ +z$x=o.

(89)

The matrix y,, is defined by

YaB = %i [ Bas ,35] ’ (90)

where the 8 x 8 matrices B8, satisfy a Clifford
algebra

{BA’ ﬂB}:‘ZgAB (91)

with g, the metric tensor. An explicit represen-
tation of the B8’s is

BM:'—')’“T:;, 65:7'13 ,86=—iT2. (92)

The electromagnetic current of the electron is
given, in terms of the spinor x, by

T 4=28"Tvsax, X=X"6; - (93)
These equations completely specify the O(5,1)-co-
variant formulation of massless electrodynamics,
and, via Eq. (85), allow us to project 2z-point
functions in the 6-dimensional language back into
2n-point functions in x space.

B. O(S,1)-Covariant Feynman Rules

We proceed next to deduce, in a heuristic fash-
ion, Feynman rules for the O(5, 1)-covariant cal-
culation of closed-fermion-loop processes. We
will not actually directly prove the equivalence of
these rules with the usual x-space rules, but rath-
er will show this indirectly in Sec. III C by deduc-
ing the 5-dimensional rules of Sec. II from the 6-
dimensional rules which we now develop. To be-
gin, we infer from Eq. (93) that the rule for a ver-
tex where a current with polarization index A acts

at coordinate £ is
vertexc el ,(£)=et®[Bg, B,]. (94)

Clearly, this rule automatically satisfies the kine-
matic constraint of Eq. (83). [In Eq. (94) and sub-
sequent equations of the present section, we omit
numerical proportionality constants.] Next, we
must guess the rule for the electron propagator
S(¢&,, £,). We first note that since x (£) is homoge-
neous in £ of degree -2, S must be homogeneous
of degree -2 in £, and £, independently. A check
on this requirement is provided by the fact that
since J ,(£) is homogeneous of degree ~3, a 2n-
point function must be homogeneous of degree -3
in each of the 2» coordinates. Since the vertex
I',(¢) is homogeneous of degree +1, this require-
ment will be satisfied by propagator-vertex chains
of the form

S(Ep éz)rAz(gz)S(gzy ‘53)1143(‘53) A (95)

only if the propagator is homogeneous of degree
-2 in each of its arguments. The homogeneity re-
quirement immediately restricts the choice of
propagator to one of two possible forms:

B EB L
51(51: 39 (51 N 52)3 s
(96)

1
Sz(gp gz) =m .

We can rule out S, as a possible choice, however,
by noting that when S, is sandwiched between the
two adjacent vertices we get

rAl(gl)sl(gu gz)I‘Az(gz)

(B &, Ba B EB " Eo[B - £5,8,4,]
(El ¢ 52)3

_4B * ‘51(’21),,41(%2),423 <&y
(gl * 52)3

’

(97)

where we have used the fact that (8 £)>=¢£2=0.
But as we have seen above, “gauge” terms of the
form (&) 4, OF (&,) 4, project to a null current in

x space, so use of S, as the propagator would lead
to identically vanishing 2z-point functions in x
space. We conclude that the correct choice of
electron propagator is S,, and that the O(5, 1)-
covariant expression for a closed fermion loop
coupling to 2% photons is given (up to proportion-
ality constants) by



K=z}

1
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1
"s{m“’ Bl ey

permutations
f

) (gz,. ¢ gl)z

8- &, @AI]} . (98)

Although we have constructed our rules to satisfy the kinematic constraint of Eq. (83) and the require-
ments of homogeneity, we must now check whether they are consistent with the equation of current con-
servation, Eq. (84a). To do this, we first examine the effect of the free Dirac operator on the propagator

forms S, and S,. By direct calculation, we find that
(iYAB_f‘fB + 2)51(51; Ez) =Sl(§1, gz)(i?’Aa.fé‘w -2)=0,

(iVABEfB +2)S,(£,, &) =2S,(£,, &),
Sy(Es, £,)iy 4 s LR = 2) = =28, (£, &),

(99a)

(99b)

all for &, #¢, [at &, =¢, there are additional 6 function contributions, which we omit in writing Eq. (99)].
We see that the correct propagator S, does not satisfy the Dirac equation, and that adding in an arbitrary
multiple of S; cannot fix things up. In effect, we see that S, is a null propagator (because it leads to a van-
ishing current in x space) and that S, is a pseudopropagator, which when acted on by the Dirac wave oper-
ator gives a multiple of the null propagator, but not zero.

Let us now examine the effect of this peculiar state of affairs on the current conservation properties of
Eq. (98). We consider the propagator-vertex chain linking the points £, £, £, and act with the differential

operator L ,,=£,8/8¢5 — £,8/0t4, giving
1

1
Lise 1B b Ba g8 687 g B b By

(8, - &)

— o o . __—__1 . ____..___.1 . LRI
- [B gp BAI](il R E)z [B E, BA](& . £2)2 [B gz, BA2] +RA. (100)

The first term on the right-hand side of Eq. (100) is just the result required by Eq. (84a), while the re-

mainder R, is given by
1

RA="2‘£A{ tee [ﬁ' 51, BAI]_——(i'}’ABiAB“'Z)’(?.lgT[B' &2, BAz]' i

(&, - &)

1 .- 1
+er o [Br gy, BAl](gl—,g)z-(wABL"B—mm[B' Ea Bagl® * } . (101)

Substituting Eq. (99b) and algebraically rearranging as in Eq. (97), we get'?

1 B EE) Bk

RA=8§A{'"[3'51,BA1](£1.g)2 (£- &)

Although Eq. (102) does not vanish, the first term
in the curly brackets is a pure “gauge” term with
respect to the index A,, while the second is a pure
“gauge” term with respect to the index A, and
hence both give a vanishing contribution to the 2xn-
point function when projected back to x space. So
we see that because S, is a pseudopropagator, Eq.
(98) only satisfies a pseudocurrent-conservation
condition: When we test current conservation on a
given index, Eq. (84a) is not satisfied in the 6-di-
mensional space, but does hold when we project
on all of the remaining indices to transform back
to x space.

As an explicit illustration of this pseudoconser-
vation property, let us consider the single-loop
two-point function, which according to Eq. (98) is

s e Lo

Bt (E)aB & 1
1\51/4,; (g.gz)z[ﬁ'gz’ﬁ*‘z]...}

(£ ¢
(102)
Ig;iven by
trgllB« &1, 84,18 b2, Ba ]t &1 ° Eagayay— (E)ay(Ea)s,
- &) * G L) .
(103)
Acting on Eq. (84) with (L,)4i41 gives
(LA & gng(l;:- S;)Az(ﬁz)dl
cEgM 4]
b bg (Q g(zs);),az(sz) 'k,
46 () "(6),, (104)

(& - &)
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As expected, there is an extra term R which, be-
cause it contains the factor (&,) 4y makes no con-
tribution to the two-point function in x space. In-
terestingly, there is no way of modifying Eq. (103)
to make the extva term R vanish. To see this we
note that the only other second-rank tensor with
the correct homogeneity properties and which sat-
isfies the kinematic constraint of Eq. (83) is

(gl)Al(gz)Ag
[GEEN

However, Eq. (87) tells us that this expression
satisfies

(105)

— (€4, (E)ay (8" 1(55)s
! (51 * §2)4 - (51 ¢ gz)4 ’
so adding a multiple of Eq. (105) to Eq. (103) can-

J

(106)

1 ‘(51),4 (gl)C
DAIAZ(gu 52)=Z:—£; 8ac ———'Zl—.?_- gcA2

not cancel away R. We conclude that pseudo-cur-
rent-conservation is an unavoidable feature of the
O(5, 1)-covariant formalism.

Next, we turn our attention to the photon propa-
gator D, . (£, £). Because the photon field Ap(t)
is homogeneous in £ of degree —1, the photon prop-
agator D must be homogeneous of degree -1 in &,
and £, independently. In addition, in order to an-
nihilate the extra “gauge” terms which appear
when we test current conservation on indices of
the closed loop other than A,, A,, the photon prop-
agator must be explicitly transverse,

(gl)AlDAlAz(él, 52) = (gz)AeDAlAz(gn gz) =0, (107)

The simplest form which satisfies these require-
ments is

(gz) (&) ) (108)

* &y ’

where 51 and gz are arbitrary points which are held fixed when doing the virtual integrations over 51 and
¢,. Because of gauge invariance, closed-fermion-loop expressions have no dependence on %, and i, after
one sums over all orderings, with respect to other photons which are present, of the emission and ab-
sorption of the virtual photon propagated by Eq. (108). The simplest way to verify this statement, and to
check the correctness of Eq. (108) to begin with, is to transform Eq. (108) back to x space. We find

§1+4§2+4JA1(‘E )DAlAz(gl’ gz)JAz(gz) = _2]“1(x1)Ap1“2(x1: xz)jpz(xz) ’ (109)

with the effective x-space propagator given by

prz(xl, X,) = - x)2+

6”1“2 (= %)y (3 = xz)“z (r, — x‘)“l(icz - xz)liz @y =)y (O = %5),,
(&, - xl)é(xl - %) ¥ %y = %, (% = 2 - (%, - xl);(icz - xz)22 (110a)
6#1# -
=( _;2)2 + e Z)Mz [ In(x, - Xz) 3 3( ln(xl - x,)z]
9 9 L . -
[5In(%, - x, P In(%, - %,*]. (110b)

te] 1 9 -
N [ e =503 3y, M=) ] -

In Eq. (110a) we give the form of the x-space prop-
agator which emerges directly from the transfor-
mation; in this equation x,, %,, x,, X, denote, re-
spectively, the x-space images of £,, £, &,, 22. In
Eq. (110b) we see that A’ is equivalent, up to
gauge terms, to the usual Feynman propagator,
and in particular that all the dependence on %,, %,
is contained in the gauge terms. This verifies
that Eq. (108) is a valid expression for the photon
propagator, and that £, and £, drop out of gauge
invariant quantities, such as closed fermion loops.
[The derivation of Eq. (110) from the conformal-

r
covariant expression of Eq. (108) indicates that
the effect of the x-space gauge terms is to render
A’ covariant under x-space conformal transfor-
mations, provided that the points %,, X, are con-
formally transformed along with x, and x,."%]
Finally, calculation of the Jacobian of the trans-
formation of Eq. (81) shows that

fd4x=de€§+“’, (111)

where [dS, denotes an integration over the hyper-
sphere £+ £%+£2+£2+ £S5 =£,%, with & held
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fixed. Comparing with Eq. (109), we see that

[ @t 5 (=2Yiy ()AL (51, %2V (52)

= [ S, TAEID, 4, (6 E)T (),

(112)

indicating that the Feynman rule for virtual inte-
grations is simply

virtual integration over & [ ds; . (113)

This completes our specification of the O(5, 1)-
covariant Feynman rules for calculating closed-
loop quantities.

C. Projection onto the 5-Dimensional
Unit Hypersphere

We complete our discussion of the O(5, 1)-co-
variant formalism by showing that it is related,

84,6 (61)c

— 1
DAlAz(gu &) =E.—£—2 8a,c "W gCAz - (&)°

the terms proportional to (&,) 14, OF (&) 4, AT€ un-
interesting because they make a vanishing contri-
bution by virtue of the constraint equation, Eq.
(83). The key feature of Eq. (115) is that the quan-
tities in brackets,

_ gAle(gl)C
1€ (&)

c A26

8a gcAe_(gz) (E) ’ (116)

both vanish when C =6, so the sum in Eq. (115) ex-
tends only over C=1,...,5. This suggests pro-
jecting onto a 5-dimensional space, as follows:

(i) The 5-dimensional coordinate 7, is related to
the 6-dimensional coordinate £, by

nu=£ , a=1,...,5. (117a)
6

The light-cone restriction on £ implies that

(117p)

and scalar products in 6-space may be written in
5-space as follows:

£ & =—’1§(§1)s(52)6(771 —772)2 . (117¢)

a8
(&)s

by a simple projective transformation, to the 5-
dimensional Feynman rules of Sec. II. The trans-
formation is generated by exploiting the fact that
in an n-virtual photon process, the fixed points Z
in each of the » photon propagators can be chosen
independently, provided that over-all Bose sym-
metry is maintained. Since closed-fermion-loop
amplitudes are independent of all of the propagator
fixed points, they will be unchanged if we integrate
all of the fixed points over their respective hyper-
spheres £%++ - - +E2=£>2 The effect of this in-
tegration is to replace the photon propagator of
Eq. (108) by the averaged propagator

- deEIdSEZDAlAZ(gu &)
DAlAz(éu &)= . (114)
J asg asg,

The integrations in Eq. (114) are readily evalu-
ated, giving

+terms proportional to (&,) 4, OF (&) 4y ) (115)

(ii) The five-dimensional current J,(n) is related
to the 6-dimensional current J ,(¢) by

J,(n) = &°[J,(8) = nJe(8)], (118)

which is just the projection generated by the brack-
ets of Eq. (116).

We proceed now to combine Eqgs. (115), (117),
and (118). Using

fdsffdsz,,g;, (119)

we get

[ d5,,d8 TM(ED 0, (61, £2)T282)

-25,
=f dindQ,lz al('fh)(n )zJ () ,
(120)

which reproduces the 5-dimensional Feynman rule
for photon propagation. To study the effect of the
projection operation of Eq. (118) on the O(5, 1)-
covariant expression for a closed fermion loop in
Eq. (98), we consider first the projection of the
vertex I',(¢£). We find
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£ 8, = 1,86 1T 4(£) = &°[B * &, By = 1,B6]
= £*[B* 1= Be, By = 11,B6]
==t (@ n+l)a(an-1),
(121)

where we have introduced matrices a, defined by

]

1
42n try{ ——= (@ n,+1)a (a.n -1)
permuztations * { (771 - 172)4 2 % 2 (772

of 1,...,2n

which apart from normalization constants is iden-
tical with Eq. (44). So we have verified that the
projective transformation generated by using the
averaged propagator of Eq. (114) just gives the 5-
dimensional Feynman rules for the photon propa-
gator, the electron propagator, and the electron-
photon vertex.

To conclude, we show that Eq. (118) and the
formal properties of the 6-dimensional current
J 4(¢) imply the corresponding formal properties
of the 5-dimensional current J, (7). We begin with
the constraint equation, £+ J A(%) =0, which can be
rewritten as

0= gaJa(g) - gsJe(g)

= ﬁsna[J,,(E) - naJs(g)]

=& n-J(m), (125)
giving the 5-dimensional constraint equation, Eq.
(7). Next we consider the 6-dimensional version
of current conservation,

L, J5(8)=J ,(¢), (126)

and use Eq. (87), with M(&)=¢,""J,(£), to write

LAB[JB(g) - 5856 _lJe(‘E)]zJA(E) - EA‘EG -le(‘g) .
(127)

Since the sum on B in Eq. (127) extends only over
B=1,...,5, and since we are interested only in
values of the free index A=1,...,5, no derivatives
8/09¢, appear. Hence, on multiplying through by

&,® and using the fact that

] ) L}

5
&agg—ébgg—fmg;ﬁ—mgn—aﬂl (128)

ab

Eq. (127) becomes the 5-dimensional current con-
servation equation

Ly, J,m)=J, (). (129)
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a,==BeB, - (122)
Since the propagator (£, * £,)~® can be rewritten as
1 : (123)

(& 6F (GGt —m)

we see that the projection of Eq. (118) transforms
Eq. (98) into

1 1

—"73)4 o (772"‘771)4 (e Mon 1)%1(0‘ o 1)} ’

(124)

IV. DISCUSSION

In this section we very briefly discuss possible
generalizations and applications of the 5-dimen-
sional formalism of Sec. II. First, we note that
although we have worked with a Euclidean x-space
metric throughout, it should be straightforward to
generalize the 5-dimensional rules to the usual
Minkowski case. The hypersphere will then be-
come the hyperbolic domain

mE+nt+n =0l +n =1, (130)

which is a (4, 1) de Sitter space of unit radius.'* A
further generalization would consist of giving the
electron a mass m and, since the distance scale
now acquires a meaning, calling the radius of the
de Sitter space R, so that Eq. (130) becomes

n,2+m° +n” =0 +n2=R%. (131)

As Dirac® has shown, an appropriate wave equa-
tion describing a massive electron in a de Sitter
space of radius R is

32'7» [na (%; —ieA,,(n)>
—m(ﬁ;— —ieA,,(n)>] +2 —imR$x=0 ,
ﬂ (132)

which is a simple generalization of Eq. (40). The
electron propagator corresponding to Eq. (132)
will of course differ from the massless propaga-
tor of Table I, but the electron-photon vertex
and the photon propagator will be unchanged. The
massive 5-dimensional formalism is nof exactly
equivalent to ordinary massive electrodynamics
in Minkowski space-time, but as Dirac® has shown,
in any finite neighborhood of n,=R, Eq. (132) re-
duces to the usual x-space Dirac equation in the
limit R - «. It is only in the completely massless
case that the 5-dimensional and x-space formal-
isms have the same physical content.

It should be emphasized that while our electron
wave equation is identical (in the case m =0) to
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Dirac’s, our treatment of the Maxwell equations
is substantially different. Unlike our expressions
for the electromagnetic field strengths, which in-
volve 8 /87, only through the angular momentum
operator L, , Dirac’s expressions® involve 8 /37,
by itself. Hence, in order to avoid going off the
hypersurface of constant »?, Dirac finds it nec-
essary to introduce homogeneity constraints on
the electromagnetic potential, of the type encoun-
tered in the O(5,1)-covariant formalism. In our
formulation of the 5-dimensional theory, such

L= =55 (F o) +X gl Yab [nu <i —ieA,,(n)) = <a_:—a-

anb

gives the correct equations of motion. It should
then be possible to devise a canonical quantization
procedure which reproduces the Feynman rules of
Table I from the Lagrangian of Eq. (133). A re-
lated question is that of developing the connection
between our 5-dimensional formalism and the
quantization of electrodynamics by ordering with
respect to x* which has recently been developed by
Del Giudice, Fubini, and Jackiw.®

This concludes our discussion of possible ave-
nues for generalization of our results.’” Let us
next briefly consider possible calculational ad-
vantages of the 5-dimensional formalism for mass-
less electrodynamics. The key point to notice is
that whereas the wave operator in Euclidean x
space is [J,2, with a continuum spectrum —p?
= —(momentum)?, the wave operator on the hyper-
sphere is L? -4, with discrete spectrum —2(z +1)
X (n +2). This difference in spectra has two impor-
tant consequences. First, the fact that the spec-
trum of (J,® contains 0 leads to the occurrence of
infrared divergences in x-space calculations of
propagators and vertex parts. These divergences
are known to cancel, however, in closed fermion
vacuum polarization loops,'® and this is reflected
in our ability to map vacuum polarization calcula-
tions onto the unit hypersphere, where the spec-
trum of the wave operator does not contain 0. In
other words, closed-fermion-loop calculations on
the unit hypersphere are manifestly infrared-
finite. Second, it is difficult to see how to intro-

9 ) -2

constraints are unnecessary, and an examination
of the 5-dimensional Feynman rules of Eq. (9)
shows, in fact, that they are not homogeneous in
the coordinates. The absence of homogeneity re-
quirements permits eigenfunction expansions of
the field operators, and should therefore make
possible a canonical quantization of the 5-dimen-
sional formalism.'® The first step in canonical
quantization would be to write down an appropriate
Lagrangian density, it is readily seen that a vari-
ation of

—ieAa(n)>]+2 -imafx (133)

-

duce approximations in massless electrodynamics
when calculating in Euclidean x space, since there
is no natural scale for selecting one region of p?
as being more important than another. [We have
particularly in mind the calculation of the function
F[1)(q) defined in Sec. I, where no natural scale
for making approximations is provided by exter-
nal momenta.] The situation is different on the
hypersphere, where unity is a natural scale for
measuring the spectrum -2(z+1)(n+2), and where
the semiclassical region of large quantum num-
bers, n>1, provides a natural domain for making
approximations. The development of techniques
for making such semiclassical approximations on
the hypersphere is an important problem, which,
hopefully, may shed light on the nature of the elu-
sive function FI11(a).

Added Note

We briefly discuss here two additional topics
connected with the 5-dimensional formalism: (a)
the photon propagator in the 5-dimensional analog
of the Landau gauge, and (b) the hyperspherical
harmonic expansion of the 5-dimensional electron
propagator.

a. 5-Dimensional Landau Gauge. The x-space
photon propagator in the generalized Landau gauge
is obtained by adding to the Feynman propagator
an appropriate multiple of the gauge term

5("1)111 a(xz)ug Il =)= (%, = %,)? [6“”‘2 -

(%, = 2,), (% = %5),, Al
R L an

adjusted so as to eliminate the logarithmic divergence in the electron wave function renormalization Z,.
Since Eq. (A1) transforms covariantly under inverse radius transformations in x space, we expect that it
can be directly transcribed into the 5-dimensional formalism, and indeed a simple calculation shows that
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. . - 1 (% = xz)u (% = xz)u
Il )™ g [ =2
1 l: ("71 -"72)41(7]1 -772),,2]
=d, dJ, s | 8, 4 — . (A2

al(nl) ag(nz) (171 —712)2 9192 (771 "772)2 ( )
—

Referring now to Eq. (56b) in the text, we note that A, (xx)+ A [6 -9 (%, = %), (%, - %),

the gradient terms which guarantee the coordinate- Hipzi7172 (%, = x,)2 | F1k2 (%, = %) .
inversion covariance of Aplpz(xlxz) behave at worst (Ad)

as (x, - x,)"' as x, -~ x,, and hence do not contribute
to the logarithmically divergent part of Z,. In
other words, Eq. (56b) is an inversion-covariant
form of the Feynman gauge photon propagator.
Similarly, corresponding to the usual translation-
invariant Landau-gauge photon propagator

6“1#2 A [6 -9
(x], - x2)2 (xl - x2)2 Hiktz

(0 = %)y, (% - xz)uz]
(x], - xg)z

(A3)

there is an inversion-covariant Landau gauge pho-
ton propagator

W

m, =m,)*

Z' 0
= terz (@ m=1a-n,+1) 2} (22+3) D, C3"(m, = ).
n=0

Using Eq. (A2) to transcribe Eq. (A4) into the 5-
dimensional formalism, we find that the 5-dimen-
sional Landau gauge photon propagator is given by

6,11 ag 4 A |: _ (771 "772),,1 (771 —772).,2]
(771 - 772)2 (771 _772)2 o a2 (771 - 772)2 ’

(A5)

with A the same constant as appears in the x-space
version in Eq. (A3).

b. Electvon Propagator Expansion. We consider
the 5-dimensional electron propagator, and look for
a hyperspherical harmonic expansion of the form

talerm=Dzlen ) oy )0 1) S D, 3 Vo) YA M)

n=0 m

(A6)

Using the orthonormality of the Gegenbauer polynomials C%2( ), we find that the expansion coefficients D,
are formally given by the logarithmically divergent expression

e C¥2( 1)
(27z+3)D,=-N,™* _1dﬂ(1—ﬂz)(T"_L5)‘é,

with

Ny= [ dnt-pacye)e,

-1

(am)

We proceed by explicitly separating out the logarithmic divergence, writing

(2n+3)D,=A,I +(2n+3)B,,
with

1+p

1
A= —N,"C¥2(1)= =+ (2n+3), 1=f dp 1
-1 12

b

and with B, given by the convergent integral

CY2k) - C3%(1)

1
==N,"'| dp(l-p2
(2n+3)B,=~N, B p(1=p?) A-pny

(A9)

(A10)

(A11)
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Substituting Eq. (A9) into Eq. (A6), we see that the contribution of the logarithmically divergent part is

-1

6472

(@en,=1)a*n,+1) f} (2n+3)C¥2(n, *n,) 1 = %z (an,=(a*n,+1)6sm, =n,),
n=0

(A12)

which vanishes since (@ *n, =1)(a¢*n,+1)=0. Thus, D, is effectively given by the integral in Eq. (A11),
which can be evaluated by generating function methods. Up to an n-independent piece [ which, as we have
seen, makes a vanishing contribution to Eq. (A6)], we find

1 1
D,,=1+§+ R i

(A13)
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